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Proper biharmonic maps on tangent bundle

Nour Elhouda Djaa, Fethi Latti and Abderrahim Zagane

Abstract. this paper, we define the Mus-Gradient metric on tangent bundle TM by
a deformation non-conform of Sasaki metric over an n-dimensional Riemannian man-
ifold (M, g). First we investigate the geometry of the Mus-Gradient metric and we
characterize a new class of proper biharmonic maps. Examples of proper biharmonic
maps are constructed when all of the factors are Euclidean spaces.

1 Introduction

Let ϕ : (Mm, g)→ (Nn, h) be a smooth map between two Riemannian manifolds. Such
ϕ is said to be harmonic if it is a critical point of the energy functional

E(ϕ;D) =
1

2

∫
D

|τ(ϕ)|2 vg, (1)

for any compact domain D ⊆M . Equivalently, ϕ is harmonic if it satisfies the associated
Euler-Lagrange equations given as follows :

τ(ϕ) = Trg∇dϕ = 0. (2)

Here τ(ϕ) is the tension field of ϕ. We refer one to [16], [10], [11], [19] for background
on harmonic maps. As a generalization of harmonic maps, biharmonic maps are defined
similarly, as follows:

A map ϕ is said to be biharmonic if it is a critical point of the bi-energy functional

E2(ϕ;D) =
1

2

∫
D

|τ(ϕ)|2 vg, (3)
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over any compact domain D. Equivalently, ϕ is biharmonic if it satisfies the associated
Euler-Lagrange equations

τ2(ϕ) ≡ −TrgRN(τ(ϕ), dϕ)dϕ− Trg
(
∇ϕ∇ϕτ(ϕ)−∇ϕ

∇M τ(ϕ)
)

= Jϕ(τ(ϕ)) = 0. (4)

The operator τ2(ϕ) is called the bitension field of ϕ (see [6], [8], [18]). It is obvious to
see that any harmonic map is biharmonic, therefore it is interesting to construct proper
biharmonic maps (non-harmonic biharmonic maps).

Using the conformal transformation in [2], [3] and [4], the authors gives some examples
of proper biharmonic maps. In [5] and [15] the authors studied biharmonic maps between
warped products where they gave the condition for the biharmonicity of the inclusion of a
Riemannian manifold N into the warped product, also they gave some characterizations of
non-harmonic biharmonic maps using the product of harmonic maps and warping metric.
The main motivation of this work is to give other methods for the construction of new
examples of proper biharmonic maps.

Thus, in this paper, we define the Mus-Gradient metric on tangent bundle TM by
a deformation non-conform of Sasaki metric over an n-dimensional Riemannian manifold
(M, g) (Definition 3.1). First we investigate the geometry of the Mus-Gradient metric (The-
orem 3.5 and Theorem 3.7), and we characterize a class of biharmonic maps (Theorem 4.3,
Theorem 4.7, Theorem 4.11 and Theorem 4.14). Examples of proper biharmonic maps
are constructed when all of the factors are Euclidean spaces (Example 4.5, Example 4.9,
Example 4.12 and Example 4.16).

2 Preliminaries

Let (M, g) be an m-dimensional Riemannian manifold and (TM, π,M) be its tangent
bundle. Any local chart (U, xi)i=1,m on M induces a local chart (π−1(U), xi, yi)i=1,m on
TM . Denote by Γkij the Christoffel symbols of g and by ∇ the Levi-Civita connection of
g. We have two complementary distributions on TM , the vertical distribution V and the
horizontal distribution H, defined by

V(x,u) = ker(dπ(x,u)) = {ai ∂
∂yi
|(x,u); ai ∈ R},

H(x,u) = {ai ∂
∂xi
|(x,u) − aiujΓkij

∂

∂yk
|(x,u); ai ∈ R},

where (x, u) ∈ TM ,such that T(x,u)TM = H(x,u) ⊕ V(x,u). Let X = X i ∂
∂xi

be a local vector
field on M . The vertical and the horizontal lifts of X are defined by:

XV = X i ∂

∂yi
, (5)

XH = X i δ

δxi
= X i{ ∂

∂xi
− yjΓkij

∂

∂yk
}.

For consequences, we have ( ∂
∂xi

)
H

= δ
δxi

and ( ∂
∂xi

)
V

= ∂
∂yi

, then ( δ
δxi
, ∂
∂yi

)i=1,m is a local
adapted frame on TTM .
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Definition 2.1. Let (M, g) be a Riemannian manifold. The Sasaki metric ĝ is defined on
the tangent bundle TM by

ĝ(XH , Y H)(x,u) = gx(X, Y ), ĝ(XH , Y V )(x,u) = 0, ĝ(XV , Y V )(x,u) = gx(X, Y ),

where X, Y ∈ Γ(TM) and (x, u) ∈ TM .

