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On the classification of sub-Riemannian structures on a 5D
two-step nilpotent Lie group

Rory Biggs and Odirile Ntshudisane

Abstract. We classify the left-invariant sub-Riemannian structures on the unique
five-dimensional simply connected two-step nilpotent Lie group with two-dimensional
commutator subgroup; this 5D group is the first two-step nilpotent Lie group beyond
the three- and five-dimensional Heisenberg groups. Alongside, we also present a
classification, up to automorphism, of the subspaces of the associated Lie algebra
(together with a complete set of invariants).

1 Introduction

Invariant sub-Riemannian structures on Lie groups have proved to be a well-suited
differential geometric language for the study of several physical systems as well as being a
rich source of examples and counterexamples for a number of fundamental questions and
conjectures in sub-Riemannian geometry (see, e.g., [3], [12], [17], [20]). Much work has
been done in studying specific structures, their geodesics, and trying to classify various
families of structures, for instance studying the class of structures in three dimensions (see
e.g., [2], [8], [10], [11], [18], [19], [21]), in four dimensions (see e.g., [1], [4], [5], [6], [7]),
or for some sufficiently regular and thus amenable families of structures like those on the
(2n + 1)-dimensional Heisenberg groups (see, e.g., [9] and the references therein).

In this paper we consider the left-invariant sub-Riemannian structures on a five-dimen-
sional two-step nilpotent Lie group with two-dimensional commutator subgroup, which we
denote by T. This group is the first (lowest-dimensional) two-step nilpotent Lie group
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beyond the three- and five-dimensional Heisenberg groups. We note that although the
four-dimensional Engel group (the simply connected Lie group with Lie algebra having
nonzero-commutator relations [Esy, Ey| = Ey, [Es, E4] = E») has a smaller dimension than
T, the fact that it is a three-step nilpotent Lie group makes the sub-Riemannian structures
on the Engel group arguably more complicated (cf. [1], [5], [6], [7]).

In Section 2, we give a matrix representation for T, determine the group of automor-
phisms of its Lie algebra t, and classify the subspaces of t up to automorphism. In Section 3
we then proceed to classify the sub-Riemannian structures on T up to isometry (by making
use of the fact that all isometries are affine in this context [16]) and briefly describe the
isotropy subgroups of identity.

2 The Liegroup T

There is only one five-dimensional two-step nilpotent simply connected (real) Lie group
with two-dimensional commutator subgroup (see, e.g., [22]). We denote this group T and
its Lie algebra t. The Lie group T has the following matrix representation (cf. [13])

(

1 Ty T4 Ty
0 1 x =z
T:< 0 0 12 03 P X1, X2, T3, Ty, Ty eR
[0 0 0 1
( _O V1 Ug Uy 5
(= O 0 Vg U3 o Z E . c R
= 0 0 0 0 —‘711}2 i - U1y,...,0Us
([0 o 0o o]

The non-zero Lie brackets of t are given by
[EV, Bp] = By, [En, B3] = Es.
The centre 3 = (Ey, E5) of t coincides with its commutator subalgebra.

Lemma 2.1. The group of automorphisms of t is given by

ag 0 0 O 0
(05} bl (&1 0 0
Aut(t) = as bQ (6)) 0 0 € R5X5 . ay 7£ 0, b162 - Clbg 7é 0
ay b3 C3 a1b1 a1Cq
as b4 Cy a1b2 a1Co

with respect to the ordered basis (E1, Fy, F3, Ey, Es).

Proof. Suppose ¢ € Aut(t). That is, ¢ : t —> t is a linear isomorphism that preserves

Lie brackets. Let [p;;] be the matrix representation of ¢ relative to the ordered basis
(E17 E27 E37 E47 ES)
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As -3 = 3, we have that 14 = oy = 34 = 0 and 15 = o5 = 35 = 0. As @ preserves
the Lie bracket [Ey, Es] = Ey, we get @4 = (11022 — pa1012) and ¢sq = (011032 — ©31012)-
Similarly, as ¢ preserves the Lie bracket [Ey, F3] = E5, we have that ¢u5 = (0119023 —921%13)
and @55 = (P11933 — P31013). We thus have that

P11 P12 P13 0 0
V21 P22 P23 0 0
(il = |31 w32 @33 0 0

P41 P42 P43 (9011%022—80219012) (90119023—80219013)
Y51 P52 P53 (90119032—¢31<P12) (@119033—9031%013)

