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On triviality of uniform Diophantine exponents of lattices

Oleg German

Abstract. In this paper we prove that uniform Diophantine exponents of lattices
attain only trivial values.

1 Introduction

Most of the problems in the theory of homogeneous linear Diophantine approximation
can be formulated within the following general setting. Given n linearly independent
linear forms L1, . . . , Ln in d real variables, n 6 d, one of the basic questions is how
small the vector (L1(u), . . . , Ln(u)) can be as u ranges through nonzero integer points.
There are several standard ways to measure the “size” of this vector. One way is to
consider an arbitrary norm, say, the supremum norm. This is the case when dealing
with the most classical problems of Diophantine approximation. Another way is to alter
the supremum norm turning it into a so called weighted norm, which leads to weighted
Diophantine approximation. One can also measure a vector by considering the product
of the absolute values of its entries. This approach leads to the area of multiplicative
Diophantine approximation, which is full of most intriguing problems. It suffices to mention
that the famous Littlewood conjecture belongs to this area.

Whatever functional we choose to measure the “size” of a vector, the notion of a Dio-
phantine exponent emerges naturally as the simplest quantitative characteristic responsible
for the approximation properties of the n-tuple (L1, . . . , Ln).

The cases n < d and n = d have to be distinguished. The former case, along with
ordinary Diophantine exponents, provides multiplicative Diophantine exponents, whereas
the latter one provides Diophantine exponents of lattices.

The main purpose of the current note is to study the possible values of uniform Dio-
phantine exponents of lattices.
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The rest of the paper is organized as follows. In Section 2 we give the definitions of
regular and uniform Diophantine exponents of lattices, discuss what is known about their
spectra, and formulate the main result of this paper. In Section 3 we formulate Davenport’s
lemma and apply it to prove our main theorem. Finally, in Section 4 we address the “weak”
version of uniform lattice exponents and their analogues in the case n < d.

2 Diophantine exponents of lattices

Given z = (z1, . . . , zd) ∈ Rd, we denote

|z| = max
16i6d

|zi|, Π(z) =
∏

16i6d

|zi|1/d.

For each d-tuple λλλ = (λ1, . . . , λd) ∈ Rd
+ define the parallelepiped P(λλλ) as

P(λλλ) =
{
z = (z1, . . . , zd) ∈ Rd

∣∣∣ |zi| 6 λi, i = 1, . . . , d
}
. (1)

Let L1, . . . , Ld be linearly independent linear forms in d real variables. Consider the
lattice

Λ =
{

(L1(u), . . . , Ld(u))
∣∣∣ u ∈ Zd

}
.

Definition 2.1. The supremum of real numbers γ for which there exists t however large
and a d-tuple λλλ ∈ Rd

+ satisfying

|λλλ| = t, Π(λλλ) = t−γ,

such that P(λλλ) contains a nonzero point of Λ, is called the (regular) Diophantine exponent
of Λ and is denoted by ω(Λ).

Definition 2.2. The supremum of real numbers γ such that for every t large enough and
every d-tuple λλλ ∈ Rd

+ satisfying

|λλλ| = t, Π(λλλ) = t−γ,

the parallelepiped P(λλλ) contains a nonzero point of Λ, is called the uniform Diophantine
exponent of Λ and is denoted by ω̂(Λ).

It is a straightforward consequence of Minkowski’s convex body theorem that

ω(Λ) > ω̂(Λ) > 0.

It is natural to expect that ω(Λ) can attain any non-negative value. For d = 2 this
statement is easily deduced from the theory of continued fractions. However, for d > 3, it
is still unproved. The best bound ωd known up to now such that for every ω > ωd there is
a lattice Λ such that ω(Λ) = ω is equal to 3− d(d− 1)−2, see [3].
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As for the possible values of the uniform exponent ω̂(Λ), nothing has been known so
far except for the two obviously attainable values – zero and infinity. Indeed, ω̂(Λ) is
obviously equal to∞ whenever Λ is a sublattice of Zd. As for the zero value, it is attained,
for instance, on a lattice

Λ =


σ1(θ1) σ1(θ2) · · · σ1(θd)
σ2(θ1) σ2(θ2) · · · σ2(θd)

...
...

. . .
...

σd(θ1) σd(θ2) · · · σd(θd)

Zd,

where θ1, . . . , θd is a basis of a totally real algebraic extension of Q of degree d, and
σ1, . . . , σd are the embeddings of this extension into R. Such lattices are called algebraic.
More details on algebraic lattices can be found in [1]. Due to Dirichlet’s unit theorem (see
also [1]), the functional Π(·) is bounded away from zero at nonzero points of an algebraic
lattice, hence both the regular exponent of such a lattice, and the uniform one have to be
equal to zero.

