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Results on K; of general quadratic groups

Rabeya Basu and Kuntal Chakraborty

Abstract. In the first part of this article, we discuss the relative cases of Quillen—
Suslin’s local-global principle for the general quadratic (Bak’s unitary) groups, and
its applications for the (relative) stable and unstable K;j-groups. The second part is
dedicated to the graded version of the local-global principle for the general quadratic
groups and its application to deduce a result for Bass’ nil groups.

1 Introduction

In 7] and , the first author has discussed many results in classical K-theory for the
absolute cases, related to the Serre’s problem on projective modules. In this article, follow-
ing the tricks used in , we are going to consider some problems for the relative cases; viz
Quillen—Suslin’s local-global principle of the transvection subgroups, K;-stabilization and
the structure of unstable Kj-groups of the general quadratic (Bak’s unitary) groups over
associative rings which are finite over the center. For previous results on these problems we
refer to the works of Bak—Basu—Rao—Khanna for the local-global principle (L-G principle)
in [Eﬂ, , , Bak—Petrov—Tang for K;-stabilization in , and Bak—Harzat—Vavilov for
solvability of unstable K;-groups in , , .

For the linear case, the graded version of L.-G principle was studied by Chouinard in
|13], and by Gubeladze in , . In , the first author and M.K. Singh deduced
an analog for the traditional classical groups. In the second part of the article, we have
deduced an analog for the transvection subgroups of the general quadratic groups over
graded rings. As an application, by using a recent result on Higman linearization due to
V. Kepoeiko (cf. , ), we could revisit a problem on absence of torsion in Bass’ nil
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group of the general quadratic groups, and its graded analog. We refer to , , ,
[25], and [7] for previous results in this direction.

2 Preliminaries
Let us recall some necessary definitions and the key lemmas.

Definition 2.1 (cf. [I]). Let R be an (not necessarily commutative) associative ring with
identity, and with involution — : R — R, a + @. Let A € C(R) = center of R be an
element with the property AA = 1. We define additive subgroups of R:

Aaz ={a € R|a=—Xa} and A, ={a—)\a|a€ R}

One checks that A,,,, and A,,; are closed under the conjugation operation a — Tax
for any x € R. A A-form parameter on R is an additive subgroup A of R such that
Apin €A C Apas, and TAz C A for all x € R. A pair (R, A) is called a form ring.

Remark 2.2. For a from ring (R, A), we can extend the involution — : R — R to an
involution — : R[X] — R[X] by setting X = X.

Lemma 2.3. Let (R, A, \) be a form ring. Then (R[X],A[X],\) is also a form ring with
respect to the involution obtained by extending, as in the previous remark.

Proof. Let us consider the subgroups A, (R[X]) and Apq.(R[X]). It can be checked that
Apmin(R[X]) = Apin(R)[X], and Aye (R[X]) = Anae(R)[X]. Hence it follows

Amin(R[X]) € A[X] © Az (RIX]).

To prove that it is closed under conjugation, let us consider elements a(X) € R[X] and
b(X) € A[X]. Using double induction on the degrees of a(X) and b(X), we will show that

a(X)b(X)a(X) € A[X].

We first show that the statement is true for deg(b(X)) = 0. Assume b(X) = b € A. Hence

we need to prove a(X)ba(X) € A[X] for all a(X) € R[X]. Clearly, this is obvious when
deg(a(X)) = 0. For a linear polynomial a(X) = ap + a; X,

a(X)ba(X) = (@ + @ X)b(ag + a1 .X)
= aobao + (Eobal -+ 61[)&0))( + Elbale
= aobao + (ao + (ll)b((lo + al)X — (aobao + dlbal)X -+ ElbalXQ.

Hence the statement is true for deg(b(X)) = 0 and deg(a(X)) = 1. Assume the statement
for deg(b(X)) = 0 is true for all a(X) with deg(a(X)) < m. Suppose deg(a(X)) = m.
Then, a(X) = ay—1(X) + @ X™, where a,,,_1(X) is a polynomial of degree at most m — 1,
and a,, € R. Hence, we have
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a(X)ba(X) =(am-1(X) + @nX™)b(ap_1(X) + anX™)
=1 (X )01 (X) + 1 (X) b X™ + T b1 (X)X ™ 4 Ty b, X

Now

pm—1(X)bay, + Cpbay,—1(X) =
= (am-1(X) 4+ am)b(am—1(X) + am) — (@m_1(X)bap_1(X) + a@pnbay,).

Hence by induction it follows that a(X)ba(X) € A[X]. Assume the statement is true
for deg(b(X)) < m. Let b'(X) be a polynomial in A[X] of degree n. Then we can write
b (X) =V (X)+ b, X", where b"(X) is a polynomial in A[X] of degree at most n — 1 and
b, € A. Hence by induction

a(X)W (X)a(X) =a(X)(1"(X) +b,X")a(X)

—a(X)V"(X)(a(X)) + (a(X)bpa(X)) X" € A[X]. O

To define Bak’s unitary group or the general quadratic group, we fix a (non-zero) central
element A € R with A\ = 1, and then consider the form

0 I,
o= (a1, 0)-
Bak’s Unitary or General Quadratic Groups GQ:

GQ(2n, R, \) = {o € GL(2n, R) |5tn0 = by}

Elementary Quadratic Matrices:

Let p:{1,2,...,n} = {n+1,n+2,...,2n} be defined by p(i) = n+1. Let e;; be the
matrix with 1 in the ij-th position and 0’s elsewhere. For a € R, and 1 < 1,5 < n, we

define

geij(a) = Lun + aeyj — ey for i 7 j,

qrii(a) = Loy + aeip(j) — Aaejppy for i # j
K Lon, + aep; for i = j,

Loy, + ae iy — Nae,iy; for i # j
qlij(a) = { 12 i aep({)J' p(5) o 7:]
2m p(i)j or ? J.
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(Note that for the second and third type of elementary matrices, if ¢ = j, then we get
a = —Aa, and hence it forces that a € A4 (R). One checks that these above matrices
belong to GQ(2n, R, A); cf. [1].)

n-th Elementary Quadratic Group EQ(2n, R,A): The subgroup generated by
qeij(a), qrij(a)and ql;;j(a), for a € R and 1 < 4,5 < n. For uniformity we denote the
elementary generators of EQ(2n, R, A) by 1;;(x).

