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On classification and deformations of Lie-Rinehart superal-
gebras

Quentin Ehret and Abdenacer Makhlouf

Abstract. The purpose of this paper is to study Lie-Rinehart superalgebras over
characteristic zero fields, which are consisting of a supercommutative associative su-
peralgebra A and a Lie superalgebra L that are compatible in a certain way. We
discuss their structure and provide a classification in small dimensions. We de-
scribe all possible pairs defining a Lie-Rinehart superalgebra for dim(A) < 2 and
dim(L) < 4. Moreover, we construct a cohomology complex and develop a theory of
formal deformations based on formal power series and this cohomology.

Introduction

Lie-Rinehart algebras are algebraic analogs of Lie algebroids. They first appeared in
the work of Rinehart ([19]) and Palais ([17]) and have been studied by Huebschmann ([11]
and [12]). A Lie-Rinehart algebra is a pair (A, L), with A an associative K-algebra, K
being a commutative ring, and L a Lie K-algebra. They must be endowed with an action
of A on L, making the latter an A-module, and with a Lie algebra map p : L — Der(A)
such that L acts on A by derivations. Some authors put the emphasis on L by saying that
L is a K-A Lie-Rinehart algebra. An example comes from Differential Geometry (][20]): if
V' is a differential manifold, let A := Oy be the algebra of smooth functions on V', and
L := Vect(V) be the Lie algebra of vector fields on V. Then the pair (A, L) carries a
Lie-Rinehart algebra structure. According to Claude Roger, Lie-Rinehart algebras give
direct methods to deal with the relations between differential operators on manifolds and
the enveloping algebra of the Lie algebra of vector fields of a manifold ([20]). More details
can be found in ([19]).
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The notion of Lie-Rinehart superalgebra, which is a generalization of Lie-Rinehart
algebras to the superworld, has been studied for example by Chemla ([8]) and Roger ([20]).
This theory can be used to study superalgebras of differential operators on supermanifolds,
to generalize enveloping superalgebras related to those supermanifolds, and can have some
applications in supersymmetry. Some examples can be found again in [20].

In this paper, we aim to explore and understand the C-Lie-Rinehart superstructures
in low dimensions. We give a classification of all the possible structures on (A, L) when
dim(A) < 2 and dim(L) < 4. We rely heavily on the classification of associative and
Lie superalgebras already existing in the literature ([1], [3] and [10] for the associative
case; [4] and [6] for the Lie case) and on the computer algebra system Mathematica. We
limit ourselves to those low dimensions due to technical and time constraints, even our
program should work in any dimension. However, it appears that the number of possible
structures are growing exponentially as soon as we increase the dimension, so it does
not seem reasonable to give a list of all the possible Lie-Rinehart superalgebras in higher
dimensions.

Another aspect we pursue in this paper is to provide a deformation theory and study
one-parameter formal deformations of Lie-Rinehart superalgebras. In a recent article ([14]),
Mandal and Mishra have developed a theory of deformations of Hom-Lie-Rinehart algebras,
which covers the case of Lie-Rinehart algebras. Our purpose here is to extend this theory
to Lie-Rinehart superalgebras. We construct a suitable deformation complex and show
that formal deformations are controlled by the cohomology obtained with this cochain
complex. The case of Hom-Lie-Rinehart superalgebras will be studied in a forthcoming
paper.

The article is organized as follows. In the first section, we recall the basics about
superalgebras. Then, we give the definition of a Lie-Rinehart superalgebra in a second
section, as well as some examples. The third section is devoted to the classification of Lie-
Rinehart superalgebras, the associative superalgebra’s dimension being less or equal than
2 and the Lie superalgebra’s dimension less or equal than 4. We recall the classification of
associative and Lie superalgebras and then we give all Lie-Rinehart superalgebra structures
on all possible pairs. In Section 4, we construct a deformation cohomology complex and
study formal deformations of Lie-Rinehart superalgebras. We show that the usual results
about formal deformations remain true in this context. For example, we show that the
infinitesimal element of such a deformation is a 2-cocycle of the complex constructed above.
We also give a concrete example of deformation, relying on the classification that we made.

1 Preliminaries

Throughout this paper, we denote the group Z/nZ by Z,, for n € N. If V' is a graded
space, the degree of a homogeneous element x € V' is denoted by |x|.

Let K be a commutative ring. We summarize in the following the definitions of asso-
ciative and Lie superalgebras, as well as related notions such as superderivations, using
mainly [13] or [21].
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Definition 1.1. Let V' be a K-module. It is said to be Zs-graded if it has a decomposition
V =V, ® Vi. The elements of V;,i € Z,, are called homogeneous. An element v € V is

called even if it belongs to V4 and odd if it belongs to V;. We denote |v| = 0 if v is even
and |v| = 1 if v odd.

Definition 1.2. An associative K-superalgebra is a Z,-graded K-module A = Aq & A,
endowed with a bilinear map Ax A — A denoted by juxtaposition such that (ab)c = a(bc)
for all a,b,c € A, and A;A; C A4, the subscripts being taken modulo 2, i.e. i, j € Zs.

The gradings follow the rule |ab| = |a| + |b] for all a,b homogenous elements. The
associativity of the bilinear map is the usual one, but the commutativity involves the
gradings and is given by ba = (—1)!%lPlgb, for all homogenous elements a,b in A. This
identity is called supercommutativity. We can sum this up by stating that the even
elements commute with every other elements, and the odd ones anticommute with other
odd elements. We then extend the supercommutativity to non-homogeneous elements.

Definition 1.3. Let A and B be two superalgebras. A superalgebra morphism is a
linear map f : A — B which satisfies the condition f(ab) = (—1)¥llalf(a)f(b), for all
a,b € A. We say that f is even and that the degree |f| of f is 0 if |f(a)| = |a] mod (2)
for all homogeneous elements a € A, and we say that f is odd and that and that the
degree |f| of f is 1 if |f(a)] = (Ja| + 1) mod (2). Thus, we always have the relation

[f(@)l = (If + la]) mod (2).

Definition 1.4. Let A be a superalgebra. A map D : A — A is a superderivation
(of degree |D|) of A if D is a Zy-graded linear map and if the super-Leibniz condition is
satisfied:

D(ab) = D(a)b+ (=1)!PlaD(b)  Va,b e A.

We denote by Der(A) the vector superspace of superderivations of A.

Definition 1.5. A Lie superalgebra L is a Zs-graded K-module L = Lo &P L; endowed
with a bracket [-, -] satisfying, for all homogeneous elements x,y, z € L:

Lz, y]l =[] + [yl;

2. [x,y] = —(—=1)lW [y, 2] (super-skewsymmetry);

3. (=)l [y, 2]] + (=1)FWI[2, [z, 9] + (=1)1W¥][y, [z, 2]] = 0 (super-Jacobi).
Remark 1.6. The super-Jacobi identity is equivalent to

[, [y, 2] = [[z, 9], 2] + (=1) ]y, [z, 2]

for all homogeneous element z,y, 2z € L.

Example 1.7. Der(A) carries a Lie superalgebra structure, with the bracket

(D1, Dy) = Dy o Dy — (—1)PIP2IDy o D,
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Definition 1.8. Let L; and Ly be two Lie superalgebras. A Lie superalgebra morphism
is a linear map f : L; — Ly which satisfies the condition

fzyl) = (O (@), f)]r,,  forall z,y € L.

We say that f is even or odd following the same rule as in Definition 1.3.

Definition 1.9. Let V' be a Zsy-graded vector space and A be a supercommutative super-
algebra. We say that V' is a left Z,-graded A-module if there exists a map AxV — V|
denoted by (a,v) — av, such that |av| = |a|+ |v| and a(bv) = (ab)v, for allv € V, a,b € A.

2 Lie-Rinehart superalgebras

In this section, we focus on Lie-Rinehart superalgebras. We recall the basic definitions
and give some examples, following Roger ([20]) and Chemla ([8]).

Definition 2.1. Let K be an arbitrary field. A Lie-Rinehart superalgebra is a pair
(A, L), where

e [ is a Lie superalgebra over K, endowed with a bracket [-, -];
e A is an associative and supercommutative K-superalgebra,
such that, for all x,y € L and a,b € A:
1. there is an action A x L — L, (a,x) — a -z, making L an A-module;

2. there is an action of L on A by superderivations: L — Der(A), x — (p, : a — pg(a)),
such that p is an even morphism of Lie superalgebras;

3. [z, ay] = pe(a)y + (=1)lg[z y] (compatibility condition);
4. paz(b) = ap.(b) (A-linearity of p).
The maps in 1. and 2. must respect the gradings, i.e.
ax| = la| +[z[ and |ps(a)| = [a] + [=].
We sometimes write p(x)(a) instead of p,(a).

