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Cantor series expansions of rational numbers

Symon Serbenyuk

Abstract. This survey is devoted to necessary and sufficient conditions for a rational
number to be representable by a Cantor series. Necessary and sufficient conditions
are formulated for the case of an arbitrary sequence (q).

1 Introduction

Let @ = (gx) be a fixed sequence of positive integers, g, > 1, ©4 be a sequence of the
sets O, ={0,1,...,q;x — 1}, and ¢ € O).
The Cantor series expansion

€ € €
A2 4 (1)
q1 q1G2 q192 - - - gk

of x € [0,1], first studied by G. Cantor in [2], is a natural generalization of the b-ary
expansion

e A
b2 o

of numbers from the closed interval [0,1]. Here b is a fixed positive integer, b > 1, and
a, €{0,1,...,b—1}.

By z = A%_, ., . denote a number x € [0,1] represented by series (1). This notation
is called the representation of x by Cantor series (1).

We note that certain numbers from [0, 1] have two different representations by Cantor

series (1), i.e.,

m

3

A9 =AY =y —
162...€m71€m000... 6152...Em—1[Emfl][Qm-ﬁ-l*H[Qm+271]"' .
— N92---di

Such numbers are called Q-rational. The other numbers in [0, 1] are called Q-irrational.
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Cantor series expansions have been intensively studied from different points of view
during the last century. The metric, probability, and fractal theories of number represen-
tations by positive Cantor series were studied by a number of researchers. Also, functions
and fractal sets defined in terms of Cantor series expansions were investigated. These
problems were considered by the following researchers: P. Erdos, J. Galambos, G. Iommi,
P. Kirschenhofer, T. Komatsu, V. Laohakosol, B. Li, M. Pastéka, S. Prugsapitak, J. Rat-
tanamoong, A. Rényi, B. Skorulski, R. F. Tichy, P. Turan, Yi Wang, M. S. Waterman,
H. Wegmann, Liu Wen, Zhixiong Wen, Lifeng Xi, and other mathematicians.

Such investigations can be divided into two groups. The first is the investigation of
the fractional parts of real numbers represented by Cantor series (1), and the other is the
investigation of representations of non-negative integers represented by positive Cantor
series of the form

D
n = Zékqwz - qk,
k=1

where ¢, € O,.

We give a brief description of these investigations.

A number of researches are devoted to studying various types of the normality of
numbers represented by the Cantor series. In these papers, the notions of Q-distribution
normality, Q-normality, and Q-ratio normality, are studied. For example, in the papers [1],
[27], [28], the notion of Q-distribution normality is investigated. Indeed, one can note the
following investigations: relations between various types of normality (e.g., see [1], [26]);
the average value of the function of the sum of digits in the Cantor series representation of
a number (see [20] and references in the last-mentioned article); behaviour of the frequency
of the most frequently used digit among the first digits in the representation of a number
(e.g., see [4]); necessary, sufficient, necessary and sufficient conditions for a number to be a
number having the property of certain type normality (see [27], [26], [28]); the completeness
of the Lebesgue measure, the density, topological properties, the Hausdorff measure of a
set whose elements are numbers having the property of the normality of a certain type
(e.g., see [27], [28]); the rationality and irrationality of a number which has the property
of the normality of a certain type (see [26]), etc. Note that, in the papers [4], [5], [33], [34],
[36], [49], P. Erdés, A. Rényi, and P. Turdn introduced and studied the problem on normal
numbers and other statistical properties of real numbers with respect to large classes of
Cantor series expansions. Some investigations of Cantor series expansions were published
by J. Galambos in [8], [9].

In some papers, certain generalizations of real numbers representations by the Cantor
series are studied. For example, properties of digits (sequences of digits) of the polyadic
number « as functions (sequences of functions) of «v are studied in [32]; in [23], the notion
of a complex Cantor series is introduced, and the Q-algebraic and Q-linearly independence
of numbers represented by Cantor series are investigated; matrix expansions are studied
in [51]; the papers [38], [44] are devoted to certain generalizations of alternating Cantor
series.

