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Exponential stability for a nonlinear porous-elastic system
with delay

M.J. Dos Santos, C.A. Raposo, L.G.R. Miranda and B. Feng

Abstract. In this work, we consider the existence of a global solution and the expo-
nential decay of a nonlinear porous elastic system with time delay. The nonlinear
term, as well as the delay acting in the equation of the volume fraction. In order to
obtain the existence and uniqueness of a global solution, we will use the semigroup
theory of linear operators and under a certain relation involving the coefficients of
the system together with a Lyapunov functional, we will establish the exponential
decay of the energy associated to the system.

1 Introduction

This paper is concerned with a nonlinear porous elastic system with a time delay given
by

ρutt(x, t)−µuxx(x, t)−bφx(x, t)=0,
Jφtt(x, t)−δφxx(x, t)+bux(x, t)+ξφ(x, t)+µ1φt(x, t)+µ2φt(x, t− τ)+f(φ(x, t))=0,

(1)

with (x, t) ∈ (0, 1) × (0,+∞), were ρ, µ, J , δ, ξ, µ1, µ2 are positive constants and b is a
non-zero constant satisfying b2 ≤ µξ.
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We consider Dirichlet boundary conditions

u(0, t) = u(1, t) = φ(0, t) = φ(1, t) = 0, t > 0 (2)

and initial conditions

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ (0, 1),
φ(x, 0) = φ0(x), φt(x, 0) = φ0(x), x ∈ (0, 1).

(3)

Since there exists a delay term in (1) we must provide information for φt in time interval
(0, τ) i.e., in addition to the initial conditions given earlier, we still have

φt(x, t− τ) = f0(x, t− τ), (x, t) ∈ (0, 1)× (0, τ).

where (u0, u1, φ0, φ1, f0) will be taken in an appropriate space.
The importance of porous elastic materials lies in the fact that they are present in

various fields of human activity such as the petroleum industry, material science, soil
mechanics, foundation engineering, powder technology, biology and others (cf. [8], [29]).

Among the various theories dealing with a porous material, we can find a linear theory
proposed by Cowin and Nunziato [3], [16] which is a generalization of the elastic theory
for materials with voids, considering besides the material elasticity property, the volume
fraction of the voids in the material. In this theory, the bulk density ρ = ρ(x, t) is given
by the product of matrix density of the material γ = γ(x, t) and the volume fraction
ν = ν(x, t)

ρ(x, t) = γ(x, t)ν(x, t).

They also consider a reference configuration (generally considered as an initial configura-
tion)

ρ0(x) = γ0(x)ν0(x).

Let ui = ui(x, t) denote the components of the displacement vector field and so the
components of the infinitesimal strain field are given by

eij =
1

2
(ui,j + uj,i),

where the comma after the letter indicates the partial derivative with respect to the indi-
cated coordinate. In addition, φ = φ(x, t) represents the change in volume fraction with
respect to the reference configuration. In a framework of evolution equations and in a
setting of three-dimensional theory, the porous-elastic theory is described as

ρüi = Tij,j + ρfi,

ρkφ̈ = hi,i + g + ρ`,

which are called the balance of linear momentum and the balance of equilibrated force
equations, respectively. In the above system, Tji are the components of the stress tensor,
fi is the body force vector, hi are the components of the equilibrated stress vector, k is
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the equilibrated inertia, g is the intrinsic equilibrated body force and ` is the extrinsic
equilibrated body force.

The constitutive equations for homogeneous and isotropic elastic bodies are (cf. [3]):

Tij = λδijerr + 2µeij + βφδij,

hi = αφ,i,

g = −ωφ̇− ξφ− βerr,

where λ, µ, β, α, ω, ξ and ω, are constitutive constants that depend on the reference state
ν0 and δij is Kronecker’s delta. The necessary and sufficient conditions for the internal
energy density to be positive definite quadratic form are (cf.[3])

µ > 0, α > 0, ξ > 0, κ > 0, ω > 0, 3λ+ 2µ > 0 and 3b2 ≤ (3λ+ 2µ)ξ.

1.1 The stabilization scenario

The stabilization study constitutes an important issue in research areas into mathemat-
ics and engineering and has been aiming for investigation for years. Naturally, significant
mathematical properties are extracted from undamped partial differential equations, and
we pointed out the important mathematical properties from wave equations, plate equa-
tions, shell equations and beam (plane and curved) beams [4], [11]. However, dissipative
mechanisms make more realistic the phenomenons translated in terms of partial differen-
tial equations. See for example the classical books due to Komornik [9] and Lions and
Lagnese [10], [12] on boundary stabilization. In this direction, we will say that the energy
of the solutions of dissipative partial differential equations decay exponentially if they are
controlled by an exponential negative. On the contrary, we will say that the energy of
the solution slowly decays. Thus, in both cases is important to determine conditions to
achieve some type of decay.

To the best knowledge, the analysis of the temporal decay in one-dimensional porous-
elasticity theory was first studied by Quintanilla [23]. He showed, by taking into account
a particular set of solutions and by using the Routh-Hurwitz theorem, that the porous
viscosity acting on the second equation of the following porous elastic system

ρ0utt − µuxx − βϕx = 0,

ρ0κϕtt − αϕxx + βux + ξϕ+ τϕt = 0,

was not powerful enough to obtain the exponential decay of solutions when α 6= µk.
For this problem was used the denomination of slow decay was to characterize the decay
obtained.