Theorem 2.2 ([24]). If ∇ (resp. ∇̂) denote the Levi-Civita connection of (M, g) (resp.
(TM, ĝ)), then for all X, Y and Z ∈ Γ(TM) we have:

1) (∇̂XHY H)(x,u) = (∇XY )H(x,u) −
1
2
(Rx(X, Y )u)V ,

2) (∇̂XHY V )(x,u) = (∇XY )V(x,u) + 1
2
(Rx(u, Y )X)H ,

3) (∇̂XV Y H)(x,u) = 1
2
(Rx(u,X)Y )H ,

4) ∇̂XV Y V )(x,u) = 0,

5) R̂(x,u)(X
V , Y V )ZV = 0,

6) R̂(x,u)(X
V , Y V )ZH = [R(X, Y )Z + 1

4
R(u,X)(R(u, Y )Z)− 1

4
R(u, Y )(R(u,X)Z)]Hx ,

7) R̂(x,u)(X
H , Y V )ZV = −[1

2
R(Y, Z)X + 1

4
R(u, Y )(R(u, Z)X)]Hx ,

8) R̂(x,u)(X
H , Y V )ZH = [1

4
R(R(u, Y )Z,X)u+ 1

2
R(X,Z)Y ]Vx + 1

2
[(∇XR)(u, Y )Z]Hx ,

9) R̂(x,u)(X
H , Y H)ZV = [R(X, Y )Z +

1

4
R(R(u, Z)Y,X)u− 1

4
R(R(u, Z)X, Y )u]Vx

+
1

2
[(∇XR)(u, Z)Y − (∇YR)(u, Z)X]Hx ,

10) R̂(x,u)(X
H , Y H)ZH =

1

2
[(∇ZR)(X, Y )u]Vx + [R(X, Y )Z +

1

4
R(u,R(Z, Y )u)X

+
1

4
R(u,R(X,Z)u)Y +

1

2
R(u,R(X, Y )u)Z]Hx ,

where (x, u) ∈ TM such that π(u) = x and R (resp R̂) denote the curvature tensor of
(M, g) (resp (M, ĝ)).

Remark 2.3. From Theorem 2.2 we conclude that TM is a rigid fiber bundle, i.e (TM, ĝ)
is flat if and only if (M, g) is flat.

Corollary 2.4. If (M, g) is flat (R = 0), then we obtain

1) (∇̂XHY H)(x,u) = (∇XY )H(x,u),

2) (∇̂XHY V )(x,u) = (∇XY )V(x,u),



140 Nour Elhouda Djaa, Fethi Latti and Abderrahim Zagane

3) (∇̂XV Y H)(x,u) = 0,

4) (∇̂XV Y V )(x,u) = 0,

5) R̂ = 0.

The geometry of the tangent bundle TM equipped withe Sasaki metric has been studied
by many authors Sasaki [24], K.Yano and S. Ishihara [26], P.Dombrowski [9], A. A. Salimov,
and Gezer [12], [21], [20], [22] and others (see [1], [7], [13], [17], [25], [27]).

Definition 2.5 ([27]). Let (M, g) be a Riemannian manifold. The Mus-Sasaki metric g̃ is
defined on the tangent bundle TM by

1. g̃(XH , Y H)(x,u) = gx(X, Y ),

2. g̃(XH , Y V )(x,u) = 0,

3. g̃(XV , Y V )(x,u) = f(x)gx(X, Y ),

where X, Y ∈ Γ(TM) and (x, u) ∈ TM .

Lemma 2.6. Let (M, g) be a flat Riemannian manifold. Then we have

1) (∇̃XHY H)(x,u) = (∇XY )H(x,u),

2) (∇̃XHY V )(x,u) = (∇XY )V(x,u) + 1
2
X(f)Y V ,

3) ∇̃XV Y H)(x,u) = 1
2
Y (f)XV ,

4) (∇̃XV Y V )(x,u) = −1
2
g(X, Y )

(
grad(f)

)H
,

5) R̃(XH , Y H)Y H = 0,

6) R̃(XH , Y V )Y V = −1
2
‖Y ‖2

(
∇Xgrad(f)

)H
+ 1

4f
‖Y ‖X(f)

(
grad(f)

)H
,

where ∇̃ (resp R̃) denote the Levi-Civita connection (resp curvature tensor) of g̃.

For more detail on geometry of Mus-Sasaki metric see [14], [27].

3 Mus-Gradient metric

Definition 3.1. Let (M, g) be a Riemannian manifold and f : M →]0,+∞[ be a function
such that f ∈ C∞(M). On the tangent bundle TM , we define a Mus-Gradient metric
noted gf by:

1. gf (XH , Y H)(x,u) = gx(X, Y ),
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2. gf (XH , Y V )(x,u) = 0,

3. gf (XV , Y V )(x,u) = gx(X, Y ) +Xx(f)Yx(f),

where X, Y ∈ Γ(TM), (x, u) ∈ TM .

