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Proper biharmonic maps on tangent bundle

Nour Elhouda Djaa, Fethi Latti and Abderrahim Zagane

Abstract. this paper, we define the Mus-Gradient metric on tangent bundle T'M by
a deformation non-conform of Sasaki metric over an n-dimensional Riemannian man-
ifold (M, g). First we investigate the geometry of the Mus-Gradient metric and we
characterize a new class of proper biharmonic maps. Examples of proper biharmonic
maps are constructed when all of the factors are Euclidean spaces.

1 Introduction

Let ¢ : (M™, g) — (N™, h) be a smooth map between two Riemannian manifolds. Such
 is said to be harmonic if it is a critical point of the energy functional

BeiD) =3 [ 1t o, )

for any compact domain D C M. Equivalently, ¢ is harmonic if it satisfies the associated
Euler-Lagrange equations given as follows :

T(p) =TryVdy = 0. (2)

Here 7(p) is the tension field of . We refer one to [16], [10], [11], [19] for background
on harmonic maps. As a generalization of harmonic maps, biharmonic maps are defined
similarly, as follows:

A map ¢ is said to be biharmonic if it is a critical point of the bi-energy functional

EawiD) =5 [ (o) v, ®)
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over any compact domain D. Equivalently, ¢ is biharmonic if it satisfies the associated
Euler-Lagrange equations

nlp) = —TrgRY(1(p), dp)dp — Trg(VIVAT(0) = VEuT(9)) = Jp(7(0)) = 0. (4)

The operator 72(yp) is called the bitension field of ¢ (see [6], [8], [18]). It is obvious to
see that any harmonic map is biharmonic, therefore it is interesting to construct proper
biharmonic maps (non-harmonic biharmonic maps).

Using the conformal transformation in [2], [3] and [4], the authors gives some examples
of proper biharmonic maps. In [5] and [15] the authors studied biharmonic maps between
warped products where they gave the condition for the biharmonicity of the inclusion of a
Riemannian manifold N into the warped product, also they gave some characterizations of
non-harmonic biharmonic maps using the product of harmonic maps and warping metric.
The main motivation of this work is to give other methods for the construction of new
examples of proper biharmonic maps.

Thus, in this paper, we define the Mus-Gradient metric on tangent bundle T'M by
a deformation non-conform of Sasaki metric over an n-dimensional Riemannian manifold
(M, g) (Definition 3.1). First we investigate the geometry of the Mus-Gradient metric (The-
orem 3.5 and Theorem 3.7), and we characterize a class of biharmonic maps (Theorem 4.3,
Theorem 4.7, Theorem 4.11 and Theorem 4.14). Examples of proper biharmonic maps
are constructed when all of the factors are Euclidean spaces (Example 4.5, Example 4.9,
Example 4.12 and Example 4.16).

2 Preliminaries

Let (M, g) be an m-dimensional Riemannian manifold and (T'M, w, M) be its tangent
bundle. Any local chart (U, z'),_1;; on M induces a local chart (7~'(U),z",y");_17 on
TM. Denote by Ffj the Christoffel symbols of g and by V the Levi-Civita connection of
g. We have two complementary distributions on T'M, the vertical distribution ¥V and the
horizontal distribution H, defined by

Viewy = ker(dmu)) = {GZ%I(M); a' € R},
Y
Hzw) = {0’ 0 j
wa) = 10" 5l — a%tFUa i@’ € R},
where (z,u) € TM such that T(y/TM = Hpu B View. Let X = XZ 9 he a local vector

field on M. The vertical and the horizontal lifts of X are defined by:

)
XV =X __
3 (5)

5 )
5o = X g Y ”ak}

X" = x?

For consequences, we have (
adapted frame on TT'M.

H 1%
:m) :%and( )

= 2, then (5 8i)i:17ﬂ is a local

ozt — Byt ' Oy
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Definition 2.1. Let (M, g) be a Riemannian manifold. The Sasaki metric g is defined on
the tangent bundle T'M by

/g\<XH7 YH)(:v,u) = gm(X7 Y)7 @\(XHJ YV)(x,u) = 07 /g\(Xva YV)(ac,u) = gx(Xa Y)J
where X, Y € ['(T'M) and (x,u) € TM.

