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Action of vectorial Lie superalgebras on some split super-
manifolds

’ Arkady Onishchik ‘

Abstract. The “curved” super Grassmannian is the supervariety of subsupervarieties
of purely odd dimension k in a supervariety of purely odd dimension n, unlike the
“usual” super Grassmannian which is the supervariety of linear subsuperspacies of
purely odd dimension k in a superspace of purely odd dimension n. The Lie su-
peralgebras of all and Hamiltonian vector fields on the superpoint are realized as
Lie superalgebras of derivations of the structure sheaves of certain “curved” super
Grassmannians.

Preface of the editor

The manuscript of this paper appeared as a preprint in proceedings of the “Seminar on
Supersymmetries”, see http://staff.math.su.se/mleites/sos.html, and in Russian,
see [52] in the list of references in the jubilee paper [AVGDZKLST*]. I updated the
references; the ones I added are endowed with an asterisk. The abstract and comments
are due to me. For a comprehensive description of simple Lie superalgebras of vector fields
over algebraically closed fields of any characteristic, see [BGLLS*]. D. Leites

1 Introduction

The Lie superalgebra W, := Der Ac[1, . . ., &,] consisting of all vector fields on the super-
point C%™ is isomorphic, as shown in [S1], to the Lie superalgebra of vector fields, i.e., the
global derivations of the structure sheaf, see [O], of a split complex supermanifold CGr]_,
determined by the tautological vector bundle of rank n — 1 on the complex Grassmann
manifold Gr,,_;.

The Lie superalgebra H,,, the subsuperalgebra of W,, consisting of Hamiltonian vector
fields on the superpoint C%", is isomorphic to the Lie superalgebra of vector fields on a split
complex supermanifold CQ™ % associated with a vector bundle of rank n — 1 orthogonal

to the tautological bundle on the quadric Q"2 c CP™ !,
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However, the method used in [S1], [S2] does not allow one to indicate explicitly these
isomorphisms. In this paper I explicitly construct the W,- and H,-actions on the super-
manifolds CGr"_, and CQ" % I give a new version of the proof of the above results.

D. Leites told me that the supermanifolds CGr”_; and CQ" 2 are the simplest examples
of what Manin called “curved” Grassmannians and “curved” quadrics, see [Ma*]. They
were introduced in [KL*]. (Compare with the Grassmannians of linear subsuperspaces in a
linear superspace, see [Ma*, Ch.4, § 3|. For the complete list of homogeneous superdomains
associated with the known Lie superalgebras of polynomial growth, see [L*]. D.L.)

2 Superization of a construction due to Serre

In this section, I superize a construction Serre introduced in [Se]. This enables us to
interpret elements of a Lie superalgebra as Hamiltonian vector fields on the superpoint.
Let V be a purely odd vector space over C, and V a second copy of the same space
considered as purely even. The change of parity V' — V will be denoted by z — Z on
every non-zero x € V.
Construct the Koszul complex of the Z-graded algebra

A=SVaV)=SV)aAV)

which can be naturally considered as a free supercommutative superalgebra. There exists
a unique derivation d € Der_; A such that dx =7 and dZ = 0 for any x € V. Obviously,
d?> = 0.

Consider the Z-graded Lie superalgebra W (V') = Der A(V)). Any element § € W (V)
can be uniquely extended to a derivation 6 € Der A such that [§,d] = 0, see [K]. The
correspondence 0 — ¢ is a faithful linear representation of the Lie superalgebra W (V') in
A.

Let w € S?(V) be a nondegenerate bilinear form. Set
H(w) :={6 e W(V) | d(w) = 0}.

Then H(w) is a Z-graded subalgebra in W (V') called the Lie superalgebra of Hamiltonian
vector fields. Set

DH(w) = {0 e W(V) | §(w) = gw for some p € A}.

Clearly, DH (w) is a Z-graded subalgebra of W (V'), and H(w) is its ideal.

Hereafter we assume that dim V' = n. Set W, := W/(V), H,, :== H(w), DH,, :== DH (w)
since these algebras are determined, up to an isomorphism, by dim V. In V| select a basis
€1,...,&. Then the elements x; = &, = d§;, where i = 1,...,n, constitute a basis in V'
and

A= (C[.f[,'l, . 71’,1] ®A[€1, c. 7571}
Obviously, d = ) ;0. Notice that 0, € Der_; A coincides with the extension 5&. of

1<i<n

851. < W(V)_l
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2.1. Lemma. 1) If §(w) = pw for some § € W(V), ¢ € A, then ¢ € C.
2) There is the following semidirect sum decomposition:

DH(w) = H(w) x CE, where E= Y &0k,

1<i<n

Proof. 1) We may assume that (z;) is a basis in which w is the form

Then we have

ow =2 Z zi0x; = (—1)F2 Z x;d(0&;) forany € W(V)y.

1<i<n 1<i<n

Setting h; = 0&; we get

dw = (—1)F2 Z xixjg—}g, where g? c A*(V).

