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Exponential stability for a nonlinear porous-elastic system
with delay

M.J. Dos Santos, C.A. Raposo, L.G.R. Miranda and B. Feng

Abstract. In this work, we consider the existence of a global solution and the expo-
nential decay of a nonlinear porous elastic system with time delay. The nonlinear
term, as well as the delay acting in the equation of the volume fraction. In order to
obtain the existence and uniqueness of a global solution, we will use the semigroup
theory of linear operators and under a certain relation involving the coefficients of
the system together with a Lyapunov functional, we will establish the exponential
decay of the energy associated to the system.

1 Introduction

This paper is concerned with a nonlinear porous elastic system with a time delay given

by

pug (2, 1) — pttgy (2, 1) — by (z,t) = (1)
e (2, 1) = 0du(, t) +bug (2, 1) +ED(2, 1)+ pr1¢e (2, 1)+ pae(z, t — 7)+ f(9(2, 1)) =

with (z,t) € (0,1) x (0, +00), were p, u, J, 0, £, p1, pe are positive constants and b is a
non-zero constant satisfying b? < ué.
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We consider Dirichlet boundary conditions
u(0,8) = u(1,) = 6(0,8) = 6(1,£) =0, >0 @)

and initial conditions

1)

) )

) 3)
Since there exists a delay term in (1) we must provide information for ¢; in time interval
(0,7) i.e., in addition to the initial conditions given earlier, we still have

u(z,0) = ug(x), u(z,0) =ui(x), x€(
( )= x € (

(==

du(z,t —7) = folz,t —7), (x,t) € (0,1) x (0,7).

where (ug, u1, ¢o, ¢1, fo) will be taken in an appropriate space.

The importance of porous elastic materials lies in the fact that they are present in
various fields of human activity such as the petroleum industry, material science, soil
mechanics, foundation engineering, powder technology, biology and others (cf. [8], [29]).

Among the various theories dealing with a porous material, we can find a linear theory
proposed by Cowin and Nunziato [3], [16] which is a generalization of the elastic theory
for materials with voids, considering besides the material elasticity property, the volume
fraction of the voids in the material. In this theory, the bulk density p = p(z,t) is given
by the product of matrix density of the material v = ~(x,¢) and the volume fraction
v=uv(z,t)

p(JJ, t) = 7(567 t)I/(QZ, t)'

They also consider a reference configuration (generally considered as an initial configura-
tion)
po(x) = yo(x)vo(z).
Let u; = u;(x,t) denote the components of the displacement vector field and so the
components of the infinitesimal strain field are given by

1
eij = §(um’ + uj4),

where the comma after the letter indicates the partial derivative with respect to the indi-
cated coordinate. In addition, ¢ = ¢(z,t) represents the change in volume fraction with
respect to the reference configuration. In a framework of evolution equations and in a
setting of three-dimensional theory, the porous-elastic theory is described as

Puf = Ty;+pfi
pk¢ = hi;+ g+ pl,
which are called the balance of linear momentum and the balance of equilibrated force

equations, respectively. In the above system, Tj; are the components of the stress tensor,
fi is the body force vector, h; are the components of the equilibrated stress vector, k is
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the equilibrated inertia, ¢ is the intrinsic equilibrated body force and /¢ is the extrinsic
equilibrated body force.
The constitutive equations for homogeneous and isotropic elastic bodies are (cf. [3]):

Ty = ASijer + 2ueij + Bodij,
hi - a¢,i7
g = —w¢—§¢_ﬁ€TT7

where A\, i, 5, a, w, & and w, are constitutive constants that depend on the reference state
vy and 6;; is Kronecker’s delta. The necessary and sufficient conditions for the internal
energy density to be positive definite quadratic form are (cf.[3])

>0, a>0 >0, k>0, w>0, 3\+ 21 > 0 and 3b* < (3\ + 2u)¢.