Theorem 2.2 ([24]). If V (resp. @) denote the Levi-Civita connection of (M,gq) (resp.
(T'M,g)), then for all X,Y and Z € T'(T'M) we have:

1) (VxaY M)y = (VY = 3(Ra(X, Y )u),

2) (Vxn YY) = (VxY){,) + 5(Re(u, V) X)),

3) (Vv Y™ = S(Rulu, X)Y)H,

4) VYY) gy =0,

5) Ry (XV,YV)ZV =0,

6) Riwuy(XV,YV)ZH = [R(X,Y)Z + LR(u, X)(R(u,Y)Z) — LR(u,Y)(R(u, X) Z)|H,

7) Riuy (X", YV)ZV = ~[LR(Y, Z)X + LR(u,Y)(R(u, 2)X)] 2,

8) Ripuy(XH,YVVZH = [LR(R(u,Y)Z, X )u+ LR(X, Z)Y)Y + L[(VxR)(u,Y)Z]¥,

T

N 1 1
9) R (X", YN ZV = [R(X,Y)Z + ZR(R(u, 2)Y, X)u — ZR(R(u, 2)X,Y )Y

+ é[(VXR)(u, 2)Y — (VyR)(u, 2)X],

10) Ripuy(XH Y ZH = %[(VZR)(X, YulY + [R(X,Y)Z + %R(u, R(Z,Y)u)X
+ %lR(u, R(X, Z)u)Y + %R(u, R(X,Y)u)Z]¥,

where (z,u) € TM such that 7(u) = x and R (resp R) denote the curvature tensor of
(Mu g) (T@Sp (Ma/g\))

Remark 2.3. From Theorem 2.2 we conclude that 7'M is a rigid fiber bundle, i.e (T'M, )
is flat if and only if (M, g) is flat.

Corollary 2.4. If (M, g) is flat (R =0), then we obtain
1) (VY = (VXY

2) (VxaY") g = (VxY), .
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3) (VxvY ) =0,
4) (ﬁXVYV)(z,u) = 0;
5) R=0.

The geometry of the tangent bundle 7'M equipped withe Sasaki metric has been studied
by many authors Sasaki [24], K.Yano and S. Ishihara [26], P.Dombrowski [9], A. A. Salimov,
and Gezer [12], [21], [20], [22] and others (see [1], [7], [13], [17], [25], [27]).

Definition 2.5 ([27]). Let (M, g) be a Riemannian manifold. The Mus-Sasaki metric g is
defined on the tangent bundle T'M by

L g(X" Y ) ) = g2(X,Y),

2. (X" YY) ) =0,

3. (XY YY) = f(2)92(X,Y),
where X, YEF(TM) and (x,u) € TM.

Lemma 2.6. Let (M, g) be a flat Riemannian manifold. Then we have
1) (VXHY ) (@u (VXY) )

2) (6XHY )(m u) — (VXY) + %X(f)YV’

(z,u)

3) Vv Y = V()XY

1) (Vo YV oy = —29(X,Y) (grad(f))",
5) R(XH YH)YH =,
6) RIXH Y)YV = Y| (Vxgrad(f)" + LIYIX(f)(grad(f))",

where V (resp R) denote the Levi-Civita connection (resp curvature tensor) of §.

For more detail on geometry of Mus-Sasaki metric see [14], [27].

3 Mus-Gradient metric

Definition 3.1. Let (M, g) be a Riemannian manifold and f : M —]0, +o0[ be a function
such that f € C*°(M). On the tangent bundle TM, we define a Mus-Gradient metric
noted ¢/ by:
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2. /(X YV)(%U) =0,
3. ¢ (XY Y )y = 92(X,Y) + Xu(f)Ya(f),
where X, Y € '(TM), (z,u) € TM.
Remark 3.2. 1) If f is constant then g/ = ¢° is the Sasaki metric [25],
2) g/ (XM, (grad(f)") = g(X, grad(f) = X(f),
3) g7(XY, (grad(f)") = (1 + |l grad f[*) X (f),

4) ¢/ (XY, YY) = g/ (X YH) = X(NY(f),
where X, Y € ['(T'M).
In the following, we consider o = 1 + || grad f||* = 1 + g(grad f, grad f).