Damping effects like temperature, elastic viscosity, porous viscosity and micro-temper-
ature acting on porous-elasticity equations were considered in the past years and obtained
several contributions to porous-elasticity systems with an emphasis on lack of exponential
decay, the exponential decay, the polynomial decay, the optimality of the polynomial decay
and numerical computations results, see [1], [2], [14], [15], [20], [21], [25], [26], [27], [28].
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A porous thermoelastic system was investigated in [5] where the heat conduction is
given by Cattaneo’s law and was proved an exponential decay result. Analyticity of the
semigroup associated with the transmission problem in porous elasticity and delay was
studied in [24]. It is interesting to note a particular case of the equations (1), when
k := µ = ξ = b and ρ0 := ρ e ρ1 := ρk, we obtain the following nonlinear Timoshenko
system that modeling a thin elastic beam with delay

ρ0utt − k(ux + φ)x = 0,
ρ1φtt − δφxx + k(ux + φ) + µ1φt + µ2φt(x, t− τ) + f(φ) = 0.

(4)

The exponential decay for the system (4) was studied in [6] which extended the result
previously obtained in [7]. In both cases, linear and non-linear, exponential decay was
obtained through equality

ρ0
k

=
ρ1
δ
. (5)

This paper intends to answer the following question: Is it possible to add terms of delay,
friction and forcing in the porous elastic system similar to that found in (4) and also to
obtain the exponential decay? The answer is yes, and in this situation, a relation between
the coefficients will appear similar to (5), in the porous elastic case (1) the equality

ρ

µ
=
J

δ
(6)

will play an important role.
This article is divided as follows: in section 2 we will establish the notations, as well

as put the system (1)-(3) in the form of an abstract Cauchy problem. In section 3 we will
establish the existence of a global solution for the system (1)-(1) and in section 4 we will
deal with the main result of this work, which is the exponential decay of the energy of the
solution for the problem (1)-(3).

2 Preliminaries and main results

In this work, we will use the standard notations Lp(0, 1) with 1 ≤ p ≤ ∞ for the
Lebesgue spaces and H1

0 (0, 1) for Sobolev space. The norm in Lp(0, 1) will be represented
by ‖ · ‖p and we will write ‖ · ‖ instead of ‖ · ‖2 to norm in L2(0, 1).

For the forcing term f(φ), we assume f : R → R and that there are constants k0 > 0
and θ > 0 satisfying

|f(x)− f(y)| ≤ k0(|x|θ + |y|θ)|x− y| ∀x, y ∈ R. (7)

In addition, we will also assume that

0 ≤ f̂(x) ≤ f(x)x ∀x ∈ R, (8)
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with f̂(x) =

∫ x

0

f(s)ds.

Using an argument found in [6], [7], [17], [18], in order to deal with the delay term, we
define the following variable:

z(x, y, t) = φt(x, t− τy), x ∈ (0, 1), y ∈ (0, 1), t > 0. (9)

Then it is easy to verify

τzt(x, y, t) + zy(x, y, t) = 0, ∀(x, y, t) ∈ (0, 1)× (0, 1)× (0,∞). (10)

Thus, the system (1)-(3) takes the following form

ρutt(x, t)− µuxx(x, t)− bφx(x, t)=0, (11)

Jφtt(x, t)− δφxx(x, t) + bux(x, t) + ξφ(x, t) + µ1φt(x, t) + µ2z(x, 1, t) + f(φ(x, t))=0, (12)

τzt(x, y, t) + zy(x, y, t)=0, (13)

with x ∈ (0, 1), y ∈ (0, 1) and t > 0. In addition, boundary conditions are given by

u(0, t) = u(1, t) = φ(0, t) = φ(1, t) = 0, t > 0,
z(x, 0, t) = φt(x, t), (x, t) ∈ (0, 1)× (0,+∞)

(14)

and initial conditions

u(x, 0) = u0(x), ut(x, 0) = u1(x), φ(x, 0) = φ0(x), φt(x, 0) = φ0(x), x ∈ (0, 1),
z(x, 1, 0) = f0(x, t− τ), (x, t) ∈ (0, 1)× (0, τ).

(15)

Considering U(t) = (u(t), ut(t), φ(t), φt(t), z(t) and U0 = (u0, u1, φ0, φ1, f0), the system
or (11)-(15) is reduced to the following abstract first order evolution problem:{

U̇(t) = AU(t) + F (U(t)), t > 0,
U(0) = U0,

(16)

where ˙ = d
dt

, and

AU =


v

µ
ρ
uxx + b

ρ
φx

ψ
δ
J
φxx − b

J
ux − ξ

J
φ− µ1

J
ψ − µ2

J
z(·, 1)

− 1
τ
zy

 , F (U) =


0
0
0

− 1
J
f(φ)
0

 (17)

with the domain

D(A) = {(u, v, φ, ψ, z)T ∈ H; ψ(x) = z(x, 0), x ∈ (0, 1)}, (18)

where

H = (H2(0, 1) ∩H1
0 (0, 1))×H1

0 (0, 1)×(H2(0, 1) ∩H1
0 (0, 1))×H1

0 (0, 1)×L2(0, 1;H1(0, 1)).
(19)
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We define the energy space H by

H := H1
0 (0, 1)× L2(0, 1)×H1

0 (0, 1)× L2(0, 1)× L2(0, 1;L2(0, 1)). (20)

For U = (u, v, φ, ψ, z)T , V = (ũ, ṽ, φ̃, ψ̃, z̃)T inH and for η a positive constant satisfying

τµ2 ≤ η ≤ τ(2µ1 − µ2), (21)

we equip H with the following inner product:

〈U, V 〉H =

∫ 1

0

[ρvṽ + Jψψ̃ + δφxφ̃x + µuxũx + b(uxφ̃+ ũxφ) + ξφφ̃]dx

+ η

∫ 1

0

∫ 1

0

z(x, y)z̃(x, y)dydx (22)

and so

‖U‖2H =

∫ 1

0

[ρv2 + Jψ2 + δφ2
x + µu2x + 2buxφ+ ξφ2]dx+ η

∫ 1

0

∫ 1

0

z2(x, y)dydx. (23)

Remark 2.1. Since b2 ≤ µξ and

µu2x + 2buxφ+ ξφ2 =

(
b√
ξ
ux +

√
ξφ

)2

+

(
µ− b2

ξ

)
u2x, (24)

it is easy to see that ‖U‖2H ≥ 0 for all U ∈ H.