Remark 2.2. If A = K, the one dimensional even superalgebra, then any Lie-Rinehart
superalgebra reduces in a certain sense to the ordinary Lie superalgebra over K.

Example 2.3. Let A be a supercommutative unital associative superalgebra and L be
a Lie superalgebra. Then the pair (A, L) can always be endowed with a Lie-Rinehart
superalgebra structure with the trivial action (the neutral element eq for the multiplication
of A acts by eg-x = x for x € L, and all the other elements of A act by 0) and the zero
anchor (p(z) =0 Vz € L) (see Proposition 3.1).
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Example 2.4 (Lie superalgebra of superderivations). Let A be a supercommutative unital
associative superalgebra, and L = Der(A) be its superalgebra of superderivations. Then
one can check that the pair (A, Der(A)) is a Lie-Rinehart superalgebra, with the action
A ~ Der(A) being given by (a-0)(b) = ad(b) and the trivial anchor being given by p(J) = 0,
for all § € Der(A), a,b € A.

Example 2.5 (Crossed product). We give now another example of Lie-Rinehart superal-
gebra, following Chemla ([8]). Let g be a Lie superalgebra, with bracket [-,-], and A a
supercommutative associative superalgebra. We suppose that g is endowed with a Lie
superalgebra morphism o : g — Der(A), z +— (0, : a —> 0,(a)).

Then, o, is a superderivation of A. We can define a new Lie superalgebra by setting
L := A® g endowed with the bracket

la®z,bey] = (=) Pab® [z, y] + ac,(b) ® y — (_1)(\a|+|2|)(|b|+ly|)b0y(a) ® 1,

with homogeneous a,b € A and homogeneous x,y € g.

One can check that this formula gives a Lie superalgebra structure on L. We then
extend o to a A-module morphism on L = A® g, denoted by 6 € Der(A), in the following
way: define 5(a ® x) := ao(r) = ao,. We define a Lie-Rinehart structure on (A, L), with
a,b,c € Aand x,y € g:

1. Action AN L: AxL— L, (,b®y)—a-(b®y)=ab®y,

2. Action by (super) derivations: L — Der(A)a®z — puge : b — ao,(b)(= d(a®z)(h)).

3 Classification in low dimensions

In this section, we fix K = C, the complex field. We describe all Lie-Rinehart super-
structures on a pair (A, L) when dim(A) < 2 and dim(L) < 4. This means, if we are given
a supercommutative associative superalgebra (with unit) A and a Lie superalgebra L, we
give all the pairs action-anchor which are compatible in the sense of Definition 2.1. We
will denote basis elements of A by €7, s = |ej| € {0,1}, 1 <i < dim A, and basis elements
of L by (fj), t =1fj] € {0,1}, 1 < j < dim L;. Then we have

Ag = <€?>1§i§dimAg , Ar= <e}>1§i§dimA1 , Lo = <ij>1§j§dimL0 , Lo = <fj1>1§j§dimL1 :

3.1 Classification of associative and Lie superalgebras

We recall the classification of supercommutative associative ([1], [3] and [10] for exam-
ple) and Lie superalgebras ([4] and [6]) in low dimensions.
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3.1.1 Supercommutative associative superalgebras

We list the supercommutative associative superalgebras with unit, of dimension up to 2. A
list of all supercommutative associative superalgebras of dimension up to 4 can be found

in Appendix 5.1. As above, we denote basis elements of Ay by €? and those of A; by
ejl-. The unit is €. We only write the non zero products that have to be completed by

supercommutativity and multilinearity.

e The purely odd superalgebras Ag, always have a zero product.

e dimA = (1|0): there is only one superalgebra A}|O, whose product is given by
0,0 _ 0
eje] = ej.

e dim A = (1]1): there is only one superalgebra Ai|1 with product eje] = 0.

dim A = (2/0): there are two pairwise non-isomorphic superalgebras:

1 . . . . .
A2|0 . every non-trivial product is zero;

2 . 0.0 _ 0
A2|0 eges = ej.

3.1.2 Lie superalgebras

We provide in the sequel a list of Lie superalgebras. As above, we denote the basis elements
of Ly by f? and those of L; by fjl. We only write the non zero brackets, the other brackets
are obtained by super-skewsymmetry and bilinearity.

e The purely odd Lie superalgebras Lg|q always have a zero bracket.

e dim L = (1]0): there is only one Lie superalgebra L1|07 whose bracket is given by

/2. f1=0.
e dim L = (1]1): there are three pairwise non-isomorphic Lie superalgebras:
Lin o Ui fil = 15
L%|1 [ﬂ],fﬂ = fi.
L3, ¢ all brackets are null.

e dim L = (1]2): there are six pairwise non-isomorphic Lie superalgebras:

L}|23 2 A= R 2l =pf (0<|p| < 1);

Ll [, ] = fis

L:13|23 2, f = £ R 2l = £+ s

Lio: [ fil =pfi — f2, [ 2] = fi +pfs (€ C);
L?|25 L AL =1 s, ol = 115
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L$|2 : null bracket.

e dim L = (1]3): there are eight pairwise non-isomorphic Lie superalgebras:

Lig: [ fil=f1 I Rl =pf [f) 5] =afs (0<[p[ <] <1);
L%|35 2 = IR B = 15

Ll 1 fil =vpfl [ R = f2, (R ] = f2 + f3

Lig: [ Al =pfl, (R Bl =afs = f5. (R ] =fa +afs, p#0;
Lis: [, L] = IR fsl=1f2 pa #0;

Lis: LAl = IR Rl= A+ (R Bl =R+ s

Lis: LAl =1 U Rl =R, s 1] =

L{s : null bracket.
e dim L = (2|0): there are two pairwise non-isomorphic Lie superalgebras:
L;lo : null bracket;

L3 LA 2] = f2.

e dim L = (2|1): there are six pairwise non-isomorphic Lie superalgebras:

L%|13 Lf A = 13

L§|1: L2 Al =S = =1

Lg|1: 2 15 =13, [, fil = %fllv

L§|15 L2 18] = 13, [ Al = pfl, (0 #0);
Lg|1: 25 13] = 15,

L3, : null bracket.

e dim L = (2|2): there are eighteen pairwise non-isomorphic Lie superalgebras:

L%|2: fl?fll :f117 f17f2 :f217 [fganI]:flla
L§|2: f17f11 :f117 f17f21 :fl [anfQ] f117 [fgafll]:_f%v
Lg|2: fl?fg :fg7 fl?fll :pf17 [fl? 21]_Qf27 pQ7£O

Nisyil L7, 2]

L7, 1] 17, /2]

L7, /2] L7, i
L421|2: [f17f§]:fg> [flvfll}:pflv [fl? 21] f1 +pf27 p#0;

L3a: [ 13 L7, i

17, /3] L7, i

17, 15 = 12, LY, A

2|2: fl?fg :fg7 fl?fll :p _Qf27 [f17f21]:q,f11+pf217 Q%Oa
Lg|2: f17féJ :fga flvfll :(p+1)f17 [flaf?] pf217 [fg7f21]:f117 p#oa
Lg|2: f17féJ fga flvfll :%flﬁ [f17f2]:§f27 [ff?fll}:fgv [f21af21]:fga



Quentin Ehret and Abdenacer Makhlouf

Lop (A3 = 0, IR Al =5l A Bl =5f (AL A= £
Loo: [0S =0 [ Al =pfis [ 6] =0 =pfs, (1 L] =135
Lop: U2 1= 2 LA Al =5f U Rl = +5fs L, ol = /25
Lyp: USR] = f3 (R A] = 3f —ofs, (AL 6] = pfi+ 50, [ fi] = f2 and
= f3, for p # 0;
£ AL = A 8 Bl = AL UL Bl = =383 [fs f2] = A

13 .
Loy :

14 .
L2|2 .

15 .
L2|2 .

16 .
Loy :

17 .
L2|2 .

L§|82 - null bracket.