Preservation of the Lie bracket [Es, E3] = 0 gives the conditions p1a¢p93 — @213 = 0 and
V12033 — 32013 = 0. If (19 # 0, then o3 = ‘Pij:‘;l‘"’, P33 = % and so det ¢ = 0, which is
a contradiction. Thus ¢15 = 0. Similarly, assuming that ¢35 # 0 leads to a contradiction

and thus 13 = 0. Therefore,

pvi1 0 0 0 0
P21 P22 P23 0 0
[0ijl = |31 w32 P33 0 0

P41 Pa2 P43 P11P22 P119P23
P51 P52 P53 P11¥P32  P11¥P33

with 11 # 0 and @aap33 — Y332 # 0. It is a simple matter to show that any such map
© is an automorphism. [

Subspace classification

Let s and tv be two subspaces of a Lie algebra g. We say that s and tw are equivalent
if there exists an automorphism ¢ € Aut(g) such that ¢ - s = ro. The subspace s is called
bracket generating if the smallest subalgebra of g containing s is g itself. If s is an ideal,
then it is said to be a fully characteristic ideal if ¢ - s = s for all ¢ € Aut(g).

We identify some scalar invariants for subspaces of the Lie algebra t. A simple invariant
is the dimension of a subspace: if s is equivalent to to, then dim(s) = dim(tw). Two more
invariants can be found by considering the dimension of the intersection of a given subspace
with any fully characteristic ideal. Accordingly, since the centre

3 = (B4, E5)

and the subspace
¢ = <E27 E37 E47 E5>

are both fully characteristic ideals (by Lemma 2.1 in the case of ¢), we have that
dim(s N 3) = dim(r N 3) and dim(s N ¢) = dim(w Nc).

whenever s and to are equivalent. The last scalar invariant is slightly more involved.
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Lemma 2.2. If s is equivalent to v, then
dim(s N3N [Ey,sN¢]) =dim(w N3N [E, w0 NC]).

Proof. Let ¢ € Aut(t) such that ¢ - s = to. Then there exists ¢ € Aut(t) such that
Y- By =a By, ap #0, Y] = ¢, and ¢|; = ¢|; (see Lemma 2.1). Therefore

wN3N[EL,mNc = (p-8)N3N[E,(p-8) N
p-(sN3)N[ELe- (sNd)

Yo (N3N [2v Byes(sno)]
¢.

(sN3N[E,sNc])

and so dim(ro N3N [E,roNec]) =dim(s N3N [E,sNc]). O

With these invariants at hand, we now proceed to classify the subspaces of t. In Table 1
we list the equivalence class representatives identified alongside their associated values for
the scalar invariants.

Subspace s dim(s) dim(sN¢) dim(sN3) dim(sN3N[E,sNc])
(ED 0 0 0
(E) 1 1 0 0
(Ey) 1 1 0
(Er, Ey) 1 0 0
(Ey, Ey) 1 1 0
(Es, E3) , 2 0 0
(Es, Es) 2 1 0
(Ey, Ey) 2 1 1
(Ey, Es) 2 2 0
(Er, By, E3) > 0 0
(Ey, By, Es) 2 1 0
(Ey, By, Ey) ; 2 1 1
(E:, Ey, E5) 2 2 0
(B, B3, Ey) 3 1 1
(Es, By, Es) 3 2 1
(Ey, By, B3, Ey) 3 1 1
(E1, By, Ey, E5) 4 3 2 1
(Ey, B3, Ey, E5) 4 2 2
(E1, Esy, Es, By, E5) ) 4 2 2

Table 1: Subspace equivalence class representatives for t with values for scalar invariants
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Theorem 2.3. Any proper subspace of the Lie algebra t is equivalent to exactly one of the
following

SA: (Ey), (Es), (Ey, E3), (Ey, Ey), (Eq, Es), (Es, E3, Ey), (E1, Ea, Ey)
I: (Ey), (Es, Ey), (E1, Ey, Es), (Ey, Ey, E5), (Ey, Ey, Ey, E5)
FCI: (Ey, Es), (Eo, E3, Ey, Es5)
Gen: (Ey, Ey, E3), (Ey, Ey, E3, Ey)
S: (Ey, Ey), (Ey, By, E5).

Here, the subspaces are listed according to their class: subalgebras (SA), ideals (I), fully
characteristics ideals (FCI), bracket generating subspaces (Gen), or subspaces (S) with
none of these properties.