The following statement is the main result of the paper.

Theorem 2.3. Let Λ be a full-rank lattice in Rd. If Λ is similar to a sublattice of Zd modulo
the action of the group of non-degenerate diagonal operators, then ω̂(Λ) =∞. Otherwise,
ω̂(Λ) = 0.

A lattice Λ is the image of a sublattice of Zd under the action of a non-degenerate
diagonal operator if and only if every coordinate axis contains nonzero points of Λ. Thus,
Theorem 2.3 follows immediately from Theorem 2.4.

Theorem 2.4. Let Λ be a full-rank lattice in Rd. Let ` be the first coordinate axis in Rd,
i.e.

` =
{
z = (z1, . . . , zd) ∈ Rd

∣∣∣ zi = 0, i = 2, . . . , d
}
.

Suppose ` contains no points of Λ other than the origin. Then ω̂(Λ) = 0.

3 Davenport’s lemma and the proof of Theorem 2.4

The following statement was essentially proved by Davenport in [2]. A detailed proof
can be found in Schmidt’s book [4].

Theorem 3.1 (Davenport’s lemma). Let Λ be a full-rank lattice in Rd. Consider an arbitrary
d-tuple λλλ = (λ1, . . . , λd) ∈ Rd

+ such that

d∏
i=1

λi = 1.

For each k = 1, . . . , d, let µk = µk
(
P(λλλ),Λ

)
denote the k-th successive minimum of P(λλλ)

w.r.t. Λ. Then there is a permutation k1, . . . , kd of the indices 1, . . . , d and a positive
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constant c depending only on d such that there are no nonzero points of Λ in P(λλλ′), where
λλλ′ = (λ′1, . . . , λ

′
d),

λ′i = cµkiλi, i = 1, . . . , d. (2)

Proof of Theorem 2.4. Let p be the smallest integer such that there is a p-dimensional
subspace L of Rd with the following two properties:

1) L is spanned by some vectors of Λ;
2) ` ⊂ L.

Note that these properties determine L uniquely.
Case 1. Suppose p = d, i.e. there is no proper subspace of Rd spanned by vectors of

Λ which contains `. Fix an arbitrarily small ε > 0. Then the cylinder

Cε =
{
z = (z1, . . . , zd) ∈ Rd

∣∣∣ |zi| < ε, i = 2, . . . , d
}

(3)

contains d linearly independent points of Λ. Hence, for every such an ε, there is a positive
λ and a d-tuple λλλ = (λ1, . . . , λd) ∈ Rd

+ such that

λ1 = λ, λi = λ−1/(d−1), i = 2, . . . , d,

and
µd
(
P(λλλ),Λ

)
λ−1/(d−1) < ε.

Consider the parallelepiped P(λλλ′) with λλλ′ defined by (2). By Theorem 3.1 P(λλλ′) contains
no nonzero points of Λ. On the other hand, P(λλλ′) is contained in µd

(
P(λλλ),Λ

)
P(λλλ), i.e. it

is a subset of Cε. Taking into account that the volume of P(λλλ′) is bounded away from zero
and that ε is arbitrarily small, we get ω̂(Λ) = 0.

Case 2. Suppose p < d, i.e. L is a proper subspace of Rd. Without loss of generality,
we may assume that among the Plücker coordinates of L the greatest one refers to the
first p coordinates in Rd. Denote by L′ the subspace of the first p coordinates in Rd, i.e.

L′ =
{
z = (z1, . . . , zd) ∈ Rd

∣∣∣ zi = 0, i = p+ 1, . . . , d
}
.

Denote also by Λ′ the orthogonal projection of Λ∩L onto L′. Then Λ′ is a lattice of rank
p with determinant depending only on Λ and L. Take an arbitrarily small ε > 0. The
cylinder Cε defined by (3) contains p linearly independent points of Λ′. Hence, same as in
Case 1, for every such an ε, there is a positive λ and a d-tuple λλλ = (λ1, . . . , λd) ∈ Rd

+ such
that

λ1 = λ, λi = λ−1/(p−1), i = 2, . . . , p, λj = 0, j = p+ 1, . . . , d.

and
µp
(
P(λλλ),Λ′

)
λ−1/(p−1) < ε.

Notice that P(λλλ) is a p-dimensional parallelepiped contained in L′. Therefore, if we set
µk = µk

(
P(λλλ),Λ′

)
, k = 1, . . . , p, and apply Minkowski’s second theorem, we get

p∏
k=1

µk � det Λ′ (4)
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with the implied constants depending only on p.
By Theorem 3.1 there is a permutation k1, . . . , kp of the indices 1, . . . , p and a positive

constant c′ depending only on p such that there are no nonzero points of Λ′ in P(λλλ′), where
λλλ′ = (λ′1, . . . , λ

′
d),

λ′i = c′µkiλi, i = 1, . . . , p, λ′j = 0, j = p+ 1, . . . , d.