Lemma 3.3. Let (M, g) be a Riemannian manifold. for all X,Y and Z € T'(T M), we have
1) XV(g'(YV,Z")) =0,

2) X" (g (YV,2V)) = ¢/ (V). Z2¥) + ¢/ (VV,Vx2)")
+Y (g (Vxgrad(f)",Z")
+g(Y, Vxgrad(f)g’ ((grad(f)", Z"),
3) X" (g vV, 2%) = ¢ (V). 2") + ¢ (VY. Vx2)")
FY (NG (Vxgrad()", 2%) + ~ [g(Y, Vxgrad(f)

1

— SX (@Y ()]o! (grad(f)", 2

Proof.  The statement is a direct consequence of Definition 3.1 and Remark 3.2. [

Lemma 3.4. Let (M, g) be a Riemannian manifold. IfV (resp. V') denote the Levi-Civita
connection of (M, g) (resp. (TM,g’)), then for all X,Y and Z € T'(TM) we have:

(
1) g (VY 2") = g/ (VxY)", Z"),
2) ¢/ (ViaY", 2V) = =3¢/ (R(X,Y)u)", 2"),

3) ¢! (Vin YV, Z") = Lo/ (R(u, Y)X)" + Y (f)(R(u, grad(f)X)", Z1),

8 o (VY. 2Y) = g1 (TxY)Y. 27) 4 SV (! (Vxgrad(f)¥, 2)

+ o (oY Vxgrad(f) - X (@)Y (Do (grad( )", 2Y),

5) ' (Vi Y, Z1) = Lo/ (R(u, X)) + X (f)(R(u, grad(f)Y)", Z1),
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6) o (Vi ¥, 27) = SX(N)g! ((Vygrad(f)*, 2)
1

+ o [90X, v grad(f) - S¥ (@)X (D)o ((grad(1), 2"),
7) ¢! (Vi YV, Z1) = — 15 (X (f)(Vygrad(/)" + Y (f)(Vxgrad(f)", 2"),
8) ¢! (Vi YV, ZV) =0.

Proof. The proof of Lemma 3.4 follows directly from Koszul formula, Definition 3.1 and
Lemma 3.3. O

As a direct consequence of Lemma 3.4, we get the following theorem.

Theorem 3.5. Let (M, g) be a Riemannian manifold. If V (resp. V') denote the Levi-
Civita connection of (M,g) (resp. (TM,g”)), then we have

1) (ViaY™")y = (VxY), = §(Ra(X,Y)u)",

2) (V¥ =5 (R, Y)X)™ 4 2Y.F) (R, grad( £)X)" +
+ (ny);/ -+ % [QI(K VXgrad(f) — %XI<OC)Y;:
1

3) (V¥ 1)y =5 (Rafot, XYV 42X (f) (Rul, grad(DY)" + X (F)(Vygrad(f))

+ o [9:(X, Vgrad(f) - 2 Ya(@) X ()] (grad(1)Y

1) (VYY) = —3X, () (Vygrad(f)Y — 1Y, (f)(Vxgrad(f)L,

for all vector fields X,Y € I'(T'M) and p = (x,u) € TM, where R denote the curvature
tensor of (M, g).

Corollary 3.6. Let (M,g) be a flat manifold. If ¥V (resp. V7) denote the Levi-Civita
connection of (M, g) (resp. (TM,g”)), then we have:

1) (Vi YT), = (VxY)!,

2) (VieuYY), :%Yx(f)(ngrad(f>;/ +(VxY)) + %[QI(Y, Vxgrad(f)
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1) (Vi YY)y = =3 X.(F)(Vygrad(f)y — $Ya(F)(Vxgrad(f),,

for all vector fields X, Y € I'(TM) and p = (z,u) € TM, where R denote the curvature
tensor of (M, g).

From Theorem 3.5 we obtain the following theorem

Theorem 3.7. Let (M, g) be a Riemannian manifold and (TM,g7)) its tangent bundle
equipped with the Mus-Gradient metric. If R (resp R/ denote the Riemannian curvature
tensor of (M, g) (resp (TM, g’)), then we have the following formulas:

RI(X", y™T)yyH
(R (XYW 4+ 5 (Rulis, ROX YY)
+ 20, (ROXY )u, grad(f) (Ru(u, grad(£)Y )"
(Vy RYX, Y)Y + 2 gu(ROX, Y Ju, grad(F)(Vygrad ()]
+ 2 [200(ROCY Y, Vygrad(F) - Yela)gu(ROX, Yo, grad( )] (grad(1)}
RI(XT Y)YV