Remark 3.2. 1) If f is constant then gf = gS is the Sasaki metric [25],

2) gf (XH , (grad(f)H) = g(X, grad(f) = X(f),

3) gf (XV , (grad(f)V ) = (1 + ‖ grad f‖2)X(f),

4) gf (XV , Y V )− gf (XH , Y H) = X(f)Y (f),
where X, Y ∈ Γ(TM).

In the following, we consider α = 1 + ‖ grad f‖2 = 1 + g(grad f, grad f).

Lemma 3.3. Let (M, g) be a Riemannian manifold. for all X, Y and Z ∈ Γ(TM), we have

1) XV
(
gf (Y V , ZV )

)
= 0,

2) XH
(
gf (Y V , ZV )

)
= gf ((∇XY )V , ZV ) + gf ((Y V ,∇XZ)

V
)

+ Y (f)gf ((∇Xgrad(f)H , ZH)

+ g(Y,∇Xgrad(f)gf ((grad(f)H , ZH),

3) XH
(
gf (Y V , ZV )

)
= gf ((∇XY )V , ZV ) + gf ((Y V ,∇XZ)

V
)

+ Y (f)gf ((∇Xgrad(f)V , ZV ) +
1

α

[
g(Y,∇Xgrad(f)

− 1

2
X(α)Y (f)

]
gf ((grad(f)V , ZV ).

Proof. The statement is a direct consequence of Definition 3.1 and Remark 3.2.

Lemma 3.4. Let (M, g) be a Riemannian manifold. If ∇ (resp. ∇f) denote the Levi-Civita
connection of (M, g) (resp. (TM, gf )), then for all X, Y and Z ∈ Γ(TM) we have:

1) gf (∇f
XHY

H , ZH) = gf ((∇XY )H , ZH),

2) gf (∇f
XHY

H , ZV ) = −1
2
gf ((R(X, Y )u)V , ZV ),

3) gf (∇f
XHY

V , ZH) = 1
2
gf ((R(u, Y )X)H + Y (f)(R(u, grad(f)X)H , ZH),

4) gf (∇f
XHY

V , ZV ) = gf ((∇XY )V , ZV ) +
1

2
Y (f)gf ((∇Xgrad(f)V , ZV )

+
1

2α

[
g(Y,∇Xgrad(f)− 1

2
X(α)Y (f)

]
gf ((grad(f)V , ZV ),

5) gf (∇f
XV Y

H , ZH) = 1
2
gf ((R(u,X)Y )H +X(f)(R(u, grad(f)Y )H , ZH),
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6) gf (∇f
XV Y

H , ZV ) =
1

2
X(f)gf ((∇Y grad(f)V , ZV )

+
1

2α

[
g(X,∇Y grad(f)− 1

2
Y (α)X(f)

]
gf ((grad(f)V , ZV ),

7) gf (∇f
XV Y

V , ZH) = −1
2
gf
(
X(f)(∇Y grad(f)H + Y (f)(∇Xgrad(f)H , ZH

)
,

8) gf (∇f
XV Y

V , ZV ) = 0.

Proof. The proof of Lemma 3.4 follows directly from Koszul formula, Definition 3.1 and
Lemma 3.3.

As a direct consequence of Lemma 3.4, we get the following theorem.

Theorem 3.5. Let (M, g) be a Riemannian manifold. If ∇ (resp. ∇f) denote the Levi-
Civita connection of (M, g) (resp. (TM, gf )), then we have

1) (∇f
XHY

H)p = (∇XY )Hp −
1
2
(Rx(X, Y )u)V ,

2) (∇f
XHY

V )p =
1

2
(Rx(u, Y )X)H +

1

2
Yx(f)(Rx(u, grad(f)X)H +

1

2
Yx(f)(∇Xgrad(f)Vp

+ (∇XY )Vp +
1

2α

[
gx(Y,∇Xgrad(f)− 1

2
Xx(α)Yx(f)

]
(grad(f)Vp ,

3) (∇f
XV Y

H)p =
1

2
(Rx(u,X)Y )H +

1

2
Xx(f)(Rx(u, grad(f)Y )H +

1

2
Xx(f)(∇Y grad(f)Vp

+
1

2α

[
gx(X,∇Y grad(f)− 1

2
Yx(α)Xx(f)

]
(grad(f)Vp ,

4) (∇f
XV Y

V )p = −1
2
Xx(f)(∇Y grad(f)Hp −

1
2
Yx(f)(∇Xgrad(f)Hp ,

for all vector fields X, Y ∈ Γ(TM) and p = (x, u) ∈ TM , where R denote the curvature
tensor of (M, g).