Proof. We treat a typical case for determining a class representative. Suppose s is a

subspace of the Lie algebra t with
dim(s) = 3. (1)

Further, suppose
dim(s N3) = 1. (2)

Let X e sNy, X =24Fy + x5F5. Then

0 0 0 0
Ty —Ty 0 0
x5 x4 O 0
0 0 x4 —x5
0 0 x5 x4

AN
I
coo o~

is an automorphism such that ¢ - F4 = X. Thus s is equivalent to a subspace § containing
E,.
Now, by a simple dimensionality argument, 2 < dim(s N ¢) < 3. Let us suppose

dim(s N¢) = 2. (3)
Since Fj € 5N ¢, there exists V,W € s such that (W,Ey) =50 c, (V,W,E,) =5 and
V' ¢ ¢. This implies that v # 0 and w; = 0; here V = > 4;E; and W =Y w; E;.
Finally, suppose that

dim(sNzN[Ey,5N¢]) = 1. (4)
Then
1= dlm Va W7 E4> m5 N [Ela <V> Wa E4> N <E27 E37 E4, E5>])
=dim E4 [El) <W7 E4>])
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and so it follows that wy # 0 and w3 = 0. Therefore

vy 0 0 0 0
vy we 0 0 0
W=1lts 01 0 0
O, wy 0 Tywe 0
o5 ws 0 0 0

is an automorphism such that ' - (Ey, By, E,) = (V, W, E,) = 5. Thus 5 (and therefore 5)
is equivalent to (E1, Ea, Fy).

By considering all other possible values of the invariants in (1), (2), (3), and (4) one
obtains all possible class representatives. As all representatives obtained are differentiated
by the set of scalar invariants (see Table 1), they are mutually non-equivalent. Standard
computations determine whether each class representative is a subalgebra, ideal, fully
characteristic or generating subspace. O]

Since the four scalar invariants identified evaluate distinctly for each equivalence class
(see Table 1), these invariants form a complete set.

Corollary 2.4. Two subspaces s and vo of t are equivalent if and only if

dim(s) = dim(tv),
dim(s N 3) = dim(ro N 3),
dim(s N¢) =dim(toN¢), and
dim(s N3N [E,sN¢]) =dim(w N3N [E, 0 NC]).
Here 3= <E47 E5> and ¢ = <E27 E37 E47 E5>

3 Sub-Riemannian structures on T

A left-invariant sub-Riemannian structure is a triple (G, D, g) where G is a real, finite-
dimensional, connected Lie group, D is a smooth bracket generating left-invariant distri-
bution on G, and g is a left-invariant Riemannian metric on D. Equivalently: D(1) is a
bracket generating linear subspace of the Lie algebra g of G with D(z) = dy L, - D(1) for
every x € G, where L, : G — G, y — xy; g1 is a positive definite, symmetric bilinear form
on D(1) with g,(d1L, - A,d1 L, - B) = g1(A, B) for every A, B € D(1).

Let (G, D, g) and (G, D', g’) be two left-invariant sub-Riemannian structures. An isom-
etry between (G, D, g) and (G, D', g’) is a diffeomorphism ¢ : G — G’ such that ¢, D =D’
and g = ¢*g’; that is,

ds¢ - D(x) = D'(p(x)) and gu(X,Y) = gy (da - X, dup - Y),

forallz € Gand X,Y € D(z). By definition, left translations L, are isometries. Isometries
preserve the Carnot—Carathéodry distance associated to the sub-Riemannian structure.
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It turns out that for left-invariant sub-Riemannian structures on simply connected
nilpotent Lie groups, every isometry is the composition of a left-translation and a Lie
group isomorphism [16]. (Indeed in [16] this is proved more generally for nilpotent metric
Lie groups.) Therefore, since all left translations are isometries, if two such structures
are isometric then there exists a Lie group isomorphism between them that realizes the
isometry. We note that there is a one-to-one correspondence between the Lie group au-
tomorphisms on a simply connected Lie group and the Lie algebra automorphisms on its
Lie algebra (see, e.g., [14]). Consequently, we have the following simple algebraic charac-
terization for two sub-Riemannian structures on a simply connected nilpotent Lie group G
with Lie algebra g to be isometric.