[f2: 2] = 135
2 fil = f UL 2l = 155
= f3, [ =3 LA A = 125
[, f2] =
2 2] =

[

[

[

[

[
L;|22: L7, f5] =

[

[

[

1P —f2. UL 2l =135

[/

e dim L = (3]0): there are six pairwise non-isomorphic Lie superalgebras:

L:13|03 null bracket;

L3o: [, f3] = f3;

L3 L f2] = 15

Lio: [0, f5] = £, (A f3] = f2 + £

L3 LA 2] = £2, [0, 51 =pfs. p #0;

Lao o [0, f5] = 3, [, 51 = =20, [fS. f3] = 23,

e dim L = (3|1): there are seven pairwise non-isomorphic Lie superalgebras:
Ly, 2 sl = £ [ fil = £

L3, [ f5] = f{) 12, f51 =0+ 12, [f, fil = afis a # 0

L3y U sl =pfl = f2, 12, 51 = 7 +pfd, [fss fil = afl, pa #0;
La o 12, 51 = £ UL Al =1

Ly [ B =0 IR Bl =pf, (R A =5/ [fL A =1, p#0;
Loy : [ R =1 LR Bl =1+ 86, IR /=31, A A = 1.

L3}, : null bracket.
e dim L = (4]0): there are sixteen pairwise non-isomorphic Lie superalgebras:

L411|0 : null bracket;
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Lz21|05 75 13) = 135

Lio: L f2] = f15

Lio: [0, 5] = £, IR 81 = f2 + f35

Lio: [, 6] = £, A ] =pf, 0<p| < 15

Lg|05 75 121 = 1, (5 £3] = 13

LZ|0: L2 13) = 15, [0, 18] = =27, 1f3, 3] = 225

LZ|05 25 121 = 13, [ £3] = 1

Lio: [0, 5] = £, AL 1] = f3 IR fil = pfs, p #0;

Lzle]05 El’];g] zg: [fuf:a] = f47 [fufﬂ = pfg _Qf??‘i‘fz?’ (PaQ) € C* xCor
Lib : 1 21 = £3, [ 131 = £, (A2 F] = p(f3 + £3), p # 0

Lio : [ 21 = £3, [ 151 = £ A il = 12

Lib o UL ) =350+ £, [, 8] = 513, [, f2] = 512

Lio s 1 21 = 12, [ 1) = 13, [0, 2] = 202, 1f2, f3) = 1

Lib : [ 2] = f3, [ 151 = 2, (£ f3) = A

Lif : 1 2 = f3, [ 3] = —pfd + 13, [ £ = 1, [f2. 13 = £ p # 0

3.2 Superderivations of associative superalgebras

If A is a superalgebra, we have given the definition of superderivations of A in Defini-
tion 1.4. Let (A, L) be a Lie-Rinehart superalgebra. As an anchor p : L — L corresponds
to a family {p(z)},, of superderivations of A, it seems quite natural to study and describe
superderivations spaces for all the superalgebras we deal with. We recall that in this case,
Der(A) has a Lie superalgebra structure, the bracket being given by the supercommutator.

For every associative superalgebra listed above, we give the general form of the su-
perderivations D. We describe D with respect to the basis {e,e3,... €l e}, e3,...,el} of
the algebra Ai‘l|p. We only write the non-zero values. All the parameters are complex and

independent in each column.
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Superalgebra Superderivations of degree 0 Superderivations of degree 1
Al 0 0
o
Aln D(e1) = Mieg D(eg) = Aief
Al D(el) = Aet + Aged, D(ed) = Azel + Ayed null
D(ef) = Aief + haed + Azel
Al D(ed) = \ged + Ased + Agel null
D(ed) = Arel + Aged + Agel
Ao D(el) = A€y null
Aglo null null
Asn D(e§) = Miey, D(ej) = Aaej D(e§) = ey, D(ep) = Aoeh
Az D(et) = Mief D(e}) = Ml
11 € 1 1 2
Az D(e;) = ey, D(ez) = Aoey D(e1) = M€y, D(ey) = A€} — ey
Als D(el) = Aef + Aged, D(ed) = Azel + Aged null
AL, D(eY) = A(lelg), D(el) = )\)261% + Aze3, D(€9) = Mies, D(el) = Xael + Aze,
D(e3) = (M + Ao)eg D(el) = Aped
A§|2 D(e9) = )\1618, D(e%)1 = )\26% + Asel, D(€9) = A\jed —l—l)\geQ, Do(eb = A\zeY
D(GQ) = )\461 —+ /\562 D(GQ) — )\2@2
A5 D(e9) = M€Y, D(el) = dgel + Asel, D(e) = Aet + Aaed, D(ed) = Xoed + Ase)
j'z D(ed) = Mget + (M — Ao)ed D(ed) = =€l + M€l
Aj null null
o
A§|o D(el) = A€l null
A3 D(€8) = A€l null
A3 D(e) = AeS + Aael), D(ed) = Azed + A€ null
Asp D(e1) = ey D(ey) = (€] — €5 — €5)
A3, ( 3) = Aieg, D(ey) = ey D(e) = Mi(e] — €5)
A3 ed) = M\, D(eb) = hgel D(€9) = Miel, D(el) = el
31 €3 3 1 1 3 1 1 3
— 0y — 0
A§|1 Dee ) =N —(F /\)2€3 )\lzgeg) = 2hes, D(e3) = Met, D(er) = Aaef
€1) = A3€y
AS D(€9) = Ared + Agel, D(e§) = Azed + A€l D(eY) = Mief, D(el) = Aoel
j'l D(e}) = Asef D(e}) = Aze5 + Ase)
Ay null null
o
Ailo D(ed) = A€l null
Ao D(€9) = e, D(e}) = A€l null
Alo D(€9) = A€ + Ao, D(e}) = 2\ €] null
A5 D(eg) = )\163 + )‘262 + /\362 D(eg) = 3/\1627 null
4/0 D(€9) = 2X1€3 + 2\q¢€)
Afo D(e) = A€l + Aae, D(e}) = Azed + A€ null
Alo D(e9) = A€l + Aae, D(e}) = Azed + Aadel null
D(e9) = A€ + Aaed + Azel, D(ed) = 2\€
A8 2 2 3 34, 3 1€3
4/0 D(€9) = Ased + Asel null
D(€9) = Ared + Aol + Azel
Al D(€3) = A€ + Ased + Aged null
D(@g) = )\763 + )\geg + )\962

3.3 Classification of Lie-Rinehart superalgebras

We provide in this section a classification of Lie-Rinehart superalgebras in low dimen-
sions, using the following general results and the computer algebra system Mathematica.
We write only non trivial and non zero relations. If (A, L) is a Lie-Rinehart superalgebra,
we denote its dimension by a tuple (n|p, m|q), where n = dim Ay, p = dim Ay, m = dim Ly,



On classification and deformations of Lie-Rinehart superalgebras 77

q = dim L;. We say that an action is trivial if €] - f; = fj if i = 1,5 = 0, and 0 otherwise.
Using properties of the degrees and basic calculations, we obtain some general results.

Proposition 3.1. If A is a supercommutative associative superalgebra and L a Lie superal-
gebra, then we can always endow the pair (A, L) with a Lie-Rinehart superstructure using
the trivial action and the null anchor.

Proof. 1f p(x)(a) =0Vz € L, Ya € A, it’s clear that p: L — Der(A) is an A-linear mor-
phism of Lie superalgebras and that p(z) is a superderivation. For y € L, the compatibility
condition is then

[13, ay] = (_1)\(l||$\a[$, y]a
which is always satisfied, because the action is trivial. O]
Proposition 3.2. Let (A, L) be a Lie-Rinehart superalgebra. If dim(A, L) = (n|p,0[0),

(1|0, m|q), or (1|p,0|q), then the only possible structure is given by the trivial action and
the null anchor.

Proof. 1. (n|p,0]0) case: immediate;
2. (1]0,m|q) case: if € is the unit of A, then €?-z = x Vz € L and p(z)(e}) = 0Vz € L;

3. (1|p,0]q) case: Ly = {0}, so the action is trivial. Let 1 <k <gand 1 <1 <p. We
have

p(fe)le]) = T(lk,l)(l,1)€(1J7 T(lk,l)(l,l) e C.
Then, using the fourth condition of the Definition 2.1,

0=p(e; - fi)(er) = erp(fe)le]) = €1 - rinyan€l = "knan €l -
So T(lk;,l)(l,l) = (0 and the anchor vanishes. m

There are also some exceptional cases, found by computer calculations, where the only
suitable pair is the trivial action and the zero anchor, given by the following proposition:

Proposition 3.3. For the following Lie-Rinehart superalgebras, the only compatible ac-
tion/anchor pair is the trivial action and the zero anchor:

(A11,L3%); (A11,LSe); (Ao, Lipn); (Ao, Liy); (A3, Lis).

