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Congruences concerning Legendre polynomials modulo p?

Aeran Kim

Abstract. In this article, we extend Z. H. Sun’s congruences concerning Legendre
polynomials Pp—1(x) to Ppt1(z) for odd prime p, which enables us to deduce some
2 2

congruences resembling

p+1
22: dpk 4+ 4k% — 1 <2k:

2
(mod p?).
16+ (2k — 1)° k>

1 Introduction

Let {P,(x)} be the Legendre polynomials given by
- 1
Y Piaft' = ————— fort| <L
e V1 =2zt + t?

It is well known [1,2,3] that

(5]
1 (—1)k (2n — 2]{:)! ek 1 d" 9 n
Pl = o 2 (=2 =l a1 (1)

where [x] is the greatest integer not exceeding = and

(n+1)Poyi(z) = 2n+ 1) 2P, (z) — nP,_1(z). (2)
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Moreover,

0 for odd n,

—1)2
% (Z) for even n.

2

P.(z) = (-1)"P,(—x) and P,(0) = (3)

Using the property of Legendre polynomials in Eq. (1), Z. H. Sun obtained various con-
gruences for P% () modulo p?, where p is an odd prime and x is a rational p-integer. For
example, he showed that

3 T (2:>2 (= (0T 0 =a)) =0 (modp?)

k=

[e=]

and

p—1

2 =N (2k>2 (xk — (E) x_k) =0 (modp) forx#0 (mod p)
— 16+ \ k P

where (5) is the Jacobi symbol. Inspired by these results, we consider PpTH () and get

20 % (2:) with odd prime p. Especially
using the relation Pp2;1( x), Py (2 () and (2), we construct a congruence Pps (z) modulo

P

some congruences modulo p? resembling Z e

2 Main results

Proposition 2.1. For n € N we have

re =3 (30 () ()
Proof. Refer to [1]. O

Corollary 2.2. Let p be an odd prime and k € {1, 2, ,1%1}. Then

() - (O b Eate ) oo

=1
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Proof. We can easily know that

Bk
2k

() (b= 1) (35 k= 2) o (3 — k)

(2K)!
_(p+2k+1)(p+2k—1)(p+2k—3)---(p—2k+3)

B 22k . (2k)!

A2+ 1) (p+2k— 1) (P —12) (p* — 3 - (p? — (2k — 3))
B 22k . (2k)!

(p+2k+1)(p+2k—1)
22k . (2k)!

+12-32---(Zk—7)2(2k—3)2+---+32---(2k—5)2(2k—3)2}

[(—1)k_2p2{12 (32 (2k — )2 (2k — 5)°

(=R 1282 (2 — 5) (2k — 3)2} (mod p?)

_(p+2k:+1)(p+2k—1) E 12 o2 2 2
= o) (—1)F 1232 (2k — 5)° (2k — 3)

Qkfl 1 \
X (p Zm—l) (mod p%).

=1

Then, since

12 _32...(% _ 5)2 (2k:—3)2 _ 2242((22];:?); (2k:—4)2
(2k — 3)!2
- (2F=2)2 . (k — 2)12
B (2]{:_3)! L2 (k‘—l)2 (2]{3)'

2%—1 (2% —2)(2k — 1) (2k) kP
_(2k-3) K(k-1) (%)

222 9k _ ] k

the above identity can be written as

PR\ _ (p+2k+ 1) (p+2k—1), . (2k—3) k(k—1) (2k
( 2k ): 2% . (2k)! T (k:)

21<;-1 1 )
X (p ;m—l> (mod p%)

A2+ ) 2%k -1 (2K a1 N
= (—16)k (Qk— 1)2 (k’) (p ; (22._ 1)2 1) ( od p )

=1

25



26 Aeran Kim

Lemma 2.3. Let p be an odd prime and let x be a variable. Then

= 2 k
dpk + 4k* — 1 (Qk) (x — 1) )
Ppii(z) = — mod p~).
0= e iple) (7)ot

Proof. From Proposition 2.1 and Corollary 2.2 we observe that

ptl

D)

SR

e ) )
<>(x_1> (mod p')

_ _i S () () et

R (Y

where we use (p+ 2k + 1) (p+ 2k — 1) = (p + 2k)* — 1 = 4pk + 4k*> — 1 (mod p?).
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Proposition 2.4. For n € N we have

Proof. See [1].

