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On the number of lattice points in a ball

Jeffrey D. Vaaler

Abstract. Let A C RM be a discrete subgroup of rank N, so that A is the Z-module
generated by the columns of an M x N real matrix A of rank N. Let B € RM be
the R-linear subspace spanned by the columns of A and let |A| denote the norm of
the matrix A as a linear map from RY into R™. We prove an explicit inequality that
estimates the number of points in 4 contained in a ball of radius R centered at a
generic point in B. The inequality we prove is uniform over all matrices A with norm
bounded by a positive constant. A particularly simple form of the inequality occurs
when N = 3.

1 Introduction

Let A be an M x N matrix with real entries and 1 < N =rank A < M. The columns
of A generate the free Z-module

A={Am mezZ"} CRY
of rank N. The columns of A also generate the R-linear subspace
B={Az:x cR"} CRY

of dimension N. We consider the problem of estimating the number of points in A that
are contained in a ball of positive radius R centered at a generic point Ax in the subspace
B.

The general problem of estimating the number of lattice points in a ball is treated
in [18] and [35]. Results for lattice points in R?® are proved in [16] and [33]. The pa-
pers [15], [25], [29] and [30] treat questions somewhat closer to the present work.
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We write )
| = (27 + 25+ + %)
for the Euclidean norm of a (column) vector & in RY, and similarly for a vector in R,

We write
/2 9 N/2

WS raa T M e T vy @

for the volume and surface area of the unit ball, respectively, in RY. We define the
normalized characteristic function

xr:RY — {0,211}

X

of a ball of radius R centered at 0 by

1 if ly| < R,
xr(y) =43 iflyl=R, (2)
0 if R <yl

We suppress reference to the dimension M (or to the dimension N) in our notation for x g
as this should always be clear. And we write

|A] = sup {|Az| : x € RY, |z < 1}
for the norm of the linear transformation
r— Ax

from RY into R™. Then a more precise statement of the problem we consider is to estimate
the sum )
(det ATA)? >~ xp(A(m + ) (3)
meZN
by an expression that is independent of the point & in RY. We seek an estimate for (3)
that depends on N, R, and on an upper bound for the norm |A|. As

N |=

(det AT A) /RN Xr(A(y + ) dy = VyR",

it is natural to estimate (3) by establishing an upper bound for

‘(det ATA)% Z Xr(A(m +x)) — VyRY (4)

meZN

that depends on N, R, and on an upper bound for |A|.

An estimate for (4) follows from inequalities for extremal functions that were obtained
in [17]. The Bessel functions J,(z) and J,41(x) with 2v + 2 = N naturally occur in our
estimates. However, as a convenient abuse of notation, we use both N and v depending
on the situation. Our first result on the number of lattice points in a ball is the following
inequality.



On the number of lattice points in a ball 63

Theorem 1.1. Let A be an M x N matrixz with real entries, and

1< N =rank A < M.
Let —1 < v and 0 < § be real parameters such that 2v +2 = N. Then for 0 < R and
|A| <071 we have

‘(det ATA)1/2 Z XR (A(m + :l:)) — VNRN‘ < wy_1u,(R,0)

mezZN

for all x in RN, where u, (R, 0) is positive and defined by

u, (R, 6) =6 'RV (1 — (N - )/ﬁ

In dimension N = 3 we get the following simpler bound.

o0

. vV, (2) 0 (2) dx) i : (5)

Corollary 1.2. Let A be an M x 3 matrix with real entries, rank A = 3, and let 0 < 6.
Then for 0 < R and |A| < 67!, we have

‘(det AT N xr(A(m + @) — 4nR?
mezZ3 (6)

SR\ 2\
ans-1p2(1_ (ST
< 4m0R ( ( TR

Proof. Bessel functions have elementary representations when the index v is half of an odd
integer. If N = 3 then v = %, and we find that

rx tJu(z)J] (JU)——i sina)*
AR A A '

at each point © in R3.

