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Concurrent normals of immersed manifolds

Gaiane Panina, Dirk Siersma

Abstract. It is conjectured since long that for any convex body K ⊂ Rn there exists
a point in the interior of K which belongs to at least 2n normals from different points
on the boundary of K. The conjecture is known to be true for n = 2, 3, 4.

Motivated by a recent results of Y. Martinez-Maure, and an approach by A.
Grebennikov and G. Panina, we prove the following: Let a compact smooth m-
dimensional manifold Mm be immersed in Rn. We assume that at least one of the
homology groups Hk(Mm,Z2) with k < m vanishes. Then under mild conditions,
almost every normal line to Mm contains an intersection point of at least β + 4
normals from different points of Mm, where β is the sum of Betti numbers of Mm.

1 Motivations

Our first motivation comes from the case when Mn−1 = ∂K is the boundary of some
convex body K ⊂ Rn. It is conjectured since long that there exists a point in the interior
of K which is the intersection point of at least 2n normals from different points on the
boundary of K. The conjecture trivially holds for n = 2. For n = 3 it was proven by
E. Heil (see [3] and [2]) via geometrical methods and reproved by Pardon via topological
methods. The case n = 4 was completed also by J. Pardon in [9].

Recently Y. Martinez-Maure proved in [7] for n = 3, 4 that (under some mild condi-
tions) almost every normal through a boundary point to a smooth convex body K passes
arbitrarily close to the set of points lying on normals through at least six distinct points
of ∂K. This result was reproved by A. Grebennikov and G. Panina in [1]. Extending their
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method, we prove related results for concurrent normals of immersed smooth compact
manifolds.

Another motivation comes from tight embeddings of manifolds. A tight embedding of
Mm is such that almost every linear function has exactly β(Mm,Z2) critical points, which
is the minimal possible amount.

In this paper we consider immersions of m-dimensional manifolds Mm into Rn. Critical
points of the squared distance function d2y corresponds to normals through y. Linear
functions can be viewed as the limit to infinity of d2y.

It is also worth mentioning that there is a close relation between the number of critical
points of linear functions and the curvature of the embedding [5].

2 The geometry of the focal set

Consider an immersion j : Mm → Rn of a smooth m-dimensional connected manifold
without boundary. In this paper we will omit j from the notation and write Mm ⊂ Rn

instead. However, we emphasize here that all constructions depend on the immersion.

Definition 2.1. Given an immersed manifold Mm, the normal Np at a point p ∈ Mm is
a line passing through p and orthogonal to Mm at the point p.

The focal set of the immersed surface Mm arises naturally in this paper. We will use
its definitions and properties borrowed from [8], [10], [11] and [12] (the last two references
also apply for immersions in spherical and hyperbolic spaces). Following the standard
approach, we make use of the squared distance function to Mm:

d2y : Mm → R, d(x) = ||x− y||2.

Given a point y ∈ Rn, all the normals passing through y can be read off the function d2y:
A point y lies on the normal Np for some p ∈ Mm iff p is a critical point of the function
d2y. So, the number of concurrent normals through a point y is equal to the number of
critical points of d2y.

By Sard’s theorem type arguments ([8], Theorem 6.6), d2y is a Morse function for almost
all y.

Definition 2.2. The bifurcation diagram of d2y (cf. [13]) is called the focal set FM of Mm.
In other words, the focal set coincides with the set of points y ∈ Rn where the function d2y
is not a Morse function (see [8]).

An equivalent definition (appearing in [8]) is the following: the focal set FM is the set
of critical values of the evaluation map

e : N (Mm)→ Rn e(p, tn) = p+ tn

from the normal bundle of Mm, where p ∈Mm and n is a unit normal vector at p.
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Note that e is a map between manifolds of the same dimension. We will discuss below
the structure of its critical set Ce.

The elements of FM are called focal points. They generalize the centers of principal
curvatures of hypersurfaces. Generically the dimension of FM is n − 1, but for instance,
in the case of the round sphere it degenerates to a point.