Definition 2.2. Let S(t) be a C0-semigroup of contractions on H. A continuous function
U : (0, T ]→ H is a mild solution to the problem (16) if it satisfies

U(t) = S(t)U0 +

∫ t

0

S(t− s)f(U(s))ds, 0 < t ≤ T, (25)

where f is locally Lipschitz on H.

The first main result regarding the existence and uniqueness of the global solution to
the system (16) and which will play an important role in the result of the exponential
decay is

Theorem 2.3. Assume that (7)-(8) and µ2 ≤ µ1 hold, then we have the following results.

(i) If U0 ∈ H, then problem (16) has a unique mild solution U ∈ C([0,∞),H) with
U(0) = U0;

(ii) If U1 and U2 are two mild solutions of problem (16), then there exists a positive
constant C0 = C(U1(0), U2(0)) such that

‖U1(t)− U2(t)‖H ≤ eC0T‖U1(0)− U2(0)‖H, ∀0 ≤ t ≤ T. (26)
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(iii) If U0 ∈ D(A), then the above mild solution is a strong solution.

With the solution U(t) = (u(t), ut(t), φ(t), φt(t), z(t)) of (11)-(15) obtained by Theo-
rem 2.3, we can define the energy associated with this solution as follows:

E(t) =
1

2

∫ 1

0

[ρu2t+Jφ
2
t+δφ

2
x+µu2x+2buxφ+ξφ2+2f̂(φ)]dx+

η

2

∫ 1

0

∫ 1

0

z2(x, y, t)dydx. (27)

The second main result of this work, tells us about the energy behavior of the solution
over time and its statement is

Theorem 2.4. Assume that (7)-(8) and µ2 < µ1 hold. Assume that (6) also holds. Then,
with respect to mild solution, there exist C > 0 and γ > 0 such that

E(t) ≤ Ce−γt, t ≥ 0. (28)

3 Well-posedness of the problem

Lemma 3.1. The operator A defined in (17) is the infinitesimal generator of a C0-semi-
group of contractions on H.

Proof. Firstly it is not difficult to see that D(A) is dense in H. In addition, it follows of
definition of A, (22) and by integration by parts that for any U = (u, v, φ, ψ, z) ∈ D(A)

〈AU,U〉H =

(
− µ1 +

η

2τ

)∫ 1

0

ψ2dx− µ2

∫ 1

0

z(x, 1)ψdx− η

2τ

∫ 1

0

z2(x, 1)dx, (29)

and applying Hölder’s inequality we have

〈AU,U〉H ≤
(
− µ1 +

η

2τ
+
µ2

2

)∫ 1

0

ψ2dx+

(
− η

2τ
+
µ2

2

)∫ 1

0

z2(x, 1)dx. (30)

Keeping in mind the condition (21), we observe that

−µ1 +
η

2τ
+
µ2

2
≤ 0 and − η

2τ
+
µ2

2
≤ 0, (31)

with implies that the operator A is dissipative.
We will now prove that 0 ∈ %(A), where %(A) is resolvent set of A, that is, given

V = (f1, f2, f3, f4, f5) ∈ H, we must find U = (u, v, φ, ψ, z) ∈ D(A) solution of

−AU = V, with ‖U‖H ≤ C‖V ‖H, (32)
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where C is a constant that is independent of U and V . The previous equality results in
the following system:

−v = f1, (33)

−µuxx − bφx = ρf2, (34)

−ψ = f3, (35)

−δφxx + bux + ξφ+ µ1ψ + µ2z(·, 1) = Jf4, (36)

zy = −τf5. (37)

By (33) and (35) we have, v ∈ H1
0 (0, 1) and ψ ∈ H1

0 (0, 1) and by (37)

z(·, y) = −τ
∫ y

0

f5(·, s)ds− f3(·) ∈ L2(0, 1;H1(0, 1)). (38)

Substituting (35) and (37) into (36) we obtain the system

−µuxx − bφx = F1 ∈ L2(0, 1),
−δφxx + bux + ξφ = F2 ∈ L2(0, 1),

(39)

where

F1 = ρf2,

F2 = (µ1 + 1)f3 + µ2τ

∫ 1

0

f5(·, s)ds+ Jf4,

with boundary conditions

u(0) = u(1) = φ(0) = φ(1) = 0. (40)

Solving system (39)-(40) is equivalent to finding (u, φ) ∈ H1
0 (0, 1)×H1

0 (0, 1) such that∫ 1

0

[µuxūx + b(uxφ̄+ ūxφ) + ξφφ̄+ δφxφ̄x]dx =

∫ 1

0

F1ūdx+

∫ 1

0

F2φ̄dx, (41)

for all (ū, φ̄) ∈ H1
0 (0, 1)×H1

0 (0, 1). Problem (41) is equivalent to

a((u, φ), (ū, φ̄)) = h(ū, φ̄) (42)

where the bilinear form a : (H1
0 (0, 1)×H1

0 (0, 1))2 → R and the linear form

h : H1
0 (0, 1)×H1

0 (0, 1)→ R

are given by

a((u, φ), (ū, φ̄)) =

∫ 1

0

[µuxūx + b(uxφ̄+ ūxφ) + ξφφ̄+ δφxφ̄x]dx (43)
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and

h(ū, φ̄) =

∫ 1

0

F1ūdx+

∫ 1

0

F2φ̄dx. (44)