One notices that all supercommutative associative superalgebras in the above list have
a trivial multiplication, 7.e. all the products vanishes, except the products involving the
unit. One may conjecture that if the only suitable pair of a Lie-Rinehart superalgebra
(A, L) is the trivial action and the zero anchor, then A must have a trivial multiplication.
This result is to be proven yet.

Proposition 3.4. e [fdim(A, L) = (0|p,m|0), the action vanishes;
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e [fdim(A, L) = (n|0,0|q), the anchor vanishes.
o [fdim(A, L) = (n|p,m|0) or (A, L) = (n|p,0|q), the elements of Ay are acting by 0;

o [fdim(A, L) = (n|0,m|q), the elements of Ly are acting (via the anchor) by 0.

Now, we list the Lie-Rinehart superalgebras which are not already classified by the
above results. They are arranged in lexicographic order of the tuple (n|p, m|q). For each
tuple, a table gives all the possible pairs, with all compatible actions and anchors. Every
row of a table gives a different Lie-Rinehart superstructure. We give here all the tables
with dim(A4) < 2 and dim(L) < 2. The tables with dim(L) > 2 are given in Appendix 5.2.

(1|1,1]0)-type: The only possible Lie-Rinehart superalgebra is given by the trivial action
and the anchor p(f})(e}) = Ael, X € C.

(1|1, 1]1)-type: (A € C)

A L | Action Anchor
Ly, [ er- fl = Af0 | null
trivial p(f))(e1) = Aeg
) Ly et - Sl = MY p(D)(el) = —ef, p(f1)(e]) = =€l
Aip er - ST =M p(fD)(el) = el
s | trivial p(f1)(e1) = Ae
el £ = X\fI | null

(Hla 2[0)—type ()‘nu € (C)

A L | Action | Anchor
At | Db | ivial | p()(el) = el p()(eD) = pel
| L3, | trivial | p(f)(e1) = Aey

(2]0,0[1)-type: The only remarkable pair is (A3, Lg,), endowed with the null anchor
and the action € - f{ = fi.

(2|0,0|2)-type: Here L = L(I,|2 and the anchor is always null. We list the possible com-
patible actions for each supercommutative associative (2]0)-type superalgebra:

° A:A%‘O:

1. €3 fl=Afl, AeC;

2. 8- fl =M+ ufs, 8- f3 = =40 —ufi, (A p) € Cx Cx.
° A:Ag‘oz
Loe§-f3 =Ml +f3, A€ C;
2. 8- fl=fl. 8- fi=Al AeC;
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3. €5 [y = fa;
doey-fi=1flen - fa = [ 2
5. 6(2] ) fll = )\fll +luf217 6(2) ) f21 = A_/j\ fll - (1 _lu)fQIa ()‘7HJ) e CxC~.
(2|0, 1|0)-type: (A € C)
A L Action Anchor
Aém Ly i tri;/ial i p(fD)(€9) = \eé
Ado | Lo | e+ [T = /i null
(2|0, 1]1)-type: (A € C)
A L Action Anchor
Al L%H trivial p(f7)(e3) = Aeh
| Li)ll trivial p(f))(€3) = Aej
Lig & L3 [ e5- =1, eh-fi=1f null
T
A%\U Li’ll eS-fi =17 null
es- 1=/ - fi=FH

Remark 3.5. We see here that for A = A2
forward consequence of the fact that the super derivations space of A%m is {0}.

2000
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all the anchors are null. It is a straight-

(2|0,2|0)-type: (A € C)
A L | Action Anchor
trivial p(f7)(e3) = Aeh, p(f3)(e) = pey
" Lo [ 8- 3 =2F , null
200 e fL =M ufs ey f3 =2 = M3, p#0 null
72 | trivial p(f7)(eD) = Aed
TS TT=0 p(1)(€5) = ¢
- =R & fB=5
ey f3 =
0 0 _ 0
a2, | Ho Zg | ;E) = iﬁg T null
6g'f1 )‘f1+Mf2 u#0
8- f3= ﬁ} A+A=Nf
L%\o s =R e K= null

Remark 3.6. For the non-graded cases, we recover some of the results obtained in [18].

Proposition 3.7. Let (A, L) be a Lie-Rinehart superalgebra, with dim(A) < 2 and L
abelian. Then either the action is trivial, or the anchor is null.

Proof. Since L is abelian, the compatibility condition becomes:

r,y € Land a € A.

p(x)(a) -y = 0 for all
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o A= A(11|0). We have already seen that the only compatible pair is the one with the
trivial action and the null anchor.

o A=Al fa=c¢f p(z)(e]) =0, so the compatibility condition is satisfied. If

a = e}, we have two cases, depending on the degree of z.

|z| = 0: it exists A € C such that p(z)(e}) = Ae}. For y € L, we obtain Xe} -y = 0. We
then have the following dichotomy: either A = 0, which means that the anchor
is null, or ej - y = 0, which means that the action is trivial.

|z| = 1: it exists A € C such that p(z)(el) = \e{. For y € L, we obtain A\e? - y = 0, so
A = 0 and the anchor is null.

o A= Alyy. We have p(z)(e}) = 0 for every x € L. Let a = €. We also have two
cases, depending on the degree of x:

x| = 0: in this case, there exists A, 4 € C such that p(z)(e)) = \ed + pe). We then have
2 1 2
0=p(z)(ed) -y =My + ueY-y. If 4 =0, we obtain Ay = 0, so A = 0 and the
anchor is null. If u # 0, we have € -y = —ﬁy.

The fourth condition of the Definition 2.1 gives us p(e3 - x)(€9) = edp(x)(eY), so

—’\726(1) — e = Ael.
We conclude that A = 0 and the action is trivial.
lz| = 1: p(z)(el) € <A(12|0)> = {0}, so the anchor is null.
1

o A= A(ZQ‘O). The superderivations space is reduced to {0}, so all the anchors are
null. O

4 Deformation theory of Lie-Rinehart superalgebras

In this section, we provide a deformation theory of Lie-Rinehart superalgebras. The
following results are strongly inspired by [14], where the authors discussed a deformation
theory of Hom-Lie-Rinehart algebras, including Lie-Rinehart algebras. We also use results
from [22] and [5]. One needs a cohomology complex constructed below and that controls
deformations.

We could deform four different operations: the multiplication of A, the Lie bracket of
L, the action A ~ L and the anchor map p : L — Der(A). Here, we restrict ourselves to
deforming only the bracket of L and the anchor map p. It follows that the multiplication
of A and the action A ~ L remain undeformed in the following theory.

All the superalgebras are now K-superalgebras, K being a characteristic zero field.
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4.1 Super-multiderivations

Let A be a supercommutative associative K-superalgebra, M an A-module and L an
A-Lie-Rinehart superalgebra with bracket [-,-] and anchor map p. We recall that both
maps are even.

Definition 4.1 (Super-multiderivations space). We define Der" (M, M) as the space of mul-
tilinear maps
oMt — M

such that there exists oy : M®" — Der(A) (called symbol map),
1. Foralli e {1,...,n}:

f(xl" C oy Ly Ly, 0 ,In_;,_l) - _(_]‘)|IZH$Z+1|JC<$17 i1y Lyttt ,$n+1)7
2. For all a € A:

f(xh o, Ty, aa:n+1) - (_1)|a‘(|f‘+|1‘1|+"'+|l‘n|)af(x1’ e an—‘rl)

+ O'f(xh o) (@) (Tnga)-

Remark 4.2. With this definition, we can check that the bracket [-,-] on L belongs to
Der' (L, L), with symbol map given by the anchor p.

We define

Der*(M, M) = € Der"(M, M), withDer " (M, M) = M.

n>—1

Every space Der" (M, M) has a natural Z,-graduation, given by

D| =j € Zy <= |D(w1,- ,&ni1)| = Y |ai| = j mod 2, for D € Der"(M, M).

