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Stability on Quinquevigintic Functional Equation in Differ-
ent Spaces

Ramdoss Murali, Sandra Pinelas and Veeramani Vithya

Abstract. In this work, we determine the general solution of the quinquevigintic
functional equation and also investigate its stability of this equation in the setting of
matrix normed spaces and the framework of matrix non-Archimedean fuzzy normed
spaces by using the fixed point method.

1 Introduction

In 1940, S. M. Ulam [36] initiated the study of stability problems for various functional
equations. He raised a question related to the stability of homomorphism. In the following
year, D. H. Hyers [8] was able to give a partial solution to Ulam’s question in the context of
Banach spaces. This was the first significant breakthrough and a step towards more studies
in this domain of research. In 1978, Th. M. Rassias [25] succeeded in extending the Hyers
theorem by considering an unbounded Cauchy difference. He was the first to prove the
stability of the linear mapping in Banach spaces. In 1950, T. Aoki [1] had provided a proof
of a special case of the Rassias result when the given function is additive. In 1994, Gavruta
[7] provided a further generalization of Rassias theorem in which he replaced the bound
by a general control function for the existence of a unique linear mapping. Since then, a
large number of papers have been published in connection with various generalizations of
Ulam problem and Hyers theorem.
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In 1991, the fixed point method was used for the first time by J. A. Baker [3], who
applied a variant of Banach’s fixed point theorem to obtain the Hyers-Ulam stability of a
functional equation in a single variable (for more applications of this method [4], [5], [9],
24)).

During the last eight decades, the stability problems of various functional equations
such as additive [14], [18], [26], quadratic [22], [31], cubic [10], [28], [33], quartic [11], [15],
[27] and mixed types [12], [37] have been investigated by many mathematicians.

In the recent years, the stability problems of higher degree functional equations (like
quintic, sextic, septic, octic upto trevigintic and quattuorvigintic) have been broadly in-
vestigated by a number of mathematicians [2], [19], [20], [21], [23], [29], [30], [32], [34], [35],
[38]. So, we are interested to introducing the new functional equation of the form

s(u+ 13v) — 25¢(u + 12v) + 300¢(u + 11v) — 2300¢(u + 10v) + 12650¢(u + 9v)
53130 (u + 8v) + 177100¢(u + Tv) — 480700¢ (u + 6v) + 1081575 (u + 5v)
—2042975¢ (u + 4v) + 3268760¢(u + 3v) — 44574005 (u + 2v)

152003005 (u + v) — 52003006 (u) + 44574006 (u — v) — 3268760¢ (u — 20)
+2042975¢ (u — 3v) — 10815756 (u — 4v) + 480700¢ (u — 5v) — 1771006 (u — 6v)
+53130¢(u — Tv) — 126505 (u — 8v) + 23006 (u — 9v) — 300¢(u — 10v)

+25¢(u — 11v) — ¢(u — 12v) = 25l5(v), (1)

where the above functional equation (1) is said to be the quinquevigintic functional equa-
tion if the function ¢(u) = au® is its solution.

The concept of non-Archimedean fuzzy normed spaces and matrix normed spaces has
been introduced by Mirmostafafe et al. [17] and Effors et al. [6] respectively. Quite
recently, the new results on stability of functional equations in non-Archimedean fuzzy
normed spaces and matrix normed spaces studied in [16], [33], [34] and [13], [14], [15]
respectively. The first result on the stability of functional equation in the setting of matrix
non-Archimedean fuzzy normed spaces has been given in [22].

In this paper, we determine the general solution of the functional equation (1) and we
also prove the stability of the functional equation (1) in matrix normed spaces and matrix
non-Archimedean fuzzy normed spaces by using fixed point approach.

2 The General Solution of Functional Equation (1)

In this part, we provide the general solution of the quinquevigintic functional equa-
tion (1). For this, let us consider D and £ real vector spaces.

Theorem 2.1. If ¢ : D — & is a mapping satisfying equation (1) for all x,y € D, then
s(2u) = 22°¢(u) for all u,v € D.

