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On the number of lattice points in a ball

Jeffrey D. Vaaler

Abstract. Let A ⊆ RM be a discrete subgroup of rank N , so that A is the Z-module
generated by the columns of an M × N real matrix A of rank N . Let B ⊆ RM be
the R-linear subspace spanned by the columns of A and let |A| denote the norm of
the matrix A as a linear map from RN into RM . We prove an explicit inequality that
estimates the number of points in A contained in a ball of radius R centered at a
generic point in B. The inequality we prove is uniform over all matrices A with norm
bounded by a positive constant. A particularly simple form of the inequality occurs
when N = 3.

1 Introduction

Let A be an M ×N matrix with real entries and 1 ≤ N = rankA ≤M . The columns
of A generate the free Z-module

A =
{
Am : m ∈ ZN

}
⊆ RM

of rank N . The columns of A also generate the R-linear subspace

B =
{
Ax : x ∈ RN

}
⊆ RM

of dimension N . We consider the problem of estimating the number of points in A that
are contained in a ball of positive radius R centered at a generic point Ax in the subspace
B.

The general problem of estimating the number of lattice points in a ball is treated
in [18] and [35]. Results for lattice points in R3 are proved in [16] and [33]. The pa-
pers [15], [25], [29] and [30] treat questions somewhat closer to the present work.
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We write
|x| =

(
x21 + x22 + · · ·+ x2N

) 1
2

for the Euclidean norm of a (column) vector x in RN , and similarly for a vector in RM .
We write

VN =
πN/2

Γ(N/2 + 1)
, and ωN−1 =

2πN/2

Γ(N/2)
, (1)

for the volume and surface area of the unit ball, respectively, in RN . We define the
normalized characteristic function

χR : RM →
{
0, 1

2
, 1
}

of a ball of radius R centered at 0 by

χR(y) =


1 if |y| < R,
1
2

if |y| = R,

0 if R < |y|.
(2)

We suppress reference to the dimension M (or to the dimension N) in our notation for χR

as this should always be clear. And we write

|A| = sup
{
|Ax| : x ∈ RN , |x| ≤ 1

}
for the norm of the linear transformation

x 7→ Ax

from RN into RM . Then a more precise statement of the problem we consider is to estimate
the sum (

detATA
) 1

2

∑
m∈ZN

χR

(
A(m+ x)

)
(3)

by an expression that is independent of the point x in RN . We seek an estimate for (3)
that depends on N , R, and on an upper bound for the norm |A|. As(

detATA
) 1

2

∫
RN

χR

(
A(y + x)

)
dy = VNR

N ,

it is natural to estimate (3) by establishing an upper bound for∣∣∣∣(detATA
) 1

2

∑
m∈ZN

χR

(
A(m+ x)

)
− VNR

N

∣∣∣∣ (4)

that depends on N , R, and on an upper bound for |A|.
An estimate for (4) follows from inequalities for extremal functions that were obtained

in [17]. The Bessel functions Jν(x) and Jν+1(x) with 2ν + 2 = N naturally occur in our
estimates. However, as a convenient abuse of notation, we use both N and ν depending
on the situation. Our first result on the number of lattice points in a ball is the following
inequality.
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Theorem 1.1. Let A be an M ×N matrix with real entries, and

1 ≤ N = rankA ≤M.

Let −1 < ν and 0 < δ be real parameters such that 2ν + 2 = N . Then for 0 < R and
|A| ≤ δ−1 we have∣∣∣∣(detATA

)1/2 ∑
m∈ZN

χR

(
A(m+ x)

)
− VNR

N

∣∣∣∣ ≤ ωN−1uν(R, δ)

for all x in RN , where uν(R, δ) is positive and defined by

uν(R, δ) = δ−1RN−1

(
1− π

2
(N − 1)

∫ ∞

πδR

x−1Jν(x)Jν+1(x) dx

)−1

. (5)

In dimension N = 3 we get the following simpler bound.

Corollary 1.2. Let A be an M × 3 matrix with real entries, rankA = 3, and let 0 < δ.
Then for 0 < R and |A| ≤ δ−1, we have∣∣∣∣(detATA

)1/2 ∑
m∈Z3

χR

(
A(m+ x)

)
− 4

3
πR3

∣∣∣∣
≤ 4πδ−1R2

(
1−

(
sin πδR

πδR

)2)−1
(6)

at each point x in R3.

Proof. Bessel functions have elementary representations when the index ν is half of an odd
integer. If N = 3 then ν = 1

2
, and we find that

πx−1J 1
2
(x)J 3

2
(x) = − d

dx

(
sinx

x

)2

.

