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A regularity criterion in multiplier spaces to Navier-Stokes
equations via the gradient of one velocity component

Ahmad M. Alghamdi, Sadek Gala and Maria Alessandra Ragusa

Abstract. In this paper, we study regularity of weak solutions to the incompressible
Navier-Stokes equations in R? x (0, T). The main goal is to establish the regularity
criterion via the gradient of one velocity component in multiplier spaces.

1 Introduction

In this paper we consider the following Cauchy problemma for the incompressible
Navier-Stokes equations in R?* x (0,7

Ou+ (u-V)u—Au+ Vr =0,
V-u=0, (1)
u(z,0) = uo(x),

where u = (uy(x,t),us(x,t), us(x,t)) denotes the unknown velocity vector and = = 7 (x,t)
denotes the hydrostatic pressure respectively. While ug is the prescribed initial data for
the velocity with properties V - ug = 0.

The global existence of smooth solutions for the 3D incompressible Navier-Stokes equa-
tions is one of the most outstanding open problemmas in fluid mechanics. Different criteria
for regularity of the weak solutions have been proposed and many interesting results were
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established (see, for example, [3], [8], [9], [17], [16], [14], [19], [24], [27], [32], [33], [34], [35],
[37] and references therein).

Recently, many authors became interested in the regularity criteria involving only one
velocity component, or its gradient, even though most of which are not scaling invariant
(see, for example, [4], [5], [7], [10], [11], [15], [18], [22], [29] and the references cited therein).
In particular, Zhou [30] showed that the solution is regular if

2 3 1
uz € LP(0,T; LY(R%)) with =5 6 < q < oo. (2)
p q
Later, Cao and Titi [5] obtained the regularity criterion
2 3 2 2 7
uz € LP(0,T; LYR?)) with =+ ==+ "> ¢> - (3)

p q 3 3q 2

Motivated by the above work, Zhou and Pokorny [37] showed the following regularity

condition 9 3 3 1 10

e LP(0,T; LY(R? ith —+-=-+—, ¢>—, 4

we DO RY) with =+ 2= 40 g> 5 (1

while the limiting case us € L>®(0,T; L's (R?))was covered in [18]. Inspired by the work [3],

we are interested in criteria involving the gradient of one velocity component Vus. In fact,
He [15] first verified the following regularity result

2 3
Vus € LP(0,T; LY(R?)) with =+ - =1, 3<¢< 0. (5)
poq

The above result was significantly improved by Pokorny [23] and Zhou [31] independently
(see also [36]). More precisely, it reads as follows

2 3 3

Vus € LP(0,T; LY(R?)) with =+ = = 3 2Sa<oo (6)
p q

Very recently, Ye [26] improves the previous work of Zhou and Pokorny [36] by using of

a new anisotropic Sobolev inequality, and proved the following regularity criterion

Vus € L% (0,T; LY(R%)  with g € [2,3]. (7)

Note that 5 3 15041 923
5t = (é >E’ for any 2 < ¢ < 3.
15g—23 q q

Consequently, (7) can be regarded as a further improvement of [36]. Moreover, the endpoint
case ¢ = 3recovers the result of [28]. For some other interesting regularity criteria, we refer
the readers to [25], [26] and references therein.

The purpose of this work is to extend the regularity criterion of weak solutions in
terms of one gradient of velocity component to the multiplier space which is larger than
the Lebesgue space. The method is based on the following interpolation inequality

1 2
el < Cllsell i IVaeliza s



A regularity criterion in multiplier spaces to Navier-Stokes equations 83

where p, Aand ~ysatisty
1 2 3 1 2
1<y, A\ <400, —4+—-—>1land 14+—-—=—+ —.
pooA S

The detailed proof of this inequality can be found in the appendix of Cao and Wu [6].
In order to prove our theorem, let us recall the definition of weak solutions.

Definition 1.1. Let T > 0,uy € L*(R?) with V - ug = 0 in the sense of distributions. A
measurable function u(x,t) is called a weak solution to the Navier-Stokes equations (1) on
[0, T if the following conditions hold:

1. u(z,t) € L=(0,T; L*(R?)) N L*(0, T; H'(R?));
2. system (1) is satisfied in the sense of distributions;

3. the energy inequality, that is,
2 ' 2 2
a1+ 2 [ Va3 dr < fuols.
0

By a strong solution, we mean that a weak solution u of the Navier-Stokes equations
(1) satisfies
(u(z,t),0(x,t)) € L>(0,T; H'(R*) N L*(0, T; H*(R?)).

It is well known that the strong solution is regular and unique.
For a € R, the Homogeneous Sobolev Space H*(R3)is the space of tempered distribu-

tions ffor which
HfHHaz\/ [ 1ere
R3

For Homogeneous Sobolev Spaces, we refer to the book [2]. For instance, the following
basic interpolation inequality holds:

f(g)fdg < +oo.

Lemma 1.2. For 0 < o < f3, the space LN H” is a subset of H*, and we have

1—

[ P [ P (8)
Proof. This is a particular case of [2], Proposition 1.32. O

- We say that a function belongs to the multiplier spaces Xiio == M(H*(R? —
H~Y(R3))if it maps, by pointwise multiplication, H*n H~! :

Xiva={f €S'®): |1 fgllz— < llgll e} -

He(R?)denotes the homogeneous Sobolev space. The space X ,has been characterized
in [20], [21] (see also [13]). Now our regularity criterion for system (1) reads
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Theorem 1.3. Let ug € L*(R?) with V - ug = 0 in the sense of distributions. Assume that
u is a weak solution to system (1). If Vug satisfies the following condition

. 3
Vus € Lﬁ(O,T;XHa(RB)), for some 0<a< 7 (9)

then the solution u is regular on (0;T].