Proof. Letting u = v = 0 in (1), one gets ¢(0) = 0. Substituting v = 0, v = v and u = u,
v = —u in (1) and adding the two resulting equations, we get ¢(—u) = —¢(u). Hence, ¢ is
an odd mapping.
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Substituting u = 0, v = 2u and v = 12u, v = w in (1) and subtracting the two resulting
equations, one gets

25¢(251) — 324¢(24u) + 23006 (23u) — 12375¢(22u) + 53130¢(21u) — 1791006 (20u)

+ 4807006 (19u) — 10712256 (18u) + 20429756 (17u) — 33092406 (16u) + 44574006 (15u)
— 5076330 (14u) + 52003006 (13u) — 4761000 (12u) + 3268760 (11u)

14421006 (10u) + 10815756 (9u) — 14421006 (8u) + 177100¢(7u) + 1172655¢(6u)

+ 126506 (5u) — 11909406 (4u) + 3005(3u) — 25!¢(2u) — 25!¢(u) =0 (2)

for all u € D.
Substituting (u,v) by (12w, u) in (1), and increasing the resulting equation by 25, and
then subtracting the resulting equation from (2), we get

301¢(24u) — 263120¢(21u) + 1149150¢(20u) — 3946800<(19u) + 10946275¢(18u)

— 24996400¢ (17u) + 47765135¢(16u) — 77261600¢(15u) + 106358670¢(14)

— 1248072006 (13u) + 125246500 (12u) — 108166240¢(11w) + 802769006 (10u)

— 49992800¢ (9u) — 25597275¢(8u) — 11840400¢(7u) + 56001556 (6u) — 5200¢(23u)

— 1315600¢ (5u) + 874690 (4u) — 57200 (3u) — 251¢(2u) + 251(26)<(u) + 45125¢(22u) = 0
(3)

for all u € D.
Substituting (u,v) by (11w, u) in (1), and increasing the resulting equation by 301, and
then subtracting the resulting equation from (3) , we have

2325¢(23u) — 45175¢(22u) + 429180 (21u) — 26585005 (20u) + 120453305 (19u)

— 42360825¢(18u) + 119694300¢ (17u) — 277788940¢(16w) + 537673875¢(15u)

— 14400438006 (12u) + 1457124060¢(11u) — 1261400500 (10u) + 933903960 (9u)

— 589338200 (8u) + 313713675¢(7u) — 1390905456 (6u) + 519915006 (5u)

— 877538090¢ (14u) + 1216870200¢(13u) — 16866820 (4u)

+ 37504505 (3u) — 251(2u) + 251(327)s(u) = 0 (4)

for all u € D.
Substituting (u,v) by (10u,u) in (1), and increasing the resulting equation by 2325,
and then subtracting the resulting equation from (4), we have

129506 (22u) — 268320¢(21u) + 26890006(20u) — 173659205 (19u) + 811664256 (18u)

— 2920632005 (17u) + 839838560¢ (161) — 1976988000 (15u) + 3872378785¢ (14u)

— 63829968005 (13u) + 89234112005 (12u) — 1.063357344210"%(11w)

4+ 1.0829297210"¢(10u) — 94295510405 (9u) + 7010528800 (8u)

— 44362032006 (7u) + 23755713305 (61) — 1065636000 (5u) + 394890680 (4u)