We have

Der*(M, M) = @ (Dex" (M, M)) = @ (Der (M, M) @ Der} (M, M)) .

n n

Next, we provide a bracket on Der*(M, M). We adapt the formula of the Nijenhuis-
Richardson bracket ([16]) to the super case. As explained in [22], the space of super-
multiderivations Der*(M, M) is a Z-graded Lie-algebra, but not a bigraded Lie algebra.
For f € Der?(M, M) and g € Der?(M, M), we define

(f © g)(xb e axp-i—q-i-l)

= Z e(r, 1, - >$p+q+1)f (9(337(1)7 T ’xf(q+1))> Tr(g+2)s """ ’xT(p+q+1)) )
T€Sh(g+1,p)
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where Sh(g+ 1, p) denotes the set of all permutations 7 of {0,1,--- ,q,---p+ ¢} such that

T70)<7(l)<---<7(9)and 7(g+ 1) < --- < 7(p+q).

The sign e(7, 21, -+, Tptq+1) is implicitly defined by the permutation 7 with respect to the
parity of the homogeneous elements xy, - - , 2,441 € L. For example, if 7 = (4, i + 1) is
an elementary transposition, then

c(r a1, i) = sgn(r) (<Dl = (il

Some computations for 7 € S3 can be found in [2]. An explicit expression of ¢ is given in

[5]-

Proposition 4.3 ([22]). For f € Der?(M, M) and g € Der?(M, M), we define a bracket by
[f,9] = fog—(=1)"gef,

with symbol map oy, = 0y 0 g— (—1)Po,0 f + [of,04] and

[0, 00)(z1,+ , Tpiq) = Z e(T - Tprg)[0p(Tr 1), ), Og(Trprnys s+ 5 Tpg) -
Sh(p,q)

With this bracket, Der*(M, M) has a Z-graded Lie algebra structure.

Remark 4.4. The reader should be aware that in [VL15], different conventions are adopted,
but the result remains unchanged.

4.2 Deformation complex

Let (A, L) be a Lie-Rinehart superalgebra. We construct a deformation complex.

Proposition 4.5. There is a one-to-one correspondence between Lie-Rinehart superstruc-
tures on (A, L) and elements m € Der' (L, L) such that [m,m] = 0.

Proof. Let (A, L,[-,],p) be a Lie-Rinehart superalgebra. We set m := |-, -], with symbol
map o, := p. We have m € Der'(L, L). The super-Jacobi identity for xy,zs, 23 € L is

[, [22, 25]] = [[1, 2], 23] — (1)1, [21, 23] = 0.
Since |m| = 1, we have [m,m|(xy, 9, x3) = 2m o m(xy, x5, x3). Or, by using computa-
tions on S3 done in [2] for the signs, we get
mom(xy, Ty, x3)
= m (m(zy, 22), 23) — (=120l (m(z), 25), 25) + (—1)l2lle2lHlerllzsly (5 (25 24), 21)
= [[w1, w2, 23] + (=) "1 2y, [y, 3] — [21, [2, 23]

=0.

Conversly, let m € Der' (L, L) such that [m,m] = 0. By setting [-,-] := m and p := 0,,, we
obtain a Lie-Rinehart superstructure on (A, L). O
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Hence, we can identify Lie-Rinehart superstructures on (A, L) and the corresponding
element m € Der'(L, L). We set

Cis(L, L) :=Der" (L, L) and Cj, (L, L) := ) Cp./(L, L),

n>0

which we endow with an operator
§:Cly(L, L)y — Cii (L, L), D — [m, D],
with an explicit formula given by

(0D) (1, ,Tpi1)
= (m oD — (—1)n_1D o m) (1’17 T 7xn+1)

- Z 5(7—7 Ty, 7xn+1)m (D(x7(1)7 T 7x7'(n))7 xT(TL-‘rl))

T€Sh(n,1)

- (_1)n—1 Z €<T7 MO TR 7xn+1)D (m(x7(1)7 x7(2))7 Tr(3)y """ 7$T(n+1))
reSh(2,n—1)

n+1

- Zgim(D(Il)"' 7fi7'” uxn—&—l)’xi)
=1

_ (_1)n—1 Z 55D(m($i,:1:j),x1,--- Ly Xy  Tntt) s

1<i<j<n

where ¢; and 6{ denote the signs associated to the permutations with respect to the parity
of the homogeneous elements 1, -+ , 2,41 € L and D € Der*(L, L).

Proposition 4.6. The operator § is a differential, i.e. §* = 0.
Proof. Let D € Cy, (L, L). We have

52<D) = [m7 [m7DH = Hm7 m]? D] + (_1)‘m‘|m|[mv [mv D]] =0- [mv [mv D]]

Then [m, [m, D]] = —[m, [m, D]], so [m, [m, D]] = 0. O

This enables us to define a cohomology complex, which will be used next in the de-
formation theory of Lie-Rinehart superalgebras. Therefore we call it deformation co-
homology. For p,q € Z, we have the usual definitions of p-cocycles and g-coboundaries,
denoted respectively by Z}, (L) and B, ,(L). Finally we set H}j, (L) := Z},(L)/ B}, (L)
to be the p-th cohomology group. We have

Zyeos(L) = ker(6")
= {D e Der’(L), D ([z,y]) = [D(x),y] — (-1)"W [D(y),2] Vz,y € L},
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and Z3 (L) = ker(0?) is the set consisting of D € Der' (L) which satisfies the condition:

[D(z,y). 2] = (=) [D(z, 2),y] + (~1) W [D(y, 2), 2]
=D ([x,y},2) + (=)D ([z, 2}, y) + (-1)HED ([y, 2], 2)

for all x,y,z € L.

4.3 Formal deformations

In this section, we discuss deformation theory of Lie-Rinehart superalgebras and show
that the deformations are controlled by the cohomology defined above. Notice that in
the sequel, we aim to deform the Lie bracket and the anchor while we keep fixed the
multiplication of the associative superalgebra and its action. We denote by K[[t]] (resp.
L[[t]]) the formal power series ring in ¢ with coefficients in K (resp. the formal space in ¢
with coefficients in the vector superspace L).

Definition 4.7. Let (A, L, [, -], p) be a Lie-Rinehart superalgebra over a field K of char-
acteristic zero, and let m € Der' (L, L) be the corresponding element obtained by Propo-
sition 4.5. A deformation of the Lie-Rinehart superalgebra is given by a K[[t]]-bilinear
map

e Lx L— L[], mu(wy) = 3 tma(z,p),

i>0

such that mg = m and m; € Der'(L, L) with symbol map denoted by o, for i > 1,
satisfying [my, m;] = 0, the bracket being the Z-graded bracket on Der*(L|[[t]], L[[t]]).

Remark 4.8. The map m; defined on L x L can be extended to a map on L[[t]] x L[[t]]
using the K][[¢]]-bilinearity.

We check that m; is a 1-degree super-multiderivation of L|[[¢]], with symbol map given
by 0, = > ;t'om,. As a consequence, m, gives rise to a Lie-Rinehart superstructure on
(A[[t]], L[[t]]), with bracket [-,-]; :== m; and anchor p; := oy,

Remark 4.9. The first non-zero element m; of the deformation is called the infinitesimal
of the deformation.

Since my satisfies [m¢, m;] = 0, we have

|z1|z2]

my(z1, my(22, 13)) = my(my(1, 22), 23) + (—1) my (w2, My (71, 73)). (1)

This equation is called deformation equation and is equivalent to an infinite system by
identifying the coefficients of ¢.

Theorem 4.10. Let m; be a deformation of a Lie-Rinehart superalgebra (A,L). Then
the infinitesimal of the deformation my is a 2-cocycle with respect to the deformation
cohomology.
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Proof. By taking the coefficients of ¢ in Equation (1), we obtain

ma(z1, m(xe, x3)) — my(m(xy, x2), x3) — (—1)'11”“|m1(x2, m(zy,x3))

+m(wy, ma (w9, 3)) — m(ma (21, 22), 23) — (= 1) 1%2m (29, my (1, 25)) = 0.
Using [2] for the signs, we get

[m, my](z1, T2, 23) = m(my(z1, 22), 23) — (—1)1218lm (my (21, 25), 2)
+ (=1)lmillezlHledllzsly, () (24, 25), 1) + my(m(xy, 22), 23)
_ (_1)|ﬂﬂ2llﬂ£3|m1 (m(xq, z3), 1) + (_1)|$1H$2\+|$1Hl’3\m1 (m(z2, 3), 71)
= m(my(z1,22),x3) + (—1)'“”1”“|m(x2,m1(m1, x3))
— m(, x1, my(xg, 23)) + my(m(zy1, x2), x3)
+ (=)l (2, m(ay, 23)) — ma (21, (s, 23))
=0. ]
4.4 Equivalence of deformations

Let (A,L,[-,-],p) be a Lie-Rinehart superalgebra and m the associated element of
Der(L, L). Let m; and m; be two deformations of m.