It is clear that the stabilization map takes generators of EQ(2n, R, A) to the generators
of EQ(2(n+ 1), R, A).

Remark 2.4. Throughout this article we shall assume that all ideals of R are involution-
invariant, i.e., if J is an ideal, then J = J. We also assume that 2n > 6.

Definition 2.5. The relative general quadratic subgroup of GQ(2n, R, A) with respect to
the ideal J is defined by the set {a € GQ(2n, R, A) | @ =I5, (mod J)} and it is denoted
by GQ(2n, R, A, J).

Definition 2.6. Let (R,A) be a form ring and J C R be an ideal. The subgroup of
GQ(2n, R, A) generated by the matrices of the form 7;;(x)n;;(a)n;;(z) ™!, where x € R and
a € J, is called the relative elementary subgroup and is denoted by EQ(2n, R, A, J).

Notation 2.7. A row (ay,as,...,a,) € R" is said to be unimodular if there ezists a vector
(b1, b, ... ,by) € R™ such that > a;b; = 1. The set of all unimodular rows of length n
is denoted by Um,(R). We denote the set of all unimodular rows of length n which are
congruent to e; = (1,0,...,0) modulo the ideal J by Um,(R,J). For an ideal J C R the
extended ideal J ®@p R[X] of R[X] is denoted by J[X]. We will mostly use localizations
with respect to two types of multiplicatively closed subsets of R, viz. S = {1,s,5%,...},
where s € R is a non-nilpotent non-zero divisor; and S = R\ m for some m € Max(R).
By J4[X] and Ju[X] we shall mean the extension of J|X] in Rs[X] and Ry[X]| respectively.

Definition 2.8. Let (R,A) be a form ring and J C R be an ideal of R. The excision
ring of R with respect to the ideal J is denoted by R @ J and is defined by the set
{(r,i) | » € R,i € J} with the addition defined by (r,7) + (s,7) = (r + s,i + j), and the
multiplication defined by (r,i)(s,j) = (rs,rj + is +ij). We can extend the involution
— to the ring R @ J by setting (r,i) = (7,i). The element (\,0) € R & J satisfies
(A, 0)(X,0) = (1,0), where (1,0) is the identity element of R@® .J. We can observe that the
additive subgroup (A @ J) N Ape(R @ J) satisfies the properties of (A, 0)-parameter on
R @ J. We fix the notation I' @ J for the subgroup (A @ J) N Ape(R @ J). Hence we get

the form ring (R& J,I' & J).

Recall that there is a natural map f : R® J — R given by f(r,i) = r + 4. This
map induces a canonical homomorphism on GQ(2n, R® J,I' ® J). We shall use the same
notation f to denote this map.

The following two key lemmas are proved in for the traditional classical groups.
Proofs are similar for the general quadratic groups.
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Lemma 2.9. For o € EQ(2n, R, A, J), there ezists a matriz o € EQ(2n, R® J,I' & J) such
that f(a) = a.

Lemma 2.10. For a € GQ(2n, R, A, J), there exists a matriz o € GQ(2n, R® J,I' & J)
such that f(a) = a.

3 Relative L-G Principle for the Transvection Subgroups

It is known that any module finite ring (i.e., finite over its center) R can be written as
a direct limit of its finitely generated subrings. Also, G(R, \) = lim G(R;, \;), where the
e

limit is taken over all finitely generated subring of R. Hence, we can assume that C'(R)
is Noetherian. For the rest of this section, we shall consider R to be a module finite ring
with identity.

The local-global principle for the transvection subgroups (absolute cases) of the full
automorphism groups was established in for the traditional classical groups. Then,
in it was generalized for the general quadratic groups. In this section we deduce the
relative L-G principle for the transvection subgroups.

The following results are proved in for traditional classical groups of free modules,
and the steps of the proof for the general quadratic groups are identical. Therefore, we
state these results without proof.

For any column vector v € (R?")! we consider the row vector ¥ = v'1),,.

Definition 3.1. We define a map M : (R?")! x (R?")! — M (2n, R) and the inner product
(, ) as follows: B
M(v,w) =v.w — Xwv, (v,w) =v.w

Lemma 3.2. Let (R,A) be a form ring and v € EQ(2n, R, A, J)e;. Let w € J*" be a
column vector such that (v,w) = 0. Then Iy, + M (v,w) € EQ(2n, R, A, J).

Theorem 3.3 (Relative L-G principle). Let R be a ring and J C R be an ideal of R.
Let a(X) € GQ(2n, R[X],A[X], J[X]), with a(0) = Ia, be such that for every mazimal
ideal m € Max(C(R)), we have an(X) € EQ(2n, Ru[X], An[X], Ju[X]). In that case,
a(X) € EQ(2n, R[X], A[X], J[X]).

We recall some definitions and fix notations.