— 1197768005 (3u) — 25ls(2u) + 25!(2652)c(u) = 0 (5)
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for all u € D.
Substituting (u, v) by (9u, ) in (1),and increasing the resulting equation by 12950, and
then subtracting the resulting equation from (5), we arrive at
554306 (21u) — 11960005 (20u) + 124190805 (19u) — 826510756 (18u) + 395970300s (17u)
— 14536064406 (16u) + 4248077000¢ (15u) — 1.013401747210%¢(14w)
+ 2.007352945210'%¢ (131) — 3.34070308210'%¢(12u) + 4.708975656210'¢(11u)
— 5.6514588210"¢(10u) + 5.791433396210'%¢(9u) — 5.07128012210"¢(8u)
+ 3.78942388210"¢(Tu) — 2.4080954210™¢(6u) + 1.294076025210'¢(5u)
— 58301743206 (4u) + 21736552505 (3u) — 25!¢(2u) + 25!(15602)s(u) = 0 (6)
for all u € D.
Substituting (u,v) by (8u,u) in (1), and increasing the resulting equation by 55430,
and then subtracting the resulting equation from (6), we arrive at
1897506 (20u) — 4209920¢(19u) + 44837925¢(18u) — 3052192006 (17u) + 1491389460 (16
— 55685760005 (15u) + 1.651118354210"(14u) — 3.98781728210'%¢(13u)
+ 7.983507345210"6(12u) — 1.340976102210 ¢(11u) + 1.905590942 10 ¢ (10u)
— 2.30338295210" ¢(9u) + 2.375398278210M ¢ (8u) — 2.0917944322x10" ¢(7u)
—2.091794432210 " ¢(7u) + 1.571064119210™ ¢(6u) — 1.00301344210" ¢ (5u)
+ 5.41214725210"% (4u) — 2.447016210"¢(3u) — 25!¢(2u) + 25!(71032)s(u) = 0 (7)
for all uw € D.
Substituting (u,v) by (7u,u) in (1), and increasing the resulting equation by 189750,
and then subtracting the resulting equation from (7), we have
5338305 (19u) — 120870756 (18u) + 131205800 (171) — 908948040¢ (16u)
+ 45128415006 (15u) — 1.709354147210"%(14u) 4 5.13346522210"%(13u)
— 1.253937828210' % (12u) + 2.53556896210'"¢(11u) — 4.29688116210M ¢(10u)
+ 6.15453355210 ¢ (9u) — 7.492170972210M ¢(8u) 4 7.775774818x10  ¢(7u)
— 6.886852381210  ¢(6u) + 5.199456763210" ¢(5u) — 3.3352829210™ ¢ (4u)
+ 1.807017713210M ¢(3u) — 25'¢(2u) + 25!(260782)¢ (1) = 0 (8)
for all u € D.
Substituting (u,v) by (6u,u) in (1), and increasing the resulting equation by 533830,
and then subtracting the resulting equation from (8), we have
12586756 (18u) — 289432006 (17u) + 318860960¢ (16w) + 1.630276745210"%¢(8u)
— 22401080006 (15u) + 1.126884644210™¢(14u) — 4.32066408210'¢(13u)
+ 1.312182982x10 " ¢ (12u) — 3.238202862x10M ¢(11u) + 6.609132283210 ¢(10u)
— 1.1295087962:102¢(9u) — 1.998498667x102¢(7u) + 2.087390377210"%¢(6u)
— 1.85953482210"%¢(5u) + 1.411273712210"¢ (4u)
— 9.08671764x10" ¢(3u) — 251¢(2u) + 25!(794612)¢(u) = 0 (9)
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for all u € D.
Substituting (u,v) by (5u,u) in (1), and increasing the resulting equation by 1258675,
and then subtracting the resulting equation from (9), we have

25236756 (17u) — 587415406(16u) + 6548445006 (15u) — 46533923156 (14u)
+2.366676195210'°¢(13u) — 9.16930443210'°¢(12u) + 2.812247863710" ¢(11u)
— 7.004381849x10M ¢(10u) + 1.441932762210"%¢(9u) — 2.484029748210'%¢(8u)
+ 3.611918019210"%¢(7u) — 4.458065759210%¢ (6u) + 4.68557518210"%¢ (5u)
— 4.196249281210"%¢(4u) — 3.18971249210"%¢(3u) — 25!¢(2u) + 25!(2053287)s(u)
=0, (10)

for all u € D.
Substituting (u,v) by (4u,u) in (1), and increasing the resulting equation by 2523675,
and then subtracting the resulting equation from (10), we have

43503356 (16u) — 1022580006 (15u) + 11510601856 (14u)

— 82577268005 (13u) + 4.238980845210"¢(12u) — 1.657180562210  ¢(11u)

+ 5.126923876210 ¢ (10u) — 1.287611026210"¢(9u) + 2.671772661210"%¢(8u)

— 4.63730678¢(Tu) + 6.790206084x10'%¢(6u) — 8.43248747x10"%¢(5u)

+ 8.895693333210%¢ (4u) — 7.925233602210'%¢(3u) — 25!¢(2u) + 25!(4576962)¢ (1) = 0
(11)

for all u € D.
Substituting (u,v) by (3u,u) in (1), and increasing the resulting equation by 4350335,
and then subtracting the resulting equation from (11), we have

65003756 (15u) — 154040315 (14u) + 17480437005 (13u) — 1.26419293210'(12u)

+ 6.54152423210"0¢(11u) — 2.577519409210 ¢ (10u) + 8.035906583210" ¢(9u)

— 2.033332158210"%¢(8u) — 4.249013764210"¢(7u) — 7.41998918210"%¢(6w)
+1.090366402210"¢ (5u) — 1.349622047210"¢ (4u)

+1.392736917210"¢(3u) — 25!¢(2u) + 25!(8927297)¢(u) = 0 (12)

for all u € D.
Substituting (u,v) by (2u,u) in (1), and increasing the resulting equation by 6500375,
and then subtracting the resulting equation from (12), we have