1.1 The stabilization scenario

The stabilization study constitutes an important issue in research areas into mathemat-
ics and engineering and has been aiming for investigation for years. Naturally, significant
mathematical properties are extracted from undamped partial differential equations, and
we pointed out the important mathematical properties from wave equations, plate equa-
tions, shell equations and beam (plane and curved) beams [4], [11]. However, dissipative
mechanisms make more realistic the phenomenons translated in terms of partial differen-
tial equations. See for example the classical books due to Komornik [9] and Lions and
Lagnese [10], [12] on boundary stabilization. In this direction, we will say that the energy
of the solutions of dissipative partial differential equations decay exponentially if they are
controlled by an exponential negative. On the contrary, we will say that the energy of
the solution slowly decays. Thus, in both cases is important to determine conditions to
achieve some type of decay.

To the best knowledge, the analysis of the temporal decay in one-dimensional porous-
elasticity theory was first studied by Quintanilla [23]. He showed, by taking into account
a particular set of solutions and by using the Routh-Hurwitz theorem, that the porous
viscosity acting on the second equation of the following porous elastic system

Pl — Mgy — B = 0,
PoRPr — APry + 5“’:0 + 590 + TPy = O,

was not powerful enough to obtain the exponential decay of solutions when o # puk.
For this problem was used the denomination of slow decay was to characterize the decay
obtained.

Damping effects like temperature, elastic viscosity, porous viscosity and micro-temper-
ature acting on porous-elasticity equations were considered in the past years and obtained
several contributions to porous-elasticity systems with an emphasis on lack of exponential
decay, the exponential decay, the polynomial decay, the optimality of the polynomial decay
and numerical computations results, see [1], [2], [14], [15], [20], [21], [25], [26], [27], [28].
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A porous thermoelastic system was investigated in [5] where the heat conduction is
given by Cattaneo’s law and was proved an exponential decay result. Analyticity of the
semigroup associated with the transmission problem in porous elasticity and delay was
studied in [24]. It is interesting to note a particular case of the equations (1), when
k:=pu=¢&=>0band py := pe p := pk, we obtain the following nonlinear Timoshenko
system that modeling a thin elastic beam with delay

Poliy — k(ux + gb)ax = Oa (4)
P10t — OPuy + k(Uy + @) + p1dy + pode(x,t — 7) + f(9) = 0.

The exponential decay for the system (4) was studied in [6] which extended the result
previously obtained in [7]. In both cases, linear and non-linear, exponential decay was
obtained through equality

pPo P
s ®)

This paper intends to answer the following question: Is it possible to add terms of delay,
friction and forcing in the porous elastic system similar to that found in (4) and also to

obtain the exponential decay? The answer is yes, and in this situation, a relation between
the coefficients will appear similar to (5), in the porous elastic case (1) the equality

p
will play an important role.

This article is divided as follows: in section 2 we will establish the notations, as well
as put the system (1)-(3) in the form of an abstract Cauchy problem. In section 3 we will
establish the existence of a global solution for the system (1)-(1) and in section 4 we will
deal with the main result of this work, which is the exponential decay of the energy of the
solution for the problem (1)-(3).

2 Preliminaries and main results

In this work, we will use the standard notations LP(0,1) with 1 < p < oo for the
Lebesgue spaces and H; (0, 1) for Sobolev space. The norm in L?(0, 1) will be represented
by || - ||, and we will write || - || instead of || - ||2 to norm in L*(0,1).

For the forcing term f(¢), we assume f : R — R and that there are constants kg > 0
and 6 > 0 satisfying

[f(x) = f)] < koll2]” + |yl")|z —y| Va,y € R. (7)
In addition, we will also assume that

0< f(z) < f(x)z VzeR, (8)
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with f(z) = / f(s)ds.
0
Using an argument found in [6], [7], [17], [18], in order to deal with the delay term, we
define the following variable:

2(z,y,t) = gz, t —7y), x€(0,1), ye(0,1), t>0. (9)
Then it is easy to verify
Tz (T, y,t) + zy(z,y,t) =0, Y(z,y,t) € (0,1) x (0,1) x (0,00). (10)
Thus, the system (1)-(3) takes the following form

pug(x,t) — pige (x,t) — b, (x,t)=0, (11)
Jou(x,1) = 0@ag(2,t) + bug (2, 1) + £&(x, 1) + phe(2, 1) + poz(x, 1,1) + f((2,1)) =0, (12)
T2z (z,y,t) + 2y(z,y,t) =0, (13)

with x € (0,1), y € (0,1) and ¢ > 0. In addition, boundary conditions are given by

w(0,8) = u(1,t) = $(0,8) = p(1,£) =0, t >0,

2(2,0,1) = dy(x,t), (x,t) € (0,1) x (0, +00) (14)

and initial conditions

U(ZL’,O) = UO(ZL’), ut(w70) = ul(w)v gb(di,O) = QSO(J:)? ¢t(x70) = QZ)O(x)vx € (07 1)? (15>
2(x,1,0) = folx, t — 1), (x,t) € (0,1) x (0, 7).