Definition 3.4. Let (R, A) be a form ring and P be a right R-module. Amap f: PxP — R
is said to be a sesquilinear form if f(pa,¢b) = af(p,q)b for all p,q € P and a,b € R. A
map ¢ : P — R/A is said to be a quadratic form if ¢(p) = f(p,p) + A, where f is
a sesquilinear form on P. With respect to a sesquilinear form on P, we can define an
associated A\-Hermitian form h : P x P — R by h(p,q) = f(p,q) + Af(q,p). The triplet
(P, h,q) is called a quadratic module.
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Definition 3.5. Let (P, ¢, h) be a quadratic module and GL(P) be the full automorphism
group of P. The quadratic module P is said to be non-singular if P is a projective R-module
and the associated A-Hermitian form is non-singular. For a non-singular P, the general
quadratic group of P is defined as follows:

GQ(P,A,q,h) = {a € GL(P) | h(au, av) = h(u,v),q(au) = q(u)}

We will denote by GQ(P, A, J) the set {a € GQ(P,A) |« =1d (mod JP)}.

Definition 3.6. Let (P, h,q) be a quadratic module over (R, A) and J C R be an ideal of
R. Let u,v € P and a € R be such that f(u,u) € A, h(u,v) =0 and f(v,v) =a (mod A).
Then the transvection map o = 0y, : P — P is defined by

o(r) = v+ uh(v,z) — vAR(u, ) — ulah(u, z).

The set of all transvections of P will be denoted as T(P,A). A map o € T(P,A) is said
to be a transvection relative to J if either u or v belongs to the submodule JP. The set
of all transvections relative to the ideal J will be denoted by T(P, A, J).

Definition 3.7. Let (P, h,q) be a quadratic module over a form ring (R,A) and J C R
be an ideal of R. Let @ be the quadratic module P L H(R), where H(R) denotes the

hyperbolic form R 1 R*. Then the transvections which are of the form

q= (p7a7 b) = (p - a’q7a’7b+ h<p7 Q>>7

or,
q = (p,a,b) — (p —bg,a+ h(p,q),b),

where a € R, b € R*,p,q € P, are called elementary transvections. The set of all el-
ementary transvections is denoted by ET(Q,A). An elementary transvection is said to
be elementary transvection relative to J if ¢ € J@Q. The subgroup of ET(Q,A) gener-
ated by elementary transvections relative to J is denoted by ET(JQ). And we denote
ET(Q,A, JQ) by the normal closure of ET(JQ) in ET(Q,A). We also use the notation
ET(Q, A, J) for the group ET(Q, A, JQ).

Notation 3.8. Let P be a finitely generated quadratic R module of rank 2n with a fized
form (, ). Denote by Q the module P L H(R)and by Q[X] the module (P L H(R))[X].

We assume that the rank of the quadratic module is 2n > 6.

We shall also assume the following two hypotheses:

(H1) For every maximal ideal m of R, the quadratic module @, is isomorphic to R2"+?
for the standard bilinear form H(R?Z™).

(H2) For every non-nilpotent s € R, if the projective module M is a free Rs-module,
then the quadratic module M, is isomorphic to R?"*? for the standard bilinear form
H(R™).
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Lemma 3.9 ([7} Lemma 5.7, [10| Lemma 3.6]). The group

GQ(2n, RIX], A[X], (X)) N EQ(2n, RIX], A[X], J[X])
is generated by the elements of the form

€T]ij(Xh(X))€_17

where ¢ € EQ(2n, R, A), h(X) € J[X]| and n;;(x) are the elementary generators of the
group EQ(2n, RIX), A[X))
Lemma 3.10 ([10| Corollary 3.8]). If n = mns...1n,, where each n; is an elementary gen-
erator, and h(Y') € J[Y], then there are elements hy(X,Y) € J[X,Y]| such that

Mg (X* "B )" = T Mrar (XX, Y)).

t=1

We now recall some standard results:

Lemma 3.11. Let R be a ring and K a finitely presented left (right) R-module, and let L
be any left (right) R-module. Then we have a natural isomorphism:

f - Homp(K, L)[X] — Homppx (K[X], LIX]).

Lemma 3.12. Let S be a multiplicatively close subset of a ring R. Let K be a finitely
presented R-module and L be any R-module. Then we have a natural isomorphism

g: S ' (Homp(K, L)) = Homg-15(S™'K,S™'L).

The following lemma is used frequently (sometimes in a subtle way) in the proof of the
main results.

Lemma 3.13 (cf. [19] Lemma 5.1]). Let A be Nocetherian ring and 0 # s € A. Then there

exists a natural number k such that the homomorphism
G(A, s"A, s"\) — G(A,, \,)

induced by the localization homomorphism A — A, is injective.

Now we prove the relative L-G principle by using Lemma [2.9]

Proposition 3.14 (Relative Dilation Principle). Let R be an almost commutative ring (i.e.,
an associative ring which is finite over its center C(R)) and J C R be an ideal. Let
P and Q be as in[3.8 Let s be a non-nilpotent element of R such that Py is a free
module. Let o(X) € GQ(Q[X], A[X], J[X]) with 0(0) = Idand suppose additionally that
os(X) € EQ(2n+2, Ry[X], As[X], Js[X]). Then there ezists 0(X) € ET(Q[X], A[X], J[X])
and | > 0 such that 5(X) localizes to o(bX) for some b € (s') and 7(0) = Id.
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Proof. Since elementary transvections can always be lifted, then we may assume that R is
reduced. We will show that there exists { > 0 such that

o(bX) € ET(Q[X],A[X], J[X])

for all b € (s*) and for all k > [.