Since P(λλλ′) is evidently a subset of µp
(
P(λλλ),Λ′

)
P(λλλ), it is also a subset of Cε.

Set δ to be equal to the distance from L to the nearest point of Λ\L. Consider the
(d− p)-dimensional parallelepiped P(λλλ′′), where λλλ′′ = (λ′′1, . . . , λ

′′
d),

λ′′i = 0, i = 1, . . . , p, λ′′j = δ
/(

2
√
d− p

)
, j = p+ 1, . . . , d.

Then P(λλλ′′) is contained in the δ/2-neighborhood of the origin 0. If ε < δ
/(

4
√
d− p

)
, then

the Minkowski’s sum P(λλλ′) +P(λλλ′′) = P(λλλ′+λλλ′′) is contained in the open δ-neighborhood
of `, and thus, does not contain any points of Λ\L. On the other hand, P(λλλ′) is the
orthogonal projection of P(λλλ′ + λλλ′′) onto L′, hence the fact that there are no nonzero
points of Λ′ in P(λλλ′) implies that there are no nonzero points of Λ ∩ L in P(λλλ′ + λλλ′′).

Thus, the parallelepiped P(λλλ′+λλλ′′) contains no nonzero points of Λ, whereas its volume

2d(c′)pδd−p(
2
√
d− p

)d−p · p∏
k=1

µk,

due to (4), is bounded away from zero by a constant that depends only on Λ and L. Taking
into account that ε is arbitrarily small, we get ω̂(Λ) = 0.

4 Concerning the “weak” version of uniform lattice exponents and
multiplicative Diophantine exponents

4.1 Weak uniform Diophantine exponents

Changing one of the quantifiers in Definition 2.2 leads to the following “weak” version
of a uniform Diophantine exponent of a lattice.

Definition 4.1. The supremum of real numbers γ such that for every t large enough there
exists a d-tuple λλλ ∈ Rd

+ satisfying

|λλλ| = t, Π(λλλ) = t−γ,

such that the parallelepiped P(λλλ) contains a nonzero point of Λ, is called the weak uniform
Diophantine exponent of Λ and is denoted by ω̆(Λ).

It is clear that the argument provided in Section 3 proves nothing in the case of weak
uniform lattice exponents. Thus, the following problem is still unsolved.
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Problem 4.2. Describe the spectrum of the exponent ω̆(Λ).

It is also easy to see that ω̆(Λ) is equal to the supremum of real numbers γ such that
for every t large enough the system of inequalities

|z| 6 t, Π(z) 6 t−γ (5)

admits a nonzero solution z ∈ Λ. This resembles a lot how multiplicative Diophantine
exponents are defined.

4.2 Multiplicative Diophantine exponents

As we mentioned in the Introduction, the case n < d leads to multiplicative Diophantine
exponents. In order to give the respective definitions, along with the functional Π(·), we will
need the functional Π′(·). Given a positive integer k and a k-tuple z = (z1, . . . , zk) ∈ Rk,
we denote

Π(z) =
∏

16i6k

|zi|1/k, Π′(z) =
∏

16i6k

max
(
1, |zi|

)1/k
.

Suppose n < d. Then, without loss of generality, we may assume that the coefficients
of the forms L1, . . . , Ln are written in the rows of the matrix

(
Θ −In

)
=

θ11 · · · θ1m −1 · · · 0
...

. . .
...

...
. . .

...
θn1 · · · θnm 0 · · · −1

 .

Definition 4.3. Supremum of real numbers γ for which there exists t however large such
that the system of inequalities

Π′(x) 6 t, Π(Θx− y) 6 t−γ (6)

admits a solution (x,y) ∈ Zm⊕Zn with nonzero x is called the multiplicative Diophantine
exponent of Θ and is denoted by ω×(Θ).

The respective uniform multiplicative Diophantine exponent ω̂×(Θ) is defined as the
supremum of real numbers γ such that (6) admits solutions (x,y) ∈ Zm⊕Zn with nonzero
x for every t large enough.

As in the case of lattice exponents, it is a straightforward consequence of Minkowski’s
convex body theorem that

ω×(Ω) > ω̂×(Ω) > m/n.

Wang and Yu proved in [5] that ω×(Ω) = m/n holds for almost all Θ with respect to the
Lebesgue measure. Clearly, in this case ω̂×(Ω) also equals m/n. Apart from this result
nothing is known so far about the set of admissible values of ω×(Ω) or ω̂×(Ω). Thus, the
following problem is also currently far from its solution.

Problem 4.4. Describe the spectra of the exponents ω×(Ω) and ω̂×(Ω).
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