Corollary 3.6. Let (M, g) be a flat manifold. If ∇ (resp. ∇f) denote the Levi-Civita
connection of (M, g) (resp. (TM, gf )), then we have:

1) (∇f
XHY

H)p = (∇XY )Hp ,

2) (∇f
XHY

V )p =
1

2
Yx(f)(∇Xgrad(f)Vp + (∇XY )Vp +

1

2α

[
gx(Y,∇Xgrad(f)

− 1

2
Xx(α)Yx(f)

]
(grad(f)Vp ,

3) (∇f
XV Y

H)p =
1

2
Xx(f)(∇Y grad(f)Vp

+
1

2α

[
gx
(
X,∇Y grad(f)

)
− 1

2
Yx(α)Xx(f)

]
(grad(f)Vp ,
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4) (∇f
XV Y

V )p = −1
2
Xx(f)(∇Y grad(f)Hp −

1
2
Yx(f)(∇Xgrad(f)Hp ,

for all vector fields X, Y ∈ Γ(TM) and p = (x, u) ∈ TM , where R denote the curvature
tensor of (M, g).

From Theorem 3.5 we obtain the following theorem

Theorem 3.7. Let (M, g) be a Riemannian manifold and (TM, gf )) its tangent bundle
equipped with the Mus-Gradient metric. If R (resp Rf denote the Riemannian curvature
tensor of (M, g) (resp (TM, gf )), then we have the following formulas:

Rf
p(XH , Y H)Y H

=(Rx(X, Y )Y )H +
3

4
(Rx(u,R(X, Y )u)Y )H

+
3

4
gx(R(X, Y )u, grad(f)(Rx(u, grad(f)Y )H

+
1

2
((∇YR)(X, Y )u)Vp +

3

4
gx(R(X, Y )u, grad(f)(∇Y grad(f)Vp

+
3

8α

[
2gx(R(X, Y )u,∇Y grad(f)− Yx(α)gx(R(X, Y )u, grad(f))

]
(grad(f)Vp ,

Rf
p(XH , Y V )Y V

=− Yx(f)(∇X∇Y grad(f)Hp −
1

4
Yx(f)

(
Rx(u, Y + grad(f)R(u, Y )X

)H
− 1

2
Yx(f)(Rx(Y, grad(f)X)H − 1

4
Yx(f)(Rx(u, Y + Y (f)grad(f)R(u, grad(f)X)H

+
1

4
Y 2
x (f)(∇(∇Xgrad(f)grad(f)Hp + Yx(f)(∇(∇XY )grad(f)Hp

+
Yx(f)

8α
gx
(
Y,∇Xgrad(f)− 1

2
X(α)grad(f)

)(
grad(α)

)H
p

+
[ 1

8α
Xx(α)Yx(f)− 1 + 3α

4α
gx(Y,∇Xgrad(f)

]
(∇Y grad(f)Hp

+
1

2
Yx(f)(Rx(X,∇Y grad(f)u)V − 1

4
Yx(f)(∇(R(u,Y+Y (f)grad(f)X)grad(f)Vp

+
1

8α
gx
(
R(u, Y + Y (f)grad(f)X, Y (f)gradα−∇Y grad(f)

)
(grad(f)Vp ,

−Rf
p(XV , Y H)Y H

=
1

2
((∇YR)x(u,X)Y )H +

1

2
Xx(f)((∇YR)x(u, grad(f)Y )H

+
3

4
Xx(f)(Rx(u,∇Y grad(f)Y )H +

3

4
gx(X,∇Y grad(f)(Rx(u, grad(f)Y )H

+
1

2
Xx(f)

[
∇Y∇Y grad(f)−∇(∇Y Y )grad(f)

]V
p

− 1

4

(
Rx(Y,R(u, (X +X(f)grad(f))Y )u

)V
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+
[3α + 1

4α
gx(X,∇Y grad(f)− 1

8α
Xx(f)Yx(α)

]
(∇Y grad(f)Vp

+
[ 1

4α
Xx(f)‖∇Y grad(f)‖2 +

1

2α
gx
(
∇Y∇Y grad(f)−∇(∇Y Y ) grad(f), X

)
− 1

4α
Xx(f)gx(Y,∇Y grad(α))− 1

8α2
Xx(f)(Yx(α))2

− 3α + 2

8α2
Yx(α)gx(X,∇Y grad(f)

]
(grad(f)Vp ,

Rf
p(XV , Y V )Y V

=
1

4
(Rx(u, Y )(∇(

X(f)Y+Y (f)X
)grad(f))H − 1

2
Yx(f)(Rx(u,X)(∇Y grad(f))H

+
1

4
Yx(f)

(
Rx(u, grad(f)(∇(

Y (f)X−X(f)Y
)grad(f)

)H
+

1

8α
gx

(
∇(X(f)Y−Y (f)X)grad(f), (Y (f)grad(α) + 2∇Y grad(f)) grad(f)Vp

)
+

1

4
Yx(f)

(
∇(∇(Y (f)X−X(f)Y )grad(f))grad(f)

)V
p
,

for all p = (x, u) ∈ TM and , X, Y, Z ∈ Γ(TM).