Considering U (t) = (u(t), u(t), p(t), p¢(t), 2(t) and Uy = (ug, u1, ¢o, ¢1, fo), the system
or (11)-(15) is reduced to the following abstract first order evolution problem:

Uty = AU®t) + F(U(t), t>0, (16)
U) = U,
where "= %, and
v 0
Bty + 20 0
AU = 0 , FU) = 0 (17)
%d)mr - %um - %Qb - H_Jll/J - M_;Z(7 1) _%f(¢)
_%Zy 0
with the domain
D(A) = {(u,v,¢,9,2)" € H; ¢(x) = 2(2,0), = € (0,1)}, (18)

where

H = (H*(0,1) N H(0,1)) x Hy(0,1)x (H?*(0,1) N Hy(0,1)) x Hy (0, 1) x L*(0, 1; H'(0, 1)).
(19)
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We define the energy space ‘H by
H := H;(0,1) x L*(0,1) x Hy(0,1) x L*(0,1) x L*(0,1; L*(0,1)). (20)
For U = (u,v,¢,v,2)T, V = (4,9, 0,1, Z)T in H and for 1 a positive constant satisfying
< 7(2m — pa), (21)

we equip H with the following inner product:

T2 <N

1
(U V) = / [pUB + Tt + 5 + fitaie + b(1sd + s8) + E60]da
0

+n/01 /OIZ(x,y)i(x,y)dydaf (22)

and so
1 1,1
HUH% = / [pv? + J* 4+ 502 + pu + 2bug¢ + E¢*]dx + T]/ / 2(x,y)dydz.  (23)
0 o Jo

Remark 2.1. Since b? < pé and

2 2
py + 2bup ¢ + E¢F = (%ux + \/&5) + (M - %)ugzc, (24)

it is easy to see that ||U]|3, > 0 for all U € H.

Definition 2.2. Let S(t) be a Cy-semigroup of contractions on H. A continuous function
U : (0,7] — H is a mild solution to the problem (16) if it satisfies

U(t):S(t)Uo—k/tS(t—s)f(U(s))ds, 0<t<T, (25)

where f is locally Lipschitz on H.

The first main result regarding the existence and uniqueness of the global solution to
the system (16) and which will play an important role in the result of the exponential
decay is

Theorem 2.3. Assume that (7)-(8) and g < wy hold, then we have the following results.

(1) If Uy € H, then problem (16) has a unique mild solution U € C([0,00),H) with
U(O) = Uo,’

(i) If Uy and Uy are two mild solutions of problem (16), then there exists a positive
constant Cy = C(U1(0), U(0)) such that

1UL(t) = Ua()ll3¢ < e“TNUL(0) = Ua(0)]l3, VOt <T. (26)
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(iii) If Uy € D(A), then the above mild solution is a strong solution.

With the solution U(t) = (u(t), u(t), ¢(t), ¢+(t), 2(t)) of (11)-(15) obtained by Theo-
rem 2.3, we can define the energy associated with this solution as follows:

1 1 1
B) = 5 [ i+ Iet ot emorsotr2foldor] [ [y tdyde. @1

The second main result of this work, tells us about the energy behavior of the solution
over time and its statement is

Theorem 2.4. Assume that (7)-(8) and pe < uy hold. Assume that (6) also holds. Then,
with respect to mild solution, there exist C' > 0 and v > 0 such that

E(t) <Ce™, t>0. (28)

3 Well-posedness of the problem

Lemma 3.1. The operator A defined in (17) is the infinitesimal generator of a Cy-semi-
group of contractions on H.