T

The integral on the right of (5) is then

o0 . SR 2
ﬂ/TréR:B_lJé(:v)Jg(:B) dz = (SH;;TR ) :
Therefore (6) follows from (5). O

In section 2 we prove results that we need from the theory of entire functions of ex-
ponential type in one and several variables. We say that an entire function F : CV¥ — C
of N complex variables is a real entire function if the restriction of F to RV takes real
values. Such functions are used throughout the paper. Section 3 contains an account of the
Beurling-Selberg extremal problem for a ball and the solution that was found in [17]. In
particular, this includes the initial identification of u, (R, d) as the solution to an extremal
problem. In section 4 we establish a special case of the Poisson summation formula (es-
sentially [32, §VII, Theorem 2.4]) that applies to integrable functions F : RY — R which
are the restriction to RV of a real entire function F' : C¥ — C of exponential type. The
proof of Theorem 1.1 is given in section 5.
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2 Entire functions of exponential type

We recall that an entire function F' : C — C has ezponential type if F' is not identically
zero, and if
limsup |z| ' log |F(2)] = 7(F) < oo.

|z]—00

If F has exponential type, then the nonnegative number 7(F) is the exponential type of
F. We write e(z) = €™ for a complex number 2.

Lemma 2.1. Let 0 < § and let ' : C — C be an entire function of exponential type at
most 2wd. Assume that

1P = / F(z)] dz < o,
R

and write F : R — C for the Fourier transform

Then
|F||se = sup {|F(x)| : € R} < 216 F||s, (8)

and )
1Pl = ([ @ o) < (2n0) 1 )

Moreover, the Fourier transform (7) is a continuous function supported on [—0,d]. And
the entire function F' is determined at each point z in C by the Fourier inversion formula

~

Flz) = / F(t)e(tz) dt. (10)

Proof. Let EF: C — C be the entire function defined by

Let 0 < € and let C. be a positive constant that satisfies both of the inequalities
|F(2)] < C.exp ((27r(5 + 5)]z|), and |z| < C.exp (€|z]), (11)

at each point z in C. Using (11) we find that

|E(2)| = Z/o F(tz) dt‘ < Cg|z|/0 exp ((2m6 + €)t|2) dt

< CZexp ((2m6 + 2¢)|z|)

(12)
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at each point z in C. As 0 < ¢ is arbitrary it follows from (12) that E has exponential
type at most 27d. At each point  in R we also get the inequality

|E(z)] =

[ Fw au] < [ i) aw =, 13
0 R

and therefore E' is bounded on R. As E'(z) = F(z), Bernstein’s inequality (see [1, §74], [3],
or [4]) and (13) imply that

sup {|F(z)] : # € R} = sup {|E'(z)| : € R}
< 2résup {|E(z)| : v € R}
< 270 FJ1.

This proves (8). Then

)
/R\F(x)ﬁ de < sup {|F()| : z € R} /R IF(z)| dz < 27|

verifies the inequality (9).

Because F' belongs to L'(R), it follows that the Fourier transform (7) is a function in
Co(R). Because F' belongs to L?(R) and has exponential type at most 274, it follows from
the Paley-Wiener theorem (see [1, §72] or [32, §3.4]) that ¢ — a (t) is supported on the
interval [—d, §]. Therefore the Fourier inversion formula asserts that

6 ~
F(z) = / F(t)e(xt) dt (14)

)

at each point = in R. Using the integral on the right of (14) and Morera’s theorem it is
easy to show that

4 ~
Z /5 F(t)e(zt) dt (15)

defines an entire function of z = x +1iy. Plainly the entire function defined by (15) is equal
to the entire function z — F'(z) for z in R. Therefore we get

J ~
F(z) :/_ F(t)e(zt) dt

)

at each point z in C by analytic continuation. This verifies (10). O
We write z = (z,) for a (column) vector in CV and
1
2] = (I + |22 + - + |2 ) ?
for the usual Hermitian norm of z. We define a second norm

I € — [0, 00)
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on vectors z in CV by setting
|z|| = sup {|z1t1 + zoto 4 -+ + thN} ctcRY and |t < 1}.
If N =1 then |z| = ||z|| at each point z in C. But if 2 < N we find that
Iz)1* < [2]* < 2|1z])* (16)
at each point z in CV, where both inequalities in (16) are sharp. If
F:C¥N>cC

is an entire function of N complex variables and not identically zero, we say that F' has
exponential type if

limsup ||z]| ' log |F(2)| = 7(F) < oco.