1<i,j<n

If 0 satisfies the conditions of Lemma 2.1, then ¢ = (—1)"323—? forany : = 1,...,k. In
particular, ¢ € A¥(V). Further, for any 4, we have gz = (—1)"32%2’? = 0. Therefore,
p e C.

2) Observe that E(w) = 2w, and so E € DH(w)o. Further, if § € DH(w), then, due to
the proved above, dw = cw, where ¢ € C. Hence, <5 — %CE) (w) =0, ie., 6 =g + 5k,
where §y € H(w). O

3 Vector bundles over CP"~! and Q"2 and supermanifolds

Define some special supermanifolds associated with vector bundles over Q"2 c CP" !
and CP" L,

Let dim V' = n, and P(V') the corresponding protective space. Let us assume that the
nonzero elements of V* are odd and those of V* are even. In V, select a basis e, ..., en,
and consider the dual bases &i,...,&, and x1,...,x, of V* and V*, respectively. In the
notation of § 2 (applied to V* and V") we have x; = &,.

The elements zy, ..., z, are homogeneous coordinates on P(V'); this means that the
stalk F¢ of the structure sheaf F* of the algebraic variety P(V') at z € P(V) is a subring
of the field C(V) = C(xy,...,x,) consisting of elements of the form f/g, where f, g are
homogeneous polynomials of the same degree in Clzy, ..., z,] = S(V') and g(z) # 0.

Consider the trivial vector bundle P(V) x V* and its subbundle £ C P(V) x V*
consisting of the pairs (Cx,y), where x € V' \ {0} and y € Annz = {a € V* | a(z) = 0}.
Clearly, F is an algebraic vector bundle of rank n — 1 over P(V') with the fiber

Ec, = Annz, where z € V'\ {0}).
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The map Cx — Annx identifies P(V) with the Grassmann variety Gr,,_1(V*), which
consists of (n — 1)-dimensional subspaces in V*, and F is the tautological bundle over this
Grassmann variety.

Let £* C F* ® V* be the sheaf of germs of the polynomial sections of E. The variety
P(V') can be endowed with two structures of a split complex algebraic supervariety: one
is determined by the sheaf O* = F* ® A(V*), and the other by its subsheaf O = A(£%).

Besides, O = F @ A(V*) and O = A(E) C O, where F is the sheaf of holomorphic
functions on P(V) and & is the sheaf of germs of holomorphic sections of E, determine
two structures of a split complex analytic supermanifold associated with P(V).

Consider the superalgebra

A=SV) @AV =Clay,..., 2, @Ay, ..., &)

and the derivation d € Der_; A constructed in § 2 (with V' replaced by V* in these con-
structions). Let

B:=C(V)@AV*)=C(z1,...,2,) @ A&, ..., &)

be the localization of A with respect to the multiplicative system S(V*)\ {0}. The algebra
B has a natural supercommutative superalgebra structure, and d can be uniquely extended
to an odd derivation of B, which we will denote also by d. Clearly,

A

O =FANV*)C B forany z € P(V).
3.1. Lemma. We have O = O* N\ Ker D for any z € P(V).

Proof. For any x € V '\ {0}, consider the derivation

dy = > ;0 € Der_y A(V")

1<i<n
uniquely determined by the condition d,(§) = &(x) for any £ € V*. Clearly,
Kerd, = A(Annz) = A(Ec,).

Let u:= > ¢v; € B, where ¢; € F* and v; € A(V*). Considering u as a function on
1<ir
V'\ {0} with values in A(V*) we see that u(z) = > ¢;(Cz)v; at any point x from its
1<i<r
domain implying

dyu(x) = Z 0i(Cx)dv; = Z ©i(Cx) Z xjg—g

1<ikr 1<i<r 1<i<n

On the other hand,
8112-
du = Z idv; = Z% Z g,
1<i<r 1<i<n J

Therefore, (du)(x) = d,u(x) on a Zariski open subset of V. Hence, du = 0 if and only
if u(z) € A(Eg,) for all € V from the domain of w. O
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Now, define a subsupermanifold of (P(V'), O%) whose underlying manifold is the quadric
@ C P(V). Let w be a non-degenerate quadratic function on V; it can be considered as
an element of S2(V*). Let Q be the quadric in P(V) given by the equation w = 0 and
E' = E|q the restriction of E to . If we identify V* with V' with the help of the non-
degenerate symmetric bilinear form corresponding to w, then E’ is identified with the
subbundle of () x V' orthogonal to the tautological line bundle over Q).

Let F'* and & (resp. F' and &’) be the sheaves of polynomial (resp. holomor-
phic) functions on @ and polynomial (resp. holomorphic) sections of £, respectively. Set
O = A(&') and O := A(E').

Let us give a description of Q' similar to the above description of @®. For this, consider
the superalgebra

N

A= AJwA =ClQ] @ A(V),
where C[Q] := S(V*)/wS(V*) is the algebra of polynomial functions on the cone Q C V

given by the equation w = 0; the localization of A" is B’ := C(Q) ® A(V*). The algebras
F'¢ and O, where z € @, are embedded into B’. The derivation d transforms wA into

z

itself, and therefore determines an odd derivation d’ of A" and B’. Lemma 3.1 implies that
Of =(Fre@AV*))NKerd forany ze€Q.