Using Theorem 3.7, we obtain the following corollaries:

Corollary 3.8. If (M, g) is a flat Riemannian manifold, then we have:

Rf
p(XH , Y H)Y H =0,

Rf
p(XH , Y V )Y V =− Yx(f)(∇X∇Y grad(f)Hp

+
1

4
Y 2
x (f)

(
∇∇Xgrad(f)grad(f)

)H
p

+ Yx(f)(∇(∇XY )grad(f)Hp

+
Yx(f)

8α
gx
(
Y,∇Xgrad(f)− 1

2
X(α)grad(f)

)
(grad(α))Hp

+
[ 1

8α
Xx(α)Yx(f)− 1 + 3α

4α
gx(Y,∇Xgrad(f)

]
(∇Y grad(f)Hp ,

−Rf
p(XV , Y H)Y H =

1

2
Xx(f)

[
∇Y∇Y grad(f)−∇(∇Y Y )grad(f)

]V
p

+
[3α + 1

4α
gx(X,∇Y grad(f)− 1

8α
Xx(f)Yx(α)

]
(∇Y grad(f)Vp

+
[ 1

4α
Xx(f)‖∇Y grad(f)‖2

+
1

2α
gx
(
∇Y∇Y grad(f)−∇(∇Y Y ) grad(f), X

)
− 1

4α
Xx(f)gx(Y,∇Y grad(α))− 1

8α2
Xx(f)(Yx(α))2

− 3α + 2

8α2
Yx(α)gx(X,∇Y grad(f)

]
(grad(f)Vp ,

Rf
p(XV , Y V )Y V
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=
1

8α
gx
(
∇(

X(f)Y−Y (f)X
)grad(f), (Y (f)grad(α) + 2∇Y grad(f)

)
(grad(f)Vp

+
1

4
Yx(f)

(
∇(∇(Y (f)X−X(f)Y )grad(f))gradf

)V
p
,

for all p = (x, u) ∈ TM and , X, Y, Z ∈ Γ(TM).

Corollary 3.9. If (M, g) is a flat Riemannian manifold then (TM, gf ) is flat if and only if
f is constant.

4 Biharmonic maps of Mus-Gradient metric

Lemma 4.1. Let (M, g) be a Riemannian manifold and (TM, gS) be its tangent bundle
equipped with the Sasaki metric then the canonical projection π : (TM, gS) 7→ (M, g) is
harmonic.

Theorem 4.2. Let (M, g) be a Riemannian manifold, f : M →]0,+∞[ such f ∈ C∞(M)
and (TM, gf ) be its tangent bundle equipped with the Mus-Gradient metric. The tension
field of the canonical projection πα : (TM, gf ) 7→ (M, g) is given by

τ(πα) =
1

α
∇gradfgradf =

gradα

2α
, (6)

and πα is harmonic if and only if ‖gradf‖ = Const.

Proof. If (E1, . . . , Em) is orthonormal frame on (M, g) such that E1 = gradf
‖gradf‖ , then(

EH
1 , . . . , E

H
m ,

1√
α
EV

1 , . . . , E
V
m

)
is an orthonormal frame on (TM, gf ). From formula (2) and Theorem 3.5 we obtain:

τ(πα) =
m∑
i=1

∇EiEi −
m∑
i=1

dπα(∇f

EHi
EH
i )−

m∑
i=2

dπα(∇f

EVi
EV
i )− 1

α
dπα(∇f

EV1
EV

1 )

=
m∑
i=2

Ei(f)∇Eigradf +
1

α
E1(f)∇E1gradf

= ∇∑m
i=1 Ei(f)Ei

gradf +
1− α
α

E1(f)∇E1gradf

= ∇gradfgradf +
1− α
α

E1(f)∇E1gradf

= ∇gradfgradf +
1− α
α
‖gradf‖∇ gradf

‖gradf‖
gradf

= ∇gradfgradf +
1− α
α
∇gradfgradf



146 Nour Elhouda Djaa, Fethi Latti and Abderrahim Zagane

=
1

α
∇gradfgradf

=
gradα

2α
.

Theorem 4.3. Let (M, g) be a Riemannian manifold, f a smooth positive function on M
such that gradf 6= 0 at any point on M , and (TM, gf ) its tangent bundle equipped with
the Mus-Gradient metric. Then the canonical projection πα : (TM, gf ) −→ (M, g) is
biharmonic if and only if

Ricci(grad lnα) +
1

2
grad(∆ lnα) +

1

8
grad(‖grad lnα‖2) = 0. (7)

Proof. Let (E1, . . . , Em) be an orthonormal frame on (M, g) such that E1 = gradf
‖gradf‖ , so that

(EH
1 , . . . , E

H
m ,

1√
α
EV

1 , . . . , E
V
m) is an orthonormal frame on (TM, gf ). Since dπα(XH) = X

and dπα(XV ) = 0 for all X ∈ Γ(TM), we obtain

−Trgf R(τ(πα), dπα)dπα = − 1

2α

m∑
i=1

R(gradα,Ei)Ei,

be the definition of Ricci tensor of (M, g) with 1
α
gradα = grad lnα, we get

−Trgf R(τ(πα), dπα)dπα = −1

2
Ricci(grad lnα).

The term −Trgf ∇πα∇πατ(πα) is given by

−Trgf ∇πα∇πατ(πα) = −1

2

m∑
i=1

∇πα
EHi
∇πα
EHi
grad lnα = −1

2

m∑
i=1

∇Ei
∇Ei

grad lnα.