[zl =00
The nonnegative number 7(F) is the exponential type of F. If N = 1 this is the usual
definition of exponential type discussed above. If 2 < N our definition is a special case of
a more general notion of exponential type introduced by Stein in [31], (see also [32, pp.
111-112]).

Next we define a map that sends an even entire function F': C — C having exponential

type into a radial entire function

Yn(F):CN = C

having exponential type in the sense of Stein [31]. This map was defined and used in [17,
section 6].

Let F': C — C be an even entire function. Then the power series for F' at 0 can be
written as

F(z) = com(F)2™", (17)

m=0

where (@) (0)
F=m(0
()= "Gy

As is well known, the partial sums for the series in (17) converge uniformly on compact
subsets of C. For each positive integer N we define, as in [17, Lemma 18], the entire
function

form=20,1,2,....

Yn(F): CN = C

of N complex variables z1, 2o, ..., 2y, by

m=0
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If & belongs to RY we find that

— (2m)!
2 Com (F)|a|>™ (19)
- mz (2m)!

It follows that 1 (F) restricted to RY is a radial function.

Lemma 2.2. Let F : C — C be an even entire function, and for each positive integer N
let
Yn(F): CN = C

be the entire function of N complex variables defined by (18). Define
[F[loo = sup {|F(2)| : 2 € R},

and
[on(F)|]. = sup {[on(F)(@)] - @ € RV},

Then F has exponential type if and only if 1x(F) has exponential type. Moreover, if either
F or ¢¥n(F) has exponential type, then

T(F) = 7(dn(F)). (20)

Also, F restricted to R is bounded if and only if ¥y (F) restricted to RN is bounded.
Additionally, if either F is bounded on R or ¢y (F) is bounded on RY, then

1l = [ln (F)] .- (21)

Proof. That F has exponential type if and only if ¢ (F') has exponential type, together
with the identity (20), were both established in [17, Lemma 18].
Because F'is an even function, it follows from the identity (19) that

{F(z): 2 €eR} = {F(jz|) : @ € R} = {Yn(F)(x) : & € RV},

and therefore

{|F(2)] : 2 e R} = {|un(F)(z)] : & € RV} (22)
The conclusion that F' is bounded on R if and only if ¢ (F) is bounded on RY, and the
proposed identity (21), follow immediately from (22). ]

If we assume that the even, entire function

F:C—>C
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has exponential type at most 279, then it follows from Lemma 2.2 that the entire function
Yn(F)(z), defined using (17) and (18), has exponential type at most 27d. Moreover, [17,
equation (6.3)] asserts that

o [ IF@IP do = [ Jox(F)@)llaf > de, (23)
R RN

where —1 < v. And if either of the integrals in (23) is finite then both integrals are finite,
and we get (this is [17, equation (6.4)])

%wN_l/F(a:)]a:\z”“ dr = /N Uy (F)(x)|z)2 2N de.
R R

The special case 2v + 2 = N leads to the following result.

Lemma 2.3. Let F : C — C be an even entire function of exponential type at most 2m.
Assume that N is a positive integer such that

/ F(2)|e[¥ " da < oo, (24)
R
and let

Yn(F):CYV = C

be the entire function of N complex variables defined by (18). Then the restriction of
Yy (F) to RY belongs to
L'(RY) n L*(RY).

Moreover, the Fourier transform

—

Yn(F) :RY = C

defined by

—

Un(F)(t) = NwN(F)(:c)e(—tT:c) de, (25)
R
s a continuous, radial function supported in the closed ball
{t e RV : |t| <4} (26)

Proof. By taking 2v 4+ 2 = N in (23), we find that

%wN1/R\F(x)Hx\N1 dr = /RN [Un(F)(x)| de < oo. (27)

Therefore ¢ (F) belongs to L' (R”), and the Fourier transform (25) is a continuous, radial
function (see [32, §IV, Corollary 1.2]).
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Clearly (24) implies that F' belongs to L'(R). Then using (8) and (21) we get
[on ()|, = 1 Flloo < 276 Flly < oo (28)

It follows from (27) and (28) that

/ WN 2 de < ||¢N OO/RNWN(F)(:B)‘ dx < co.