In certain papers, fractal properties of representations of real numbers by positive
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Cantor series and fractal properties of certain type sets whose elements are represented by
a positive Cantor series, are studied (e.g., see [19], [50], [29], [26]). For example, in [19],
the Hausdorff-Besicovitch dimensions of sets whose elements are defined in terms of the
frequencies of digits, are investigated. The paper [52] is devoted to studying the conditions
under which the family of all possible rank cylinders A9 . is faithful for the Hausdorff-
Besicovitch dimension calculation. Sets whose elements have a restriction on using digits
in their own representations are studied in [29]. In the last-mentioned article, the formula
for a calculation of the Hausdorff dimension of the following set is proved, and conditions

for the equality of the Hausdorff, packing, and box dimensions of this set, are discovered:

RI(Q):{x:x:ig—k,skEIkQGk}.

ey 192 - - - dk
Here the condition
. log gy, o
lim —————— =0
k—oo log q1qa - . . Qi

holds.

Also, we can note several investigations of functions. The arguments or values of these
functions are defined by positive [2] or alternating [39] Cantor series. In [53], properties of
the following function were investigated:

D= D

where uy =1 and for k=1,2, ...

%, if Ek+1 = 0 but Ek 7& 0,
Uk+1 = or if ep41 = Qo1 — 1 but e # g — 1;

U, otherwise.

Here x is represented by series (1). This function is well-defined and continuous. Also,

u = f(x) is nowhere differentiable when g > 3 for all £ = 1,2,..., and the condition
lim 4192 - - -Gk ~

holds. The last-mentioned function is a function with a complicated local structure. Cer-
tain examples of functions with a complicated local structure are described in [42], [37],
[40]. In the paper [29], the following function are studied:

i min(Ey, gz — 1)
q1q2 - - - gk

Ypo(r) =

’
k=1

where

ﬂU—Eo+Z 750+Z

Plpz q192 -
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Here Ey,e0 € Z, QQ = (qx) and P = (pi) are sequences of positive integers, that greater
than 1. Also, Ey # pr — 1 and &, # ¢, — 1 infinitely often, Ey € {0,1,...,p, — 1} and
K € ®kz

In the present article, the main attention is given to necessary and sufficient conditions
for = (represented by Cantor series with an arbitrary basic sequence (gx)) to be rational.

Remark 1.1. In the present article, we use the following notations: N, Zg, Z, Q, and 1.
Here by N denote the set of all positive integers and by Zg denotes the set NU{0}, Z is the
set of all integers, and Q is the set of all rational numbers, and I is the set of all irrational
numbers.

2 Description of research of the main problem

The problem of expansions of rational /irrational numbers in terms of generalizations
of the b-ary numeral system is difficult. A version of this problem for Cantor series (1)
was introduced in the paper [2] in 1869 and has been studied by a number of researchers.
For example, G. Cantor, P. A. Diananda, A. Oppenheim, P. Erdos, J. Hancl, E. G. Straus,
P. Rucki, R. Tijdeman, P. Kuhapatanakul, V. Laohakosol, D. Marques, Pingzhi Yuan and
other scientists studied this problem.

In the monograph [8], Prof. Janos Galambos called the problem on representations of
rational numbers by Cantor series (1) as the fourth open problem, and wrote the following:

“Problem Four. Give a criterion of rationality for numbers given by a Cantor series.
What one should seek here is a directly applicable criterion. A general sufficient condition
for rationality would also be of interest, in which the quoted theorems of Diananda and
Oppenheim (including the abstract criterion by condensations) can be guides or useful
tools.

If in a Cantor series, negative and positive terms are permitted, somewhat less is known
about the rationality or irrationality of the resulting sum. G. Lord (personal communica-
tion) tells me that the condensation method can be extended to this case as well, but still,
the results are less complete than in the case of ordinary Cantor series.” ([8, p. 134]).

The paper [46] is devoted to the last-mentioned discussion and to expansions of rational
numbers by sign-variable Cantor series. For fullness, one can note the following result of
Diananda and Oppenheim noted by J. Galambos.

Theorem 2.1 ([3]). A necessary and sufficient condition that x given by (1) shall be rational
18 this: coprime integers h,k, 0 < h < k, an integer N and a condensation shall exist such
that

forallt > N.

Here
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where Ay = ¢ is the integer part of z,

By =qqz-- '(]il,Bz = Qi1 +19i54+1 " *  Qigtins - - -
andBZZQ,OSAZSBZ—l,

€1 €2 €iy Ay
Sy —2 =
4 q192 Ne ¢, B

We begin with a brief description of investigations of rational numbers represented by
the Cantor series.