Definition 4.11. We say that m; and m; are equivalent if there exists an even formal
automorphism ®; of L[[t]], that can be written ®; = id+}_,., t¢;, with ¢; : L — L even
K-linear maps, such that ®, o mj(x,y) = m(Pi(x), P(y)). We write my ~ m;.

Definition 4.12. A deformation is said to be trivial if it is equivalent to the deformation
given by m? = 3" #'m{, with m3 = m and m? = 0 for i > 1.
We recall that we have a short exact sequence
0 — B, ;(L) — Zj,,(L) = Hj,;(L) — 0.
We denote i = () for p € Z3,;(L).

Theorem 4.13. For a deformation m; of m, the cohomology class of the infinitesimal
element my is determined by the equivalence class of my.

Remark 4.14. In other words, we have m; ~ m; = my = m_’1

Proof. Let m; and m; be two equivalent deformations of m and @, the associated formal
automorphism. By definition, we have ®;, o mj(x,y) = my(P¢(x), P;(y)), that can be
rewritten Y, .t gy (mi(x,y)) = X2, TP, (¢,(), ¢4(y)) - By identifying coefficients
of t, we obtain

ma(z,y) —mi(z,y) = dr(m(z,y)) — m(di(z), y) —m(z, ¢1(y)).
Since d(¢1) = m(du(x), y) + m(z, ¢1(y)) — d1(m(z,y)), we have mi —my = §(¢1). It

follows that m/ = my + 8(¢1), so iy = m} € H (L) O
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Definition 4.15. A Lie-Rinehart superalgebra is said to be rigid if every deformation is
trivial.

Theorem 4.16. Any non-trivial deformation of m € Der'(L, L) is equivalent to a defor-
mation whose infinitesimal is not a coboundary.

Remark 4.17. That can be reformulated as if all the elements m; are coboundaries, then

my ~ mY.

Proof. Suppose m; is a coboundary: 3¢ € Cj,; = Der’(L, L) such that m; = 6(¢). We
show that m; = 0. We set ®; = id + t¢ and define m} := ¢, o m; o Q);l. Then we have

my ~ my, that is
Zt m] (I)t = (Z tl ) )

which is equivalent to

S (@), dily) = Y 1P, (i, ).

7.kl i,p

By identifying the coefficients of ¢, we get

m/1<x7 y) - ml(x7 y) - (b(m(x, y)) - m’(qb(x), y) - m’(m, ¢(y>> = _5(¢)

Then, we have m} —m; = —d(¢) = —my, so m| = 0. By repeating the argument, we show
that if m; € B2, then m; = 0. O

Corollary 4.18. If Hjef(L) =0, any deformation is equivalent to a trivial deformation.

Proof. 1t H, 3ef(L) = 0, the infinitesimal is a coboundary. According to the theorem, the
deformation is equivalent to a trivial deformation. O

4.5 Obstructions

Let (A, L, [-, -], p) be a Lie-Rinehart superalgebra, m the associated element of Der(L, L)
and N € N, N > 1. We say that m; is a deformation of m of order N or N-order
deformation if

= Ztkmk, my, € Der'(L, L) and [my, my] = 0.
k=0
Here we aim to extend a N-order deformation m; to a (N + 1)-order deformation, i.e. find

my41 € Der' (L, L) such that m} = m; +t"+'my,; is a deformation of m.
The condition on mpy, is expressed by the following deformation equation

dmpyi1(a,b,c) = Z mi(a, m;(b,c)) — mi(m;(a,b),c) — (=1)WPlm; (b, m;(a, c)).

i+j=N
i,7>0
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Definition 4.19. We set, for a,b,c € L,
On(a,b,c) = Z mi(a, m;j(b,¢)) — mi(mj(a,d),c) — (=)W, (b, m;(a, ).

i+j=N
i,j>0
It’s immediate that Oy € C3. (L, L) = Der?(L, L). The map 0y is called the obstruction
cochain of the N-order deformation m;.

Lemma 4.20.

= —= Z [m, my].

H—j
i ]>O

Corollary 4.21. The map Oy is a 3-cocycle.
Proof. Using graded Jacobi, we have

1
(On) =[m,0n] = —= Z ma,myl] = —= Z m,m;|, m;] +3 Z [mg, [m, m;]] .
z+] N z+] N i+j=N
,5>0 4,5>0 i,j>0
Since [m,0n] = 0 if and only if >, .y [[m,mi],m;] = >, iy [mi, [m,my]], it follows
i,j>0 4,7>0
that Zi—i—j:N [my, [m,m;]] = Zi+j:N [my, [m, my]]. [
i,7>0 i,5>0

Theorem 4.22. Let my; be a N-order deformation of m. Then my extends to a (N+1)-order
deformation if and only if On is a 3-coboundary.

Proof. (=) Suppose that m; is a (N + 1)-order deformation of m. Then m; satisfies the
graded Jacobi identity, that is for a, b, c € L:

m:&(a’ m:t<b’ C)) - m::(m%aa b), C) - (_1)|a‘|b|m;(b’ m;(a’ C)) = 0.

By expanding and collecting the coefficients of V!, we have

Y mila,my(b,¢)) = my(my(a,b). ) = (=1)1"m;(b,m;(a, ¢)) = 0,

i+j=N+1
i,j>0

which is equivalent to —[m, myy1] + On(a,b,¢) = 0. As a consequence,

HN(aa b7 C) - 5(mN+l)‘

(<) Suppose Oy is a coboundary: it exists ¢ € Cg,;(L) such that Oy = dp = [m,¢]. We
need to show that m, = m; + ¢tV 1 is a (N + 1)-order deformation of m. We write

Y malamy(b,e)) = mi(m;(a,0), ¢) — (=1)""m; (b,my(a, ) = [m. ¢],

i+j=N+1
1,7>0
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and it follows that

Z m;(a, mj(b’ c)) — mi(mj(av b), c) — (_1)‘a”b|mi(bv mj(a’ c)) = [m,p] = 0.

i+j=N+1
1,70

With this equality and with the fact that m, already satisfies the super-Jacobi iden-
tity, we deduce that mj is a (N + 1)-order deformation of m. ]

Corollary 4.23. If H} (L) = 0, any N-order deformation extends to a (N + 1)-order
deformation.

4.6 Rigid (1|1, 1|1)-type Lie-Rinehart superalgebra
In order to provide an example of a rigid Lie-Rinehart superalgebra, consider the pair
<A}|1,L}‘1> (product on Aj, : eje; = 0; bracket on Ly, : [f{, fi] = f7), endowed with

the null anchor and the action given by el - fl = Af?, XA € C. Using Proposition 4.5, the
bracket [-,-] corresponds to m € Der' (L), with symbol map o,, = p. We will show that
(A, L) endowed with this Lie-Rinehart superstructure is rigid.

Lemma 4.24. Let (A, L) being endowed with the structure above and let D € Der™(L). If
D =0, then op(X)(a) =0 for all X € L*"™ and all a € A.

Now we aim to compute explicitly elements of Zj,(L). We set the general form of a
2-cochain (D, op):

D(f?, f?) =0, op(fD)(€) = on(fi)(e) =0,
D(f, f1) = v ff + nfi op(f)(e1) = poel + pre,
D(ff, f1) =00 f) + 01 1, op(fi)(er) = qoel + qrer.

All the parameters belong to C. The following result gives us conditions on these param-
eters for (D, op) to belong to Z7, ,(L).

Lemma 4.25. Let (A, L) be a Lie-Rinehart superalgebra endowed with the above structure
and let (D,op) € Z3,;(L). Then

D(f?vf?) :07 O-D(f{))(e
D(f?, f) =17, op(f7)(e
D(fi, fi) =0/ =711, op(fi)(e

Proof. Suppose (D,op) € Zj,;(L). Then §(D) = [m, D] = 0. Evaluating this equation on
the basis elements 7, fl of L, we find

[m7 D](fllaff)afll) = _271.]0{) and [m7D](f117f117f11> - (70+‘91>f{)+71f117

—=o

) = op(fi)(e}) =0,
) =0,
) = el + quei.

—

— =
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all other possible combinations being zero. Now if u = ugfY + uy f{, v = vofY + vi fi and
w = wofy + wy f], we have

[m, D](u, v, w) = —2uyvow YL fY + uviw ((% +00) f) + vlfll) =0.