As 0(0) = Id, by Lemma , we can write 0s(X) = [T, Vi (X (X)) ", where
v € EQ(2n + 2, Ry, Ay), and A\y(X) € J,[X]. Hence, by the proof of Lemma there
exists 70y (X) € EQ(2n + 2, (R, ® J,)[X], (I's ® J,)[X]) such that

Gs0)(X) = [ [ Wi (0, X M X))
k

where ¢5(7%) = Vi, (0, XA\e(X)) € (R®J)(5,0)[X], the 7,5, (%) are the elementary generators
of EQ(2n+2, (Rs® J,)[X], (Ts® Js)[X]) and ¢ : R® J — R is defined by ¢((a,i)) = a+i
and Ty & J, = (' @ J), is the localization of T @ J with respect to the set {1,s,s? ...}
Hence, for d > 0, we have that

1o (XT2) = T i, (0, XTHA(XT2))5,,
k
for some v € EQ(2n + 2, Rs, As). Using Lemma and standard commutator formulas
(see , Lemma 3.16, pg. 43]), we get that o(s0)(XT??) = T, Mg (T1:(X)), for some
1(X) € (R® J) 5,0 [X] with py =1 or ¢, = 1.
Since P, is a free R,-module, then we have

(P J)0)X, T] = (R® )0 [X, T = (P ® J)0)X, T]".

Thus using the isomorphism, polynomials in (P & J)0)[X, 7] can be regarded as linear
forms.

First we consider the case: p, = 1. Let pi,p5, ..., 0, p",...,p~,, be the standard basis
of (P@® J)s0). Let s™p; € P@ J for some m > 0 and i = +1,£2,...,£n. Let el
be the standard basis of (R & J)**. Then for ¢ = =i, consider the element Ty (X)e?,;
as an element in (P & I)(0)[X,T]*. As (P ® J)(s,) is free, by Lemma we can say
Tu(X)el, is a polynomial in 7. Again, by Lemma , there exists k1 > 0 such that
ki is the maximum power of (s,0) occurring in the denominator of u(X)e’,. Choose
[y > max(k, m).

Now consider the case ¢; = 1. Then, for p; = £j, Tu(X)el; € (P @ J)0)[X,T].
By a similar argument we can consider Ty (X)ei; as a polynomial in 7" and hence
there exists ko > 0 such that ky is maximum power of (s,0) occurred in pel;. Now
choose Iy > max(ky,m). For | > max(ly,ly), under the transformation 7'~ (s,0)!T),
(5,00 (b, 0) XT?) is defined over (Q @ J)[X, T, i.e., there exists some element

5(X,T) € ET((Q ® J)[X, T))

such that 5(570) (X,T) = 7(50)((b,0)XT?"). Replacing T" = (1,0) and using Lemma [3.13]
one gets a((b,0)X) € ET(Q[X] @ J[X], (I'® J)[X],0® J[X]). Hence, the result follows by
applying ¢. O
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Consequence: Relative L-G principle for the transvection subgroups:

Theorem 3.15. Let R be an almost commutative ring and J C R be an ideal. Let P and
Q be as in[3.8 Let o(X) € GQ(Q[X], A[X], J[X]) with o(0) = Id.

If on(X) € EQ(2n + 2, Ryy[X], An[X], Ju[X]) for all m € Max(C(R)), then we have
o(X) € ET(Q[X], A[X], J[X]).

Proof. Follows by arguing as in the proof of , Lemma 3.10], and using Proposition m
[

4 Relative Stability for Quadratic K,

The aim of this section is to establish the K;-stability of the relative transvection groups
as an application of Theorem .15 For the absolute case we refer to [f] and [g].

Definition 4.1. Let R be an associative ring with identity and J C R an ideal. Consider the
ring D = {(a,b) € Rx R:a—0b € J} with addition and multiplication defined component
wise. We call it the double ring relative to the ideal J. For a form ring (R, A), one extends
the involution of — : R — R to the ring D, defining — : D — D by (a,b) = (@,b). We fix
the element (A, \) and define A’ = {(a,b) € A x A | a—b € J}. Then one can show that
(D, ) is a form ring.

Definition 4.2. Let (R, A, \) and (S,A’,N) be two form rings. A ring homomorphism
f: R — S issaid to be a morphism of form rings if f(7) = f(r), f(A) C A" and f(A) = X.

Lemma 4.3. Let (R,A) be a form ring and J C R be a two sided ideal. Then the form
rings (D, ") and (R® J,A @ J) are isomorphic.

Proof. Consider the homomorphisms f : D — R @ J defined by f(a,b) = (a,b — a) and
g: R®J — D defined by g(a,i) = (a,a +4). It can be checked that both f and g are
form homomorphisms. They are inverses of each other. O]

Lemma 4.4 ([20, Proposition 3.1]). Let A be a commutative Noetherian ring of (Krull)
dimension d and J C A be an ideal. Then the ring D is also a commutative ring of
dimension d.

Proof. Clearly D, is a commutative Noetherian ring. We first prove that dimension of
A @ J is d, and the rest follows from Lemma Clearly A can be identified with the
sub-ring {(r,0) | r € A} of A® J. The element (0,1%) is integral over A since we have that
(0,4)* = (,0)(0,4) = (0,0). Hence every element of A& J is integral over R, and therefore
dim(A) = dim(A & J). O

Recall K;-stability result of Bak—Petrov—Tang (cf. ) for general quadratic groups in
the absolute case.
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Theorem 4.5 ([5]). Let R be an almost commutative with dim(C'(R)) = d. Consider the
form ring (R, \). Then the stabilization map

GQ(2n, R, A) R GQ(2n+2,R,A)

EQ(2n, R, ) EQ(2n +2,R,A)

is an isomorphism for 2n > max(6,2d + 4).

We prove the above result in the relative case.