Much research [48], [10], [13], [11], [14] has been devoted to necessary or/and suffi-
cient conditions for a rational number to be representable by Cantor series (1) such that
sequences (qx) and (gi) are sequences of integers. In some papers (see [13], [48],[7], [11],
[26]), the case of Cantor series for which sequences (gx) and () are sequences of integers
and the condition Z > ¢, > 1 holds for all £ € N, is investigated. However, the main
problem of the present article is studied for the case of series (1) (e.g., see [2], [3], [24],
[31]) and still for the case of Cantor series of a special type (e.g., see [15], [17], [16], [13]).
For example, in the papers [3], [14], [6], [21], Ahmes series are considered. The last series
is Cantor series (1) for which e, = const = 1 holds for all k£ € N.

In the papers [3], [10], [11], [13], [14], [15],[7], [31], [48], necessary and sufficient condi-
tions for a rational (irrational) number to be representable by a Cantor series are studied,
and sufficient conditions are investigated in the papers [7], [3], [13], [24], [31], [48]. Although
much research has been devoted to the problem of representations of rational (irrational)
numbers by Cantor series for which sequences (gx) and (g;) are sequences of special types
(see [2],[7], [10], [11], [13], [24], [31],[48]), little is known about necessary and sufficient
conditions of the rationality (irrationality) for the case of an arbitrary sequence (gx) (see
3], [13], [41], [43], [39], [45], [46], [48]).

Finally, several papers (see [12], [21], [24], [48]) were devoted to investigations of con-
ditions of the rationality or irrationality of numbers represented by series of the form

et 3. Furthermore, in [24], a necessary and sufficient condition of the rationality of

the sum > "7, %}C)k“ is proved for the case of certain properties which are satisfied by

sequences (ay) and (by).
Let us consider our problem more in detail.

3 Cantor’s investigations, finite expansions, and conditions for finite
expansions of rational numbers

Let us begin with a consideration of the results presented in the first paper on this
topic (i.e., [2]). In [2], G. Cantor proved a fact that an arbitrary number z € [0, 1) is
a rational number if and only if (¢4) is ultimately periodic under the condition when a
sequence (i) is periodic. In addition, one can note the following theorem which necessity
was given in [2] with the other formulation and with a more complicated proof for the case
of positive Cantor series.
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Theorem 3.1. A rational number £ has a finite expansion by a positive or sign-variable
Cantor series if and only if there exists a number ng such that

G1G2 -Gy =0 (mod 7).

The interest in the last theorem can be explained ([41], [43], [39], [46]) by the fact that
there exist certain sequences (gg) such that all rational numbers represented by Cantor
series (positive or sign-variable) have finite expansions. For example, all rational numbers
represented by the following representations have finite expansions.

e % (—1) e _
x—A51(g2..).ak.,_222‘4.8..”‘2]{, where ¢, € {0,1,...,2k — 1};

= AR = “k h € {0,1,... k).
TT Saman ;2.3.4.....(k;+1)’Wereg’c {01k}

It is easy to see that there exist sequences (g) and () such that a finite expansion is
a necessary or/and sufficient condition of the rationality of any number represented by a
Cantor series. Several papers were devoted to such investigations. For example, see [24],
[11]. Let us consider several related results.

In 2006, J. Sondow gave a geometric proof of the irrationality of the number e [47]. In
[30], the following statement was proved by a generalization to Sondow’s construction.

Theorem 3.2 ([30]). Let x = > - 17 —ftn__ e Suppose that each prime divides infinitely
many of the q,. Then x € I if and only zf both 0 < e < qr — 1 hold infinitely often.