The bilinear form a is coercive because thanks to Young’s inequality we have

a((u, φ), (u, φ)) =
∫ 1

0
[µu2x + 2buxφ+ ξφ2 + δφ2

x]dx

≥ µ
∫ 1

0
u2xdx− b2

ξ

∫ 1

0
u2xdx

−ξ
∫ 1

0
φ2dx+ ξ

∫ 1

0
φ2dx+ δ

∫ 1

0
φ2
xdx

≥
(
µξ−b2
ξ

)∫ 1

0
u2xdx+ δ

∫ 1

0
φ2
xdx

≥ C1(‖ux‖2 + ‖φx‖2),

where C1 = min{(µξ − b2)/ξ, δ}. It is not difficult to verify that a and h are continuous.
So applying the Lax-Milgram’s Theorem, we deduce that problem (39) admits a unique
solution (u, φ) ∈ H1

0 (0, 1) ×H1
0 (0, 1). Thanks to the classical elliptic regularity (c.f. [19])

we obtain (u, φ) ∈ H2(0, 1)×H2(0, 1) and C > 0. Therefore, 0 ∈ %(A). Consequently, the
result of the lemma follows from Theorem 1.2.4 in [13].

Lemma 3.2. The operator F defined in (16) is locally Lipschitz in H.

Proof. Let U = (u, v, φ, ψ, z) and V = (ũ, ṽ, φ̃, ψ̃, z̃) be in H, with

‖U‖H, ‖V ‖H ≤M, M > 0. (45)

By using (7), Hölder’s inequality and the embedding H1(0, 1) ↪→ L2(θ+1)(0, 1) we obtain

‖F (U)− F (V )‖2H = J−1
∫ 1

0

|f(φ)− f(φ̃)|2

≤ J−1k20

∫ 1

0

(|φ|θ + |φ̃|θ)2|φ− φ̃|2dx

≤ C0

(∫ 1

0

(|φ|θ + |φ̃|θ)
2(θ+1)
θ

) θ
θ+1
(∫ 1

0

|φ− φ̃|2(θ+1)dx

) 1
θ+1

≤ C0(‖φ‖2θ2(θ+1) + ‖φ̃‖2θ2(θ+1))‖φ− φ̃‖22(θ+1)

≤ C0(‖φ‖2θ + ‖φ̃‖2θ)‖φ− φ̃‖2

≤ C0(M)‖U − V ‖2H,

where C0 is a positive constant depending on M .

Based on the energy defined in (27), we have the following result

Lemma 3.3. The functional energy E(t) defined in (27) of a solution

U(t) = (u(t), ut(t), φ(t), φt(t), z(t))
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of (11)-(15) is non-increasing function. More precisely, there exists a constant CE > 0
such that for all t ≥ 0

dE

dt
(t) ≤ −CE

(∫ 1

0

φ2
tdx+

∫ 1

0

z2(x, 1, t)dx

)
≤ 0. (46)

Proof. Multiplying (11) by ut, (12) by φt, integrating the result over [0, 1] with respect to
x and using Young’s inequality, we obtain

1

2

d

dt

(∫ 1

0

[ρu2t + Jφ2
t + δφ2

x + µu2x + 2buxφ+ ξφ2 + 2f̂(φ)]dx

)
= −µ1

∫ 1

0

φ2
tdx− µ2

∫ 1

0

z(x, 1, t)φtdx

≤ −
(
µ1 −

µ2

2

)∫ 1

0

φ2
tdx+

µ2

2

∫ 1

0

z2(x, 1, t)dx.

(47)

Multiplying (13) by
η

τ
z and integrating the result over [0, 1]× [0, 1] with respect y and x,

respectively we have

η

2

d

dt

∫ 1

0

∫ 1

0

z2(x, y, t)dydx = − η

2τ

∫ 1

0

∫ 1

0

∂

∂y
z2(x, y, t)dydx

=
η

2τ

∫ 1

0

(z2(x, 0, t)− z2(x, 1, t))dx

=
η

2τ

∫ 1

0

(φ2
t − z2(x, 1, t))dx,

(48)

adding (47) and (48) we obtain

dE

dt
(t) ≤ −

(
µ1 −

µ2

2
− η

2τ

)∫ 1

0

φ2
tdx−

(
η

2τ
− µ2

2

)∫ 1

0

z2(x, 1, t)dx. (49)

Considering

CE = min

{
µ1 −

µ2

2
− η

2τ
,
η

2τ
− µ2

2

}
, (50)

we obtain (46).