The integral on the right of (5) is then

π

∫ ∞

πδR

x−1J 1
2
(x)J 3

2
(x) dx =

(
sin πδR

πδR

)2

.

Therefore (6) follows from (5).

In section 2 we prove results that we need from the theory of entire functions of ex-
ponential type in one and several variables. We say that an entire function F : CN → C
of N complex variables is a real entire function if the restriction of F to RN takes real
values. Such functions are used throughout the paper. Section 3 contains an account of the
Beurling-Selberg extremal problem for a ball and the solution that was found in [17]. In
particular, this includes the initial identification of uν(R, δ) as the solution to an extremal
problem. In section 4 we establish a special case of the Poisson summation formula (es-
sentially [32, §VII, Theorem 2.4]) that applies to integrable functions F : RN → R which
are the restriction to RN of a real entire function F : CN → C of exponential type. The
proof of Theorem 1.1 is given in section 5.
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2 Entire functions of exponential type

We recall that an entire function F : C → C has exponential type if F is not identically
zero, and if

lim sup
|z|→∞

|z|−1 log |F (z)| = τ(F ) <∞.

If F has exponential type, then the nonnegative number τ(F ) is the exponential type of
F . We write e(z) = e2πiz for a complex number z.

Lemma 2.1. Let 0 < δ and let F : C → C be an entire function of exponential type at
most 2πδ. Assume that

∥F∥1 =
∫
R
|F (x)| dx <∞,

and write F̂ : R → C for the Fourier transform

F̂ (t) =

∫
R
F (x)e(−tx) dx. (7)

Then
∥F∥∞ = sup

{
|F (x)| : x ∈ R

}
≤ 2πδ∥F∥1, (8)

and

∥F∥2 =
(∫

R
|F (x)|2 dx

) 1
2

≤
(
2πδ

) 1
2∥F∥1. (9)

Moreover, the Fourier transform (7) is a continuous function supported on [−δ, δ]. And
the entire function F is determined at each point z in C by the Fourier inversion formula

F (z) =

∫ δ

−δ

F̂ (t)e(tz) dt. (10)

Proof. Let E : C → C be the entire function defined by

E(z) =

∫ z

0

F (w) dw.

Let 0 < ε and let Cε be a positive constant that satisfies both of the inequalities

|F (z)| ≤ Cε exp
(
(2πδ + ε)|z|

)
, and |z| ≤ Cε exp

(
ε|z|

)
, (11)

at each point z in C. Using (11) we find that

|E(z)| =
∣∣∣∣z ∫ 1

0

F (tz) dt

∣∣∣∣ ≤ Cε|z|
∫ 1

0

exp
(
(2πδ + ε)t|z|

)
dt

≤ C2
ε exp

(
(2πδ + 2ε)|z|

) (12)
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at each point z in C. As 0 < ε is arbitrary it follows from (12) that E has exponential
type at most 2πδ. At each point x in R we also get the inequality

|E(x)| =
∣∣∣∣∫ x

0

F (w) dw

∣∣∣∣ ≤ ∫
R
|F (w)| dw = ∥F∥1, (13)

and therefore E is bounded on R. As E ′(z) = F (z), Bernstein’s inequality (see [1, §74], [3],
or [4]) and (13) imply that

sup
{
|F (x)| : x ∈ R

}
= sup

{∣∣E ′(x)
∣∣ : x ∈ R

}
≤ 2πδ sup

{
|E(x)| : x ∈ R

}
≤ 2πδ∥F∥1.

This proves (8). Then∫
R

∣∣F (x)∣∣2 dx ≤ sup
{
|F (x)| : x ∈ R

}∫
R
|F (x)| dx ≤ 2πδ∥F∥21

verifies the inequality (9).
Because F belongs to L1(R), it follows that the Fourier transform (7) is a function in

C0(R). Because F belongs to L2(R) and has exponential type at most 2πδ, it follows from

the Paley-Wiener theorem (see [1, §72] or [32, §3.4]) that t 7→ F̂ (t) is supported on the
interval [−δ, δ]. Therefore the Fourier inversion formula asserts that

F (x) =

∫ δ

−δ

F̂ (t)e(xt) dt (14)

at each point x in R. Using the integral on the right of (14) and Morera’s theorem it is
easy to show that

z 7→
∫ δ

−δ

F̂ (t)e(zt) dt (15)

defines an entire function of z = x+ iy. Plainly the entire function defined by (15) is equal
to the entire function z 7→ F (z) for z in R. Therefore we get

F (z) =

∫ δ

−δ

F̂ (t)e(zt) dt

at each point z in C by analytic continuation. This verifies (10).