4 Several remarks on vector fields on algebraic and analytic superva-
rieties

Let M be a nonsingular complex algebraic variety, £ an algebraic vector bundle over

M. Denote by F T% £% the structure sheaf on M, the tangent sheaf on M, and the

locally free algebraic sheaf corresponding to E, respectively. We denote by the same letters

without the superscript a the corresponding analytic sheaves on M.

In particular, (M, F) is the complex analytic manifold corresponding to the algebraic
variety M. The sheaves O% = Az.(E%) and O = Ax(E) rig M with structures of a split
algebraic and a split analytic supervariety, respectively. We call the sheaves of Z-graded
Lie superalgebras Der O% and Der O the sheaves of vector fields on these supervarieties.

4.1. Lemma. There exists a natural injective homomorphism of sheaves of Z-graded Lie
superalgabras Der O* — Der O.

Proof. As shown in [O], for any k € Z, every v € Der;, O can be identified with a pair
(707 71)7 where

70 € Homz(E, A*T1(€)) and 4, € Home(F, A*(E)) = T @5 AF(E) (1)

such that

70(903) =N (QO)S + QD’YQ(S)
Y (p¥) = 11(@)V + 7 () for any s € £ and p, ¢ € F. 2)

A similar statement holds also for Der O°.



46 Arkady Onishchik

Since the sections of the sheaves
Homgza (%, A*™(£%)) (resp. Homxz(E, A*(£)))

are algebraic (resp. holomorphic) homomorphisms of vector bundles E — A*L(E), there
is a natural embedding

Homgza (£, A*(£7)) — Homz(E, AFT1(E)).
Further, the natural embedding 7% — T induces the embedding
T @a Ak(ga) — T ®F Ak(g)

Therefore, to every pair (7o, 1) € Homza (€2, AFF1(E)) x Home(F®, A¥(£%)) that satisfies
conditions similar to (2), there corresponds a pair, see (1), satisfying (2), as is easy to
verify.

This is the desired embedding Der O — Der O. U

4.2. Corollary. There exists an injective homomorphism of Z-graded Lie superalgebras of
vector fields 9 — 0, where 9* = ['(M, Der O%) and d = I'(M, Der O).

The results of [Se|] imply that the homomorphism 9* — 9 is an isomorphism for any
projective variety M.

5 W, and DH, as vectorial Lie superalgebras

Now we are able to determine the action of W,, and DH,, on the supermanifolds constructed
in § 3. Retaining the notation of § 3 let us first prove the following statement.

5.1. Lemma. Let v € Der B be such that vV C A(V), so that

NI = Z vijx;, wherei=1,...,n and v; € A(V).

1<i<n
Then, v(O%) € O for all z € P(V).
Proof. Let u = v, where ¢ € F? and v € A(V). Then,

Y(u) = y(p)v + py(v).

Therefore, it suffices to verify that v(p) € @‘;. Let us express ¢ in the form f/g, where
f,g € Clxq,...,x,] are homogeneous polynomials of the same degree and g(z) # 0. Our
statement follows easily from the hypothesis on v and the identity

Y(p) = % (97(f) = f1(9))
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Now, let 6 € W,, = W(_V *). As we have seen in § 2, § can be uniquely extended to
a derivation 0 of A = S(V*) @ A(V*) such that [d,d] = 0. Obviously, the action of § can
be uniquely extended to the localization B of A, so (see Proof of Lemma 2.1)

0x; = 0dé; = do; =+ Y xj% where  h; = 8¢ € A(V).

h
)
1<j<n &

By Lemma 5.1 0 transforms all the algebras O%, where z € P(V), into themselves. Since
J transforms Ker d into itself, then Lemma 3.1 implies that 6(O%) C Of for all z € P(V).
Therefore, 0 determines a global derivation of O®. We have constructed a map

W, — 0* =T(P(V), Der O%).

As is easy to see, theis map is an injective homomorphism of Z-graded Lie superalgebras.
By Lemma 4.1 we also have an injective homomorphism W,, — 0 =I'(P(V),Der O). O

We similarly construct an injective homomorphism
DH, — ¥ =T(Q,Der O').

If§ € DH,, then d € Der A transforms wA into itself, and therefore determines a derivation
of A’ from § 3 which extends to B’ and yields a derivation of O’.

5.2. Theorem. The above-constructed homomorphisms W,, — 0 and DH, — 0 are
isomorphisms if n > 2 and n > 5, respectively.

Proof. By the proved above we may assume that the finite-dimensional Z-graded Lie super-
algebras 0 and 0’ contain W,, and D H,,, respectively, as subalgebras. Therefore, it suffices
to prove that 0 and 9’ are transitive and irreducible and 9, = (W},,); and 0} = (DH,,); for
k= —1,0 (see [K, Theorem 4]). A proof of these statements is contained in [S1], [S2]. This
proof essentially depends on Lemma 4.1.1 in [O] and actually reduces to the calculation of
09 and 9f and also dp-module d_; and 0j-module 0’ ; with the help of Bott’s theorem. [
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