Remark 3.4. It follows from Theorem 3.3 that

E(t) ≤ E(0), ∀t ≥ 0. (51)

Furthermore, if U(t) = (u(t), ut(t), φ(t), φt(t), z(t)) is solution of (11)-(15), then it follows
from (8), (23) and (27)

E(t) ≥ 1

2

{∫ 1

0

[ρu2t + Jφ2
t + δφ2

x + µu2x + 2buxφ+ ξφ2dx+ η

∫ 1

0

∫ 1

0

z2(x, y, t)dydx

}
(52)

≥ 1

2
‖U(t)‖2H.
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Remark 3.5. By Using Young’s and Poincaré’s inequalities in

b2

ξ

∫ 1

0
u2xdx =

∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx−
∫ 1

0
buxφdx−

√
ξ

∫ 1

0
φ

(
b√
ξ
ux +

√
ξφ

)
dx

we obtain, ∫ 1

0

u2xdx ≤
3ξ

b2

∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx+
2ξ2cp
b2

∫ 1

0

φ2
xdx. (53)

We are now able to prove the main result of this section which is:

Proof of Theorem 2.3. i) Since A generates a C0-semigroup of contractions (Lemma 3.1)
and F is locally Lipschitz (Lemma 3.2) follows from Pazy [22], Theorem 6.1.4 that (16)
has a unique mild solution

U(t) = eAtU0 +

∫ t

0

eA(t−s)F (U(s))ds, (54)

defined in [0, tmax), where tmax depend on U0. Moreover, if tmax <∞, then

lim
t→tmax

‖U(t)‖H = +∞. (55)

However, from (51) and (52) we have

‖U(t)‖2H ≤ 2E(0) for all t ≥ 0. (56)

Therefore, tmax = +∞.
ii) It is not difficult to obtain (26), just consider a standard procedure found in Pazy [22],
Theorem 6.1.2, p. 184, which consists in using the locally Lipschitz condition of F and
the Grönwall’s Inequality.
iii) By using Theorem 6.1.5 in Pazy [22], we know that any mild solutions with initial data
in D(A) are strong solution.

4 Exponential stability

In this section, we will prove the second main result of this work, Theorem 2.4, which
will be divided into the following lemmas.

Lemma 4.1. Let U(t) = (u(t), ut(t), φ(t), φt(t), z(t)) be the solution to (11)-(15). Then
there is δ0 > 0 (depending only on the coefficients of (11)-(13)) such that

E(t)≤δ0
{∫ 1

0

[
u2t + φ2

t + φ2
x +

(
b√
ξ
ux +

√
ξφ

)2

+ f̂(φ)

]
dx+

∫ 1

0

∫ 1

0

z2(x, y, t)dydx

}
. (57)

Proof. It is enough to consider (27), (24) and (53).
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Let us now consider a solution U(t) = (u(t), ut(t), φ(t), φt(t), z(t)) to (11)-(15) and for
this solution we define the following functionals:

I1(t) := −
∫ 1

0

(ρuut + Jφφt)dx−
µ1

2

∫ 1

0

φ2dx, (58)

I2(t) :=

∫ 1

0

(Jφtφ+ ρutw)dx+
µ1

2

∫ 1

0

φ2dx, (59)

where w is the solution of

−wx =
b

µ
φ w(0) = w(1) = 0, (60)

I3(t) := J

∫ 1

0

(
b√
ξ
ux +

√
ξφ

)
φtdx+

bJ√
ξ

∫ 1

0

φxutdx, (61)

I4(t) :=

∫ 1

0

∫ 1

0

e−2τyz2(x, y, t)dydx. (62)

Thereby, we have the following results.

Lemma 4.2. For any ε > 0 the functional I1 satisfies,

d

dt
I1(t) ≤ −

∫ 1

0

(ρu2t + Jφ2
t )dx+

[
δ + ε+ c1 +

2ξ2cp
b2

(
µ− b2

ξ

)]∫ 1

0

φ2
xdx (63)

+

[
3

(
µξ

b2
− 1

)
+ 1

] ∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx+
µ2
2cp
4ε

∫ 1

0

z2(x, 1, t)dx,

where c1 > 0 is a constant depending on Poincaré’s constant cp.

Proof. Taking the derivative of I1, we have

d

dt
I1(t) = −

∫ 1

0

(ρu2t + Jφ2
t )dx−

∫ 1

0

(ρuttu+ Jφttφ)dx− µ1

∫ 1

0

φφtdx.

Using (11), (12) and (24) we arrive at

d

dt
I1(t) = −

∫ 1

0

(ρu2t + Jφ2
t )dx+ δ

∫ 1

0

φ2
xdx+

∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx

+

(
µ− b2

ξ

)∫ 1

0

u2xdx+ µ2

∫ 1

0

z(x, 1, t)φdx+

∫ 1

0

f(φ)φdx.

(64)
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It follows from Young’s and Poincaré’s inequalities that for any ε > 0,

µ2

∫ 1

0

z(x, 1, t)φdx ≤ ε

cp

∫ 1

0

φ2dx+
µ2
2cp
4ε

∫ 1

0

z2(x, 1, t)dx (65)

≤ ε

∫ 1

0

φ2
xdx+

µ2
2cp
4ε

∫ 1

0

z2(x, 1, t)dx,

∫ 1

0

f(φ)φdx ≤ k0

∫ 1

0

|φ|θ|φ||φ|dx ≤ ‖φ‖θ2(θ+1)‖φ‖2(θ+1)‖φ‖2 ≤ c1

∫ 1

0

φ2
xdx. (66)

Combining (64), (65), (66) and (53) we obtain (63).

Lemma 4.3. For any λ2, λ̃2 > 0, the functional I2 satisfies,

d

dt
I2(t) ≤ (µ2λ2 − δ)

∫ 1

0

φ2
xdx+

(
J +

ρb2

4µ2λ̃2

)∫ 1

0

φ2
tdx+ ρλ̃2cp

∫ 1

0

u2tdx

+
µ2
2cp

4λ2

∫ 1

0

z2(x, 1, t)dx−
∫ 1

0

f̂(φ)dx.