For example, in [11], attention is given to conditions of finite expanswns of rational
numbers by positive and sign-variable Cantor expansions. That is, >, q1qz o e Qif
and only if e, = 0 for every sufficiently large positive integer & under one of the followmg

two systems of conditions:

e System 1 of conditions (the case of sign-variable series): suppose (gx) is a sequence
of positive integers greater than one, () is a sequence of integers such that the
condition

1
lim inf M
k—o0 g

=0
holds and for every sufficiently large positive integer k
1
|erg1] < 5 max (lexl, 1 arsa-

e System 2 of conditions (the case of positive series): suppose (qx) is a sequence of
positive integers greater than one and K € (0, 1), () is a sequence of non-negative
integers such that the condition

.. e+ 1
lim inf =
n—od Qk

=0

holds and for every sufficiently large positive integer k

ert1 < Kmax (e, 1)qrt1-
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4 The shift operator and related investigations

We must note that the notion of the shift operator plays an important role in investiga-
tions of expansions of rational numbers defined by the Cantor series (positive, alternating,
or sign-variable).

We begin with definitions. Let Nz be a fixed subset of positive integers,

. 1 ifke Ng
PE= N2 itk ¢ N,

and Q) = (gx) be a fixed sequence of positive integers such that g > 1 for all n € N. Then
we get the following representation of real numbers

R e ) S eV o
q1 q192 q192 - - - qk

T = A(inNB) =

£1€2...€k---

T 2)

where e, € {0,1,...,qx — 1}.

The last representation is called the representation of a number x by a sign-variable
Cantor series or the quasi-nega-Q-representation. It is easy to see that we get a positive
Cantor series whenever Ng = (.

Define the shift operator o of expansion (2) by the rule

olx) =0 (A(iQ,NB) ) = f: (=) — g AERNB)

E£1€2...€k... Oga...€k..."
ey 1243 - - - Gk
Clearly,
o"(x) = o™ (AGZNE) )
= (—1)Prey, +Q,N 3
= > S g @
ke=nt1 An+19n+2 - - - gk N——

n

The following theorem is the most general statement on the representation of rational
numbers for any sequences (qx), (¢x), and an arbitrary set Np.

Theorem 4.1 ([41], [43], [39], [45]). A number x represented by series (2) is rational for
the case of any Ng C N if and only if there exist numbers n € Zy and m € N such that
o"(x) = o™ (x).

The last theorem can be formulated by the following way.

Theorem 4.2 ([41], [43], [45]). A number x = ASEND) s rational if and only if there
exist numbers n € Zg and m € N such that

+Q,N. +Q,N.
AE) N OBE) c ZQn-ﬁ-l---Qn-‘rmAE) N 63) .
o e n+1€n42... o .. En+m+1En+m-+2---

n n+m
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Let us recall several auxiliary statements which are true for positive Cantor series but
do not hold for the general case of sign-variable Cantor series (i.e., for certain sets Np).

Lemma 4.3 ([41], [43]). Let ng be a fized positive integer. Then the condition o™ (x) = const

holds for all n > ng if and only i qjjl = const for all n > ny.

Lemma 4.4 ([41], [43]). Suppose we have ¢ = min,en g, and fized € € {0,1,...,q — 1}.
Then the condition o"(x) = x = =1 holds if and only if the condition =te = ¢, € Z,

-1
holds for all n € N. !
Let us consider cases when the condition q:ﬁ - = const (the last equality holds for all k

greater than some fixed k) is a necessary and/or sufficient condition for a rational number
to be representable by a positive Cantor series. For more information, see [3], [13], [48].

In [13], J. Hané¢l and R. Tijdeman formulated certain conditions of the irrationality
of a number represented by Cantor series (1) when sequences (gx) and (g5) are sequences
of positive integers and ¢, > 1 for all £ € N. Applications of the shift operator to
representations of rational numbers by such series are considered. This article is partially
devoted to conditions under which the condition q;ﬁ 7 = const is a necessary and sufficient
condition of the rationality of numbers represented by such expansions. In particular, the
following cases are considered:

. €k+1  Ek
lim inf <—+ - —) =0, er=0(q-10k), Ert1— k= O(Qr-1qk)-
k=oo \ Qk+1 Gk

Also, in [13], the authors noted that sum (1) is equal to a rational number if "5 = const
holds for all k greater than some number ny. Let us recall some results.

Lemma 4.5 ([13]). If S = > "2, T = 5 holds for a certain v € Z and p € N, then
pSy € Z for all N € N.

Here S = ¢%(z) and Sy = oV "!(z). That is,
¢
Sy=) ——.
v
Proposition 4.6 ([13]). If (Sk) is bounded from below and for every e > 0 we have

Sk+1 —Sk <e€

for k> ko(e), then S =77, qlqiﬁ € Q if and only if =25 = const for N > Nj.

a
Corollary 4.7 ([13]). If (ex) is a sequence of positive integers such that ex11 — €x = o(k),
then Y 0~ Sk € Q if and only if =55 = const for k greater than some k.

