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Congruences for the cycle indicator of the symmetric group

Abdelaziz Bellagh and Assia Oulebsir

Abstract. Let n be a positive integer and let C), be the cycle indicator of the sym-
metric group S,,. Carlitz proved that if p is a prime, and if r is a non negative integer,
then we have the congruence

Cr+np = (Xf - Xp)ncr (mOdep[Xl, e aXT‘Jrnp])v

where Z, is the ring of p-adic integers. We prove that for p # 2, the preceding
congruence holds modulo npZ,[Xi,- -+, X;4np]. This allows us to prove a Junod’s
conjecture for Meixner polynomials.

1 Introduction and results
Let n be a positive integer. The cycle indicator of the symmetric group .S, is the
polynomial C), defined by

n

C, = ch(ml, ceyMy) HX;"”,

i=1
where the sum is over all non negative integers m; such that Y, im; = n, and

n!

[Tis, imi(mi!)

Cn(my,...,my) =
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If we set Cy = 1, then the exponential generating function for C, is

exp (Y Xi=) = 0 CulXa, o X)) (1)
i=1 n=0 ’

furthermore, the coefficients ¢, (my, ..., m,) of the polynomial C,, are integers; see Riordan
[5, p. 67-68].

Carlitz [1, p 1222] proved, that for any prime p, and any positive integer n, and
mi,...,My, € {0,...,np}, such that np = > ' im;, and for any non negative integer
r, we have

n :
(—=1)m» (m ) (mod pZ,), if Zig{Lp} m; = 0,

Crp(Mi, o M) = b (2)
0 (mod pZ,), if > igp .y mi # 05
and Cyynp = (XP — X,)"C, (mod pZy[ X1, -+, Xrimp)), (3)

where Z,, is the ring of p-adic integers. We give the following generalization:

Proposition 1.1. Let r,n,p,my, ..., my, be as above, and let

. {n/Z, ifn € 2Z
n =

n, otherwise.

1) If 3 igppymi =0, then
n
Crp(M, .o Myy) = (—1)P7 (m ) (mod n*pZ,). (4)
P

2) If 3 i1y i # 0, then
Cop(Ma, ..., my,) = 0 (modn*pZ,). (5)
3) The cycle indicator polynomials satisfy the congruence
Crinp = (X7 — X,)"Cr (mod n™pZy[ X1, -+, Xiinp))- (6)

Corollary 1.2. Let p be a prime, and let n,r be positive integers such that 1 <r <p—1
and v +np = S7 P im;, where the m; are non negative integers. We define n* as in the
proposition.

a) If my > p(n —my) > 0, then we have the following congruence modulo n*pZ,,

n
CH'"T’(ml’ cee 7mr+np) = (_1>pmp (

)Cr(ml +pmp_npam27"'7m7")' (7)
myp
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b) Otherwise, we have cyiny(Mmy, ..., Myiny,) =0 (modn*pZ,).

Remark 1.3. Under the hypotheses of Corollary 1.2, if r + pn = m; + pm,, and if n > m,,
then we deduce from the congruences (4) and (7), that

Cranp(m1,0,...0,mp,0...,0) = cpp(my —1,0,...0,my,0...,0) (modn*pZ,)
We will need the following lemma in the next corollary.

Lemma 1.4 (Junod [3]). Let m,n be two positive integers, and let o, 5 be two elements of

a commutative ring A containing Z,.
If m € pZ and o = B (mod mA), then o™ = " (mod mnA).

Meixner polynomials are defined by their exponential generating function

1
V1+t2

Let @) be the polynomials defined by the exponential generating function

oo tn
exp(X arctant) = g Qn(X)—-
n!

n=0

o tn
exp(X arctant) = Z QZ(X)E
n=0 )

Junod [2, p 73|, proved that, if p # 2, then
Qrp(X) = Qup(X) (modnpZ,[X]), and (8)
Qp(X) = (X? — (=1)""V2X) (mod pZ,[X]). (9)

Since X arctant = Y, xl%, where 2; = 0, when i is even, and x; = (—1)"Y/2X | when i
is odd, it follows from equality (1), that Q(X) = C,(x1,...,z,), for any positive integer
n. Using (6), (8), (9) and the lemma, we deduce that:

Corollary 1.5. If p # 2, then
Qup(X) = Qp(X) = (X? = (=1)PV2X)" (mod npZ, [ X)).

This gives us a positive answer to a conjecture of Junod [2, p 74].