(67)

Proof. Taking derivative of I2, considering (11), (12) and integrating by parts, we obtain

d

dt
I2(t) = −δ

∫ 1

0

φ2
xdx+ J

∫ 1

0

φ2
tdx− ξ

∫ 1

0

φ2dx+ ρ

∫ 1

0

utwtdx

+µ

∫ 1

0

w2
xdx− µ2

∫ 1

0

z(x, 1, t)φdx−
∫ 1

0

f(φ)φdx.

(68)

By (60) we can get

µ

∫ 1

0

w2
xdx ≤

b2

µ

∫ 1

0

φ2dx ≤ ξcp

∫ 1

0

φ2
xdx, (69)∫ 1

0

w2
t dx ≤ cp

∫ 1

0

w2
xtdx ≤

cpb
2

µ2

∫ 1

0

φ2
tdx. (70)

By using Young’s and Poincaré’s inequalities and (70), we have

µ2

∫ 1

0

z(x, 1, t)φdx ≤ µ2λ2
cp

∫ 1

0

φ2dx+
µ2cp
4λ2

∫ 1

0

z2(x, 1, t)dx (71)

≤ µ2λ2

∫ 1

0

φ2
xdx+

µ2cp
4λ2

∫ 1

0

z2(x, 1, t)dx,

ρ

∫ 1

0

utwtdx ≤ ρλ̃2cp

∫ 1

0

u2tdx+
ρ

4λ̃2cp

∫ 1

0

w2
t dx (72)

≤ ρλ̃2cp

∫ 1

0

u2tdx+
ρb2

4µ2λ̃2

∫ 1

0

φ2
tdx.

From (68)-(72) we obtain (67).



372 M.J. Dos Santos, C.A. Raposo, L.G.R. Miranda and B. Feng

Lemma 4.4. Assume that (6) holds. Then the functional I3 satisfies

d

dt
I3(t) ≤ δ

[
φxux

]x=1

x=0
− 3
√
ξ

8

∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx+

(
J
√
ξ +

µ2
1√
ξ

)∫ 1

0

φ2
tdx

+

(
ξ2cp

12
√
ξ

+
6k20√
ξ

)∫ 1

0

φ2
xdx+

µ2
2√
ξ

∫ 1

0

z2(x, 1, t)dx−
√
ξ

∫ 1

0

f̂(φ)dx. (73)

Proof. Notice that

d

dt
I3(t) =J

∫ 1

0

φtt

(
b√
ξ
ux +

√
ξφ

)
dx+ J

∫ 1

0

φt

(
b√
ξ
ux +

√
ξφ

)
t

dx

+
bJ√
ξ

∫ 1

0

φxtutdx+
bJ√
ξ

∫ 1

0

φxuttdx. (74)

By using (11) and (12) and integration by parts, we have

d

dt
I3(t) = δ[φxux]

x=1
x=0 −

√
ξ

∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx−

µ1

∫ 1

0

φt

(
b√
ξ
ux +

√
ξφ

)
dx− µ2

∫ 1

0

z(x, 1, t)

(
b√
ξ
ux +

√
ξφ

)
dx

− b√
ξ

∫ 1

0

f(φ)uxdx−
√
ξ

∫ 1

0

f(φ)φdx+ J
√
ξ

∫ 1

0

φ2
tdx. (75)

By using Young’s and Poincaré’s inequality, we have

−µ1

∫ 1

0
φt

(
b√
ξ
ux +

√
ξφ

)
dx

≤
√
ξ
4

∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx+
µ21√
ξ

∫ 1

0
φ2
tdx,

(76)

−µ2

∫ 1

0
z(x, 1, t)

(
b√
ξ
ux +

√
ξφ

)
dx

≤
√
ξ
4

∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx+
µ22√
ξ

∫ 1

0
z2(x, 1, t)dx,

(77)

and by using (53), for any ε > 0

− b√
ξ

∫ 1

0
f(φ)uxdx ≤ k0|b|√

ξ
‖ux‖2‖φ‖θ2(θ+1)‖φ‖2(θ+1)

≤ k0b2ε√
ξ

∫ 1

0
u2xdx+ k0

4
√
ξε

∫ 1

0
φ2
xdx

≤ 3εk0
√
ξ
∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx+

(
2k0ξ2cpε√

ξ
+ k0

4ε
√
ξ

)∫ 1

0
φ2
xdx.

Taking ε = 1/24k0 in the previous inequality, we obtain

− b√
ξ

∫ 1

0

f(φ)uxdx ≤
√
ξ

8

∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx+

(
ξ2cp

12
√
ξ

+
6k20√
ξ

)∫ 1

0

φ2
xdx. (78)

Combining (75), (76), (77) and (78) we obtain (73).
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Next we deal with the boundary term in (73). We define the function

q(x) = 2− 4x, x ∈ [0, 1], (79)

so we have the following result.

Lemma 4.5. For any ε > 0, we have

δ[uxφx]
x=1
x=0 ≤ −

Jδ

4ε

d

dt

∫ 1

0

qφtφxdx−
ρε

µ

d

dt

∫ 1

0

qutuxdx+
2ρε

µ

∫ 1

0

u2tdx

+

(
δ2

2ε
+

δ2

4ε3
+
δ2

2
+
ε

µ
+

2ξ2cpε

µ
+

4ξ2cpε

b2

)∫ 1

0

φ2
xdx+

(
Jδ

2ε
+
µ2
1

4ε2

)∫ 1

0

φ2
tdx

+

(
ξε

4
+

3ξε

µ
+

6ξε

b2

)∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx+
µ2
2

4ε2

∫ 1

0

z2(x, 1, t)dx. (80)

Proof. By using Young’s inequality we have

δ[uxφx]
x=1
x=0 ≤ ε[u2x(1) + u2x(0)] +

δ2

4ε
[φ2
x(1) + φ2

x(0)]. (81)