8469060¢ (14u) — 202068800 (13u) + 2308933200 (12u)

— 1.681450144210%%(11u) + 8.760648248210¢(10u) — 3.474632448210"¢(9u)

4 1.089447992x10"%¢ (8u) — 2.766678464x10"%¢(7u) + 5.777884692x10"%¢ (6u)
—9.99913684210"¢(5u) + 1.432733464210" (4u)

— 1675180068210 (3u) — 25!¢(2u) + 25!(15427672)¢(u) = 0 (13)
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for all u € D.
Substituting (u,v) by (u,u) in (1), and increasing the resulting equation by 8469060,
and then subtracting the resulting equation from (13), we have
96577006 (13u) — 231784800¢ (12u) + 26558675005 (11u) — 1.931540001210'%(10u)
4 9.9957195210"¢(9u) — 3.90943696210™ ¢ (8u) 4 1.197265069210"%¢(7u)
—2.93207772210"%¢(6u) + 5.803070488210™¢(5u) — 9.28491278210¢ (4u)
— 1.183826379210"¢(3u) — 25!¢(2u) + 25!(23896732)s(u) = 0 (14)
for all u € D.
Substituting (u,v) by (0,u) in (1), and increasing the resulting equation by 2496144,

and then subtracting the resulting equation from (14), we have ¢(2u) = 2%¢(u) for all
u € D. Thus ¢ : D — £ is a quinquevigintic mapping. O

3 Generalized Hyers-Ulam Stability in Matrix Normed Spaces for
Functional Equation (1)
In this section, we prove the generalized Hyers-Ulam stability for the functional equa-
tion (1) in matrix normed spaces by using the fixed point method.

Throughout this section, let us consider (X, ||.||,) a matrix normed spaces, (Y, |.|[,) a
matrix Banach spaces and let n be a fixed non-negative integer.

For a mapping ¢ : X — Y, define H¢ : X? — Y and Hg, : M,,(X?) — M,(Y) by
Hs(e,d) = ¢(c+ 13d) — 25¢(c + 12d) + 3005(c + 11d) — 23005 (c + 10d)
+ 126506 (c + 9d) — 53130¢(c 4 8d) + 177100s(c + 7d) — 4807005 (¢ + 6d)
+ 10815756 (¢ + 5d) — 20429756 (c + 4d) + 3268760¢(c + 3d) — 44574006 (c + 2d)
+ 52003006 (¢ + d) — 52003006 (c) + 4457400¢(c — d) — 3268760¢(c — 2d)
+ 20429756 (¢ — 3d) — 1081575¢(¢c — 4d) + 480700¢(c — 5d) — 177100¢(c — 6d)
+53130¢(c — 7d) — 12650¢(c — 8d) + 2300¢(c — 9d) — 300¢(c — 10d)
+ 25¢(c — 11d) — ¢(c — 12d) — 25!5(d)
for all ¢,d € X.

HS (T, Yrs) = §(Trs + 13Yrs) — 256(2ps + 1202) + 3006 (s + 11yp)
— 23006 (s + 10yrs) + 126506 (s + yrs) — 531305 (215 + Syrs)
+ 177100¢ (25 + Tyrs) — 4807006 (s + 6yrs) + 10815756(2rs + DY)
— 20429756 (L5 + Dps) + 32687606 (s + 3yrs) — 44574006 (L5 + 20 )
+ 52003006 (s + Yrs) — 52003006 (,5) + 44574006 (25 — Yy )
— 3268760¢ (s — 2yys) + 20429756 (s — 3yps) — 1081575¢(xs — 4yys)
+ 4807006 (2,5 — 5Yys) — 1771006 (25 — 6Yyys) + 531306 (275 — TYps)
— 126506 (s — 8yrs) + 2300¢(x,s — IYrs) — 300¢(2,5 — 10y,.5)
+ 25¢(2ps — 1yps) — S(Trs — 12yrs) — 2515 (yrs)
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for all © = [z,4],y = [yrs] € Mp(X).