2 Proof of the proposition

For n ¢ pZ, the congruences (4) and (5) follow from (2), or from Macdonald [4, p 30].
Hence, we prove these congruences for n € pZ.
1) Let m be a non negative integer, then we have

(;i) = <:1) (mod npZ,), and pm <;) =0 (mod npZ,) (10)
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(mp)! = (=)™ D(pm + 1) (ml)p™, and (11)
Flpm+1)+1€ (pm/2)Z,, (12)

where I' denotes the Morita p-adic Gamma function; see Robert [4, p 369].
If > 401, mi = 0, then we have

el ) = (np)t [ np\ (pmy)!
np (ML, -« Mg _ml!mp!pmp_ pm, mp!pm_p-

Hence the congruence (4) follows from (10), (11) and (12). Furthermore, in this case,

Cnp(Mma, ..., my,) and " have the same p-adic valuation, since
mp
n\ I'(np+1)
n ey M) = (—1)PM? e 13
o) = (1o () S (13)

2) Now we prove by induction on the p-adic valuation v of n, that if np = »"'*, im; and
if there exists ¢ € {2,...,np} — {p} such that m; # 0, then the congruence (5) is satisfied.
For v = 0, the congruence (5) is true. We assume the congruence (5) holds for v — 1 > 0.

First, we consider the case where p does not divide m;. Then we have

np—1i
np—i=i(m; —1)+ ijj, and
o
—1)... i1
Crp(May ooy M) = <np(np ) : (np — i+ )>c’, where
mn;
Crp—i(M1, sy, my — LMy, oo M), if np > 24,
d =
Cp—i(M1, ..., Mpp_i), if np < 2i and m; = 1.

Then, we note that (np—1)---(np —i+ 1) € (i/2)Z,.
Indeed, if 1 is the p-adic valuation of 7, and if p > 2 with i # 4, we have

pn—1

(np—1)---(np—i+1) € (np—p"~" —p) [ [(np — P Z.

Jj=1

Hence the congruence (5) follows (in this case, we do not need the induction hypothesis).
On the other hand, if for all j ¢ {1, p}, we have that p divides m;, then p divides m;.
Hence, if we set m; = pm/; for any j # p, we obtain that

n = (mf +my) + > jm}.
2
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By (11), we get

)c’ , where

w= (1) T(pn + 1) [ Plmlp + 1)~ (~1p75

j=1
J#P
n
N
5 = | |p(J Dm; =m;(0=1) and

j=2

J#p
;o / / / / /
d = co(m) +my,my, ... omy, ,0,my 4, ..., my).

Since the p-adic Gamma function takes its values in the set of inversible elements in the

ring Z,, we deduce that the p-adic valuation of u is zero. Then we remark that if ;z denotes

the p-adic valuation of a positive integer ¢ such that ¢ ¢ {1,p}, we have i — 1 > (p — 1)p.

Hence z € pZ,. By the induction hypothesis (on the p-adic valuation v of n), we have

d € (n/p)*pZ,. Since (n/p)*p € n*Z,, we conclude that the congruence (5) holds for v.
3) Using the congruences (4) and (5), we get

n
Cop= > (—1)”%( )Xf“X;"p (mod n*pZy[ X1, -+, X))
_ mp
m1+pmp=np
= (XV+ (=1)PX,)" (modn*pZy[ X1, , Xnp))- (14)
In particular, if v is the p-adic valuation of n, we have
Cpot = (X7 + (=1)PX,)P" (mod n*pZy[ X1, - -, Xop))- (15)
Deriving equality (1) with respect to ¢, we obtain that for any positive integer m, we have
X4 -1 0 0
m—1 (m—1)! X X1 -2 0
Cnm = Z TXm—jCj = : : : : (16)
=0 7 X1 Xz Xz —(m—1)
Xm Xm—l Xm—2 Xl

(by expanding the determinant by the last row).
Taking k = n/p”, m = r + np, and reducing the identity (16) modulo p**1, we get

Croppprtt = Co(Chpor)* (mod p" M Z,[ X1, .. ., X))
Using (15), we deduce the congruence (6). O

Remark 2.1. If p # 2, (p — 1)! # —1 (mod p*Z) (i.e., if p is not a Wilson’s prime), and
if n € pZ, the congruence (4), does not hold modulo np*Z,. Indeed, by (13), we have for
my =1,

o,y = (177 () =1 = ).

mp
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[(np+1) -1 : 1.
where ¢ = 5o i_i(np —J) i1 J (modpZ)
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