Now, by using (12) and integrating by parts, we have

d

dt

∫ 1

0

Jδqφtφxdx =

− δ2[φ2
x(1) + φ2

x(0)] + 2δ2
∫ 1

0

φ2
xdx− δ

√
ξ

∫ 1

0

q

(
b√
ξ
ux +

√
ξφ

)
φxdx

− δµ1

∫ 1

0

qφtφxdx− δµ2

∫ 1

0

qz(x, 1, t)φxdx− Jδ
∫ 1

0

qf(φ)φxdx+ 2Jδ

∫ 1

0

φ2
tdx. (82)

Using Young’s inequality

δ
√
ξ

∫ 1

0

q

(
b√
ξ
ux +

√
ξφ

)
φxdx ≤ ξε2

∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx+
δ2

ε2

∫ 1

0

φ2
xdx, (83)

δµ1

∫ 1

0

qφtφxdx ≤
µ2
1

ε

∫ 1

0

φ2
tdx+ εδ2

∫ 1

0

φ2
xdx, (84)

δµ2

∫ 1

0

qz(x, 1, t)φxdx ≤
µ2
2

ε

∫ 1

0

z2(x, 1, t)dx+ εδ2
∫ 1

0

φ2
xdx. (85)

Combining (82), (83), (84), (85) and (8) we have

d

dt

∫ 1

0

Jδqφtφxdx ≤ −δ2[φ2
x(1) + φ2

x(0)] +

(
2δ2 +

δ2

ε2
+ 2εδ2

)∫ 1

0

φ2
xdx

+ ξε2
∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx+

(
2Jδ +

µ2
1

ε

)∫ 1

0

φ2
tdx+

µ2
2

ε

∫ 1

0

z2(x, 1, t)dx. (86)
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On the other hand, by using (11) and integration by parts, we have

d

dt

∫ 1

0

ρqutuxdx = −µ[u2x(1) + u2x(0)] + 2µ

∫ 1

0

u2xdx+ b

∫ 1

0

quxφxdx+ 2ρ

∫ 1

0

u2tdx (87)

and applying Young’s inequality and (53) in the previous equality

d

dt

∫ 1

0

ρqutuxdx ≤ −µ[u2x(1) + u2x(0)] +

(
3ξ +

6µξ

b2

)∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx

+

(
1 + 2ξ2cp +

4µξ2cp
b2

)∫ 1

0

φ2
xdx+ 2ρ

∫ 1

0

u2tdx. (88)

Combining (86) and (88) we obtain (80).

Following the same line of argument given found in [7] it is not difficult to obtain

Lemma 4.6. The functional I4 satisfies

d

dt
I4(t) = −2I4(t)−

e2τ

τ

∫ 1

0

z2(x, 1, t)dx+
1

τ

∫ 1

0

φ2
tdx. (89)

Now we define the following Lyapunov functional L(t)

L(t) := ME(t)+

√
ξ

8
βI1(t)+NI2(t)+I3(t)+

Jδ

4ε

∫ 1

0

qφtφxdx+
ρε

µ

∫ 1

0

qutuxdx+I4(t) (90)

where

β :=

[
3

(
µξ

b2
− 1

)
+ 1

]−1
. (91)

Lemma 4.7. Let U(t) = (u(t), ut(t), φ(t), φt(t), z(t)) be the solution of problem (11)-(15).
For M large enough, there exist two positives γ1 and γ2 depending on M , N and ε such
that for any t ≥ 0,

γ1E(t) ≤ L(t) ≤ γ2E(t). (92)

Proof. We have

|L(t)−ME(t)| ≤
√
ξ

8
β

∣∣∣∣− ∫ 1

0

(ρuut + Jφφt)dx−
µ1

2

∫ 1

0

φ2dx

∣∣∣∣ (93)

+N

∣∣∣∣ ∫ 1

0

(Jφtφ+ ρutw)dx+
µ1

2

∫ 1

0

φ2dx

∣∣∣∣
+

∣∣∣∣J ∫ 1

0

(
b√
ξ
ux +

√
ξφ

)
φtdx+

bJ√
ξ

∫ 1

0

φxutdx

∣∣∣∣
+
Jδ

4ε

∫ 1

0

|qφtφx|dx+
ρε

µ

∫ 1

0

|qutux|dx

+

∣∣∣∣ ∫ 1

0

∫ 1

0

e−2τyz2(x, y, t)dydx

∣∣∣∣.
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By using Young’s and Poincaré’s inequalities, (53) and (69) we obtain:

√
ξ

8
β

∣∣∣∣− ∫ 1

0

(ρuut + Jφφt)dx−
µ1

2

∫ 1

0

φ2dx

∣∣∣∣ ≤ √ξβρ16

∫ 1

0

u2tdx+

√
ξβJ

16

∫ 1

0

φ2
tdx (94)

+

[√
ξβcp
16

(J + µ) +
ξ5/2βρc2p

8b2

] ∫ 1

0

φ2
xdx

+
3ξ3/2βρcp

16b2

∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx,

N

∣∣∣∣ ∫ 1

0

(Jφtφ+ ρutw)dx+
µ1

2

∫ 1

0

φ2dx

∣∣∣∣ ≤ Nρ

2

∫ 1

0

u2tdx+
NJ

2

∫ 1

0

φ2
tdx (95)

+
Ncp

2

(
J + µ1 +

ρξcp
µ

)∫ 1

0

φ2
xdx,

∣∣∣∣J ∫ 1

0

(
b√
ξ
ux +

√
ξφ

)
φtdx+

bJ√
ξ

∫ 1

0

φxutdx

∣∣∣∣ ≤ Jb2

2

∫ 1

0

u2tdx+
J

2

∫ 1

0

φ2
tdx (96)

+
J

2

∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx

+
J

2ξ

∫ 1

0

φ2
xdx,

Jδ

4ε

∫ 1

0

|qφtφx|dx ≤
Jδ

4ε

∫ 1

0

φ2
tdx+

Jδ

4ε

∫ 1

0

φ2
xdx, (97)

ρε

µ

∫ 1

0

|qutux|dx ≤
ρε

µ

∫ 1

0

u2tdx+
2ρξ2cpε

µb2

∫ 1

0

φ2
xdx (98)

+
3ρξε

µb2

∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx.

