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Transcendental Continued Fractions

Sarra Ahallal, Ali Kacha

Abstract. In the present paper, we give sufficient conditions on the elements of the
continued fractions A and B that will assure us that the continued fraction A% is
a transcendental number. With the same condition, we establish a transcendental
measure of AP.

1 Introduction and preliminaries

The theory of transcendental numbers has a long history. We know since J. Liouville in
1844 that the very rapidly converging sequences of rational numbers provide examples of
transcendental numbers. So, in his famous paper [7] Liouville showed that a real number
admitting very good rational approximation could not be algebraic, and then he explicitly
constructed the first examples of transcendental numbers.

From this sense, the transcendence of the continued fractions having partial quotients
that increase rapidly have been studied by several authors such as P. Bundschuh [1],
A. Durand [2], W. Lianxiang [6], G.Nettler [8], T. Okano [10]. We also note that the
transcendence of some power series with rational coefficients is given by some authors, see
[5], [9].

Let A and B be two continued fractions which are defined by

1
A=ap+ 2y 1y
la;  ag
and x x
B=by+ -4 -+,
T b

where (a; > 0, b; > 0 are integers for any i > 1).
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In [3] we have proved the transcendence of the six numbers A, B, A 4+ B, and AB*!
it a,, > b, > aiy_, where « is a real constant > 7 by using Roth’s approximation theorem.
The algebraic independence of A and B was also proved under a similar method in [4].

We recall that in [1], P. Bundschuh has noted that obviously no transcendence proof of
AP could be established by using Roth’s approximation theorem. Then he gave a theorem
which yields the transcendence of A® by using another method.

In the present paper, the first aim is to improve Bundschuh’s result concerning the
transcendence of AP with a slight hypothesis.

The second main result of this article is to establish a transcendental measure of a
continued fraction AZ.

In order to prove the transcendence of continued fraction A?, we will use the result of
Bundshuh which expresses a necessary condition if A” is an algebraic number.

Theorem 1.1 ([11]). Let & be a real number, 6 a real number > 2, if there exists an infinity
rational numbers § with ged(p,q) = 1 such that

1
ko3
q q

then & is a transcendental number.

2 Main results

2.1 Transcendence

With the same notations as above for A and B, we put

1 1 1 D,
An:a0+_|_|__|+.._|__|: p7
la;  |ag lan  %n
1 1 1 'p,
By=by+ 4 b g pok = P
O oy b b, bqn

The principal result of the transcendence of A” is given in the following theorem.

Theorem 2.1. Let (ay,), (b,) and A, B be as before and let 1 < o < o' be real numbers. If
Uni1 > bpy1 > a®, a > apyy for alln > 1 and In(a,) In(by,) = O(In(byy1 q2)) then AP is
a transcendental number.

Remark 2.2. 1. We note that under the hypothesis a1 > b,4+1 > a% with o > 1, the
real numbers A and B are transcendental, see [3].

2. In [8], Nettler presented certain explicit formulae for the algebraic numbers AZ» which
converges to AP as n — +oo, depending on the m'* convergents (m = 1,---,n) of A
and B.
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The proof of the Theorem 2.1 is based on some lemmas that express the link between
partial quotients of the mentioned reals continued fractions and the denominators of their
convergents.

The main tool of this Theorem is the following necessary condition for algebricity of
AP due to Bundschuh.

Lemma 2.3. Let A, B as before, but such that AP is an algebraic number and that the
sequence (°qy), satisfies

ln(an—i—l) = O(an ln(an)) (1)

as n — 400. Then there exists an effectively computable number vy > 0, depending only
on A and B such that the inequality

max(|A — 3|, |B — d|) < exp(—yoIn(H;) In(Hy)) (2)
has at most finitely many solutions (3,9, Hy, Hy) € Q? x N? with h(8) < Hy, h(§) < Hs,
and Hy, Hy > 4, h(0) denotes the height of an algebraic number 6.