Theorem 3.1. Let q = +1 be fized and o : X* — [0,00) be a function such that there exists
a k<1 with

o(c,d) < 225q/<o0(2—cq, 2%) VedeX. (15)

Let ¢ : X —Y be a mapping satisfying

n

||H§n([l’7’8]7 [yTS])|| S Z O-(m’f’57y’!‘5) \V/ T = [mrs];y = [yT’S] 6 Mn(X> (16)

r,s=1

Then there exists a unique quinquevigintic mapping V : X — Y such that

n 1—gq
K2 .
S ([zrs]) = V()] < Z ma (,5) Vo= [2ms] € My(X), (17)
r,s=1
where
1
0" (xrs) = —[0(0,2x,5) + 0(132ys, Tps) + 250 (12,5, Ts) + 3010 (112,s, 24s)

251
+23250 (10,5, s ) + 129500 (92,5, Ts) + 554300 (82,5, T1s)

+1897500 (75, Trs) + 5338300 (6,5, Trs) + 12586750 (52 s, Trs)
+25236750 (4,5, Trs) + 43503350 (32,5, T1s) + 65003750 (224, T1s)
484690600 (275, 27s) + 96577000(0, 2,5

Proof. Setting n =1 in (16), we get
[He(e, d)|| < ole,d). (18)

Utilizing Theorem 2.1, we get

1
||—§(20) + 225§(C)H < % [0(0,2¢) + o(13¢, ¢) 4+ 250(12¢, ¢) + 3010 (11c, ¢)

+ 23250 (10¢, ¢) 4+ 129500 (9¢, ¢) + 554300 (8¢, )
+1897500(7c, ¢) + 5338300 (6¢, ) + 12586750 (5¢, ¢)
+ 25236750 (4c, ¢) + 43503350 (3¢, ¢) + 65003750 (2¢, ¢)
+84690600 (c, ¢) + 965770000, c)] .

Therefore,
HC(?C)—225§(C)H <o*(¢c) VecelX. (19)

Hence .
()
S WU’ (C) Vece X. (20)
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Taking S = {f : X — Y} and the generalized metric p on S as follows:
p(f.g) =inf {7 €Ry:[|f(c) — glc)l| < T07(c),Vc € X},

it is easy to check that (S, p) is a complete generalized metric (see also [18]). Define the
mapping P : S — S by

Pf(c):%

Let f,g € S and v an arbitrary constant with p(f,g) = v. Then

1/ (c) = g(e)|| < va™(c)
for all ¢ € X. Using (15), we find that

(29¢) VfeSand ce X.

IP1O) = Pa0l = | 37 270) ~ o) < wrc

for all ¢ € X. Hence we have

p(Pf,Pg) < rp(f,9)
for all f,g € S. By (20), we have

p(s, Ps) < ——

By Theorem 2.2 in [4], there exists a mapping V : X — Y which satisfies:
1. V is a unique fixed point of P, which satisfies V(2%¢) = 2%V (c) V ¢ € X.

2. p(Pks, V) — 0 as k — oco. This implies that klim s (28c) = V(e), V c € X.
—00

1
3. p(s,V) < Tp(g Ps), which implies the inequality

1—gq

2

Is€) =Vl < g =" () VeeX. (21)

K)
It follows from (15) and (16) that

= lim ——

”HV(Cad>| Fs oo 225k: ‘

| He (2", 2%d) ||

o(28c, 2k q)

< lim
T koo 225k

. k4 ,.q
< im Srr ol d)

=0,

for all ¢,d € X. Therefore, the mapping V : X — Y is a quinquevigintic mapping. By
Lemma 2.1 in [14] and (21), we get (17). Hence V : X — Y is a unique quinquevigintic
mapping satisfying (17). O
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Corollary 3.2. Let ¢ = £1 be fized and let I, w be non-negative real numbers with | # 25.
Let ¢ : X —'Y be a mapping such that

[Hen([2rs], [yns]) ], < Z (sl + llwrsll) ¥ @ = [ws],y = [yrs] € Mu(X). (22)

r,s=1

Then there exists a unique quinquevigintic mapping V : X — 'Y such that

IS ([zrs]) — Vin([2rs]) Z |225 2l| ||$7“8|| Vo = [,s] € My (X)),
r,s=1
where
Wy = [34861936 + 6500376(21) + 4350335(3l) + 2523675(4")

25!
+1258675(5") + 533830(6") + 189750(7") + 55430(8")

+ 12950(9") + 2325(10") + 301(11%) + 25(12") + (13")].