+

DO =] o

(F)(xTygrad ) — TVo(F)(Relw,Y + grad(f)R(u,Y)X)"

Yo (f)(Ro(Y, grad(£)X)" — ~Yo(£)(Ro(w, Y + Y (f)grad(f)R(u, grad(f)X)"
Y2()(V (wigradingrad(f), + Yol £)(Viwyvigrad(f),
e (¥, Vxgrad(f) — 5 X (@)grad(f)) (grad(a)”

1 14 3« H
” =~ 9:(Y, Vxgrad(f)} (Vygrad(f),

1 1
+ §Ym<f)(Rx(Xa ngrad(f)u)V - ZYx(f)(V(R(U,Y+Y(f)grad(f)X)grad(f);/

b oo (RO Y + Y (Pgrad( )X, Y (Fgrada = Fygrad(f) (grad()}

14 H H
—RI(XV, Y")Y

&5

+
e SR
e

SV R)a(, X)V) 4 X ()((Vy R)a(u, grad(£))"
X ) (Balu, Ty grad( V)" + 20,(X, Vrgrad(F) (R (u, grad( )Y )"

+ —Xx(f) [VyVngd(f) - V(vyy)gTCLd(fﬂ;/

— N =

(Ro(Y, R(u, (X + X(f)grad(f))Y )u)"

4



144 Nour Elhouda Djaa, Fethi Latti and Abderrahim Zagane

20 (X, Ty grad(f) — - Xo(F)Yalo) (Vygrad( )}
+ [ﬁ X, (N[ Vygrad(£)]” + %%(Vafvygmd(f) = Vv grad(f), X)
XNl Ty grad(a) — < Xu(F)(Ya())?

3a + 2

5oz Ve(@)9:(X, Vygrad(f)] (grad(f),
RI(XV, YV)YY
{(R T iy gy) )" = SVl (Rl X) (Tygrad( )"

Y, (£) (Ro(u, grad(f)(V grad(f))"

(v(Hx-x(nY)
+ SL‘% Vix vpx)grad(f), (Y (f)grad(o) + 2Vygrad(f)) gmd(f)Z)

v
(f)< (Vorenx-x(oyv)grad(f )>gmd(f)>p ,
for all p= (x,u) €TM and ,X,Y,Z € T(TM).

Using Theorem 3.7, we obtain the following corollaries:

Corollary 3.8. If (M, g) is a flat Riemannian manifold, then we have:
RI(X™, yT)yH =0,

RIXMYV)YY = = Yo(f)(Vx Vygrad(f)"

(f) (VVXgrad(f)gTad<f))f + Yx(f)(v(VXY)grad(f)f

(¥, Vxgrad() — 5 X (0)grad(f)) (grad(a))’

L ! = 5 (Y, Vxgrad( )] (Tygrad(f)",
1

—RYXY Y)Y =X, (1)[Vy Vygrad(f) = Vigyvygrad(f)],

-Y,
1
4

[P (X, Dygrad(f) — X (HYal@)] (Fygrad(f))
+ [ XD Ty grad(f)
N %gx(VyVygTad( ) = Vivyy) grad(f), X)
X0V Vygrade) - X (N0
B 3o+ 2

oz Ye(@)g:(X, Vygrad(f)] (grad(f),

frvV vV
RI(XV.YV)Y
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1
gad(V (x(Hy-v(Hx)

1 v
* é_LYf”’(f) <v(V<Y<f)X—X<f>Y>gmd(f))gmdf);, ’

grad(f), (Y (f)grad(e) + 2Vygrad(f))(grad(f),

for allp = (z,u) € TM and ,X,Y,Z € I'(TM).

Corollary 3.9. If (M, g) is a flat Riemannian manifold then (T M, g7) is flat if and only if
f is constant.

4 Biharmonic maps of Mus-Gradient metric

Lemma 4.1. Let (M, g) be a Riemannian manifold and (TM,g%) be its tangent bundle
equipped with the Sasaki metric then the canomnical projection 7 : (TM, g%) — (M, g) is
harmonic.

Theorem 4.2. Let (M, g) be a Riemannian manifold, f : M —]0,+oo[ such f € C*(M)
and (TM,g’) be its tangent bundle equipped with the Mus-Gradient metric. The tension
field of the canonical projection o : (TM,g?) — (M, g) is given by

1 grada
T(ﬂ'a) = avgradfgradf = 2’ (6)

and 7, s harmonic if and only if ||gradf|| = Const.