This verifies that ¢y (F) belongs to both L'(RY) and L*(R"). Hence the Fourier trans-
form (25) is a continuous, radial function. And by the generalization of the Paley-Wiener
theorem proved by Stein (see [31, §III, Theorem 4] or [32, §III Theorem 4.9]), we conclude
that (25) is supported on the closed ball (26). O

3 Beurling-Selberg extremal problems

In this section we consider extremal problems first investigated by A. Beurling and later
by A. Selberg and we describe the solution to a more general extremal problem that was ob-
tained in [17]. The method used in [17] was based on earlier work of L. de Branges [12], [13].
Further information about these problems can be found in [23], [26], [27], [28], and [34].

Let &, 6, and v be real numbers that satisfy 0 < 6 and —1 < v. Then let z — S(z) and
z + T'(z) be real entire functions such that

S(z) <sgn(x —§) < T(x) for all real z, (29)

and
z+— S(z) and z — T'(z) have exponential type at most 274. (30)

We define the real number u, (&, ) to be the infimum of the collection of positive numbers

/R (T(x) = S(x)) x> da (31)

N |

taken over the set of all pairs of real entire functions S(z) and T'(z) that satisfy (29) and
(30), and for which the value of the integral in (31) is finite. The problem considered by
Beurling was the special case { = 0 and v = —%. Related extremal problems are considered
in [10], [11], [6], [9], [7, §1.1 and §1.2], [8, §1.2 and §1.4], [5], [21], [20], [19], and [22].

In [17, Theorem 1] the authors proved that for 0 < ¢ and —1 < v, the infimum w, (&, )
is positive. They also proved that there exists a unique pair of real entire functions

2> s,(2;€,0) and 2 t,(2;&,9) (32)
that satisfy the inequality

Sy(2;€,0) <sgn(z —&) <t,(r;€,0) for all real z, (33)
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the functions
2+ 8,(2;€,0) and z — t,(2; €, 9) have exponential type at most 270, (34)

and satisfy the identity
uy(§,0) = %/ (tu(2:€,0) = su(@;€,0)) |2 da. (35)
R

The functions (32) are defined in [17, equation (5.7) and (5.8)].
In [17, Theorem 1] the authors proved that u, (&, d) satisfies the following identities:

(1> uV<€7 5) = ulf(_év 5)7
(ii) if 0 < k then u, (&, 0) = K*2u, (k71E, K0),

2v+42

(i) w,(0,0) =T (v + 1)I(v +2)(2/76)" ",
(iv) if 0 < & then (this is [17, equation (1.4)])

2£2u+1
€JU(€)2 + éJu+1<€>2 - (21/ + 1)JV<€)JI/+1(€>7

where z — J,(z) and z — J,11(2) are Bessel functions.

u, (&,7t) =

(36)

Using elementary properties of Bessel functions (see [24] and [36, §3.2]) we find that

dm &L (€ + E01(8)" = v 4+ 1) (€) S (€) = 27, (37)
and
5 (P10 202+ D)) .
= Qu+ Dzt (2) 41 (2).
If 0 < ¢ then (37) and (38) lead to the identity
fJu(€>2 + £JV+1(€)2 o (ZU + 1)Ju(£)‘]u+l<£>
(39)

=27t — Qv+ 1)/ 7V, (2) ], (2) da.
3

Combining (36) and (39) we find that

uy (€, 771) = € (w‘l —(v+3) /5 Ce @) (@) dx)
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Then by applying the identity (ii) with x = (7d)~', we get the general formula

o

u,(§,6) =01 (1 - I(2v+ 1)/ﬂ v (1) (2) dx> 71, (40)

43
which holds for 0 < &, 0 < 6 and —1 < v. In the particular case where 2v + 2 = N the
map (40) is the same as (5) in the statement of Theorem 1.1.

In the special case v = —% and ¢ = 0 considered by Beurling, the two extremal functions
(32) can be represented using interpolation formulas that were given in [34, Theorem 9
and Theorem 10].

Next we describe an extremal problem for a ball in RY centered at 0 that was considered
in [17]. Related results can be found in [14].

