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Asymptotic formula for the multiplicative function :ﬂg

Meselem Karras

Abstract. For a fixed integer k, we define the multiplicative function

_d(n)
T fw(n)’

Dk,w (n) :

where d(n) is the divisor function and w(n) is the number of distinct prime divisors
of n. The main purpose of this paper is the study of the mean value of the function
Dy, ,(n) by using elementary methods.

1 Introduction

Let k > 2 be a fixed integer. We recall that d(n) := >_,, 1 is the number of divisors of
n, and w(n) == >
Dy, (n) by

pin 1 18 the number of distinct prime divisors of n. We define the function

Dy w(n) = ]Cji?(i)) : (1)

Notice that for every fixed integer k > 2, the function Dy, (n) is multiplicative and for
every prime number p and every integer m the relation

_m+1

Dk,w(pm) - T’ (2)

holds. By using (2), we get
m+ 1
Doln) = T ™51

p™(n
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where p™||n means p™ | n and p™*! { n. In the particular case k = 2, the function Dy, (n)

is exactly D(n) = 5((”>), (see [2]). For k > 3, we can easily check that
*(n
Z Dgow (n) <5 z(log :L’)2/k’1. (3)
n<lz

E

Indeed, for any integer n, we have Dy,, (n) < d(n) <. n°. Furthermore, the hypotheses
of Shiu’s theorem are satisfied; see Theorem 1 in [7] and [6, p.1]. One gets

ZD’WJ ) <k a:xexp(Z k%)

n<x p<x

Now, by using Lemma 4.63 in [1], it follows that

> Diw(n <<k

n<x

2/k—1

x 2
_ Y
" exp(k log(2¢” log x)) < z(log )

2 Main result

In this section, we establish two results concerning the mean value of the function
Dy ,(n). We begin by giving a weaker result.

Theorem 2.1. Let k > 2 be a fized integer. For all x > 1 large enough, we have

(log )2/*=1 1\ 2/k 2p—1 1 4/k
ZDM —WE[O—;) (1+m>+0(x(logx) )(log log z)*/*.

The proof of this result is based on Tulyaganov’s theorem; this theorem is summarized
as follows:

n<x

Theorem 2.2. Let f be a complex valued multiplicative function. Suppose there exists
z € C, independent of p, with |z| < ¢ and

a)
Z f(p)logp = zz + O(ze~c2VIoe2)

b)
D 1) logp < @
c)
ZZ |f(Pa;|a10gp°‘ < (loglog z)?
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J
2
ZWMZL#W

for some real numbers c1, co and c3. Then, for all x > 1 sufficiently large, we have

o= B (0 Y (1 5 o ot

n<x

+ O(Z’(lOg x)max(O,Rez—l)—l)(log log x)Z(A—max(O,Re z—l))’

where A > 0 satisfies

D> 1f)lp" < Alog(logv/logu) + O(1).

u<p<lv
Proof. This theorem is a consequence of Theorem 4 in [9], where we take g = f. O

To complete the demonstration of the main result we have the following lemmas.

Lemma 2.3. For any fized integer k > 2, we have the estimate

> |1Deu(p)|logp < x.

p<z
Proof. By Chebyshev’s estimates [3], we have
2 2
; | Dios(p)| log p = - ;bgp < E(1.000081:U) < . O

Lemma 2.4. For any fized integer k > 2, there is a constant ¢ > 0, such that

2
ZD’W Ylogp = Em—i—O(me eviogmy

p<zx

Proof. We have
Y Dyulp)logp =+ Zlogp— EQ( ),

p<x p<;t

and by Theorem 6.9 in [5], there is a constant ¢ > 0 such that
0(x) = x + O(xe Vos™),
which implies the desired result. O

Lemma 2.5. For any fized integer k > 2, we have

Dy 2
Z—| u 2(p)| logp < o0.
p
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> 1
Proof. We first check the inequality o m