For the last term Trgf ∇πα
∇f τ(πα) we have

Trgf ∇πα
∇f τ(πα) =

1

2

m∑
i=1

∇πα

∇f
EH
i

EHi
grad lnα+

1

2α
∇πα

∇f
EV1

EV1
grad lnα+

1

2

m∑
i=2

∇πα

∇f
EV
i

EVi
grad lnα.

(8)
According to Theorem 3.5, we obtain

(∇f

EHi
EH
i )(x,u) = (∇EiEi)

H
x −

1

2
(Rx(Ei, Ei)u)V = (∇EiEi)

H
x , for all 1 ≤ i ≤ m

(∇f

EV1
EV

1 )(x,u) = −E1(f)x(∇E1grad(f)Hx = −(∇gradfgrad(f)Hx ,

(∇f

EVi
EV
i )(x,u) = −Ei(f)x(∇Eigrad(f)Hx = 0, for all 2 ≤ i ≤ m,

where (x, u) ∈ TM . Substituting the last formulas in (8) and using the identity

∇gradfgradf =
1

2
grad(‖gradf‖2),
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we find that

Trgf ∇πα
∇f τ(πα) =

1

2

m∑
i=1

∇∇EiEigrad lnα− 1

4α
∇grad(‖gradf‖2)grad lnα

=
1

2

m∑
i=1

∇∇EiEigrad lnα− 1

4
∇grad lnαgrad lnα

=
1

2

m∑
i=1

∇∇EiEigrad lnα− 1

8
grad(‖grad lnα‖2).

Note that the canonical projection πα is biharmonic if and only if

τ2(πα) = −Trgf R(τ(πα), dπα)dπα − Trgf
(
∇πα∇πατ(πα)−∇πα

∇ τ(πα)
)

= 0,

is equivalent to following equation

0 =− 1

2
Ricci(grad lnα)− 1

2

m∑
i=1

∇Ei
∇Ei

grad lnα

+
1

2

m∑
i=1

∇∇EiEigrad lnα− 1

8
grad(‖grad lnα‖2).

The Theorem 4.3 follows from the last equation and the following

Trg∇2grad lnα = Ricci(grad lnα) + grad(∆ lnα).

Corollary 4.4. Let (M, g) be an Einstein manifold (i.e. Ricci(X) = λX for all X in Γ(TM)
where λ ∈ R), f a smooth positive function on M such that gradf 6= 0 at any point on
M , and (TM, gf ) its tangent bundle equipped with the Mus-Gradient metric. Then the
canonical projection πα : (TM, gf ) −→ (M, g) is biharmonic if and only if

λ lnα +
1

2
∆ lnα +

1

8
‖grad lnα‖2 = Const. (9)

According to Corollary 4.4, we have the following example.

Example 4.5. Let M = (1,∞) × Rm−1 equipped with the Riemannian metric given by
g = dt2 +

∑m−1
i=1 dx2i . Note that, (M, g) is an Einstein manifold with λ = 0. We set

f(t, x) =

∫ √
t4 − 1dt, for all (t, x) in M.

We have, grad(f) =
√
t4 − 1 ∂t, ‖gradf‖ =

√
t4 − 1, α(t, x) = t4, for all (t, x) in M , so

that

∆ lnα = − 4

t2
and ‖grad lnα‖2 =

16

t2
.
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Using the Corollary 4.4, the canonical projection πα : (TM, gf ) −→ (M, g) is proper
biharmonic. Here, the tension field of πα and the Mus-Gradient metric gf are given by

τ(πα) =
2

t
∂t and gf = dt2 +

m−1∑
i=1

dx2i + t4dy21 +
m−1∑
i=1

dy2i .

Theorem 4.6. Let (M, g) be a flat Riemannian manifold, f : M →]0,+∞[ be a smooth
function on M and (TM, gf )) its tangent bundle equipped with the Mus-Gradient metric.
Then the tension field of the identity Idα : (TM, gf ) 7→ (TM, ĝ) is given by

τ(Idα) =
‖grad(f)‖

1 + ‖grad(f)‖2
(
grad(‖grad(f)‖)

)H
, (10)

and Idα is harmonic if and only if ‖grad(f)‖ = Const.