Let R, 0, and v, be real numbers such that 0 < R, 0 < ¢, and —1 < v. Then let

F:CYN—>C, and G:CY =, (41)
be real entire functions such that
F(x) < xr(x) < G(x) at each point  in RY, (42)

and
F(z) and G(z) have exponential type at most 27. (43)

Define H,(N, R, ) to be the infimum of positive numbers

/R (Gla) — Fla) a7 de (44)

taken over the set of all ordered pairs (F, G) of real entire functions (41) that satisfy (42),
(43), and for which the integral (44) is finite.
In the special case v = —% and N = 1 the problem of evaluating (or estimating) the

infimum Hfé(l, R, §) was considered by Selberg [27], [28]. For N =1 the simple identity

Xr(x) = %(sgn(:r; + R) —sgn(z — R)), (45)

which holds for all real x, indicates the connection between Beurling’s extremal problem
and the extremal problem considered by Selberg. Selberg observed (at least in the case
v = —3) that for all real z the inequalities

l(su(x; _Ru 5) - tu('r; R7 5)) S XR('T> < l(tu(x; _Ru 6) - Su(x; Rv 5))7 (46)

2 — 2

follow from the two inequalities in (33) and the identity (45). Therefore we define the two
real entire functions

fulz R, 0) = %(sy(z; —R,0) —t,(z; R, 5)) (47)
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and

9.(z; R, 0) = L(t,(2; — R, 0) — s,(z; R, ). (48)
It follows from (34) that both z — f,(2; R,0) and z — ¢,(z; R,J) have exponential type
at most 2. Clearly the inequality (46) is also
fulw; R, 6) < xr(x) < gu(7; R, 9)

for all real x and all positive values of R.
From (33) we find that both of the inequalities

sy(z; R, 9) <sgn(x — R) <t,(x;R,0) for all real z,
and
—t,(—z; R,0) <sgn(x + R) < —s,(—x; R,§) for all real z,
must hold. As the extremal functions = — s, (z; R,0) and x +— t,(z; R, 0) that satisfy (33),
(34), and (35) are unique, we also get

for all real . Then it follows from (49) that both (47) and (48) are even entire functions.
Next we describe the solution to the problem of evaluating (or estimating) the infimum
H,(N, R,0) for a ball in R which was obtained in [17]. We write

z— F,(z;R,9), and z+— G,(z;R,0), (50)

for the two real entire functions defined in [17, equation (1.22) and (1.23)]. From our
discussion of the maps (18) and (19), it follows that the functions (50) are also given by

Fu(z; R, 0) =Un(f,) (2R, 6), and G,(z; R,0) =¢n(9,)(2; R, 6), (51)

where f, and g, are the even functions defined in (47) and (48). It follows from [17,
Theorem 3| that the functions (50) are both real entire functions of exponential type
at most 279. And it follows from the representations (51) that the restriction of these
functions to RY are both radial functions that satisfy the inequalities

Fo(x; R, 0) < xr(x) < Gy(x; R, 0) (52)

for all ¢ in RY. Moreover, these functions satisfy the integral identity (this is [17, equation

(1.27)])
w1y (R, 6) = / (G, (@: R, ) — Fy(w; R, &) |2**> da, (53)

RN
where wy_; (the surface area of a unit ball in RY) was defined in (1). Now (53) (this
is [17, equation (1.25)]) implies that

HI/(N7 R7 5) S WN—lull(R? 6) (54)
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It was also shown in [17, Theorem 3] that there is equality in the inequality (54) if and
only if
J(méR)J, 41 (méR) = 0.

We now restrict our attention to the case 2v + 2 = N.
Lemma 3.1. Let R, § and v be real numbers such that 0 < R, 0 < 6, and —1 < v, and let
N be a positive integer such that 2v +2 = N. Let
«FI/<Z; R, (5) - wN (fl/) (Z; R> 5)7 and gu(z; R, 6) - wN (gv) (Z, R7 5)7

be the real entire functions defined by (51), or defined in [17, equation (1.22) and (1.23)].
Then both the restriction of F,(z; R,d) to RN, and the restriction of G,(z; R, ) to RY,

belong to
L'(RY) n L*(RY). (55)
Moreover, both of the Fourier transforms
F,:RY 5 C, and G,:RY = C,
defined by

fu(tS R, 5) = Fu(z; R7 (S)e(—tT.’D) dZD, (56)

RN
and

G, (t;R,0) = | G,(2R,d)e(~t"x) de, (57)

RN
are continuous functions supported on the closed ball

{t e RV : |t| <4}

Proof. At each point  in RY the restrictions of F, and G, to RY satisfy the inequality
(52). It follows from (53), and our assumption that 2v 4+ 2 = N, that

/N (Gu(x; R, 0) — Fu(x; R,0)) da < oc. (58)

Let Ff : RY — [0,00) and F, : RY — [0, 00) be defined by
FH(x; R, 0) = max {0, F,(z; R,6) }, and F, (z; R,§) = max {0, —F,(x; R,6)}.