Lemma 2.5. Let p be an odd prime and let x be a variable. Then

p—3

_24(2px+2p+1)k —4p(2:17—1)k+2p3:‘—2p—1(2k>2 (1—x)k
16% (2k — 1)° k 2

2 p—1
p—1 1—x)\ 2
SCAY () e
2

In particular, we have P¥(1) =1 (mod p?).

Pys ()

B
Il
o
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Proof. Replacing n = ’%1 in (2) and multiplying 2 (p + 1) on both sides, we obtain

Pp_s (x)=(2p+1) Py (x) — prP%(x) (mod p?).

Then, applying Lemma 2.3 and Proposition 2.4 to this identity, we have

p+1

2 2 k
dpk + 4k* — 1 <2k> (m—l)
Pos(z)=(2p+1) |-
p—1
12K\ /1—z2\"
— 9 - —
() (57)
p—3
2 2 2 k
dpk + 4k —1 (2k r—1
—(2p+1) |-
) §<—16>k<2k—1>2(k> ()
1 —1\2 1\ 2 p—1
Ap- B2 4+ 4 (552 _1<2_p7) (x—l) 2 (4)
(—16)"2" (2- 251 —1)*\ B 2
4 ”T“+4(%1)2—1(2.%1>2 x—l)pzl
(—16)"" (2.2 —1)*\ 2= 2
p—3
L 1 2K\ (1-x b
P2 16k \ 2
k=0
125N 1o\
O (597
Here the 2nd term is
4p-1971+4(1071)2—1(2~%1>2(x—1)p21
(—16)" 7" (2- 2L —1)°\ 5 2
B _4p (p—1)2<1—x)"21
T 16 (—dp+4) \ B 2
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and the 3rd term is
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So, we can write Eq. (4) as

p=3
dpk + 4k* — 1

__;%(—16%(2k—402

2 p—1
n p—1 1—2x\ 2
16" \ 5 2

[z—( ) (5 +
() (

2p+1)( 4pk4—4k2—
P <p—1) (1—x)2 2p (1 — x)
=\ 55 2 16"

Pos(@) = (2p+1)

2p (1 — x)
16"

16+ (2k —
16"z

-3

20 (5 -
23;_F%+¢M@k+%?—1
(2k — 1)

1k:
p— 1\’ /1—z\"7
S 2

2px
16"

i

??‘

=0

p
165

"@

—1

() (5
(p

62
-3
4 2pr+2p+ 1) K* —4dp(2x — 1) k+ 2pr —2p— 1

29
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2 ()]

=02 (57
N
(

p%llf(l?xf
e ()

2k
2
+ px] (k

()"
) ()

16% (2k — 1)

2 p—1
p—1 1—x)\ 2
S(a) (557) 7 a
T

where we utilize 1617771

B
Il
o
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Theorem 2.6. Let p be an odd prime and let x be a variable

Pl
< dpk + 4k — 1

2
< 16k (2k — 1)

(2:)2 (¢ - (- (1 -2))

16
( ) =1 (mod p) by Legendre’s original definition.

() ()

. Then

=0 (mod p?).
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Proof. By (3) and Lemma 2.3 we note that
pil
Apk +4k2 — 1 (2k\? (1 —2\"
> () ()
* pk‘+4k32—1 2k\? [z —1\"
) (7

16)* (
)

=% [,i 1y ey

|||
hd /\

and so

pt+1
22:4pk+4k:2—1 2K\ | [1—=x ’“_(_1)%1 x4+ 1\"
= 16k (2k — 1)* \ k 2 2

Now putting z := 1 — 2y in the above identity, we conclude that

Z %(2:) (y — (_1)’%1 (1-— y)k> =0 (mod p*).

=0 (mod p?).

Theorem 2.7. Let p be an odd prime. Then

ot 0 (mod p?) if p=1 (mod 4),

i Apk + 4k* — 1 <2k>2 B

32k (2k — 12 \ k) — | (=) /et |

k=0 ( ) ( 2%1 (é) (mod p?) if p=3 (mod 4).
4

1
Proof. When p =1 (mod 4), taking x = 3 in Theorem 2.6 we obtain

4pk+4k:2 (%)2 (1)’“+(1)k
6k(2k;—1) k 2 2
pk+4/{:2—1 2k

32+ (2% I (mod p?).