Setting to := —2ujvow; and t; := ujviw,, we get
toyr +ti(yo+61) =0
tin = 0.
As a consequence, 7, = 0 and 7y = —6;. One gets the expression in the Lemma by setting

Yo =: v and 6y =: 6.
Then, we know by Lemma 4.24 that oy, pj(2)(a) = 0 for any z € L and a € A. In this
case Opm,p) = po D +opom+[p,op| = op om, because p = 0. Therefore, we have

im0 (f1, f7) = 0
U[m,D](f?: f11> =0
om,o)(f15 fi)(€1) = op(fP)(€1) = poel + prey.
Since o, p) = 0, we obtain py = p; = 0. ]

For A € Cj (L), we have oo = 0. We aim to describe B3 ;(L). We write for
)\07)\1>,u07,u1 e C:

A(fD) = Xof? + M1,
A(f1) = pof? + i

Then we have:

[m, AJ(f7, f1) =0,
[m, Al(fY, f1) = A,
[m, AJ(f1 1) = (20 — Xo) ) — A fi-

Proposition 4.26. If (A, L) is endowed with the above structure, then B}, (L) = Z (L),
that is, Hz,;(L) = {0}. Thus, (A, L) is rigid.

Proof. Let D € Zj ;(L), given by the Lemma 4.25. We need to find A € Cj, (L) such
that
[m,A] =D and 0op,a] = 0p.

If we set

A(f)) = Mo fP + 7 f1
A(f) = pof? + 5 11,
for arbitrary A\g and pg, we have [m, A] = D. Because on = 0, we have Ofm,a] = p o A.
But both those terms are zero, so this last equation is verified. O
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5 Appendix

5.1 Supercommutative associative superalgebras

We list supercommutative associative superalgebras with unit. We denote basis ele-

ments of Ay by €] and those of A; by ej. The unit is €.

e The purely odd superalgebras Ao, always have a zero product.

e dim A = (1|0): there is only one unital supercommutative associative superalgebra

1 : 0.0 _ 0
Ajjp, with product ejej = e7.

e dim A = (1|1): there is only one unital supercommutative associative superalgebra
A, with product eje; = 0.

e dim A = (1]p), p > 2: we have (A;)? = {0} ([3]).

e dim A = (2]|0): there are two pairwise non-isomorphic unital supercommutative as-
sociative superalgebras:
1. A : :

A2|0 . every non-trivial product is zero;

2 . 0.0 _ 0
A3 exe = €.

e dim A = (2|1): there are two pairwise non-isomorphic unital supercommutative as-
sociative superalgebras:

1 . . . . .
A2|1 . every non-trivial product is zero;

2 . 0.0 _ 0 0.1 _ 1
Ajpt 66y = €y, €3e) = €.

e dim A = (2|2): there are five pairwise non-isomorphic unital supercommutative as-
sociative superalgebras:

Alg: e =, el = el

A3, edeh = e

Ag|2 : eJel = el

A;‘|2 . every non-trivial product is zero;

Ag|2 : ejed = él.

e dimA = (3|0): there are four pairwise non-isomorphic unital supercommutative
associative superalgebras:
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Azt eheh =€), ehes = ef, efes = ef;
Ao eey =€), ejes = ef;

Agm L egeh = ej;

A§|0 : every non-trivial product is zero;

e dim A = (3|1): there are five pairwise non-isomorphic unital supercommutative as-

sociative superalgebras:
Aby: =l e =
A, e = e, el = b
A§|1 L ehed = €;
A§|1 D egey = ef;
Agll . every non-trivial product is zero;
e dimA = (4]0): there are nine pairwise non-isomorphic unital supercommutative

associative superalgebras:

Alg: e =l 98—, cled = el
A2y b=l el = b

A = e = 8

Ay b= el el = b, el =, elel = el
Aj: e =dh, =t

Ay = o= ), bl = of

AZ|0 D epes = e

AZ|0 :eSed = ed;

AZ|0 . every non-trivial product is zero.

5.2 Lie-Rinehart superalgebras with dim(L) > 2

(2|0,0]3) and (20, 0]4)-type: We already know that the anchor vanishes. There are too
many suitable actions to be listed here (90 just for the pair (A3, L), for example).
(20, 3]|0)-type, (2]0,3|1)-type and (2]0,4|0)-type: no results to mention here.
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Communicated by: Friedrich Wagemann
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A L | Action Anchor
trivial p(f)(el) = Xej
Lig [el- f7=ufl p(f)(er) = e
er- i = ih p(1)(er) = per
A |2 trivial p(fD)(e1) = Nel
HE| TR el f7 = uff null
3 trivial p(fO)(el) = Nel
12 el /T =pfl p(f))(e1) = e
triviale p(fD)(e7) = Nel
Al | L [el - 7= p(fl —if3) p(f)(e1) = (p — i)e]
er - f = p(fl +ifs) p(f)(e1) = (p +i)e;
Ly el fl=nf), elfs =~f) | null
trivial p(fD)(et) = Ae?
I8, [l ST = AT e F =l [l
e il

Table 1: (1|1, 1]2)-type, (A, p,y € C)
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A L | Action Anchor
trivial p(f0)(el) = Nef
o, L= P = ek
e - fi = pfs p(f1)(er) = pe;
e fi = nfs p(f7)(e1) = ge
trivial p(f)(e1) = Aeg
23, [ R =uf] aul
1 DT A =]
Al\l trivial p(fO)(el) = Nel
Ly el [T = uff p([D)(er) = pe;
T} P =]
L‘11|3 trivial p(f)(e1) = eg
L e fi=nfi p()(er) =per
Ly Ler- i =(fs —ify) p(f1)(e1) = (g —1)ey
er- i =1z +ifs) p(f1)(e1) = (g +i)eg
Jr irivia HIGIEPS
1B el - f7=puff null
o [ tiivial GRS
o Ll =] TG
IGO0 ey O P VAT
trivial p(f)(e1) = Aeg
T 71 0 T 1 0
8 er- fi =M1, e fo = pfi
e el = af? iy
e i =M tnfy+fs null
Table 2: (1]1,1[3)-type, (A, p,7 € C)
A L | Action Anchor
71| trivial p(fP)(et) = Nel
T = AT ml
72 | trivial p(fD)(el) = Nei, p(f7)(ef) = pei
e AT e = Al pUe) = el o) =
L3, | trivial p(fO)(el) = Nel
X 14 trivial P(f{))(e%) = )\e%
A | 7 el T =nfl p(f7)(e1) = pej
trivial P(f?)(ei) = )\e%
Lgu er- fi = pfi null
DN (GRS
trivial p(fD)(e1) = Aey, p(f3)(e1) = pey
Lg|1 e?fl;:)\fl?—i—,itfgo 1 null
e1 - f{ = A1, e;- fo =pfy | null

Table 3: (1|1,2]1)-type, (A, pu € C)
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A L | Action Anchor
g1 | trivial p(fP)(e1) = Aet, p(f3)(er) = pey
e [ = AT e T = ] 0T S
trivial p(f1)(er) = Aey, p(f3)(ey) = pe
T T =N 7D PN = o o) (e) = ie]
Ly, [ei- L= AGSA + f3), ei - o = pGfi + f2) [ p(f))(er) = ei, p(f3)(e1) = —ie;
e ST =M —ify), e f3 = p(fy —ify) [ p(F))(e1) = ei. p(f3)(e1) = —iey
GI G EDHG B E RV HIG I GG IR
trivial p(fi)(e1) = Xe
L, [ T =37} o(F0N(e) = gl
1 fi = Mi p(f))(e1) = pei
[+ | trivial p(f1)(e1) = Aei
el 7 =M1 p(f7)(e1) = pei
trivial p(fN)(el) = Ael
e i =N —ify) p(f)(er) = (p - 7'(1)(’%
Ly, [el - T = AT +1if3) p(N)(el) = (v + ig)e]
e f = Aafl + f3) p(f)(er) = (p - 7(])‘%
1 i fi = \=ifi + f3) p(f))(e1) = (p +ig)ef
Am trivial p(fD)(e1) = Ael
Ly [ei- A=Ma, ei- f3 =M1 p(f7)(el) = pei
e fI =M1 p(f)(el) = (1 + plej
trivial p(fD)(ed) = Nel
7 T 70 — Ty 1. 1 — 0
L2\2 2 ‘ 21 _ j:(QfZ’l)\ngfZL er-fi =2\f5 p(f0)(e}) = %e%
Lo |trivial P = el
el f=nh p(f7)(ef) = 361
trivial p(fN)(el) = Ael
Lg‘z f1 —/\fzv 61 f1 = fg P(f?)(c%):(l_P)C{
61 =0 —pAfi, e ﬁ:)\fg p(fD)(e1) = pey
L [rivial A0 = el
2 el fl = nff p(f7)(e1) = 361
trivial p(fN)(el) = Ael
L [l = A(—ifi+ fD), el - =20 e
A Y L
Lé‘g e?fli:%)mlf% €1 f{):)‘(lf11+f21) o 'f)(e%)—fme%
e fo = gp,lfz
I e S A+l ol
trivial p(fD)(e1) = Ael
L%‘g @%'f%:Afél) p(f)(el) = e1
a-fi =M null
e Ji =AM
trivial p(f))(er) =
Ly [ei- fi =A\fa p(f))(e1) = ei
e fo = AfY null
trivial (fl Y(et) = del
el-f():)\fl, el.f():‘ufl B ] B
Zi Y pUED = ek (e = et
trivial p(f(eh) = /\e’1
Lirz fl _/\f17 C1 f2 _:ufl 1
61 fs = nf? = \f3 "
pryiin ST = ek, P = el