We write z = (zn) for a (column) vector in CN and

|z| =
(
|z1|2 + |z2|2 + · · ·+ |zN |2

) 1
2

for the usual Hermitian norm of z. We define a second norm

∥ ∥ : CN → [0,∞)
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on vectors z in CN by setting

∥z∥ = sup
{∣∣z1t1 + z2t2 + · · ·+ zN tN

∣∣ : t ∈ RN and |t| ≤ 1
}
.

If N = 1 then |z| = ∥z∥ at each point z in C. But if 2 ≤ N we find that

∥z∥2 ≤ |z|2 ≤ 2∥z∥2 (16)

at each point z in CN , where both inequalities in (16) are sharp. If

F : CN → C

is an entire function of N complex variables and not identically zero, we say that F has
exponential type if

lim sup
∥z∥→∞

∥z∥−1 log |F (z)| = τ(F ) <∞.

The nonnegative number τ(F ) is the exponential type of F . If N = 1 this is the usual
definition of exponential type discussed above. If 2 ≤ N our definition is a special case of
a more general notion of exponential type introduced by Stein in [31], (see also [32, pp.
111-112]).

Next we define a map that sends an even entire function F : C → C having exponential
type into a radial entire function

ψN(F ) : CN → C

having exponential type in the sense of Stein [31]. This map was defined and used in [17,
section 6].

Let F : C → C be an even entire function. Then the power series for F at 0 can be
written as

F (z) =
∞∑

m=0

c2m(F )z
2m, (17)

where

c2m(F ) =
F (2m)(0)

(2m)!
for m = 0, 1, 2, . . . .

As is well known, the partial sums for the series in (17) converge uniformly on compact
subsets of C. For each positive integer N we define, as in [17, Lemma 18], the entire
function

ψN(F ) : CN → C

of N complex variables z1, z2, . . . , zN , by

ψN(F )(z) =
∞∑

m=0

c2m(F )
(
z21 + z22 + · · ·+ z2N

)m
(2m)!

. (18)



On the number of lattice points in a ball 67

If x belongs to RN we find that

ψN(F )(x) =
∞∑

m=0

c2m(F )
(
x21 + x22 + · · ·+ x2N

)m
(2m)!

=
∞∑

m=0

c2m(F )|x|2m

(2m)!

= F
(
|x|

)
.

(19)

It follows that ψN(F ) restricted to RN is a radial function.

Lemma 2.2. Let F : C → C be an even entire function, and for each positive integer N
let

ψN(F ) : CN → C

be the entire function of N complex variables defined by (18). Define

∥F∥∞ = sup
{
|F (x)| : x ∈ R

}
,

and ∥∥ψN(F )
∥∥
∞ = sup

{∣∣ψN(F )(x)
∣∣ : x ∈ RN

}
.

Then F has exponential type if and only if ψN(F ) has exponential type. Moreover, if either
F or ψN(F ) has exponential type, then

τ(F ) = τ
(
ψN(F )

)
. (20)

Also, F restricted to R is bounded if and only if ψN(F ) restricted to RN is bounded.
Additionally, if either F is bounded on R or ψN(F ) is bounded on RN , then

∥F∥∞ =
∥∥ψN(F )

∥∥
∞. (21)

Proof. That F has exponential type if and only if ψN(F ) has exponential type, together
with the identity (20), were both established in [17, Lemma 18].

Because F is an even function, it follows from the identity (19) that{
F (x) : x ∈ R

}
=

{
F
(
|x|

)
: x ∈ RN

}
=

{
ψN(F )(x) : x ∈ RN

}
,

and therefore {∣∣F (x)∣∣ : x ∈ R
}
=

{∣∣ψN(F )(x)
∣∣ : x ∈ RN

}
. (22)

The conclusion that F is bounded on R if and only if ψN(F ) is bounded on RN , and the
proposed identity (21), follow immediately from (22).

If we assume that the even, entire function

F : C → C
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has exponential type at most 2πδ, then it follows from Lemma 2.2 that the entire function
ψN(F )(z), defined using (17) and (18), has exponential type at most 2πδ. Moreover, [17,
equation (6.3)] asserts that

1
2
ωN−1

∫
R
|F (x)||x|2ν+1 dx =

∫
RN

|ψN(F )(x)||x|2ν+2−N dx, (23)

where −1 < ν. And if either of the integrals in (23) is finite then both integrals are finite,
and we get (this is [17, equation (6.4)])

1
2
ωN−1

∫
R
F (x)|x|2ν+1 dx =

∫
RN

ψN(F )(x)|x|2ν+2−N dx.