=2 m(m — 1)
log p = logm = logm

< e

IECD D RO

<log4, and using the following

2
p p m=2

then we have

| Diw(p)? 4 —logp  4logd
Z 2 logp = 2 Z P2 < 2 H
p

Lemma 2.6. For any fized integer k > 2, we have

Dy ,(p®)| lo 28
ZZ| | g(p )SZ'

p<z a=2

Proof. For every integer k > 3, we write

53 [Pl B) _ 3 5 gy y - et

p<zx a=2 p<x
-y ey e
p<:r
d the infinit i ala+1) ges t 2 2, since
and the infinite series ————~ converges to ———— — 2,
a=2 P ! (1 - 1/p)3
Dy, (p™)|1 2 3p? -3 1
Sy [P lOfsl) 2y B oy
p<zr a=2 p<lzx p\p
28 log p
p— 2 .
k p<lx p
By Lemma 70.1 in [4], for all a > 1, consequently
a —
Dy, (p™)| 1o 28
ZZ | Dy, | 8(r”) _ 2

p<x a=2

Finally, by Lemma 2.3, 2.4, 2.5 and 2.6 we have shown that the function Dy ,(n) satisfies
the conditions of Theorem 2.2. As we have

|Dkw log v
Z p Tk Z logu+0( )

u<p<lv u<p<v

then the constant A in Theorem 2 is % O
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The next result is improved over the previous one.

Theorem 2.7. Let k > 2 be a fized integer. For all x > 1 large enough, we have

2/k—1

3 i) - ST (1- 1) (14 220 ¢ outtin ),

n<x p

The demonstration is based on the following lemmas:

Lemma 2.8. Let k > 2 be a fixed integer. For every s := o + it € C such that o > 1 and
0 D w
L(s, Dyo(n)) == ’“;ls(”)

n=1

, we have

L(s, Dyw(n)) = C(s)*/*L(s, gr),
or L(s, gx) is a series of Dirichlet absolutely convergent in the half-plane o > %

Proof. If o > 1, then

L(s, Dy (n)) = H<1+Z D’“’ )
T(+ 3 50)

(1+%),

I
=~ =

on the other hand we have

2p° —1 o2 h(s)
1 — ) = ((1 — § /k 1 [ S
( + k;(ps—l)?) ((1=p7) >< + l{;(ps—l)?)’
such that
h(s) = (1 —p )k kp* — 2k — 1)p* + k — 1) — k(p® — 1)~
Since ) g .
s\2/k —_1_ .2 _ ; N N
(1 p ) 1 kps ]{?2])28 <p30 > )
he comes

) = (1 oz = e — Ol) ) (% = 20k = 1y + k= 1) = k(o — 1)
:2(1—%) +O0(p™?),

which implies the announced result. O
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Lemma 2.9 ([8]). Let A > 0. Uniformly for x > 2 and z € C such that |z| < A, we have

Z 7.(n) = —log(:))z + O4(x(log z)Re=72),

n<x

z—l—a—l) )

67

7.(n) is the multiplicative function defined by 7.(p™) = (

Proof of Theorem 3. According to the Lemma 2.8, we have Dy, = 7y/; * gr. Then, by
Lemma 2.9

Y Diw(n) = ge(d) Y mop(m

n<lz d<z m<£

log d)2/k 1

= 3o (Sgrymy + Ox(glos )

_ (log x)z/k_l 2/k—2
= ng <dF—2/l<:) + O ((log x) log d)

+Ok( (logd>2/k 2)>
2/k—1

z(log x) 9x(d) 2/k—2 l91(d)|(1 + log d)
e +Ok<x(logx) iz 5 - )

d<x

The series L(s, g) is absolutely convergent on the half-plane o > =, then for all € > 0

Z|9k )| g /2,

d<x

hence by partial summation

|(1+logd
Z|gk + 0og )<<k o1/

,€

d<z
and therefore
logx 2/k—1 B .
Z Dy (n) = L(1 gk)% + Op(x(log 2)**72) + Oy o (z1/*79).
n<x
Which completes the demonstration. O
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