Theorem 4.8 ([13]). Let (qx) be a sequence of positive integers which is monotonic and

satisfies e, = o(q;). Then Y oo, oo € Qif and only if _*5 = const for k > ko.
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Theorem 4.9 ([13]). Let (qx) and (gi) be sequences of integers such that q, > 1 for all
keN. If (5—’“> s bounded from below, limy_, qkiqk = 0, and for each € > O there ezists
ko(e) such that the condition ’“Ii &+ ¢ holds for k > ko(e), then Sy e Qif

and only if q;ﬁ = const for k > Nj.

91929k

Theorem 4.10 ([13]). Let (qx) be a monotonic sequence of positive integers satisfying
limy, o0 hfg’“k =o00. Then > -, i € Qif and only if 5’“ = const for k > k.

Theorem 4.11 ([13]). Let (qx) be an unbounded monotonic sequence of positive integers.
Then Yy, m € Q if and only if Kk—l = const for k > ky.

Results obtained in [13] were generalized and corrected by Robert Tijdeman and
Pingzhi Yuan in paper [48]. In particular, results are generalized for the cases when
e = kand g, — o0, ¢ = k and ex; — e = O(k). In the last-mentioned article, it is
= const for all k > kg is a necessary and suf-

Ek
qr—1
ficient condition of the rationality, one can neglect the condition €, = o(g}) in the system
of conditions: e = 0(q}) , &1 > 0, epy1 — e < eqi, for k > ki(). We note the following
statements.

Theorem 4.12 ([48]). Let (¢,) be a monotonic integer sequence with gy, > 1 for all n and
(en) be an integer sequence such that £,11 — &, = 0(qny1). Then Y 7 € Q if and
only if q:—’_Ll = const for all n greater than some ny.

n= 1q1q2 “qn

Theorem 4.13 ([48]). Let (qx) be a monotonic sequence of positive integers, g, > 1. Let
(ex) be a sequence of positive integers satisfying

Ek+1 — €k

lim sup <0.

k—o0 gk
Then Y, (ﬂqz%qk € Q if and only if % = const for all k greater than some ky.

In addition, the following sufficient condition of the irrationality is proved.

Theorem 4.14 ([48]). Let gx > 1 be such that e, = O(gx) for all k and limy,_c 2 = o € L.
Then Zliozl !hqz—qu € ]I

The last statement with the condition 0 < ¢ < g5 without ¢, = O(qx) was proved in
[31].

Finally, in [48], the following denotations are used in proofs:

S = Tk ok ok = Ry, = ﬁ
; qlqz ; q1q2 * j:;ﬂ G Tia " G

Here (ny) is a subsequence of positive integers, ng = 1,

*
€k = Engp—1 + Eng—20n;,—1 + -+ Enp_19np—19n,—2 " " Qnj_1+1,
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and ¢ = Qu—1Gne—2"""Gny_,, k = 1,2,3,.... For series (1), where (g,) and (g,) are
sequences of integers such that ¢, > 0 for all n € N and series (1) converges, the following
statements are true.

Lemma 4.15 ([48]). Using the notation above, if there ezists a subsequence (ny) of positive
integers such that R, = R fork=1,2,..., then S € Q.

Mk+1

Proposition 4.16 ([48]). If (R,) is bounded from below and there ezists a subsequence
(ng) of positive integers with R — R, <c¢e fork > ko(e), then S € Q if and only if
R,, = Ry, ., for all large k.

In [31], A. Oppenheim studied sufficient conditions of the irrationality of numbers
represented by Cantor series (1) and, also, alternating series (1) such that |e;| < ¢; — 1 for
1=1,2,3,..., and ¢,,&, < 0 for some m > ¢ and n > ¢ when i is any fixed integer. Also,
in [31], the main results obtained by using some results from [2] and sums of the form

Mk+1

€ Eip+1 Eip+2
T, = — + ———+ . +...,
qiy Qi 9ir+1 Qi Qi +19i,+2

where (i) is some subsequence of positive integers, and by investigation of the limit of
¢i, = % as k — oo. That is, here z;, = o (x).

iy,
Lemma 4.17 ([31]). A necessary and sufficient condition that x given by convergent series
(1), where qi, and €, are integers, shall be irrational is that for every integer p € N we can

find an integer r € Z and a subsequence (ix) such that

1
Dy < k=1,2,3,...
p p

Finally, in this section, we note necessary and sufficient conditions for a rational number

to be representable by certain types of Cantor series which were investigated by P. Erdos
and E. G. Straus in [7].