Theorem 4.6. Let R be a form ring which is finitely generated over its center C(R), with
dim(C(R)) = d and let J C R be a two-sided ideal of R. Then the stabilization map

GQ(2n, R,A,J)  GQEn +2 RA,J)
EQ(2n, R, A, J)  EQ(2n+2,R,A,J)

is an isomorphism for 2n > max(6, 2d + 4).
Proof. Consider the stabilization map ¢ : KQ, 5, = KQ o, 12, Where

~ GQ(2n,R,A,J)
~ EQ(2n,R,AJ)

By 5.3.22], we have following sequences are exact

KQl,Qn(R7 A7 ‘])

1 —— GQ(2n,R,A,J) —— GQ(2n,D,A) 25 GQ(2n,R,A) —— 1,

1 —— EQ(2n, R, A, J) —— EQ(2n,D,\) —2— EQ(2n, R,A) — 1,

where the map i is induced from the map Ms,(J) — Ms, (D) given by i(«a) = (v, I,) and
the map ps is induced from the projection map ps : D — R given by ps((a,b)) = b. Thus
we have the following commutative diagram:

-

1 —— EQ(2n,R,A,J) —— EQ(2n,D,\N') —— EQ(2n,R,A) —— 1

-

1 — GQ(2n,R, A, J) —— GQ(2n,D,N) — GQ(2n,R,A) —— 1

l — KQ1,2n(R?A7 J) —— KQ1,2n(D7A/) — KQl,Qn(Ra A) —— 1




Results on K; of general quadratic groups 185
Taking limits over n in the lower row, we get an exact sequence

1 —— KQ,(R,A,J) —— KQ(D,A) —— KQ,(R,A) —— 1,

and for any n, we get a homomorphism of exact sequences:

I — KQ1,2n<R7A7 ‘]) — KQl,Qn(DaA/) — KQ1,2n+2(Ra A) — 1

| | |

1 —— KQ,(R,A,J) —— KQ;(D,A') ——— KQ,(R,A) —— 1.

For 2n > 2d + 4 the right most map is an isomorphism by Theorem [£.5] Since R is finitely
generated over C'(R), then it can be checked that D is finitely generated over C'(D). Since
C(D) is a double ring of C(R) relative to the ideal C'(R) N J, by Lemma we get
dim(C(D)) = d. Hence for 2n > 2d+4, the middle homomorphism is also an isomorphism
by Theorem Hence it follows that the left most map is an isomorphism. O

Now we prove the Kj-stability of relative transvection groups as an application of
relative local-global principle of transvection groups. For this we need to recall the following
result of Vaserstein.

Lemma 4.7 ([8 Lemma 4.2]). Let (R,A) be a form ring finitely generated over C(R)
with Krull dimension of C(R) = d and J C R be an two-sided ideal of R. Let P,Q
be as in Notation . Let the rank of Q be 2n > Max(6,2d + 2). Then the group of
elementary transvections ET(Q L H(R),J) acts transitively on the set Um(Q L H(R), J)
of unimodular elements which are congruent to (0,...,0,1,0) modulo J.

Theorem 4.8. Let (R, ) be a form ring finitely generated over (C(R)) with Krull dimen-
sion d and let J C R be a two-sided ideal. Let P,Q) be as defined in Notation and let
the rank of Q be 2n > max(6,2d + 4). Then the stabilization map

ion : KQq 0, (Q, J) = KQq 9,42(Q L H(R), J)

s an isomorphism.

Proof. The surjectivity part follows from Lemma[4.7} In order to prove the injectivity part,
let @ € GQ(Q, J) be such that @ = o L Id lies in ET(M L H(R),J). Let o(X) be the
isotropy between a and Id. Now by similar argument as given in , Theorem 4.4], we can
get an isotropy ¢(X) € GQ(Q[X], J[X]) between v and Id. Now, by localizing ¢ at a max-
imal ideal m € Max(C(R)), ¢m(X) becomes (relative) stably elementary. By Theorem
it follows that ¢ (X) is actually (relative) elementary. Therefore, by the relative L-G prin-
ciple (Theorem [3.15)) one gets $(X) € ET(Q[X]), J[X]). Hence a = $(1) € ET(Q, J). O
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5 Structure of Unstable Quadratic K; Groups; Relative Case

We devote this section to discuss the study of nilpotent property of (relative) unstable
K;i-groups. Throughout this section we assume R is a commutative ring with identity, i.e.,
we are considering the trivial involution and n > 3. By SQ(2n, R, A\) we shall denote the
subgroup of GQ(2n, R, \) with matrices of determinant 1, and analogously for the relative
cases.

Let G be a group. Define Z? inductively by Z° = G, Z! = [G,G] and Z' = [G,G"!].
The group G is said to be nilpotent if Z" = {e} for some r > 0.

Definition 5.1. A group G is called nilpotent-by-abelian if it has a normal subgroup H
such that H is nilpotent and G//H is abelian.

In [2], A.Bak proved that the unstable K;(R) group of GL,(R) is nilpotent-by-abelian
for n > 3, and hence K; (R) is solvable. Later it was generalized by R. Hazrat for the general
quadratic groups over module finite rings (cf. [1§]). In Hazrat—Vavilov revisited this
problem for ordinary classical Chevalley groups (that is, types A, C, and D) and finally
extends it further to the exceptional Chevalley groups (that is, types E, F, and G). A
simpler and shorter proof is given in [4] for the linear, symplectic and orthogonal groups
(absolute cases). In , the first author proved this result for the general Hermitian groups
and the same proof also works for the general quadratic groups. The relative cases are
proved in [4] for the traditional classical groups. In this article we prove the result for the
relative general quadratic groups, and consequently we get the result for the module cases
as an application of (relative) L-G principle for the transvection subgroups.

Theorem 5.2. The quotient group SQ(2n, R, A, J)/ EQ(2n, R, A, J) is nilpotent for n > 3.
The class of nilpotency is at most max(1,d + 2 —n) where d = dim R.