Proof. If (E1, . . . , Em) is orthonormal frame on (M, g) such that E1 = gradf
‖gradf‖ , then(

EH
1 , . . . , E

H
m , E1, . . . , E

V

m

)
is an orthonormal frame on (TM, gf ), where E1 = 1√

α
EV

1 and Ei = Ei for all i ≥ 2. From

formula (2), Theorem 2.2, Corollary 3.6 and Corollary 3.8, we obtain:

τ(Idα) =
m∑
i=1

∇̂EHi
EH
i −

m∑
i=1

∇f

EHi
EH
i +

m∑
i=1

∇̂
E
V
i
E
V

i −
m∑
i=1

∇f

E
V
i

E
V

i

= −
m∑
i=1

∇f

E
V
i

E
V

i

= −
m∑
i=1

Ei(f)
(
∇Ei

grad(f)
)H

= −
[grad(α)

2α

]H
= − ‖grad(f)‖

1 + ‖grad(f)‖2
(
grad(‖grad(f)‖)

)H
.

Theorem 4.7. Let (M, g) be a flat Riemannian manifold, f : M →]0,+∞[ be a smooth
function on M and (TM, gf )) its tangent bundle equipped with the Mus-Gradient metric.
Then the identity Idα : (TM, gf ) 7→ (TM, ĝ) is biharmonic if and only if

τ2(Idα) =
m∑
i=1

[
∇Ei∇EiV −∇∇EiEiV

]H
=
[
JIdM (W )

]H
= 0, (11)

where IdM denotes the identity map of the manifold (M, g) and W = grad(α)
α

.
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Proof. Respectively to the notations above, from formula (1), Theorem 2.2 and Corol-
lary 3.6, we have:

τ2(Idα) =
m∑
i=1

∇̂EHi
∇̂EHi

WH − ∇̂∇̂
EH
i
EHi
WH + ∇̂

E
V
i
∇̂
E
V
i
WH − ∇̂∇̂

E
V
i
E
V
i
V H

=
m∑
i=1

∇̂EHi
∇̂EHi

WH − ∇̂∇̂
EH
i
EHi
WH

=
m∑
i=1

[
∇Ei∇EiW −∇∇EiEiW

]H
=
[
JIdα(W )

]H
.

Lemma 4.8. Let M = Rm be the real euclidean manifold, f(x1, . . . , xm) = f(x1) be a
smooth function strictly positive on M and (TM, gf )) its tangent bundle equipped with the
Mus-Gradient metric. Then the identity Idα : (TM, gf ) 7→ (TM, ĝ) is biharmonic if and
only if (

α′

2α

)′′
= 0. (12)

Proof. Respectively to the notations above, we have:

grad(f) = f ′,

E1 =
grad(f)

‖grad(f)‖
∂1 = ∂1,

Ei = ∂i , 2 ≤ i ≤ m

W =
α′

2α
∂1.

From Theorem 4.3 we obtain:

JIdα(W ) =
m∑
i=1

[
∇Ei∇EiW −∇∇EiEiW

]
= ∇E1∇E1W

=
( α′

2α

)′′
∂1.

According to Lemma 4.8, we have the following example.

Example 4.9. If we set

f(x, x2, . . . , xm) =

∫ √
exp(ax2 + bx+ c)− 1,

then f is solution of the equation (12) and Idα is proper biharmonic.
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Theorem 4.10. Let (M, g) be a flat Riemannian manifold, f : M →]0,+∞[ be a smooth
function on M and (TM, g̃)) its tangent bundle equipped with the Mus-Sasaki metric. Then
the tension (resp bitension) field of the identity Idα : (TM, g̃) 7→ (TM, ĝ) is given by

τ(Idf ) =
m

2f

(
grad(f)

)H
, (13)

τ2(Idf ) =
m

f
√
f

(
∇grad(f)grad(

√
f)
)V

+
m2

2f 2

(
∇grad(f)grad(f)

)H
. (14)

Proof. Let (E1, . . . , Em) be an orthonormal frame on (M, g) such that ∇EiEj = 0 for

all i, j ∈ {1, . . . ,m}. Then
(
EH

1 , . . . , E
H
m ,

1√
f
EV

1 , . . . ,
1√
f
EV
m

)
is an orthonormal frame on

(TM, g̃). From Formula 2, Corollary 2.4 and Lemma 2.6, we obtain:

τ(Idf ) =Trg̃(Idf ))

=
∑
i

[
∇̂EHi

EH
i − ∇̃EHi

EH
i + ∇̂ 1√

f
EVi

1√
f
EV
i − ∇̃ 1√

f
EVi

1√
f
EV
i

]
=−

∑
i

∇̃ 1√
f
EVi

1√
f
EV
i

=
m

2f

(
grad(f)

)H
,

τ2(Idf ) =
∑
i

[
∇̂EHi

∇̂EHi

m

2f
(grad(f))H − ∇̂∇̃

EH
i
EHi

m

2f
(grad(f))H

]
+
∑
i

[
∇̂ 1√

f
EVi
∇̂ 1√

f
EVi

m

2f
(grad(f))H − ∇̂∇̃ 1√

f
EV
i

1√
f
EVi

m

2f
(grad(f))H

]
=
∑
i

[
∇̂ 1√

f
EVi
∇̂ 1√

f
EVi

m

2f
(grad(f))H − ∇̂∇̃ 1√

f
EV
i

1√
f
EVi

m

2f
(grad(f))H

]
=
∑
i

[
− ∇̂∇̃ 1√

f
EV
i

1√
f
EV
i

m

2f
(grad(f))H

]
=∇̂m

2f
(grad(f))H

m

2f
(grad(f))H

=
m2

2f 2

(
∇grad(f)grad(f)

)H
=
m2

4f 2

(
grad(f)(‖grad(f)‖2)

)H
.