Proof. If (E, ..., E,) is orthonormal frame on (M, g) such that £ = ||§ZZ§§||’ then

1

Va

is an orthonormal frame on (T'M, g/). From formula (2) and Theorem 3.5 we obtain:

<EffE,{j EY,...,EK)

m

= iE =Y (T ) - de (VI BY) — ~dma(Vhy EY)

=1
m

Z Vg gradf + L El(f)VElgradf

=2

Ey(f)VE,gradf

Ey(f)V g, gradf

= Vs g

- vg?"aalf

1
- Vgradfgra’df + —nga’deV 9m‘i§HgTa’df

1-—
- ngadfgradf + Tvgradfgradf
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1
:_vra d
~Vy argradf

_ grada
 2a

O

Theorem 4.3. Let (M, g) be a Riemannian manifold, f a smooth positive function on M
such that gradf # 0 at any point on M, and (TM, g’) its tangent bundle equipped with
the Mus-Gradient metric. Then the canonical projection o @ (TM,g') — (M,g) is
biharmonic if and only if

1 1
Ricci(gradln ) + §gmd(A Ina) + ggmd(ngad Inal|?) = 0. (7)

Proof. Let (E1, ..., E,) be an orthonormal frame on (M, g) such that F; = ||g:2¢61l§||’ so that
(Eff,...,BE,ZEY,. .. EY)is an orthonormal frame on (T'M, g/). Since dmo (X)) = X

and drm,(XV) =0 for all X € T'(T' M), we obtain

1 m
—Tryr R(7(7a), dma)dme = ~%a Z; R(grada, E;) E;,

be the definition of Ricci tensor of (M, g) with igrada = gradln a, we get
1
—Tryr R(7(7a), dma)dme = —3 Ricci(gradIn o).

The term — Tryr V™ V71 (7,) is given by

H
E;

1« 1«
—Tryy VTV 1 (1,) = . Z AV Vg‘z}fgradlna =3 Z Vg Vg.gradlna.
i=1 i=1
For the last term Tryy VI 7(7,) we have

s 1 - To 1 Ta 1 - Ta
Tryr V& 7(ma) = 3 Zl vaHEngmd Ina+ %VV{EVEYQMCZ Ina+ 3 22 vavEygmd In .
1= 7 1 1= 2

(8)

According to Theorem 3.5, we obtain

1
(VgHEiH)(M) = (Vg E)Y - §(Rm(E,-, E)u)' = (Vg E)Y forall 1 <i<m

(VQYEY)(:E,U) = _El(f)x(vE1grad(f)f = _(vgradfgrad(f)fv
(Vv E )@ = —Ei()e(Vi,grad(f); = 0,for all 2 < i < m,

where (x,u) € TM. Substituting the last formulas in (8) and using the identity

1
Vgradfgradf = §g7“ad(||gradf||2),
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we find that

i 1 & 1
Tryr Vi 7(ma) = 3 Z VVEiEigmd Inao — Evgmd(”gmdf”g)gmd In v
i=1

1 — 1
= 5 E :VVE,Eigra’dlna - ngradlnagradlna
i=1 ’

1« 1
=5 Z Vg, ggradlno — ggrad(ngadlnozHZ).
i=1 '

Note that the canonical projection 7, is biharmonic if and only if
7o(Ta) = — Tryr R(7(7,), dmg)dmg — Tryy (V““V“T(WQ) — V@aT(WQ)) =0,
is equivalent to following equation
0=— 1Ricci(gmdln a) — L i Vi Vg gradln o
2 e

1 1
+3 Z VinEigmdlna — égmd(Hgmdln al?).

i=1
The Theorem 4.3 follows from the last equation and the following
Tr, V?gradln o = Ricci(gradln o) + grad(Aln a). O

Corollary 4.4. Let (M, g) be an Einstein manifold (i.e. Ricci(X) = AX for all X in T'(T'M)
where X € R), f a smooth positive function on M such that gradf # 0 at any point on
M, and (TM,g’) its tangent bundle equipped with the Mus-Gradient metric. Then the
canonical projection o : (TM, g') — (M, g) is biharmonic if and only if

1 1
)\lna+§A1na+§HgmdlnaH2 = Const. (9)

According to Corollary 4.4, we have the following example.