Definition 2.3. For all y ∈ Np, the point p is critical for d2y, and for almost all y ∈ Np the
critical point p is non-degenerate. We say that a point y ∈ Np is a p-focal point if p is
a degenerate critical point of the function d2y.

The Morse index of d2y at p for a non-p-focal point y ∈ Np is equal to the number
the p-focal points lying between p and y, counted with multiplicity. The multiplicity ν is
defined as the nullity of the Jacobian of e at the point (x, tn), which equals to the nullity
of the 2-jet of d2y at y = x+ tn [8].

Let y = p+ tn be a point on Np. Once the normal vector n is fixed, the set of p-focal
points on the normal becomes linearly ordered. We enumerate them as follows: rj is the
j-th p-focal point contained in {t ≥ 0} part of Np, counting from the point p, and r−j is
the j-th p-focal point contained in {t ≤ 0} part, also counting from the point p, counted
with multiplicity.

We shall also consider the compactified normal line Np: adding the point ∞ turns the
normal to a circle. The m points {ri} are indexed cyclically mod m by numbers 1, . . . ,m,
which fits with the earlier defined notation: ri = r−m−1+i.

This ordering also yields sections of the normal bundle which stratify the critical set
Ce. The regular points of Ce correspond to focal points with ν = 1, whose neighborhoods
are smooth codimension-1 submanifolds. The singular points correspond to focal points
of higher multiplicity. The singularities of the focal set consist not only of the images of
points with ν > 1 but also of self intersections and singularities of the images of the points
with ν = 1.

In the case ν = 1 it follows that d2y has a singularity of corank 1 at p, so must be of type
Ak with k ≥ 2. In the generic case this type is A2. Also, the Jacobian of the evaluation
map e has corank 1. This means (see [6]) that in the generic case e is a submersion with
folds, and FM is locally the image of the fold set. It is also known that the normal Np at
a p-focal points is tangent to the focal set (which is a well known property for evolutes of
curves); but if the type is A3 or higher then the focal set is not necessarily smooth (as is
known for the evolute).

The focal set FM cuts the ambient space Rn into chambers (that is, connected compo-
nents of the complement of FM). The type of the associated Morse functions d2y depends
only on the chamber containing y.

Transversal crossing of the focal hypersurface at its smooth A2 point amounts to a birth
(or death) of two critical points of the function d2y whose indices are i and i− 1.

We end this section with the folowing definition:

Definition 2.4. We say that the normal Np is regular if
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• Np does not intersect the singularities of FM ,

• Np intersects the focal set transversally, except for the p-focal points,

• d2y is of type A2 at the point p ∈Mm for all non-p-focal points y ∈ Np ∩ FM ,

• there are exactly m different p-focal points on Np.

The last condition excludes p-focal points at infinity (if the Gauss curvature at p is
zero). For generic immersions almost every normal is regular. Regularity implies that the
focal set is a hypersurface close to the intersections with the normal.

3 The concurrent normals theorem

Let us recall that Morse functions f : Mm → R on a compact manifold satisfy the
Morse inequalities : The number of critical points of index i does not exceed the Betti
number βi(M

m,Z2). Therefore, the number of concurrent normals from a non-focal point
y is at least the sum of Betti numbers β = β0(M

m,Z2) + · · ·+ βm(Mm,Z2).

Definition 3.1. A point y /∈ FM is called an excess-k point if y is an intersection point of
at least β + k normals from different points on Mm.

Definition 3.2. A compact closed manifold Mm is called i-trivial (for some 0 < i < m), if
the i-th Betti number vanishes: βi(M

m,Z2) = 0. In this case, by Poincaré duality, we also
have βm−i(M

m,Z2) = 0.

Theorem 3.3. Let Mm ⊂ Rn be an immersed C2-smooth compact manifold. For any
regular normal Np holds:

1. Np contains an intersection point of at least β + 2 normals from different points on
Mm.

2. If Mm is an i-trivial manifold, then Np contains an excess-4 point, i.e., the intersec-
tion of at least β + 4 normals.