From Theorem 4.10 we have the following theorem.

Theorem 4.11. Let (M, g) be a flat Riemannian manifold, f : M →]0,+∞[ be a smooth
function on M and (TM, g̃)) its tangent bundle equipped with the Mus-Sasaki metric. Then
the identity Idα : (TM, g̃) 7→ (TM, ĝ) is proper biharmonic if and only

‖grad(f)‖ = const > 0. (15)
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Example 4.12. Let M =]0,+∞[p×Rm−p. If we set

f(x1, x2, . . . , xm) =

p∑
i=1

aixi + bi, ai, bi > 0.

then f is solution of the equation (15) and Idf is proper biharmonic.

Theorem 4.13. Let (M, g) be a flat Riemannian manifold, f : M →]0,+∞[ be a smooth
function on M and (TM, g̃)) its tangent bundle equipped with the Mus-Sasaki metric. Then

the tension (resp bitension) field of the identity Îdf : (TM, g̃) 7→ (TM, ĝ) is given by

τ(Îdf ) = −m
2

(
grad(f)

)H
, (16)

resp

τ2(Îdf ) = −m
2

8

(
grad‖grad(f)‖2

)H
+
m

2

(
Trg∇2(grad(f))

)H
. (17)

Proof. Let (E1, . . . , Em) be an orthonormal frame on (M, g) such that ∇EiEj = 0 for all
i, j ∈ {1, . . . ,m}. We have:

τ(Îdf ) =Trg̃(Idf ))

=
∑
i

[
∇̃EHi

EH
i − ∇̂EHi

EH
i + ∇̃EVi

EV
i − ∇̂EVi

EV
i −

]
=−

∑
i

∇̃EVi
EV
i

=− m

2

(
grad(f)

)H
,

τ2(Îdf ) =
∑
i

m

2
R̃(grad(f)H , EH

i )EH
i +

∑
i

m

2
R̃(grad(f)H , EV

i )EV
i

+
∑
i

[
∇̃EHi

∇̃EHi

m

2
(grad(f))H − ∇̃∇̂

EH
i
EHi

m

2
(grad(f))H

]
+
∑
i

[
∇̃EVi
∇̃EVi

m

2
(grad(f))H − ∇̃∇̂

EV
i
EVi

m

2
(grad(f))H

]
=
∑
i

m

2
R̃(grad(f)H , EV

i )EV
i +

m

2

∑
i

∇̃EHi
∇̃EHi

(grad(f))H

+
m

2

∑
i

∇̃EVi
∇̃EVi

(grad(f))H

=−
(
m2

4
∇grad(f)grad(f)

)H
+
m2

8f
‖grad(f)‖2

(
grad(f)

)H
+
m

2

∑
i

(
∇Ei∇Ei(grad(f))

)H
+
m

4

∑
i

∇̃EVi
(grad(f)(f))EV

i

=− m2

8

(
grad‖grad(f)‖2

)H
+
m2

8f
‖grad(f)‖2

(
grad(f)

)H
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+
m

2

∑
i

(
∇Ei∇Ei(grad(f))

)H − m2

8
‖grad(f)‖2(grad(f))H

=− m2

8

(
grad‖grad(f)‖2

)H
+
m

2

(
Trg∇2(grad(f))

)H
.

By Theorem 4.13 we obtain the following theorem.

Theorem 4.14. Let (M, g) be a flat Riemannian manifold, f : M →]0,+∞[ be a smooth
function on M and (TM, g̃)) its tangent bundle equipped with the Mus-Sasaki metric. Then

the identity Îdf : (TM, ĝ) 7→ (TM, g̃) is a proper biharmonic if and only

m

4
grad(‖grad(f)‖2) = Trg∇2(grad(f)) .

Lemma 4.15. Let M =]0,+∞[×Rm−1 be the real euclidean manifold, f : M → R be
the function f(x1, . . . , xm) = f(x1), which is strictly positive, and (TM, g̃) be its tangent

bundle equipped with the Mus-Sasaki metric. Then the identity Îdf : (TM, ĝ) 7→ (M, g̃) is
biharmonic if and only if

f ′′′ =
m

4

(
(f ′)

2)′
. (18)

Example 4.16 (proper biharmonic map). Let M =]0,+∞[p×Rm−p. If we set

f(x1, x2, . . . , xm) =
4

m
ln(mx+ c),

then f is solution of the equation (18) and Îdf is proper biharmonic.
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