Proof. Note that for n > d + 2, the quotient group

G =SQ(2n, R, A, J)/EQ(2n, R, A, J)

is abelian and hence nilpotent. So we consider the case n < d 4+ 2. Let us fix a natural
number n. We prove the theorem by induction on d = dim R. Let m = d + 2 — n and
a = [B,7] for some B € G and v € Z™" 1. Clearly the result is true for d = 0. Let 8 be
the pre-image of # and 7 be the pre-image of v under the map

SQ(2n, R, A, J) — G.
Consider the double ring (D, A’) as defined in[t.1] By [17} 5.3.22], we have the following

exact sequences:

1 —— SQ(2n, R, J,A) —— SQ(2n,D,N) —2— SQ(2n,R,A) —— 1

1 —— EQ(2n, R, J,A) —— EQ(2n,D,N) -2 EQ(2n, R,A) —— 1



Results on K; of general quadratic groups 187

where the map i is induced from the map M, (J) — Mo, (D) given by i(a) = (o, lay)
and p, is induced from the projection map py : D — R given by pa((a,b)) = b. Now, in
the group H = SQ(2n, D, A")/EQ(2n, D, A’) we have i(y) € H™. Since dim(R) = dim(D)
(by Lemma , by the result of the absolute cases, we get [i(3),i(7)] € EQ(2n, D, A’).
It can be checked that i([3,7]) = [i(8),i(7)] and the image of this element under p,
is identity. Hence by the above diagram one gets [E, 7] € EQ(2n, R, J), consequently
[8,7] is trivial in G. Next, consider the pre-images [ of 5 and v; of ¥ under the map
SQ(2n,R® J,I' ® J) — SQ(2n,R,A,J). Now by the result of absolute cases we get
[B1,m] € EQ(2n, R® J, T @ J). It can also be checked that the same commutator [51, 7] is
in EQ(2n, R J,I'®J,06J). By projecting R®J onto R, one gets [E, ~] € EQ(2n, R, J, A),
and hence a = {1} in G. O

Corollary 5.3. Let (R, A) be a commutative form ring and J C R be an ideal of R. Then
the quotient group GQ(2n, R, A, J)/ET(2n, R, A, J) is nilpotent-by-abelian for n > 3.

Corollary 5.4. Let (R, A) be a commutative form ring and J C R be an ideal of R. Consider
the notation as in . Let d = dim(R) and t = the local rank of Q). The quotient group
T(Q, J)/ET(Q, J) is nilpotent of class at most max(1,d + 3 —t/2).

Proof. The proof is same as [4] Theorem 4.1]. m

6 Bass’ Nil Group NKQ;(R)

The group NK;(R) = ker(K;(R[X]) — Ki(R)); X = 0 is called the Bass’ nil-group of
R. This is the subgroup consisting of elements [o(X)] € K;(R[X]) such that [«(0)] = [I],
and hence K;(R[X]) = NK;(R) & K;(R). The aim of the next sections is to study some
properties of Bass nil-groups NK; for the general quadratic groups or Bak’s unitary groups.

In this section we recall some basic definitions and properties of the representatives of
NKQ;(R). We represent any element of My, (R) as a matrix

a b
(c d) ,where a, b, c,d € M,,(R).
For a matrix as above, we call (a b) the upper half of a. Let (R, A\, A) be a form ring. By

setting A = {@ | a € A} we get another form ring (R, X\, A). We can extend the involution
of R to M,(R) by setting (a;;)* = (a;;). For details, see [21], [22].

Definition 6.1. Let (R, A\, A) be a form ring. A matrix o = (a;;) € M, (R) is said to be
A-Hermitian if @« = —A\a* and all the diagonal entries of o are contained in A. A matrix
B € M,(R) is said to be A-Hermitian if 5 = —\3* and all the diagonal entries of 3 are
contained in A.

Remark 6.2. A matrix o € M,,(R) is A-Hermitian if and only if o* is A-Hermitian.
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Lemma 6.3 ([21} Example 2]). Let 8 € GL,(R) be a A-Hermitian matriz. Then the matriz
a*Bais A-Hermitian for every a € GL,(R).

Definition 6.4. Let o = CCL Z) € Ms,(R) be a matrix. Then « is said to be a A-quadratic

matrix if one of the following equivalent conditions holds:
1. a € GQ(2n, R, A) and the diagonal entries of the matrices a*c, b*d are in A,

2. a*d + Ac*b = 1,, and the matrices a*c, b*d are A-Hermitian,
3. a € GQ(2n, R, A) and the diagonal entries of the matrices ab*, cd* are in A,

4. ad* + \bc* = 1I,, and the matrices ab*, cd* are A-Hermitian.

Lemma 6.5. Let o = € Mon(R). Then o € GQ(2n, R, A) if and only if we have

a 0
0 d
a € GL,(R) and d = (a*)™".
Proof. Let a € GQ*(2n, R, A). In view of condition . of Definition , we have, a*d =1,,.
Hence a is invertible and d = (a*)~!. The converse holds by condition 2 of Definition [6.4]
[

a

Definition 6.6. Let a € GL,(R) be a matrix. A matrix of the form (O

(a*())_1> is denoted
by H(«) and is said to be hyperbolic.

Remark 6.7. In a similar way we can show that a matrix of the form Ti5(f5) := (Ig Iﬁ)

is a A-quadratic matrix if and only if 8 is A-Hermitian. Similarly, a matrix of the form
To1(7) = ({’; IO> is a A-quadratic matrix if and only if v is A-Hermitian.

Likewise, in the quadratic case we can define the notion of A-elementary quadratic
groups in the following way:

Definition 6.8. The A-elementary quadratic group is denoted by EQ*(2n, R, A) and de-
fined to be the group generated by the 2n x 2n matrices of the following forms:

e H(«), here a € E, (R),
e T15(B), where 3 is A-Hermitian, and

e 15 (), where v is A-Hermitian.