It follows that
Fo(x; R, 6) = Ff(z; R, 0) — F, (x; R, 9)

and
| 7o (; R, 0)| = F,f (®; R, 0) + F, (x; R,9).

From (52) we also get the inequality
FS(x; R, 0) < xr(z) (59)
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at each point = in RY. Then it follows using (59) that

|G, (; R, 6)| + | F (2 R, 6)|
=G, (xz;R,0) + Ff(x; R,0) + F, (z; R, )
=G, (x;R,0) — F,(x; R,0) + 2F (x; R, )
< G,(x; R,0) — F,(x; R,0) 4+ 2xr(x)

(60)

at each point = in RY. From (52) and (58) we find that the nonnegative valued function
T = gu<m; R7 5) - 'Fl/(w; R7 (5)
belongs to L! (RN ), and it is obvious that

x — xr(x)

also belongs to L' (RY). Then (60) implies that both the restriction of F,(z; R,§) to RY
and the restriction of G,(z; R, ) to RY belong to L' (R").
Let
fr:C—C, and ¢,:C—C (61)

be the real entire functions of exponential type at most 27 defined by (47) and (48). The
functions F, and G, are the image of f, and g,, respectively, with respect to the map .
That is, we have

JT';,(Z;R, 6) = ¢N<fv)<z;R> 5)7 and gu(z;R7 6) = wN(gu) (Z;R7 6)

It follows from (23), our assumption that N = 2v + 2, and what we have already proved,
that both

b [l ROlja" do = [ |F (@i R,6)] da < o0,
R RN

and
%le/ lg, (x; R,(S)|\$[N’1 dx :/ |G, (x; R,0)| do < 0.
R RN

Therefore the two functions (61) satisfy the hypotheses of Lemma 2.3. Then it follows
from the conclusion of Lemma 2.3 that the functions F, = ¥y (fy) and G, (gy) belong to
the set (55). The properties attributed to the Fourier transforms (56) and (57) also follow
from Lemma 2.3. O

4 The Poisson formula

We require the following elementary lemma.
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Lemma 4.1. Let A be an M x N matriz with entries in R and
1< N =rank A< M.
Then there exists a real N X N, positive definite, symmetric matriz S such
Az| = |Sa] (62)
for all vectors x in RY. Moreover, we have
|A7" < min {|S7'n|:n € Z", n # 0}. (63)

Proof. The matrix A”A is N x N, positive definite and symmetric. Hence there exists
(see [2, Theorem 8.6.10]) an N x N orthogonal matrix ® and an N x N diagonal matrix
D = [d,] with positive diagonal entries d;,ds, ..., dy, such that

ATA=3"Do.

We set . ) )
S=0"D2®, where D2 = [dZ].
It follows that S is an N x N, positive definite, symmetric matrix, and
1Sz|? = 27 ST S = 270" D2 dd” D2 b
=z’ AT Ax = |Az|*.

for all vectors « in RY. This establishes (62).
As is well known, we have

|A]? = sup {&"®"DPx : x € RV, |z| < 1}
=sup{y'Dy:y cR", |[y| <1}

N

:sup{Zdnyi Y < RN’ |y| S 1} (64)
n=1

:max{dnilﬁnﬁN}

= (min{dgl 1<n< N}>_1-

Let m # 0 belong to Z" and let ey, e, ..., ey denote the standard basis vectors in Z~ C
RY. Then

N
|Pn|* = Z(ef@n)2 = |n|* > 1, (65)

n=1
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and it follows from (64) and (65) that
|S1n|* = nTdT D 'on

= Z d;! T(I>n
> (min{d;1 1<n< N}>|<I>n|2
> |A[
This shows that the inequality (63) holds. O