+
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P+1

dpk + 4k? — 1 2k
Then, since 2 { p?, we have Z pr (

326 (2k — 1)* \ K
(mod 4), setting = = 0 in Lemma 2.3 and applying Eq. (3) we get

) = 0 (mod p*). Next, when p = 3

p+1

p+1
Eézh%r+4k2—-1(2k)2__§é Apk 4+ 4k* — 1 (2€>2<_1)k
32k (2k —1)* \ k — (—16)F (2k —1)* \ k 2

I

|
—~

~— [\D I

—_
] ,\-, ~—
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3 3
u>|+ w|+
—_ —_
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=
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So, the proof is complete. m

Theorem 2.8. Let p be an odd prime and r € {1,27 e ,’%1}. Then

p+1

2 dpk + 4k% — 1 (2k\ 2
ZL2< >k(k:—1)~~~(k:—r+1)
£~ 30k (2k —1)° \ k

0 (mod p?) if 4| (p+3 —2r),

T\ e e (B 0) -
(=1) 7+ 27 Tl or piiian, (mod p*)  if 4| (p+1—2r).
R R

Proof. First, according to Lemma 2.3 we can see that

dr
Ppl
dxr %<)

z=0
pt+1
2

__y Apk + 4k* — 1 (%)2 dr (v 1)
—(=32)F(2k—1)°\ k) da
p+1
2

- Apk +4K* =1 (2R\* . Y=
o kZ:O (_32)k (2]€ - 1)2 ( k > k (k 1) (k + 1) ( 1)

pt1

_i 4pk’+4k:2—1 2k
— 7\

ka—1yuw—r+np4f”

p+1
. 4pl<;—i—4k’2—1 2k\ 2
= +1232k o (k) k(k—1)---(k—r+1) (mod p?).
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Second by (1), we have

d?“
dePQI(x)
x=0
5] .
1 (— 1) (p+1—2k)! ) d xPT“_zk
2"y = k(B —k)! (B —2k)! da -
5] b
1 (=1)*(p+1—2k)! p+1 p+1
- p+1 k' p+1 k‘ p+1 2]€' 2 — 2k T_2k_1
2" = k(5 — k) (B — 2k)!
Pt 1 0 if 22— 2k —r #£0,
e 9k — 1) -
X < 5 r—i—) o
5%“_2k_T 1pr—2k‘—r:O
2]

(=) (p+1—2k)!
285 (B — k)1 (B — 2k — 7))

if r 2 22 (mod 2),

X
Ot gy, if r =2 — 2k
0 if r 2 2 (mod 2),
B 1 (=1D)*(p+1-2k)! e p¥l
BT k!(é_k)! if r = B= — 2k,

Therefore, equating (5) with (6), we deduce that

p+l
< Apk + 4k2 — 1 (2k\°
Z%(:) K(k=1)--(k—r+1)
£~ 39k (2k — 1)
(0 (mod p?) if r 2 21 (mod 2),

(=1 " * (p+1-2k)! 2\ e p+1
| () (mod p?) ifr= — 2k

0 (mod p?) if 4| (p+3 —2r),

i (B 40) .
4 : 4 :

(6)
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Corollary 2.9. Let p be an odd prime. Then
(a)

k=0
(=)= 272 711253 (mod p*) ifp=1 (mod 4),
= 4 " 4
0 (mod p?) if p=3 (mod 4).
(b)
p+1

M

°L K2 (4pk + 4k% — 1) 2k)2
32k (2k —1)°  \ k

k=0
( . o pt3)
(—=1)7 27 p_1?p+3' (mod p?) ifp=1 (mod 4),
4 4
e 2 e
(1) 2 = =3 15 (mod p?) ifp=3 (mod 4).
\ 14

Proof. The proof of part (a) is obvious by letting » = 1 in Theorem 2.8. In a similar
manner, 7 = 2 in Theorem 2.8 shows that

i
(4pk + 4> — 1) (2K’
j{: ph ) ( ) k(k —1)
326 (2k —1)* \ Kk
0 (mod p?) if p=1 (mod 4),
= P =<1
(=)= 2 = }773?1%5' (mod p?) if p=3 (mod 4).

Using this fact, the result of part (a), and k* = k (k — 1) + k we can deduce part (b). [
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