Proof. The proof is similar to the proof of Theorem 3.1 by taking o(c,d) = w(||c||' + ||d]|")
for all ¢,d € X. Then we can choose k = 270=2%  and we obtain the required result. O

4 Quinquevigintic Functional Equation (1) and its Ulam-Gavruta-
Rassias Stability

In this section, we investigate the Ulam-Gavruta-Rassias stability for the functional
equation (1) in matrix normed spaces by using the fixed point method.

Theorem 4.1. Let ¢ = +1 be fized and let [,w be non-negative real numbers such that
l=a+0b#25. Lets: X — Y be a mapping such that

n

IHsa (sl el < D wlllanll® - lesll’) ¥ 2 = 2],y = lyns] € Ma(X). (23)

r,s=1

Then there exists a unique quinquevigintic mapping V : X — Y such that

[$n([zrs]) — Vi ([2rs]) Z ’225 2l| ersu Vo = [z,5] € My (X)),

r,s=1

where

wo = 2%[8469060 + 6500375(2%) + 4350335(3%) + 2523675(4%)

+1258675(5%) + 533830(6%) + 189750(7%) + 55430(8%)
+12950(9%) 4 2325(10%) + 301(11%) + 25(12%) + (13%)).

Proof. The proof is similar to the proof of Theorem 3.1. O
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5 Quinquevigintic Functional Equation (1) and its J. M. Rassias Sta-
bility
In this section, we establish the J. M. Rassias stability for the functional equation (1)
in matrix normed spaces by using the fixed point method.

Theorem 5.1. Let ¢ = £1 be fized and let l,w be non-negative real numbers such that
l=a+0b#25. Lets: X — Y be a mapping such that

n

a b
[Hen([zrs)s (sl < ) wlllznsll™ - Ml ll” + Nl

r,s=1

a+b a+b
o sl (24)

for all © = [x,s],y = [yrs| € Mp(X). Then there exists a unique quinquevigintic mapping
V:X — Y such that

Isallzrs) = VallzrsDll, < 3 g vl

for all © = [x,5] € M,,(X), where

Wy = 2% (50492552 + 6500375(2%) + 6500376(2!) 4 4350335(3% + 3')
+ 2523675(4% + 4') 4 1258675(5% + 5') 4+ 533830(6 + 6')
+ 189750(7% 4 7') + 55430(8% 4 8') + 12950(9* 4 9')
+2325(10% + 10") + 301(11% + 11%) + 25(12% + 12%) + (13* 4 139)].
Proof. The proof is identical to the proof of Theorem 3.1. m

6 Generalized Hyers-Ulam Stability in Matrix Non-Archimedean Fuzzy
Normed Spaces for (1)

In this section, we investigate the generalized Hyers-Ulam stability for the functional
equation (1) in matrix non-Archimedean fuzzy normed spaces by using the fixed point
method.

Throughout this section, we assume that K is a non-Archimedean field, X is a vector
space over K and (Y, N,,) is a complete matrix non-Archimedean fuzzy normed spaces over
K, and (Z,N’) is (an Archimedean or a non-Archimedean fuzzy) normed spaces.

Theorem 6.1. Let ¢ = +1 be fized and let o : X x X — Z be a mapping such that for
25 ; K\t
some Kk # 2°° with (275) < 1 we have

N'(0(2%,2d) =2 N' (o(c,d), k%) (25)
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for all c,d € X andt > 0, and klim N (272kaH (28, 2kad), t) = 1 for all c,d € X and
—00
t > 0. Suppose that an odd mapping s : X € Y with ¢(0) = 0 satisfies the inequality

N<H§”([x7"8 yTS > Z N/ xrsa y'rs ) (26)

i,7=1

for all x = [z,5),y = [yrs] € M,(X), and t > 0. Then there exists a unique quinquevigintic
mapping V : X — Y such that

Noy(su([@rs]) = Val[@rs), 1) = min {r (g; '“_nﬂ) rs=1,2, n} (27)

for all x = [x,5) € M,(X) and t > 0, where

[ (25,t) = min {N" (¢(0, 2z,), 25! t) ,N' (6(132ys, 2,s), |25!] 1) ,

12800 125!] ¢
12 TSy rs Trs; Trs)y Tagae1 |
(1205, 2rs), Toa )N 000820, T0s) 15505