Proof. Firstly it is not difficult to see that D(A) is dense in #H. In addition, it follows of
definition of A, (22) and by integration by parts that for any U = (u, v, ¢, 1, 2) € D(A)

1 1 1
(AU, U)y = ( — 1 + %) /0 Vida — ug/o z(z, 1)pdr — %/o 2*(z,1)dx, (29)

and applying Holder’s inequality we have

1 1
(AU, U)y < ( —+ S /ﬁ) / Vidx + ( -1y &> / 2(z,1)dz. (30)
2T 2 0 2T 2 0

Keeping in mind the condition (21), we observe that

no, K2 o He2
— —+—=<0 d ——+—=<0 31
pt oo+ 5 <0 an 5y T <0 (31)
with implies that the operator A is dissipative.
We will now prove that 0 € o(A), where o(A) is resolvent set of A, that is, given

V = (f1, fo, f3, fa, [5) € H, we must find U = (u,v, ¢, ¥, z) € D(A) solution of

—~AU =V, with [|Ul}3 < C||V |4, (32)
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where C' is a constant that is independent of U and V. The previous equality results in
the following system:

—v = fi, (33)

—pitzy — by = pfo, (34)

- = fs (35)

—0hzy + buy + ¢ + ) + pa2(+,1) = Jfy, (36)
5y = —1fs (37)

By (33) and (35) we have, v € H}(0,1) and ¢ € H}(0,1) and by (37)

y
Sag) = = [ fles)ds = i) € PO H'0,D) (39)
0
Substituting (35) and (37) into (36) we obtain the system
— e —bp, = Fy € L*(0,1), (39)
_5¢:m + bu, + &b = ke L2<O> 1)7

where

Fl - pra
1

Fy, = (M1+1)f3+M27/ f5(-,s)ds + J fu,
0

with boundary conditions

u(0) = u(1) = $(0) = ¢(1) = 0. (40)
Solving system (39)-(40) is equivalent to finding (u, ¢) € H(0,1) x HZ(0,1) such that

1 _ _ B 1 1 B
[ st + b6+ 1.0) + 606+ 06.04de = [ Fadet [ Fagde. )
0 0 0

for all (u, ) € Hj(0,1) x Hj(0,1). Problem (41) is equivalent to

a((u, 9), (@, ¢)) = h(a, o) (42)
where the bilinear form a : (H3(0,1) x H}(0,1))> — R and the linear form

h: H(0,1) x H}(0,1) = R

are given by

a((u, ¢), (u, d)) = /0 [ty + b(Uzd + Ue®) + E¢P + Sy iy da (43)
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and

1 1
h(a,¢) = / Fyudz + / Fypdz. (44)
0 0
The bilinear form a is coercive because thanks to Young’s inequality we have

a((u,8), (u, ) = [ [uu + 2bu,d + £ + 5¢2)d

1 fol uidr — % 01 udz

—& [ P*dr + € [y ¢*dr + 6 [} ¢2dx
“57_”2> fol uide + 6 fol P2 dx

Crl[lual® + llga1?),

where C; = min{(ué — b?)/€,0}. It is not difficult to verify that a and h are continuous.
So applying the Lax-Milgram’s Theorem, we deduce that problem (39) admits a unique
solution (u,¢) € H(0,1) x H}(0,1). Thanks to the classical elliptic regularity (c.f. [19])
we obtain (u,¢) € H*(0,1) x H%(0,1) and C' > 0. Therefore, 0 € o(.A). Consequently, the
result of the lemma follows from Theorem 1.2.4 in [13]. O

AV

v

v

Lemma 3.2. The operator F defined in (16) is locally Lipschitz in H.
Proof. Let U = (u,v,$,v,z) and V = (@, 9, ¢, 1, Z) be in H, with
[Ul, [V < M, M >0. (45)

By using (7), Hélder’s inequality and the embedding H'(0,1) < L?>+1(0, 1) we obtain
1
IFW) = FOI = 7 [ 150 = (@)
1
< T [l + 13l - 3P
0
1

1 2(0+1 o 1 ~ o+1
gco( [ o+ 16 )) ( / r¢—¢\2<9+”dx)

< Co(ll8l3(041) + 110113(a 1) 16 — Dll3051)

< Gollol® + lloI*)lle — ol
< Co(M)[IU = V3.