Lemma 2.4. 1. Let a > 1 be a real number. If a, > a$_, for alln > 2, then we have

@

U < 20570,

2. Let a > 1 be a real number. If a,, > b, > ai_, for all n > 2, then there exists a real
constant Cy > 0 such that
aC]n > an > Cl aqs—l‘ (3)

Remark 2.5. The same result as (1) of Lemma 2.4 is also obtained for g, and b,.
Proof of Lemma 2.4. 1. See [3].

2. We can easily show that

Gn = bn an—1+ an—Q
> bn bqn—l Z azfl an—l

n—1

On the other hand, one has

n—1

1 n
aQn—l < (an—l + 1)(1%1—2 < H (1 + CL_> Hai7
vo=1

i=1

which becomes

n—1 n—1 1 —a
H ai > q;_4 H <1 + a_) . (5)
i=1 i=1 ¢



254 Sarra Ahallal, Ali Kacha

Combining (4) and (5) gives

n—1 —
1
b a, o a o
n > 1+ — > C
q Tn—1 H < + ai) 2 Gn1
where Cy = Cy(A, o) > 0. We notice that the left side of the inequality (3) can be
proved in a similar way. O

Proof of Theorem 2.1. First, let us justify that the hypothesis (1) of Lemma 2.3 is verified.
According to Lemma 2.4, for any € > 0, we have

+ea!

o
o—

/
b Tte o
Qo1 < by <bn

for any sufficiently large n. Which yields

/

a—1

/

l +ea’) In(®q,)

In(°gni1) < ( +ea’) In(b,)

<<a.a

o —
/
.

< ( +ed) In(°q,)’ qn.

a—1

So, the relationship (1) is verified, it suffices to make € tend to 0.
We will show that under the hypothesis of Theorem 2.1 the relationship (2) is satisfied
by the infinite numbers:

a b
(ﬁ Pn ’le aqn:h(An) ,HQZ bqn:h(Bn)) c QQXNQ.

“q, gy

By part 2 of Lemma 2.4 we have °q, <% ¢y, so
1 1

max(| A— A, |,| B—B,|) < <
an-i—l an bn-i—l bqg

for all n > 1.
On the other hand, the result 1 of Lemma 2.3 implies that

In(%g,). In(q,) < (%)2 In(ay). In(b,). (7)
Namely, the hypothesis of Theorem 2.7
In(ap). In(by) = O(In(bnsr '),
shows that there exists a real constant Cy > 0, such that

In(ay,).n(b,) < Coln(byyr °¢?) (8)
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for all sufficiently large n. Combining (7) and (8), we get

ln(QQn)' ln(an> < CB 1n<bn+1 qu)a 03 = (

)’Cy (9)

a—1
for any n sufficiently large.
Due to inequality (9), the relationship (6) becomes

1
max(| A— A, |,| B—B,|) < exp(—a))ln(aqn) ln(bqn))

< exp(—ci3 In(h(An)) In(h(B,)))

for infinitely many n. This shows that the conclusion of Lemma 2.3 fails, hence AP is a
transcendental number. O

ag=byg=0, ag =b; =3,  a real number > 0,
Example 2.6. Let < a,y1 = b1 = al n > 1.

n

a=ao =1+.

We verify that the hypothesis In(a,) In(b,) = O(In(b,11 °q?)) of Theorem 2.1 is satisfied.
We have
In(a,)In(b,) = (14 6)**2 x (Ina;)?,

and for all n > 2, we get

b 2 2
bn+1 ay > bn+1bn

> agua)n o (ag1+a)nfl)2

> (Ch) (146)"+(1+6)2m—2

> (al) (146)2n—2 .

It follows that
In(a,).In(b,)
In(bns1 q3)
By applying Theorem 2.1, we deduce that A4 is a transcendental number.

<In(a;) =In3.

2.2 The transcendental measure of a continued fraction AP

In this subsection, we give the second main result of this article. We keep the same
notations as in the first subsection.

Theorem 2.7. Let P € Z[X] {0} be a polynomial of degree d > 2, and height H > a3™/?.
Let k be a real number > 1 and o« = 2d + 1 such that

ay <bpir < appq < afﬂ forall n > 1.

Then, we have
1
|P(AP)] > 5 (Hd(d+ 1))~ 2hkd(d+D)
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Remark 2.8. We note that the continued fraction A defined in Theorem 2.7 is a tran-
scendental number.