Proposition 3.1. (¢f. [7], [9]) Two left-invariant sub-Riemannian structures (G, D, g) and
(G, D', g') on a simply connected nilpotent Lie group G are isometric if and only if there
exists an automorphism ¥ € Aut(g) such that

Y-D(A1)=D'(1) and g =v*g;.
Here (w*ggl)<‘47 B) = gll(w ’ A7¢ ’ B) fOT A7B € D(]‘>

Accordingly, the distribution D of any left-invariant sub-Riemannian structure (T, D, g)
on T, is isometric to a structure with distribution at identity being one of the bracket
generating subspaces listed in Theorem 2.3. All that remains to be done is to normalize
the metrics g by Lie algebra automorphisms using Proposition 3.1. Doing this we arrive
at the following classification of left-invariant sub-Riemannian structures on T.

Theorem 3.2. Any left-invariant sub-Riemannian structure (T,D,g) is isometric to ex-
actly one of the following:

HB(l) = <E17E2,E3>
h? = diag(1,1,1)
Hi(1) = (B, By, B3, Ey)
hi® = o - diag(1,1,1,1),a > 0
Hs(1) = (B, By, B3, By, Es)
h*? = diag(1,1,1,a, 8), 0 > B > 0.

(T, Hs,h%) : {
(T, Hy, h*) {

(T, Hs, h> @) {

Here the metrics are written with respect to the bases given for their respective distributions.

Remark 3.3. (T, Hs5, h>(@9) corresponds to the result in [15, Proposition 6] for the clas-
sification of invariant Riemannian structures on T.

Proof. We treat the rank 4 structures (i.e., those with dimD(g) = 4, g € T) as a typical
case. Let (T,D,g) be a rank 4 left-invariant sub-Riemannian structure. By Theorem 2.3
there exists 1y € Aut(t) such that 1y - D(1) = H4(1). By Proposition 3.1, (T,D,g) is
isometric to (T, Hy,g!) for some metric g' on H,.
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We can write g} as a positive definite symmetric matrix with respect to the basis
(1217122,123,124> for ?{4(1)2

hl a; Qs as

1_ |31 he as as
51 ay as hs ag
as as ag hy
Now
1 0 0 00
0 1 0 00
bi=|0 0 1 00
“h hr he L0
0 0 0 01
is an automorphism of t such that ¥ - H4(1) = H4(1) and g2 = (¥;)*gl has matrix
hy a) ay O
o |ah hy ay 0
817 ldy dy Ry 0
0 0 0

with respect to (E4, Es, E3, E4) for some constants a},a),a), hy,...h) € R. Note here

that g = (1;')"gl, or equivalently g3(A4, B) = (¢1)*gi(A, B) = gi(v1 - A, ¢ - B) for

A, B € H4(1). That is to say, (T,H4, g') is isometric to (T, Hy, g?) by Proposition 3.1.
Continuing on in this way, we have

1 0O 0 0 O
s o oo
_ | abhy—ajay 3 ol = 2
¢2 - ag?_héhg O 1 0 0/ € AUt<t)7 gl /lp2 g]. O O bg 0
0 0 0 1 —Z—z 0 0 0 by
0o 0 0 0 1

for some by, ..., by € R. Note that a/,> — hhhy # 0 and hl, # 0 since g2 is positive definite.

Finally,
. by [bi  [biby  [biby  [b1b3
—d S22 f

is an automorphism such that gj = ¢;gi = 421, = h}® with o = bba Tt therefore
follows by transitivity that (T, D, g) is isometric to (T, H4, h*®) for some o > 0.

Now suppose (T, Hy, h*®) and (T, H4, h*P) are isometric for some «, 3 > 0. By Propo-
sition 3.1 there exists ¢ € Aut(t) such that ¢ - H,(1) = H4(1) and h*® = ¢*h*?. Utilizing
Lemma 2.1 and computing these conditions in coordinates, it is fairly straightforward to
show that this implies that « = . Hence, each different o > 0 yields a non-isometric

structure. O
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Since isometries preserving the identity element are automorphisms of the group, it is
not difficult to find the (linearized) isotropy subgroup of identity (i.e., the subgroup of the
isometry group fixing the identity).

Corollary 3.4. The isotropy subgroups of identity associated to the respective left-invariant
sub-Riemannian structures on T are given by

(Z) |SOl(T,H3,h3) = ZQ X O(2>,
(ZZ) |SOl T,?‘[4,h4’a) = ZQ X Zg X ZQ,

(
(ZZZ) |501(T’H57h5,(a,ﬁ)) = Zg X ZQ X ZQ, fO’l” o > 6 > 0,
Isoy (T, Hs, h>@)) = 7y x O(2) where a > 0.

Remark 3.5. The isotropy groups of (T, Hs, h>(@®) o > 3 > 0 correspond to the result
in [15, Proposition 7] for invariant Riemannian structures on T.
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