where Cj is a positive constant depending on M. O

Based on the energy defined in (27), we have the following result
Lemma 3.3. The functional energy E(t) defined in (27) of a solution
U(t) = (u(t), u(t), o(t), ¢e(t), 2(1))
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of (11)-(15) is non-increasing function. More precisely, there ezists a constant Cg > 0
such that for allt > 0

cif < CE(/ MH/ z(x,1,t)dx>§0. (46)

Proof. Multiplying (11) by w, (12) by ¢, integrating the result over [0, 1] with respect to
x and using Young’s inequality, we obtain

1d

1
37 ( /0 [ou? + J§F + 062 + pu? + 2buyd + E¢* + 2f (d))]d:c)

1 1
—k /0 ¢?d$ - /’LQ/ Z(l’, 17 t)étdx (47)

(12 [ a2 [ e

Multiplying (13) by 1, and integrating the result over [0, 1] x [0, 1] with respect y and z,
T

respectively we have

2dt// (x,y,t dyda:———// (2, y,t)dydx

2 [ 0,0.0) - e L) (48)
27t J,
0 1
27_ <¢t -z (I717t))d
adding (47) and (48) we obtain
dE pe 0\ [ N e /1 2
—() < — - — - — de — | — — — 1,t)dx. 4
gos-(m-tp-) [aw-(L-2) [ 2eroe @)
Considering
. _H2 o 2
Cp = min {’“ 2 27727 9 } (50)
we obtain (46). O

Remark 3.4. It follows from Theorem 3.3 that

E(t) < E(0), Vt>D0. (51)
Furthermore, if U(t) = (u(t), u(t), ¢(t), ¢:(t), z(t)) is solution of (11)-(15), then it follows
from (8), (23) and (27)

1 1 1 1
B0 2 5{ [loud 96202+ i+ 2o 6o [ [ 2o 0ape} 62
0 0 0

1
> 01
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Remark 3.5. By Using Young’s and Poincaré’s inequalities in

b2 1 ) B 1 b 2 B 1 B 1 i
T [ - /0 (\/Euﬁ\/&ﬁ) dz /O b d — \/E /0 ¢( \/guﬁ\/&é)dw
we obtain,

1 35 1 b 2 252 » 1
/0 uidr < w (ﬁuz + \/Zf¢) dx + b—;/o P2dax. (53)

We are now able to prove the main result of this section which is:

Proof of Theorem 2.3. i) Since A generates a Cy-semigroup of contractions (Lemma 3.1)
and F is locally Lipschitz (Lemma 3.2) follows from Pazy [22], Theorem 6.1.4 that (16)
has a unique mild solution

U(t) = Uy + /t M= F(U(s))ds, (54)

defined in [0, t,n4z ), Where t,,,, depend on Uy. Moreover, if ¢,,q, < 00, then

lim [|U(#)|l# = +oc. (55)

t—tmax

However, from (51) and (52) we have
|U@)]13, < 2E(0) forall t>0. (56)

Therefore, t,,,, = +0c.

ii) It is not difficult to obtain (26), just consider a standard procedure found in Pazy [22],
Theorem 6.1.2, p. 184, which consists in using the locally Lipschitz condition of F and
the Gronwall’s Inequality.

iii) By using Theorem 6.1.5 in Pazy [22], we know that any mild solutions with initial data
in D(A) are strong solution. O

4 Exponential stability

In this section, we will prove the second main result of this work, Theorem 2.4, which
will be divided into the following lemmas.

Lemma 4.1. Let U(t) = (u(t),us(t), d(t), ¢e(t), 2(t)) be the solution to (11)-(15). Then
there is g > 0 (depending only on the coefficients of (11)-(13)) such that

E®) Séo{/ol[uf LB <%u + \/Eqs) L f(qﬁ)} dz +/01/01z2(x, " t)dydx}. (57)

Proof. 1t is enough to consider (27), (24) and (53). O
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Let us now consider a solution U(t) = (u(t), u(t), o(t), ¢:(t), 2(t)) to (11)-(15) and for
this solution we define the following functionals:

1
L(t) = / (puus + Jopoy)dx — / ¢*dz, (58)

0

1
L(t) = /0 (Jord + pugw)dx + 7/0 ¢*de, (59)

where w is the solution of
—ws =70 w(0) = w(1) =0, (60)
1

I(t) = J/ (\/—Uaﬁ“ \/_¢) ¢dx + \/—/ Grusdz, (61)

/ / 222 (1, y, ) dyda. (62)

Thereby, we have the following results.