too many compatible actions to be listed

null

Table 4: (1|1,2]2)-type, (A, u,v,0 € C)
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A L | Action | Anchor

» (el =Nl PR = el
L}, | trivial p(f1)(er) 1, PU2)\6 1

0| () (el) = yed
AL LgIO trivial | p(fO)(el) = ek, p(fD)(el) = pel
11 3 P N I T .
Ly, trivial | p(f3)(e1) = ey, p(f3)(e1) = ne;

L1, [frivial | p(70)(e]) = Me]

L3, | trivial | p(f7)(e) = ]

Table 5: (1|1, 3]0)-type, (A, pu € C)

A L | Action Anchor
1 tl;ivia[} 1 p(f9)(e1) = Ael, p(f9)(el) = pe]
Ly, | er-f3 =Af
| € J2 i 0V(pl) — o1
p(f3)(e e
. () =<t
[ rivial P = pe]
et f = Af1 p(f3)(e1) = gei
g [viel pf3)(er) = pe
A%Il o € _f3 =AM p(f3)(er) = ge
[ frivial D) = el pTDED = jee]
I el fE= /0 null
I3, | frivil o) = ]
Ly, | trivial p(fg)(ei) = uei . 1
.. P(fl)(€1> = \ey, P(fz)(61> = pey
trivial
) p(f3)(e1) = ver
Ly [er- fl =2 +pfi +9 | null
G}ff:)\f{), 6%‘](8:,“]08 null

el - f3 =f1

Table 6: (1|1, 3]1)-type, (A, p,y € C)
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A L Action | Anchor
i (el = Ael, p(F)(el) = pel
Lt trivial p( 1)(61) 1 PU2) e 1
1o pUR)(e}) = el 353 = be}
L == /\6 ( e — ue
2 trivial p(fl)(el) 1, P\J2 1 1
1o pUN(e) =ve 1
i = ek, p(f)(el) = pe
L trivial plf2)(er) 1 PU3) 6 1
o p(f)(el) = el
o | Lhe  |wivial | p(7)(er) = Ael, p(UD)(el) = pe}
T [PUD(ED) = Al pU(ED) = pe]
0 T L eed) = el
L5, | mivial | p(f9)(el) = Ael, p(fD)(e]) = peel
Ly, | wivial | p(fD)(el) = Ael
Ly, | wivial | p(f)(el) = Ael, p(5)(el) = pel
L* .
o < k;4|0§ r trivial p(f2)(e}) = Nel

Table 7: (1|1, 4]0)-type, (A, p, 7,0 € C)

A L Action Anchor
Ly, trivial p(f)(ey) = Neh
12 trivial p(f)(€9) = el
112 &S fa =i null
I3, & L%, | trivial p(fD)(€) = Aed
Aé‘o trivial p(f2)(€9) = Aed
6 ey fo =M null
T fi= =AM+ ufy, p#0 ]
&S fi =—2fl+uf)
Llf|2 68' P:f{)> eg'fllzfllv null
L<k<5 |es-fy=1f,
& i =0 =N +nfy, n#0
¢ fi = 25 4 uf
Ag‘o e%- 21:>\{011—{(_)]0211 T
e s aul
e-Ji =/ e [ =/
e fi=1fl e fy =Afi
- fI=M e A=
& fo =1

Table 8: (2|0, 1|2)-type, (A, € C)
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A L Action Anchor
L¥ .
ke {1715”47 6} trivial p(fD)(e9) = Ne
trivial p(f)(e3) = Ae)
B [ il
A2 S fy =M P(F7)(e3) = €3
= triviel IIRICIERY:
113 eg'- f§ =M null
T trivial p(f7)(€3) = Aed
13 too many compatible actions to be listed | null
) Llf\?» eg'f{]:fi)a egfllzfl1 null
Ao | 1<k<T |e§-fi=fi 3 fi =13
L3 too many compatible actions to be listed | null
13

Table 9: (2|0, 1]3)-type, (A € C)




On classification and deformations of Lie-Rinehart superalgebras 99

L Action Anchor
I trivial p(f7)(eh) = Aeh
21 - fO=\fJ null
trivial (fD)(e) = Aeh, p(f3)(e9) = el
L, 0. 70 0 0y 0. 70 0 70 Al AN AS PR 2
kl ey fi =AM = f), ea- f3 = A+ f3) ( 0)(nb1)11 .
Ls trivial p(fi)(es) = Ae
i 1 2
3<k<5 [l fI=\f" p(f7)(e3) = €§
trivial p(f7)(€) = Aéd, p(f9)(el) = Aeh
IS 6(2) ) fi) — )‘fg null

20 S fl=-AT+ufd, n#0

null
8- 19 =2+
&S fl =+
0, O:)\fO
Ly & )y 2 null
TS = g ST = T
es- fi=fes-fr=1, e - fi=fi
S fl=0=-NF+f)
e§~f§=ASf? +Of§)
L2 e fi =+ ol
2 &S fl=1—=Nf =\,
ey f3=—=(1L=Nf+ A3
- A= e fr=%f, - fi=/
Lg\l&[é\l 6(2)'f102f{]7 eg-fé):f& 68~f11=f11 null
6O,fI :fl
Lg“ e§-f?=f§, eg-fé):fé) null
S =R - =1 & f="Ff
Lg|1 - f=0-NF+uff, n#0 null

8- f5 = 2R+ A
&=

& =AM B =1
Lg“ - =R+ A7 null
oSy =M+ - fi=/i

5 fy = MY

G- fi=1

G- f=h-h=Ff e fi=h

Table 10: (2/0,2[1)-type, (A, u € C)




100 Quentin Ehret and Abdenacer Makhlouf

A L Action Anchor
I trivial p(f1)(€) = Aey, p(f3)(e3) = Aej
20 L= =T wull
B, | wivial GG WGP
L5, trivial p(f7)(€3) = ey
3< k<15, 0. £0 _ 0 0Y(,0) — ,0
k ¢ {6 12, 13} ey f1 = Afs p(f7)(ey) = €5
. frivial EHICIERG
[ A &= WHICEE:
16 trivial p(f7)(€3) = Aej
N . T Iy oY) nul
L Lol RICIEPY:
R T =AY, i = af] ml
L%‘E; trivial p(f7)(€3) = Aed, p(f3)(e3) = ey

DY N
(/1,9750) N eg'floz_Afg_"UfQOa €3f§:—);zf?+/\f§
e2'f11 = _“/f11+9f21: eg'fZI = _%fll“"Yle null
s f3 =M, &) f3 = nfl

(n#0)-=> | 8- fl==Nl+nfs, S f3 ==2Cf+ufs

(n#0) - [ - f0 =M +pff, &§- 1§ ==TP+uf}

Lk
R

TR T
B, (i g s ol
€y J1 :§f1 +§_f2, €9 - 2:_§f1+ J2
68' 11: 2f1 - %f217 63 f2 2f2 2f2
5 (LI
| eQ'fl f1762'f2:f2 1
S =7 B = o
A3y ey fi=fes-fi=Ffl
R Ere
. eg'fllzfgvez'h:fz
LQ\Q ey o = [fa null
e =M =
ey fi=fi
Ly}, too many compatible actions to be listed null

Table 11: (2|0, 2|2)-type, (A, pu,7,60 € C)