For the proof of Theorem 2.7 further Lemma is needed.

Lemma 2.9. Let k be a real number > 1. The hypothesis a, < a’fﬁl for all n > 2 implies

that
ka?
g < 2 %77
Proof. By the same method as in Lemma 2.4 we prove Lemma 2.9. O]

Proof of Theorem 2.7. We have assumed that the two numbers A and B are larger than
1,s0 A, <1land B, <1 for all n > 1. Put

d
P(X) =) eX" e €L
k=0

In order to obtain a transcendental measure of AZ, we must minus | P(A?) | by a positive
function of A and d.
From equality

P(A") = P(A") + P(AJ) — P(AP),

we get
| P(A7") || P(A) [ + | P(AZ") — P(AP) | .
Therefore,
| P(AP) [2| P(A7") | — | P(A7") — P(A") | (10)

Firstly, we have

Notice that
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then we would have

P(AP) = lim, oo P(AB) =
which contradicts the transcendence of AZ. It follows that

1 1
B7L
| P(A") = B, agd’ (11)

On the other hand, according to Roll’s theorem applied to P in the interval [AZ AB»]
or [ABr AP], there exists a real number E €]AB; AB»[ or AP~ AP[ such that:

| P(AP) — P(AB~) |=| AP — AB» || P(E) |, with 0< E < 1. (12)
From this, we obtain
d(d+1)

d
| PB) 1Y ke < HR (13)
k=1

and the relationship (12) becomes

1
| P(A%) = P(AD) | < SHA(d+1) | AP — A" | (14)
We notice that the function f(z,y) = a¥ is continuously differentiable on every compact
subset K of [0, 1] x [0, 1]. Then by the mean value theorem to f, it follows the existence of
a real constant C; = C'(A, B) > 0 depending only on A and B such that

C
| AP — AP |< Cymax(|A— A, |,| B=B,|) <Ci| B— B, |< ——,

anrl
for sufficiently large n. Therefore, one has
dld+1) 1 CiHd(d+ 1
| P(AP) = P(AP) |< M) 1 GiHdld D)
2 bn+1 2@%
for sufficiently large n.
Using relationships (11) and (14), (10) becomes
1 CiHd(d+1) 1 C1Hd(d+1)
P(AP e S S 15
[ PAP)| > o= =g > - s (15)
1 CiHd(d+1
Now, we look for an integer n from which the quantities — and % are of the
ap, ap

same order. So, in order to satisfy | P(AP) |> 1/(2a%), it is sufficient to have

1 CiHdd+1) 1

d a d
al 2a% 2a%
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Which is equivalent to the following inequality
1 C1Hd(d+ 1)
2ad ” 2a
that is
a® > O Hd(d + 1)a’.

For this, it is sufficient that n verifies
a >C, and al > Hd(d+ 1)a?, (16)

The first part of Relationship (16) is easy to achieve. Therefore, the second inequality is
equivalent to

a; * > Hd(d+1).
Let nq be the smallest integer > 2 such that

< HA(d+1) < ad (17)

anl—l

The integer n; exists because we have assumed that Hd(d + 1) > H > ag/ ? and the
sequence (af), is increasing and tends to +00. Then, we have

1
P(AP) |> —-
| P(A®) > g
Since, a,, < ak®_, then we obtain
1
| P(AB) |> kda
Qny—1
On the other hand, the left-hand side of (17) implies that
1
| P(A") |>

2(HD(d + 1))+/%"a
Finally, since a = 2d + 1, we conclude that
1
‘ P(AB) |> §(HD(d—|— 1))—2kd(2d+1)‘

Which achieves the proof of Theorem 2.7. [
Example 2.10. Let

ap =by =0,a1 = by =2,

Uni1 = bpy1 =ad, n > 2,

a=o =5k=1.

In the same way, as in Example 2.6, we prove that A% is a transcendental number.
Let P € Z[X] \ {0} be a quadratic polynomial of height H > a)/? = 2%5/2. By applying
Theorem 2.7, a transcendental measure of A4 is given by

| P(AY) |> %(6]—])‘10.
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