Remark 3.4. One can localize the positions of excess-4 points: there exist excess-4 points
on the segment [ri(p), ri+1(p)], and also on the segment [r−i−1(p), r−i(p)], provided that
Hi(M

m,Z2) = 0 (here, we use our modulo m notation for the indices). It is clear that
unless i = m

2
, there are two such segments, since βi = 0 implies βm−i = 0. If i = m

2
there

is a single interval.

Remark 3.5. J. Pardon’s approach ([9]) works for any m-sphere, convex or not: Given an
immersion j : Sm → Rn, for any continuous J : Bm+1 → Rn such that J restricted to
∂Bm+1 equals j, there exists an excess-4 point in J(Bm+1).

Remark 3.6. Tight embeddings and immersions are especially interesting: see the first
reminder of section 4. In any case, Theorem 3.3 holds true for non-tight ones as well.
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Proof of Theorem 3.3

For y /∈ FM we say the function d2y has q extra critical points of index i whenever the
number of critical points of index i is at least βi + q.

Lemma 3.7. In a neighbourhood of the point r±k on the regular normal Np there is an
extra critical point of index k and an extra critical point of index k − 1.

Proof. The normal Np is tangent to the focal hypersurface at the point rk. While moving
along the normal, the critical point p persists, and its Morse index changes at the point
rk from k − 1 to k. Since a deformation of the A2 singularity can have only 0 or 2 Morse
points, it follows that Np stays locally in the same chamber, except at the tangent point.
At the tangent point rk it meets the closure of a chamber with two fewer critical points,
that is, of index k and k − 1.

Since each regular normal contains at least one p-focal point, the lemma implies the
statement 1 of the theorem.

For a regular normal Np, consider a point y = p+ tn moving along Np, starting at the
point p. We recall that Np is compactified by adding a point at ∞, so y makes a full turn
and eventually returns to p.

The point p is the first minimum point of d2y, (its Morse index is zero, µ = 0), next
after passing r1 its Morse index turns to 1, and so on. That is, after passing through ri
we have µ = i. Passing through infinity is (generically) not a bifurcation point, but it
changes each Morse index µ to m− µ. In particular, minima and maxima exchange their
roles. After that, the Morse index changes also in a controlled way, that is, after passing
through r−i we get µ = 1− i.

Combining the above with Lemma 3.7, we get:

1. d2y depends smoothly on t;

2. d2y is a Morse function for each y except for finitely many bifurcation points;

3. for a regular normal each of the bifurcation points is A2 for d2y and has one of the
two types:

(a) A birth/death point : Transversal crossing of the focal hypersurface translates
to two critical points with some neighbouring indices k and k − 1 colliding
and disappearing, or conversely, two critical points with neighbouring indices
appearing.

(b) An index exchange point : A tangential point to the focal hypersurface translates
to two critical points with neighbouring indices i and i−1 colliding at ri. There
arises a degenerate critical point of type A2 which splits afterwards into two non-
degenerate critical points with the same indices i and i − 1. Index exchange
points are exactly the p-focal points ri and r−i.
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Now we prove statement 2 of the theorem. Let Hi(M,Z2)= 0. with i ≤ m/2. Then
either ri or r−i exists. Assume that ri exists, and further assume we have no excess-4 points
on the segment [ri, ri+1]. The point ri is an index exchange point and by Lemma 3.7 the
function d2y has exactly one extra critical point of index i and exactly one extra critical
point of index i − 1 around ri. For the same reason there are two extra critical points of
indices i and i+ 1 around ri+1.

Assume that β + 2 is the maximal number of critical points on the segment [ri, ri+1].
The (unique!) critical point of index i is the point p and it is not allowed to bifurcate.
Indeed, its Morse index persists on [ri, ri+1]. The extra critical point of index i − 1 does
not bifurcate since no partner for an A2-bifurcation is available. The same holds around
the point ri+1 for the extra critical point of index i+ 1.