Theorem 4.18 ([7]). Let (¢,,) be a sequence of integers and (qx) be a sequence of positive
integers with qr > 1 for all large k and

y |ek]
im
k—oo qr—1qk

Then Y po, (hqzﬁ € Q if and only if there exist a positive integer B and a sequence of

= 0.

integers (cx) such that for all large k we have

qk
Bep = cr@r — Cri1, |Cha] < 5

Theorem 4.19 ([7]). Let py be the kth prime and let (qx) be a monotonic sequence of
positive integers satisfying

lim 2% =0, lim inf & = 0.
k—o0 qk k4su>pk

Then Yy, —2&

q192°qk
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5 Certain approaches to investigations of expansions of rational num-
bers

We considered mainly the shift operator. Now one can consider another approaches
to investigations of expansions of rational numbers but some of them are related with the
shift operator.

In [26], the probabilistic approach is used and the attention is given to Cantor series (1)
for which €, # gr—1 infinitely often. Irrationality of numbers having a property of a certain
type of the normality is investigated.

Definition 5.1 ([26, p.45]). A number = € [0,1) is called Q-distribution normal if the
sequence

X =(z (modl),z (mod1),qgex (mod 1),q1¢q2---qez (mod 1),...)
is uniformly distributed in [0, 1).

Theorem 5.2 ([26, p. 264]). A number x € [0,1) is irrational if and only if there exists a
basic sequence @ = (qi) such that x is Q-distribution normal.

In the paper [22], the subspace theorem is used for proving conditions for a transcenden-
tal number to be representable by positive Cantor series. Such conditions were formulated
in terms of blocks of digits ¢, and in terms of tuples of digits for expansion (1).

Finally, one approach based on the notion of cylinders of Cantor expansions gives
an opportunity to model rational numbers. However, we have necessary and sufficient
conditions for the case of the positive Cantor series and a necessary condition for the
sign-variable Cantor series. Let us consider the following two theorems.

Theorem 5.3 ([45]). A number x = A9 € (0,1) represented by series (1) is a

£1€9...En...
rational number 2, where p,r € N, (p,r) = 1, and p <r, if and only if the condition

£, = |:Qn<An1 - 7’gnl>:|
r

holds for all 1 <n € N, where Ay = pq, €1 = [%], and [a] is the integer part of a.

For fullness, we give some examples of rational numbers from [45]. Really, suppose

[e.9]

— Al En .

Then

1 (2n+1) 3 (2n+1)
1= A035229[11]4...7 s Ajo4341967...



404 Symon Serbenyuk

Theorem 5.4 ([46]). If x = AEQNE) L where p € Z,r € N,(|p|,|r]) =1, and |p| <,

then the condition

(A — (1) re)
r

&k = + Sn

(9)
holds for all 1 < k € N. Here Agg) =pq, €1 = ‘ {Al + 51}

a. Also,

, and [a] is the integer part of

S1 =

qr — 1 {kakl whenever k ¢ Np
_dk - S =
1<keNp k

YRR qkSk—1 — (qg — 1)  whenever k € Np.

One can note that the two last statements are related to the shift operator. Really, in
the case of positive Cantor series [45], we have 0™(z) = {#2} and ¢,, = [22]. In the general
case of sign-variable Cantor series (i.e., there is no number ky such that any k € N or
any k ¢ Np for all k > k), we obtain [46] the following:

{%} B {a”(m) whenever o"(x) > 0

r 1 —o™(x) whenever o"(z) <0,

where {a} is the fractional part of a (i.e., a = [a] + {a}).

In this survey, we have demonstrated the main conditions for a rational number to
be representable by positive, alternating, and sign-variable Cantor series. Connections
among some of them are described. An important role of the notion of the shift operator
in investigations in this topic, is noted.
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