From (93)-(98), we have

|L(t)−ME(t)| ≤ α1
ρ

2

∫ 1

0

u2tdx+ α2
J

2

∫ 1

0

φ2
tdx+ α3

δ

2

∫ 1

0

φ2
xdx

+ α4
1

2

∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx+ α5
η

2

∫ 1

0

∫ 1

0

z2(x, y, t)dydx (99)
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where

α1 =

√
ξβ

8
+N +

Jb2

ρ
+

2ε

µ
, (100)

α2 =

√
ξβ

8
+N + 1 +

δ

2ε
, (101)

α3 =

√
ξβcp(J + µ)

8δ
+
ξ5/2βρc2p

4δb2
+
Ncp
δ

(
J + µ1 +

ρξcp
µ

)
+
J

δ
+
J

2ε
+

4ρξ2cpε

µδb2
, (102)

α4 =
3ξ3/2βρcp

8b2
+ J +

6ρξε

µb2
, (103)

α5 =
2

η
. (104)

By considering

C̃ = max{αi; i = 1, . . . , 5} (105)

we arrive

|L(t)−ME(t)| ≤ C̃E(t). (106)

So, we can choose M large enough so that γ1 = M − C̃ > 0 and γ2 = M + C̃ > 0 such
that (92) holds.

We are ready to prove the main result of this paper.

Proof of Theorem 2.4. It follows from (46), (63), (67), (73), (80), and (89)

d

dt
L(t) ≤

[
− ρ
√
ξβ

8
+Nρλ̃2cp +

2ρε

µ

] ∫ 1

0

u2tdx

+

[
−MCE−

√
ξβJ

8
+N

(
J +

ρb2

4µ2λ̃2

)
+

(
J
√
ξ+

µ2
1√
ξ

)
+

(
Jδ

2ε
+
µ2
1

4ε2

)
+

1

τ

] ∫ 1

0

φ2
tdx

+

√
ξβ

8

[
δ + ε+ c1 +

2ξ2cp
b2

(
µ− b2

ξ

)]∫ 1

0

φ2
xdx

(107)

+

[
N(µ2λ2 − δ) +

ξ2cp

12
√
ξ

+
6k0√
ξ

+
δ2

2ε
+

δ2

4ε2
+
δ2

2
+
ξ

µ
+

2ξ2cpε

µ
+

4ξ2cpε

b2

] ∫ 1

0

φ2
xdx

+

[
−
√
ξ

4
+
ξε

4
+

3ξε

µ
+

6ξε

b2

] ∫ 1

0

(
b√
ξ
ux +

√
ξφ

)2

dx

+

[
−MCE +

µ2
2cp

32ε
+
Nµ2

2cp
4λ2

+
µ2
2√
ξ

+
µ2
2

4ε2
− e2τ

τ

] ∫ 1

0

z2(x, 1, t)dx

− (N +
√
ξ)

∫ 1

0

f̂(φ)dx− e−2τ
∫ 1

0

∫ 1

0

z2(x, y, t)dydx. (108)
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At this point, we have to choose our constants very carefully. First, let us choose λ2 small
enough such that

λ2 <
δ

µ2

. (109)

Then, take ε small enough such that

ε ≤ min

{√
ξ

8

/(
ξ

4
+

3ξ

µ
+

6ξ

b2

)
,

√
ξµβ

64

}
. (110)

Then, we select N large enough so that

N(δ − µ2λ2) >

√
ξβ

8

[
δ + ε+ c1 +

2ξ2cp
b2

(
µ− b2

ξ

)]
+

ξ2cp

12
√
ξ

+
6k0√
ξ

+
δ2

2ε
+

δ2

4ε2
+
δ2

2
+
ξ

µ
+

2ξ2cpε

µ
+

4ξ2cpε

b2
.

Now, we pick λ̃2 so small that

λ̃2 <

√
ξβ

32Ncp
.

Finally, we choose M large enough so that, there exists a positive constant β1 > 0, such
that (108) becomes

d

dt
L(t) ≤− β1

∫ 1

0

[
u2t + φ2

t + φ2
x +

(
b√
ξ
ux +

√
ξφ

)2

+ z2(x, 1, t) + f̂(φ)

]
dx

− β1
∫ 1

0

∫ 1

0

z2(x, y, t)dydx (111)

which implies that there exists also β2 > 0, such that

d

dt
L(t) ≤ −β2E(t), ∀t ≥ 0, (112)

and from (92)

d

dt
L(t) ≤ −β2

γ1
L(t), ∀t ≥ 0. (113)

Integrating (114) and using again (92) we arrive

E(t) ≤ −γ2
γ1
E(0)e−(β2/γ2)t, ∀t ≥ 0, (114)

which gives us that the exponential stability holds for any U0 ∈ D(A). Noting that D(A)
is dense H, we can extend the energy inequalities to phase space H. Thus we complete
the proof of the theorem.
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