Lemma 6.9. Let A = (g ?) € My, (R). Then A € GQ*(2n, R, A) if and only if we have

a € GL,(R), 6 = (a*)™! and o' is A-Hermitian. In this case
A=H(a) (mod EQ*(2n,R,A)).
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Proof. Let A € GQ*2n,R,A). Then, by condition . of Definition , we have that
ad* =1, and afB* is A-Hermitian. Hence « is invertible and § = (a*)~1. For a™'3, we get

(Oéilﬁ)* — 5*(0/71)* — Oéil(Oéﬁ*)(Odil)*,
which is A-Hermitian by Lemma . Hence a~!3 is A-Hermitian. Conversely, condition
on A fulfills condition [4} of Definition [6.4 Hence A is A-quadratic. Now , since a~!j3

is A-Hermitian, T15(—a~'8) € EQ*(2n, R, A), and ATi3(a ') = H(a). Thus A = H(a)
(mod EQ*(2n, R, A)). O

Arguing similarly one gets the following:

Lemma 6.10. Let B = (f; g) € My, (R). Then B € GQ2n,R,A) if and only if

a € GL,(R), 6 = («*)™! and v is A-Hermitian. In this case
B=H(a) (mod EQ*(2n, R,A)).

Lemma 6.11. Let o = (a b
c d

a=H(a) (mod EQ*(2n, R, A)).

) € GQ*2n, R, A). Ifa € GL,(R) then

Proof. By same argument as given in Lemma , we have a~'b is A-Hermitian. Hence
Tio(—a='b) € EQ*(2n, R, A), and consequently aTio(—a~'h) = (CCL 3,) € GQ2n, R, \)
for some d’ € GL,,(R). Hence by Lemma we get

aTy(—a™'b) = H(a) (mod EQ*(2n, R, A)).

Hence o = H(a) (mod EQ*(2n, R, A)). O

Definition 6.12. Consider the embedding:
GQY(2n, R, A) = GQM2n + 2, R, A),
We use the following notation:

GQ'(R,A) = U GQMN2n, R, A),

EQ)(R,A) = UEQ2n, R, A).

In view of quadratic analog of Whitehead Lemma, we have that the group EQ*(R, A)
coincides with the commutator of GQ’\(R, A). Therefore, the group
GQMR, A
KQI)\(R? A) = Q)\( : )
EQY(R,A)
is well-defined. The class of a matrix o € GQ*(R, A) in the group KQ,*(R, A) is denoted
by [a]. In this way we obtain a K;-functor KQ,* acting from the category of form rings
to the category of abelian groups.
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Definition 6.13. In the quadratic case, the kernel of the group homomorphism
KQl)\(R[X]J A[X]) — KQI)\(RJ A)

induced from the form ring homomorphism (R[X], A[X]) — (R, A); X — 0 is denoted by
NKQl/\(R7 A) :

Remark 6.14. Since the class of A-quadratic groups is a subclass of the class of quadratic
groups, the local-global principle holds for A-quadratic groups. We use this fact throughout
the next section.

7 Absence of torsion in NKQ;*(R, \)

In [23], J. Stienstra showed that NK;(R) is a W(R)-module, where W(R) is the ring
of big Witt vectors (cf. and [25]). Consequently, in ([24], §3), C. Weibel observed that
if k£ is a unit in a commutative local ring R, then SK;(R[X]) has no k-torsion. Note that
if R is a commutative local ring, then SK;(R[X]) coincides with NK;(R); indeed, if R is
a local ring, then SL,(R) = E,(R) for all n > 0. Therefore, we may replace a(X) by
a(X)a(0)~! and assume that [(0)] = [I]. In [6], the first author extended Weibel’s result
for arbitrary associative rings. In this section we prove the analog result for Ad-unitary Bass
nil-groups, viz. NK;GQ(R, \), where (R, )\) is the form ring as introduced by A. Bak in
. The main ingredient for our proof is an analog of Higman linearization (for a subclass
of Bak’s unitary group) due to V. Kopeiko; cf. [21]. For the general linear groups, Higman
linearization (cf. [6]) allows us to show that NK;(R) has a unipotent representative. The
same result is not true in general for the unitary nil-groups. Kopeiko’s results in [21],
give a complete description of the elements of NK;GQ(R, \) which have (unitary)
unipotent representatives.

Definition 7.1. For an associative unital ring R we consider the truncated polynomial ring
Lemma 7.2 (cf. [6], Lemma 4.1). Let P(X) € R[X] be any polynomial. Then the following
tdentity holds in the ring Ry:

(1+ X"P(X)) = (1+ X P(0))(1 + X" Q(X)),
where r > 0 and Q(X) € R[X], with deg(Q(X)) <t —r.

Proof. Let us write P(X) = ag + a1 X + --- + ¢, X". Then we can express the polynomial
P(X) as P(X) = P(0) + XP'(X) for some P'(X) € R[X]|. Now, in R,
(1+X"P(X))(14+X"P(0))' = 1+ X"P(0) + X" P'(X))(1+ X"P(0)) "
=1+ X""P(X)(1 - X"P(0) + X*(P(0))*—---)
=1+ XT+1Q(X)>
where Q(X) € R[X] with deg(Q(X)) <t — r. Hence the lemma follows. O
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Remark 7.3. Iterating the above process we can write, for any polynomial P(X) € R[X],
(1+XP(X)) =TI!_ (1 + a; X")

in R;, for some a; € R. By ascending induction, it follows that the a;’s are uniquely
determined.

Lemma 7.4. Let R be an associative ring, and k € Z such that kR = R. Let P(X) be a
polynomial in R[X]. Assume P(0) lies in the center of R. Then, if

(1+X"P(X)" =1
for some r > 0, we have that
1+ X"P(X)) =1+ X""Q(X))

in the ring Ry, for some Q(X) € R[X] with deg(Q(X)) <t —r.