Example 4.5. Let M = (1,00) x R™! equipped with the Riemannian metric given by
g = dt* + 37" " da?. Note that, (M, g) is an Einstein manifold with A = 0. We set

ft,x) = /\/?54 — 1dt, for all (t,z) in M.

We have, grad(f) = Vt* — 10, ||gradf| = Vit* — 1, a(t,z) = ¢, for all ({,z) in M, so
that
16

4
Alna = 5 and ||gradlnal® = =
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Using the Corollary 4.4, the canonical projection 7, : (T'M,g’) — (M, g) is proper
biharmonic. Here, the tension field of 7, and the Mus-Gradient metric g/ are given by

m—1 m—1

2
T(mo) = n 0, and ¢/ =dt*+ Z da? + t'dy} + Z dy?.

i=1 i=1

Theorem 4.6. Let (M, g) be a flat Riemannian manifold, f : M —]0,+oo[ be a smooth
function on M and (TM, g7)) its tangent bundle equipped with the Mus-Gradient metric.
Then the tension field of the identity Id, : (TM,g’) v (TM,q) is given by

 Jgrad()]
Tde) = T grad(f)

iz (grad(ligrad(£)1D)", (10)

and Id, is harmonic if and only if ||grad(f)|| = Const.

Proof. 1f (Ey, ..., E,,) is orthonormal frame on (M, g) such that E; = ”;’:Zgﬁ”, then

(EFEgEEV)

m

is an orthonormal frame on (T'M, g/), where E; = \/LEEY and E; = E; for all i > 2. From

formula (2), Theorem 2.2, Corollary 3.6 and Corollary 3.8, we obtain:

r(Id,) = Zm: Vi B — Zm: VinEl + Zm: VarEl - Zm: V%VEV
=1 =1 =1 =1

_ llgrad(f)]
I+ [[grad(f)

HZ(QTGd(ngad(f)”))H‘ 0

Theorem 4.7. Let (M, g) be a flat Riemannian manifold, f : M —|0,+o0[ be a smooth
function on M and (T M, g7)) its tangent bundle equipped with the Mus-Gradient metric.
Then the identity Id, : (TM,g’) — (TM,q) is biharmonic if and only if

m

n(Id,) =Y [ininv — Vv nV

i=1

1" = [Jra ()] =0, (11)

where Idy; denotes the identity map of the manifold (M, g) and W = grad(e)

«
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Proof. Respectively to the notations above, from formula (1), Theorem 2.2 and Corol-
lary 3.6, we have:

TQ(]da) =

M-

O O H & H | O .o H H
VEfVEfW —V@EHEZHW +VFE/VEE/W V§7VEVV

=1

I

ViV WH — Ve pn wH

1

(2

H

I
,MS

[VEZ.VEI.W — Ve, W

1

1

= [J1a, (W] O

Lemma 4.8. Let M = R™ be the real euclidean manifold, f(xy,...,xm) = f(z1) be a
smooth function strictly positive on M and (T M, g')) its tangent bundle equipped with the
Mus-Gradient metric. Then the identity Id, : (TM,g’) — (TM,q) is biharmonic if and

only if
o "

Proof. Respectively to the notations above, we have:

grad(f) = f',
_grad(f) , s
~ lgrad(f)[| )H ’
E, =0, , 2<i<m
o
W = 2—8

From Theorem 4.3 we obtain:

m

T, (W) =3 [ininW - VinEiW]
i=1
=V Vg W
o \n
= (%) 01 O
According to Lemma 4.8, we have the following example.

Example 4.9. If we set

flz,xa, ..., Tm) :/\/exp(ax2+bx+c) -1,

then f is solution of the equation (12) and Id,, is proper biharmonic.
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Theorem 4.10. Let (M, g) be a flat Riemannian manifold, f : M —]0,+oo[ be a smooth
function on M and (T'M,q)) its tangent bundle equipped with the Mus-Sasaki metric. Then
the tension (resp bitension) field of the identity Id, : (TM,g) — (T'M,q) is given by

r(Idy) = %(gmd(f))H, (13)
To(Idy) = f—%(vgmd(f)gmd(\/f))v + %(Vgrad(f)grad(f))H. (14)