Lemma 4.2. For any € > 0 the functional I, satisfies,

%Il() /Ol(put+J¢t)dx+[ 25{) ( )}/ 2 du (63)

ué Yb H3Cp
(1)) [ (e @ ot 22 [t

where ¢y > 0 1s a constant depending on Poincaré’s constant c,,.

Proof. Taking the derivative of I, we have

d

1 1 1
Eh( )= /0 (pu? + J¢?)dw — /0 (pugu + Jouo)dr — py /0 oPd.

Using (11), (12) and (24) we arrive at

d 1 1 L/ 2
Eh() /O(puf-l—J(bf)dx—I—é/o qbidx—i—/o (ﬁux-l—\/ggb) dx

b2 12 1 1
- — d d dzx.
(o) [ tte s [ sterooans [ rod

(64)
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It follows from Young’s and Poincaré’s inequalities that for any ¢ > 0,

1 . 2c, [
ILLQ/ 2(x, 1, t)pdx < —/ P*dx + %/ 2(z,1,t)dx (65)
0 0

1
<5/ qdex—i-'uigp/ 22(z,1,t)dw,
0

1 1 1
| #@0ds <k [ joll6lloldn < 1618l dlorlole <er [ oz (60

0 0 0
Combining (64), (65), (66) and (53) we obtain (63). O

Lemma 4.3. For any Xs, \s > 0, the functional I, satisfies,

d 1 ) pr
R0 < (e =) [ ¢xdx+(J+ ) / GRdr + pacy / udd
0

/~Lz P
2P 1 _ f
4\ / :L’, ’t dﬂ? /

Proof. Taking derivative of I, considering (11), (12) and integrating by parts, we obtain

1
%IQ :—5/¢dm+J/ ¢tdx—§/gbdx+p/ uywydx

(67)

. . (68)
s [ e = [ 21,000 - / f(8)od.
0 0 0
By (60) we can get
1 p2 1 1
,u/ wrdr < —/ P*dr < §cp/ p2dx, (69)
0 K Jo
1 1 c b2
/ w?da:ﬁcp/ w?,dr < - / prdx (70)
0 0
By using Young’s and Poincaré’s inequalities and (70) we have
1 A 1
o [ +(o1, 0o < 22 / o AR (71)
0 4\
y 1
< /’L2)\2/ ¢2d + 2 p/ 2(x717t)dx7
ZDY)
1 5 1 P 1
p/ wwydr < p)\gcp/ udr + —— / 2dx (72)
0 0 4)\20p

1
Spjxgcp/ u?dx—i— / Prde.
0

From (68)-(72) we obtain (67). O
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Lemma 4.4. Assume that (6) holds. Then the functional I satisfies

d

S 1s(t) < 062, 3[/ (_uﬁ\/(ﬁ) dx+(Jf+ ul)/(ﬁd

Proof. Notice that

J/@t( ux+\/_<b>dx+J/gbt( ux—l—\/_(b) dz

+ E /Oqﬁztutda: + G /ngﬁxuttdx.

By using (11) and (12) and integration by parts, we have

) = oz~ VE [ (Lo VE) -
/gbt<\/gu$+\/_gb>dx /Olz(x,l,t)<%um+\/ggb)dx

=2 [ e VE [ @t +VE [ gt

By using Young’s and Poincaré’s inequality, we have

N1f0¢t( u$+\/_¢)dfr
<0 (% uz+\/_¢> do+ 5 [ gt
—ps [ 2( x,l,t){ uz—l—\/_¢)d:r;
sifo( ux+\/_qb) Qo+ [ 2,1, 0)d

and by using (53), for any € > 0

—L s ( b|||uz|| H¢||99+1 16l 2041)
' $2dx

<setv€ ), (% ux+\/_qb> do+ (% ) i oz

Taking € = 1/24kq in the previous inequality, we obtain

b o S [ (b (85 [

Combining (75), (76), (77) and (78) we obtain (73).