1251 ¢ 125! ¢
Lrs, rs Nl 8 rsy*rs)y T, 1onl | 0
ol * 112050] O (82r Tre)s 1o 130]

st 1251 ¢
7 TSy rs Nl 6 S y*rs)y Teg000n! |
(U rstrs) 1189750] 0 (6rs: Trs), 830

st N L, 1251 ¢
5 rSsH rs ) 4 TSy vrs)s laroon~re]| | ?
o(5Trs, Trs): Togseray ) Y\ T4 ) T

st N 1251 ¢
3 sy rs ) 2 r$yvrs)s \prnno~e]l |
o(32rs rs)s Tamnagsy )N\ s o) oraaaTE

A 125!] ¢
<U Tros 7o) 59060 ) N \ 7O ) Tog57r007 )
251| ¢
' 11 rsyLrs |— .
W (otrtan. )

Proof. For the cases ¢ = 1 and ¢ = —1, we consider k < 2% and x > 22° respectively.
Substituting n = 1 in (26), we obtain

N(Hs(e,d), t) > N (o(c,d), t) (28)
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for all ¢,d € X and t > 0. Utilizing Theorem 1, we arrive at

N (=25(2¢) + 33554432(25!)s(c), t)
> min {N” (o(0,2¢), |25/ £) , " (o(13¢, ¢), |25!] £) ,

, 125!/t / 25!t
10
N ("( 123251 ) M {70 ) Tag50;
125!] ¢ , 125!] ¢
o(8e,e) mamzor )NV \ 7749 Tiseran
TR 125! ¢
o(6e,¢): 5538307 )V |70 ) Tiossems)

125!] ¢ 125!] ¢

A7 oo
A7 o0
A7 ) ) (0 >m>
(o
(e
A (o

st N L 1251 ¢
(2 SN —_
7(2¢,¢): {G500875] 7(¢:€): 15469060]
st N 1251 ¢
12¢, ¢), 2210
7(0.<). 5657700] N o(12e.), 25] )
) 125111
7 ) 301

1 /{(q?)
c) — —=—¢(2%), ———— I (c,
3 (50 o i) 2 e <29)

for all c € X and ¢ > 0. Thus

for all ¢ € X and t > 0. We consider the set S = {f1 : X — Y} and introduce the
generalized metric p on §; as follows:

p(fi, 1) =inf{u € Ry : N(fi(c) — g1(c),t) > ul' (¢, t),Ve € X, t > 0}.

It is easy to check that (Sy, p) is a complete generalized metric (see Lemma 3.2 in [18]).
Define the mapping J : &1 — &1 by

T (€)= sy h(2%0)

for all f; € &1 and ¢ € X.
Let f1,g1 € S and v be an arbitrary constant with p(f1,91) < v
Then

N (fi(e) = gi(c),vt) > T (c,t)
forallce X and t > 0.
Therefore, using (25), we get

NI Ji() = Tan(e),vt) = N (f2(2%6) = g1(2%), 22%wt) > T < 2—t)
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for all c € X and t > 0. Hence by definition p(J f1, Jg1) < (2%)(] v. This means that J

K

is a contractive mapping with Lipschitz constant L = (225)l < 1. It follows from (29) that

Therefore according to Theorem 2.2 in [5], there exists a mapping V : X — Y which
satisfies:
1. V is a unique fixed point of 7, which satisfies V(2%c) = 2?7V (c) V c € X.
2. p(J*¢, V) — 0 as k — oo, which implies that Jim s(2Mc) = V(e) V c € X.
—00
3. p(s,V) < ﬁp(g, J¢<), which implies that p(¢,V) < ﬁ

So,

N (500 = (0 rt) 2 T (30)

for all c € X and t > 0. By (28),

N(HV(c,d),t) = lim N (27 %k (2Mc, 2% q), t) > Jim N (272Fag (2R e %) ¢) = 1.
—00 —00

Hence, HV(¢,d) = 0. Thus, the function V satisfies quinquevigintic.

We note that e; € M, ,(R) means that the sth component is 1 and the others are zero,
E,s € M, (X) means that (r,s)-component is 1 and the others are zero, and E,;@z € M, (X)
means that (r,s)-component is z and the others are zero. Since N(Ey ® x,t) = N (z,t),
we have

No([rs), t) = N, (Z E,, ®xm,t> > min {N, (Ers @ Tpg, trs) = 7,8 =1,2,...,n}

r,s=1

= min{N(zs,ts): r,s=1,2,...,n}.

where t=37" _ 1.
So, Ny([zys],t) = min {N(z.s, 5):r,s=1,2,..,n}. By (30), we get (27). Thus
V: X — Y is a unique quinquevigintic mapping satisfying (27). O
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