Proof. Let (E,...,E,) be an orthonormal frame on (M, g) such that Vg E; = 0 for

all 7,5 € {1,...,m}. Then (Efl, ..., EH \/L?EY, ce }E%) is an orthonormal frame on

(T'M,q). From Formula 2, Corollary 2.4 and Lemma 2.6, we obtain:
T(Idy) =Trg(1dy))

1

~ ~ N 1 ~
:Zi: [inHEiH ~ VBT 4 V#EyWE}/ - V#EXWEZV
- 1
_ i V%EZ_VWEZ-V
=57 (grad(1)",
m(ldy) =3 [VepViepg(grad()" = Ve, g c(grad(1))"]
-~ -~ m
+§Zj[v1nyvﬁE@<gmd<f)) = Vs, oy gplorad(H)”]
~ ~ m
= : [Vlelvvleng(gmd(f)) - v}EVEv2f(g7"aal(f))}
_ 5. Lpgm H
S [ Ye, . 778 gplorad)
~ m

2

22

2

— (rad()larad)P)) " =

From Theorem 4.10 we have the following theorem.

<ngd<f>9md(f )) !

Theorem 4.11. Let (M, g) be a flat Riemannian manifold, f : M —]0,+oo[ be a smooth
function on M and (T'M, q)) its tangent bundle equipped with the Mus-Sasaki metric. Then
the identity Id, : (TM,q) — (T'M,q) is proper biharmonic if and only

|lgrad(f)|| = const > 0. (15)
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Example 4.12. Let M =|0, +oo[’P xR™7?. If we set
p . . . .
f(xl,xg,...,xm):Za’xi—i-bl, a',b* > 0.

then f is solution of the equation (15) and Idy is proper biharmonic.

Theorem 4.13. Let (M, g) be a flat Riemannian manifold, f : M —]0,+oc[ be a smooth
function on M and (T'M, q)) its tangent bundle equipped with the Mus-Sasaki metric. Then

the tension (resp bitension) field of the identity ﬂ\if : (TM,g) — (TM,g) is given by

r(Idg) = =5 (grad(f))", (16)
resp )
ro(Idg) =~ (gradllgrad(D)|?)" + 5 (Tr,V*(grad(1))". (17)

Proof. Let (Ey, ..., Ey) be an orthonormal frame on (M, g) such that Vg, E; = 0 for all
i,7 €{1,...,m}. We have:
T(Idy) =Trg(1dy))

= Z 6EVE1V
= — 2 (grad(f))",
r(Idg) =Y S Rigrad(f)", EIE + Z R(grad(f)", EY)EY

i

+20 [Ver Ve (grad(£)) = Ve, p g (grad(£)" |

2

+Z [%EV%EVT(gmd( m* =ve ) 2 (grad(f)) }

- Z R(grad ()", E)EY + 5 3" VipnV pn(grad(f))"

+ B Z VEZVVEZV (gmd(f))H

2

= (mTZngd(f)gmd(f))H + ?—f“gmd( )1 (grad(f ))

+ 23 (VaValgrad )" + 53" Var (grad(£)(f) EY

2

- %(grad||gmd(f)||2)H + Z—fﬂgmd( W (grad ()"
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2

+ 237 (Ve Valgrad(1) " = llgrad(£) | (grad(1)"

2

= — 2 (gradllgrad(HIP)" + 2 (Tr, 9 (grad(1)))". .

By Theorem 4.13 we obtain the following theorem.

Theorem 4.14. Let (M, g) be a flat Riemannian manifold, f : M —)0,+oc[ be a smooth
function on M and (T'M, q)) its tangent bundle equipped with the Mus-Sasaki metric. Then

the identity Id; : (T'M,q) — (T'M,q) is a proper biharmonic if and only

“orad(llgrad(DIP) = TryV*(grad(J))

Lemma 4.15. Let M =)0, +oo[xR™™1 be the real euclidean manifold, f : M — R be
the function f(x1,...,zn) = f(x1), which is strictly positive, and (T'M,q) be its tangent
bundle equipped with the Mus-Sasaki metric. Then the identity Idy : (T'M,q) — (M,g) is

biharmonic if and only if
m

=) (18)

Example 4.16 (proper biharmonic map). Let M =|0, +-oo[P xR™ 7. If we set

m) =1 ,
f(mlal?) , L ) m n(mx—’—C)

then f is solution of the equation (18) and 1d ¢ is proper biharmonic.
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