Since a contradiction arises from having two extra critical points of indices i − 1 and
i + 1, there exists at least one excess-4 point on the interval [ri, ri+1]. We note that the
segment [ri, ri+1] might contain infinity, but this fact poses no complications, since passing
through ∞ maintains the number of critical points but inverts their indices.

4 Remarks

A reminder on tight immersions

Given an immersed manifold Mm, the limit to infinity of the quadratic distance func-
tion d2y along a normal with direction n is the linear function ln : Mm → R defined by
ln(x) = 〈x,n〉. The functions d2y and ln have the same number of critical points with the
same Morse indices when y is close enough to infinity. An immersion Mm in Rn is called
tight if the number of critical points of ln equals β(Mm,Z2) for almost all n. Tightness is
a generalization of convexity; a tight embedding of the (n − 1)-sphere as a hypersurface
is necessarily convex. Tight immersions, including the relation to total absolute curva-
ture have been studied intensively by Chern-Lashoff, Kuiper, Banchoff and Kuehnel. See
e.g. [11, 12, 4, 5].

Some useful examples: There exist tight immersions in R3 for all oriented surfaces and
non-oriented surfaces with Euler characteristic smaller than −1. The projective plane, the
Klein bottle and the projective plane with one handle cannot be tightly immersed in R3.
Examples of 4-dimensional i-trivial manifolds with (tight) embedding in R5 are S4, S2×S2

and their connected sums [4].

On non-regular normals

For generic immersions there is a dense set of regular normals. Non-regular normals
are, for instance, those based at umbilical points and based at points with zero Gaussian
curvature, where one of the centers of curvature is at infinity. But there are many cases
where regular normals do not occur. We mention here the round sphere and cylinder. This
happens also in the case where d2y has exactly β critical points for a dense set of y. Such
immersions are called taut immersions, which are very special, see e.g. [11]. Taut is much
more restrictive than tight. Their focal sets are very degenerate.
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If parts of the focal set have dimension ≤ n − 2, then we will get an infinite number
of normals from these focal points. To be more precise: Consider the evaluation map e
from one of the n− 1 dimensional strata of Ce. If this map reduces dimension, then for an
image point y the quadratic distance d2y has non-isolated singularities.

Note also that for certain non-regular normals the proof of theorem 3.3 still applies,
e.g. when M is i-trivial and the focal points ri and ri+1 have multiplicity ν = 1.

Tubes over an immersed manifold

We describe below a higher excess estimate for tubes. Given an immersion Mm ⊂ Rn,
the tube of Mm with radius r > 0 is defined as the restriction of the evaluation map e to
the sphere bundle Sr(M), consisting of normal vectors of length r. For sufficiently small r
we get an immersion Sr(M) ⊂ Rn.

Proposition 4.1. Let y /∈ FM ∪Mm be an excess-k point for Mm. Then y is an excess-2k
point for Sr(M).

Proof. Any normal N from a point y ∈ Rn to Mm is also a normal to Sr(M). A single
intersection point p ∈ Mm will give precisely two intersection points p1, p2 with Sr(M).
The normal N is a normal for the points p1, p2, so the total number of critical points of d2y
doubles. The observation β(Sr(M),Z2) = 2β(M,Z2) from [11] completes the proof.

As a corollary: taut immersions give taut tubes (see [11]). Note that points of M
produce non-isolated singularities for d2y.

For tubes, we can give more information about the locations and indices of the excess
points than in the proof of Theorem 3.3. The focal set of a tube Sr(M) consists of two
pieces: FM ∪ Mm ([11], Theorem 3.3). The focus points on Mm all have multiplicity
ν = n−m. For n−m ≥ 2 no normal to the tube can be regular. We can still compute the
index of d2y at pi by counting the p-focal points with multiplicity on the coinciding normals
Np1 and Np2 . By traveling over the two normals as in the proof of Theorem 3.3 we see
that the excess doubles. This happens in the same intervals as for Mm.
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