(74)

(77)

(78)
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Next we deal with the boundary term in (73). We define the function
a@) =24z, w€[0,1],
so we have the following result.

Lemma 4.5. For any € > 0, we have

Jo d ! ped [*

_ 2pe !
Oltig da I:l < - AT — 2d — Qd
[UzPe|rzy < A dt ; qo1@zdr wdt ), qULUL AT + m /0 u ax

62 0% 0F e 28 A&%cue v Jo ol !

l 4= d — 2d
+(25+43+2+M+ . + = )/qumawr(? +452>/0¢t1'
e 3¢e  O6&e /1 b ? poft o,

ST T — — 1 )
<4 + 1 + b2 ; \/Euac + \/Z¢ dr + 422 0 z (.CC, ,t)dl’

Proof. By using Young’s inequality we have

_ 52
OlurdeliZy < elug(1) + ug(0)] + =lez(1) + ¢5(0)].
Now, by using (12) and integrating by parts, we have

1

—52[¢i(1)+¢i(0)]+252/¢dw—5\f/ ( Ux+\/_¢>)¢xdl“

1 1 1
o / (bipadc — Syt / 4z(2, 1, 1) puda — J5 / 0f(@)pude+275 | de.
0 0 0 0

dt

Using Young’s inequality

2 1
5\/_/ ( ux+\/_¢)qbwdx<§5/ (%ux+\/ggb) d:p—l—i—z/o gbidx,

1
o / souade < 11 / R
0 0

1 1
5,ug/ qz(z, 1, t)ppdr < ,u; 22(z,1,t)dw + 852/ P2dax.
0 0 0

Combining (82), (83), (84), (85) and (8) we have

d J(S beppdr < —82[P2(1) + ¢2(0)] + 252+5—2+2g<52 /1¢2dx
dt q e r 82 0 r

1

1 2 1
+552/0 <%ux + \/Ecb) dr + (2J5+ ”;) /O ¢?dx+l§ ; 2(z,1,t)d.
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(79)

(80)

(81)

(82)

(83)
(84)

(85)

(86)
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On the other hand, by using (11) and integration by parts, we have

1 1
% Pt dr = —pfu?(1) + u2(0)] + 2,u/ uidr + b/
0 0 0

1

1
quxgbxdquQp/ uldr  (87)
0

and applying Young’s inequality and (53) in the previous equality

jt paunade < —pli2(1) + 2(0)] + (3§+6“§> / (%uer\/E(?)de

2 1
+ <1 1 og2e, 4 S Cp) / <b2dx+2p/ wldr. (88)
Combining (86) and (88) we obtain (80). O

Following the same line of argument given found in [7] it is not difficult to obtain

Lemma 4.6. The functional 1, satisfies

d 627' 1 1 1
— I, (t) = —21,(t) — —/ 2(z,1,t)dx + —/ prd. (89)
dt T Jo T Jo
Now we define the following Lyapunov functional £(¢)
Js 1 1
L(t):= ME(t)+ gﬂh () +NL(t)+I(t)+ = / qorodr~+ % quiugdr+14(t) (90)
0 0
where
23 B
e ()] o

Lemma 4.7. Let U(t) = (u(t), ui(t), ¢(t), ¢i(t), 2(t)) be the solution of problem (11)-(15).
For M large enough, there exist two positives v1 and 2 depending on M, N and € such
that for any t > 0,

NE(t) < L({t) < 72E(1). (92)
Proof. We have
|L(t) — ME(t)] < \/gﬁ‘ — | (puwy + Jpd)dw — 2 2 ¢2d ‘ (93)
0

1
YN / (J¢t¢+putw)dx+%/ ngdm
0 0

L/ b bJ 1
J —=Ux td = x td
+‘ /0(\/gu +\/Z¢)¢ :c+\/z/0¢u x
Jo [* pe [*
+4—€/0 |Q¢t¢x|d$+;/o \quiuy|dx

11
+ ‘ / / e V22 (z,y, t)dydx|.
0 Jo




Exponential stability for a nonlinear porous-elastic system with delay 375

By using Young’s and Poincaré’s inequalities, (53) and (69) we obtain:

8 0 0
VEBe, 55/25/3
+{16 (J+n) e ]/qﬁd
353/25pcp b
+W/O (EW—F\/&_@) dl’,
' ot Np [, NT ',
N| [ (T aw)de + 2 de| < =5 [ ujde+ == | g7 95
/0(¢¢+puw)x+2/0¢x /uer /qﬁx (95)
N;p (J+ 1+p50p)/ P2d,
- b [* Jb? )
PZ:CE%+V@@@M+;%A¢me_ o | e /¢Mx (96)

J

Y7b

+—/ (\/Eumt\/_(b) dx
/d)de

Js ! Js ! Js !