The following result is due to V. Kopeiko, cf. [2I]. This is an analog of Higman
linearization for this special case.

Proposition 7.5. Let (R, \) be a form ring. Then, every element of the group NKQ,*(R, A)
has a representative of the form

ab ) — I, —aX bX
y Y n _CXn Ir—{—a*XjL—{—(a*)"X"

) € GQ(2r, RIX]ALX)

for some positive integers r and n, where a,b,c € M,.(R) satisfy the following conditions:
1. the matrices b and ab are Hermitian and also ab = ba*,
2. the matrices ¢ and ca are Hermitian and also ca = a*c,

3. be =a""and cb = (a*)" L.

Corollary 7.6. Let R be an associative ring. Let [o] € NKQ,*(R, A) have the representation
la; b, c],, for some a,b,c € M,(R) according to Proposition [7.5.  Then, if it is true that
(I, — aX) € GL.(R), we have [a] = [H(I, — aX)] in NKQ;*(R, A).

Proof. By Lemma we have [a; b, c],, = H(I, —aX) (mod EQ*(2r, R[X], A[X])). Hence
[a] = [H(I, — aX)] in NKQ,*(R, A). O

Theorem 7.7. Let (R, \) be a form ring, where R is an associative ring with 1 and k is
an invertible integer, i.e., kR = R. Let

[a(X)] = Kég; gg;)] e NKQ* (R, A)

with A(X) € GL,.(R[X]) for some r € N. Then [a(X)] has no k-torsion.
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Proof. By Theorem [7.5] [a(X)] = [[a; b, c],] for some a,b, ¢ € My(R) and for some natural
numbers n and s. Note that in Step 1 of the Proposition [7.5] the invertibility of the top
left corner of the matrix « is not changed during the linearization process. The same is
true for the remaining steps of the Proposition and so, since the top left corner matrix
is A(X) € GL,(R[X]), we get (I —aX) € GL4(R[X]). Using Corollary one gets
[a(X)] = [H(I; — aX)]. Now let [a] have k-torsion, which implies that also [H(I, — aX)]
has k-torsion. Since (I, — aX) is invertible, it follows that a is nilpotent. Let ¢ be such
that a'*! = 0. Since [(I, — aX)]* = [I] in NKQ}(R[X], A[X]), by arguing as in [7], we get
[, — aX] = [I] in NKQ}(R[X], A[X]). This completes the proof. O

8 Graded Analog

We recall the well-known “Swan—Weibel homotopy trick”, which is the main in-
gredient to handle the graded case. Let R = Ry ® Ry & Ry @ --- be a graded ring. An
element a € R is denoted by a = ag + a1 + as + - - -, where a; € R; for each 7, and all but
finitely many a;’s are zero. Let R, = Ry & Ry & ---. A graded structure of R induces a
graded structure on M,,(R) (the ring of n X n matrices with entries in R).

Definition 8.1. Let a € Ry be a fixed element. We fix an element b = bg +b; +--- in R
and define a ring homomorphism € : R — R[X] as follows:

Then we evaluate the polynomial €(b)(X) at X = a and denote the image by b™(a) i.e.,
b™(a) = €(b)(a). Note that (bT(x ))+(y) bt (zy). Observe, by = b (0). We shall use this
fact frequently.

The above ring homomorphism ¢ induces a group homomorphism from GL(n, R) to
GL(n, R[X]) of rank n for every n > 1, i.e., for & € GL(n, R) we get a map

e : GL(n, R) — GL(n, R[X]), defined by

a=0pP®as® = ag®au X ®a X% -,

where a; € M(n, R;). As above, for a € Ry, we define a*(a) as o™ (a) = e(a)(a).
The graded dilation lemma and graded local-global principle are proved in for
linear, symplectic and orthogonal groups. Arguing in similar manner one gets:

Theorem 8.2. (Graded Local-Global Principle) Let R = Ry ® Ry @ Ry @ -+ be
an almost commutative graded ring with identity 1. Let o € GQ(2n, R, A) be such that
a =1y, (mod Ry). If an € EQ(2n, Ry, Aw), for every mazimal ideal m € Max(C(Ry)),
then a € EQ(2n, R, A).

Moreover, the L-G principle for the elementary subgroups and their normality property
are equivalent.
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Theorem 8.3. Let R = Ry ® Ry & Ry @ --- be an almost commutative graded ring with
wdentity 1. Then the following assertions are equivalent for 2n > 6:

1. EQ(2n, R, A) is a normal subgroup of GQ(2n, R, A).

2. If « € GQ(2n, R, A) with a™(0) = Iy, and oy € EQ(2n, Ry, Aw) for every mazimal
ideal m € Max(C'(Ryp)), then a € EQ(2n, R, A).

As an application of Theorem and the Theorem [7.7] we obtain the following:

Theorem 8.4. Let R = Ry ® Ry @ ... be an almost commutative graded ring with 1. Let
N = No+Nj+---+N, € M,.(R) be a nilpotent matriz, and let 1 denote the identity matriz.
Let k € 7 be a unit in Ry. If [(1+ N)]* = [1] in NKQ}(R, A), then [I+ N] = [I + No).

Proof. Consider the ring homomorphism f : R — R[X] defined by
f(ag+a1+...):a0—|—a1X—|—....

Then

[(T+N)* =[] = f(I+N]") = [fT+N)]* =]
= [T+ No+ Ni X + -+ N, X")]* = 1]

Let m be a maximal ideal in C(Ry). By Theorem [7.7], we have
I+ No+ N X +---+NX")] =]
in NKQ}(Ru, Aw). Hence by using the local-global principle we conclude
[(T+ N)] = [T+ No]
in NK;GQ*R, A), as required. ]
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