Remark 1.4. Since LT (R?) C Xi,q(R?) (see e.g. [35] for details), it is clear that our
result improves that in [26] and extend the regularity criterion (4) from Lebesgue space
L™ to multiplier space Xi.4.

Thanks to
||f||BMo <C ||vf||X1

(see e.g. [12, Proposition 2]), where BMO denotes the homogeneous space of bounded
mean oscillations, it is easy to deduce the following regularity criterion.

Corollary 1.5. Let ug € L*(R?) with V - ug = 0 in the sense of distributions. Assume that
u is a weak solution to system (1). If ug satisfies the following condition

us € L3 (0,T: BMO(R?)), (10)
then the solution u is regular on (0;T].

Remark 1.6. Since L*(R?) — BMO(RR?), our result recovers the limiting case ¢ = oo in
(4), that is,
us € L3 (0,T; L™(R?)).

Consequently, (10) can be regarded as a further improvement of the previous work [37].

2 Proof of main result.

In this section, under the assumptions of the Theorem 1.3, we prove our main re-
sult. Before proving our result, we recall the following muliplicative Sobolev imbedding
inequality in the whole space R?(see, for example [5]):

1flle < CNVafllze 1051172 (11)

where V}, = (0,,, 0z,)is the horizontal gradient operator. We are now give the proof of our
main theorem.

Proof. To prove our result, it suffices to show that for any fixed 7" > T™, there holds

sup [ Vu(t)|[7. < Cr,
0<t<T*
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where 7™, which denotes the maximal existence time of a strong solution and Cr is an
absolute constant which only depends on T" and .

The method of our proof is based on two major parts. The first one establishes the
bounds of || V,ul|%2, while the second gives the bounds of the H'—norm of velocity u in
terms of the results of part one.

Step I. Taking the inner product of (1); with —Aj,u, we obtain after integrating by

parts that
1d

2dt
where A;, = 651 + 8%2 is the horizontal Laplacian. For the notational simplicity, we set

IV hull%s + IV Vs = / (- V) - Apudz — 1. (12)
R3

t
L2(8) = sup [ Viu(r)|2 + / IV ()2 dr,
T

T€[L,t]

t
72t) = sup |Vu(r)|2 + / lAu(r) |2 dr,

T€[l,t]

for t € [I',7%). In view of (9), we choose € > 0 to be precisely determined subsequently
and then select I' < T sufficiently close to 7™ such that for all I"' <t < T,

¢
/ V()2 dr < e < 1. (13)
r
Integrating by parts and using the divergence-free condition, it follows that
I §/ |Vus| |Vu| |Vyu| de
R3

< Vs [Vulll g1 IV null g1
< ClVuslx,,, VUl ga [[VVaul| 2

11—« «
< ClIVuslg,.,,, IVull = [V2ul 3, [V Vaul
1
2(1—a) 2a 2
< OIVuslly, ., IVulzz ™ |AullZ + 5 [V VaullZs

by Young’s inequality and (8). Inserting the above estimate into (12) and integrating with
respect to time, we deduce for every 7 € [, ¢]:

ot
sup ||th,(7')Hi2+/ HVth(T)HiQ dr
Te[l,t] JI

t
< | Vau(D)72 + C/F IVus ()%, V() 1757 1Au(r) 33 dr

%*211 t % ey
< IVau(D)ll7 + C ( sup [Vu(r)l 2 ) / IVus (D)%, IVa(D)F [Au(r)]7 dr

3 o + . % + . «
<c+c<sup IVu() 55 )( / Va5 dT) ( / ||Vu<¢>||izdf) ( / IIAu(T)HiadT)
e[l r r

<C+ 0221 </ IVus())1 2. = dT> €1 7% (t)
<O+ Cea T3 (),
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which leads to o,
L2(t) < C+CerJ2(t). (14)

Step II. Now, we will establish the bounds of H'—norm of the velocity field. In order
to do it, taking the inner product of (1); with —Aw in L?(R3). Then, integration by parts
gives the following identity:

1d

337 1Vl Nl = [ (- V)u- Auds

Integrating by parts and using the divergence-free condition, one can easily deduce that
(see e.g. [37])

/ (u- V)u - Auda < 0/ V] [Vl dz < C | Vnul]2 [ Va2
R3 R3

1 3
< ClIVwul a2 [Vl I Vull s

1 1
< ClIVaull e IVull 22 Ve Vull g2 (| Aull 7

by Hélder’s inequality, Nirenberg-Gagliardo’s interpolation inequality and (11). Integrat-
ing this last inequality in time, we deduce that for all 7 € [I', ¢]

T*(t) < | Vu()|7

e s 19l 190 0r) ([ 199 ([ 1ucir)
TE[L,t

< V(D) |72 + 20L (1)t L(1)T 2 (t)
= [Vu(D)|7. + Cei£L2(1) T2 (1). (15)

Inserting (14) into (15) and taking e small enough, then it is easy to see that for all
I' <t < T% there holds

T*(t) < [Vu(D)[[7 + Cex T2 (1) + Cer T2(t) < o0,

which proves

sup || Vu(t)||2. < +oc.
P<t<T*

This completes the proof of Theorem 1.3. m
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