2 [ aonlie < 52 [ giar 2 [ oan (97)
1 1 2 2 1

E/ |quiug|dr < &/ uids + p&bgpe/ 2dx (98)

H-Jo K Jo H 0

+ NbZ/O \/gux—i-\/g(b dz.

From (93)-(98), we have
o [ J 1 5 [
|L(t) — ME(t)] Sal—/ ufd:v%—cm—/ qbfd:v—irag—/ P2 dx
2 Jo 2 Jo 2 Jo
L[ \/— ’ n [t [ 2
+ —/ (—ugﬁ— fgb) dr + o —/ / 2%(x,y, t)dydxr (99
‘2 o \V¢ "2 0o Jo ( ) 59)
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where
Jb? 2
= YOy I 2 (100)
8 P
Ve J
=Y N1+ —
a=2o N1+ (101)
VEBe,(J + 1)  €Bpe,  Ne, pecy\ T T ApElce
= J — 4 — L 102
% T A G et et e (102
3632 pe 6pte
a4 = —8b2 P -+ J+ MbQ 5 (103)
2
as = —. 104
5= (104)
By considering
C =max{a;; i=1,...,5} (105)
we arrive
IL(t) — ME(t)] < CE(t). (106)

So, we can choose M large enough so that v, = M — C > 0 and 79 = M + C > 0 such
that (92) holds. O

We are ready to prove the main result of this paper.

Proof of Theorem 2.4. It follows from (46), (63), (67), (73), (80), and (89)
90e] [
Lrw < { pfﬁwv pho p+i}/ wldx
dt H 0

VES Jo 1 ' 2
+[—MC’E——+N(J+4M M) (J\/_+ ) (25+4€2)+T} 0¢td9:
2
\fﬁ{m n 1+2§b%( )}/ S d
(107)
[ ¢, 6k0 62 0% 8% & 2% A%ce] [,
+_N(M2/\2—5) 12\/_ \/_ —+—2+5+;+ [L + b2 } 0¢zdl‘

Ve & 3¢ %} (i )2
| 4+4+u+62/0 \/Eux—i—\/gqb da

[ pscp, | Npse, p3 gy €7 / '
~ MC H L 1,t)d
+ Bt T, T e T T o 1, t)de

N+\/_/f ¢)dx — e? // (z,y, t)dydz. (108)
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At this point, we have to choose our constants very carefully. First, let us choose Ay small
enough such that

4]
A < —. (109)
2

Then, take £ small enough such that

8<m1n{\/_/( if) ‘/545}. (110)

Then, we select N large enough so that

2 2
N((S_/,LQ)\Q) \/gﬂ |:5+€+01+2§)20p <,Uz_%>:|
2 2 2 2
e, 6ky 6§ +5_+§+

it e T T2

Now, we pick Ao so small that

28%¢cpe N 4&%¢cpe
ft v

_ Vs
~ 32N,

Ao

Finally, we choose M large enough so that, there exists a positive constant 3; > 0, such
that (108) becomes

d 1
—L(1) < ﬁl/ [u?+¢?+¢§+< usc+\/_¢> +2%(2,1,1) + f(¢)|d
0
1,1
0o Jo
which implies that there exists also 5, > 0, such that
jtﬁ( t) < —BE(t), Vt>0, (112)
and from (92)
d o
——= > (. 11
5L < %ﬁ() vt >0 (113)

Integrating (114) and using again (92) we arrive
BE(t) < —Z2E0)e P/t v >, (114)
"N

which gives us that the exponential stability holds for any Uy € D(A). Noting that D(A)
is dense H, we can extend the energy inequalities to phase space H. Thus we complete
the proof of the theorem. O
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