Let A and S be real matrices as in Lemma 4.1, which satisfy (62) and (63). Then we
have

(det ATA)* 3" xn(A(m+a)) = (det S) 3 xa(S(n +a)), (66)

where y — xg(y) is the normalized characteristic function defined in (2). It is obvious
that the function defined by

— (det 8) > xr(S(n+z)) — VyRY

is constant on cosets of the quotient group RY /Z".
Suppose that F': CV¥ — C is a real entire function of exponential type at most 2.
We also assume that the restriction of F' to RY is a radial function that belongs to

L'(RY) n L*(RY).
It follows that the Fourier transform
F:RYN > C
is a continuous function, and it follows from the generalization of the Paley-Wiener theorem
established by Stein (see [31, §III, Theorem 4] or [32, §III Theorem 4.9]), that
F(t) = /RN F(z)e(—t"x) de =0, ifteRY and § < |t|. (67)

The hypothesis (67) leads to a simple form of the Poisson summation formula. Because
the N x N matrix S is symmetric the Poisson summation formula takes the form (see [32,
Chapter VII, Corollary 2.6])

(det S) Z F(S(m+x)) = Z ﬁ(S’ln)e((Sw)TS’ln)

meZN nezZN

= Z ﬁ(S’ln)e(wTSTSfln) (68)

nezZN

= Z ﬁ(S‘ln)e(an).

necZN
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And because F is a continuous function with compact support, it follows that each sum
on the right of (68) contains only finitely many nonzero terms. Applying (67) we find that

(det S) Z F(S(m+x)) = Z F(S7'n)e(zn). (69)
mest |S@§TZL]|V<5

The function on the right of (69) is a finite linear combination of continuous characters

T — e(an)

defined on the compact group RY/ZY. That is, the function of = on the right of (69) is
a trigonometric polynomial. If we assume that § < |A|™!, then it follows from (63) in the

statement of Lemma 4.1 that there is at most one nonzero term in the sum on the right
of (69). That is, if we assume that § < |A|~! then (69) simplifies to

(detS) > F(S(m+x)) = F(0) (70)

meZN

at each coset representative & in RY /Z".

5 Proof of Theorem 1.1

In this section we prove Theorem 1.1 by applying the Poisson formula (70) to the two
real entire functions

Fu(z; R, 0) = Yn(fy)(z:R,6), and G,(z;R,0) = ¥n(9)(2; R, 0)

which were initially defined in (51). We recall that f, and g, are even entire functions of
exponential type at most 27 defined in (47) and (48). The special functions F, and G,
satisfy the basic inequality

Fo(x; R, 6) < xr(x) < Go(x; R, 0)

at each point = in RY.
We recall that 2v + 2 = N. It follows from Lemma 2.3 that F, restricted to RY and
G, restricted to RY belong to
L'(RY) n L*(RY).

It also follows from Lemma 2.3 that their Fourier transforms
ﬁ,,:RN%(C, and G\,,:RN—>C,
are continuous functions supported on the closed ball

{t e RY : |t| <4}
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Using (52) and (70) we find that

Fo(0:R.0) = (detS) S F,(S(m + w); R, )

meZN

< (det S) Z Xr(S(m +x))
mezZN (71)

< (detS) Y G, (S(m+x); R, 0)

meZN

= G,(0; R, ).
We select the real parameter v so that 2v + 2 = N. Then it follows from (53) that
G,(0;R,8) — F,,(0; R,8) = wy_1u,(R, ). (72)

Also, using (52) again we get

~

F(0:R,0) < / \r(@) dz = VRN < G, (0; R, 8), (73)
]RN

where Vy is given by (1). Now (71), (72), and (73), imply that the inequality

VyRY — wy_1u, (R, 0) < F,(0; R, )
< (det S) Z Xr(S(m + x)) (74)

meZN

< G,(0; R, 8) < VNRY + wy_1u, (R, 8)
holds at each point & in RY. Therefore (74) can be rewritten as the inequality
(det S) Z Xr(S(m+x)) — VNRN‘ < wy_1u, (R, 6) (75)
mezZN

for all points & in RY. Finally, we can express (75) in terms of the original matrix A and
the problem of estimating (3) by applying the identity (66). This completes the proof of
Theorem 1.1.
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