The special case 2ν + 2 = N leads to the following result.

Lemma 2.3. Let F : C → C be an even entire function of exponential type at most 2πδ.
Assume that N is a positive integer such that∫

R
|F (x)||x|N−1 dx <∞, (24)

and let
ψN(F ) : CN → C

be the entire function of N complex variables defined by (18). Then the restriction of
ψN(F ) to RN belongs to

L1
(
RN

)
∩ L2

(
RN

)
.

Moreover, the Fourier transform

ψ̂N(F ) : RN → C

defined by

ψ̂N(F )(t) =

∫
RN

ψN(F )(x)e
(
−tTx

)
dx, (25)

is a continuous, radial function supported in the closed ball{
t ∈ RN : |t| ≤ δ

}
. (26)

Proof. By taking 2ν + 2 = N in (23), we find that

1
2
ωN−1

∫
R
|F (x)||x|N−1 dx =

∫
RN

|ψN(F )(x)| dx <∞. (27)

Therefore ψN(F ) belongs to L
1
(
RN

)
, and the Fourier transform (25) is a continuous, radial

function (see [32, §IV, Corollary 1.2]).
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Clearly (24) implies that F belongs to L1(R). Then using (8) and (21) we get∥∥ψN(F )
∥∥
∞ = ∥F∥∞ ≤ 2πδ∥F∥1 <∞. (28)

It follows from (27) and (28) that∫
RN

∣∣ψN(F )(x)
∣∣2 dx ≤

∥∥ψN(F )
∥∥
∞

∫
RN

∣∣ψN(F )(x)
∣∣ dx <∞.

This verifies that ψN(F ) belongs to both L1
(
RN

)
and L2

(
RN

)
. Hence the Fourier trans-

form (25) is a continuous, radial function. And by the generalization of the Paley-Wiener
theorem proved by Stein (see [31, §III, Theorem 4] or [32, §III Theorem 4.9]), we conclude
that (25) is supported on the closed ball (26).

3 Beurling-Selberg extremal problems

In this section we consider extremal problems first investigated by A. Beurling and later
by A. Selberg and we describe the solution to a more general extremal problem that was ob-
tained in [17]. The method used in [17] was based on earlier work of L. de Branges [12], [13].
Further information about these problems can be found in [23], [26], [27], [28], and [34].

Let ξ, δ, and ν be real numbers that satisfy 0 < δ and −1 < ν. Then let z 7→ S(z) and
z 7→ T (z) be real entire functions such that

S(x) ≤ sgn(x− ξ) ≤ T (x) for all real x, (29)

and
z 7→ S(z) and z 7→ T (z) have exponential type at most 2πδ. (30)

We define the real number uν(ξ, δ) to be the infimum of the collection of positive numbers

1
2

∫
R

(
T (x)− S(x)

)
|x|2ν+1 dx (31)

taken over the set of all pairs of real entire functions S(z) and T (z) that satisfy (29) and
(30), and for which the value of the integral in (31) is finite. The problem considered by
Beurling was the special case ξ = 0 and ν = −1

2
. Related extremal problems are considered

in [10], [11], [6], [9], [7, §1.1 and §1.2], [8, §1.2 and §1.4], [5], [21], [20], [19], and [22].
In [17, Theorem 1] the authors proved that for 0 < δ and −1 < ν, the infimum uν(ξ, δ)

is positive. They also proved that there exists a unique pair of real entire functions

z 7→ sν(z; ξ, δ) and z 7→ tν(z; ξ, δ) (32)

that satisfy the inequality

sν(x; ξ, δ) ≤ sgn(x− ξ) ≤ tν(x; ξ, δ) for all real x, (33)
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the functions

z 7→ sν(z; ξ, δ) and z 7→ tν(z; ξ, δ) have exponential type at most 2πδ, (34)

and satisfy the identity

uν(ξ, δ) =
1
2

∫
R

(
tν(x; ξ, δ)− sν(x; ξ, δ)

)
|x|2ν+1 dx. (35)

The functions (32) are defined in [17, equation (5.7) and (5.8)].
In [17, Theorem 1] the authors proved that uν(ξ, δ) satisfies the following identities:

(i) uν(ξ, δ) = uν(−ξ, δ),

(ii) if 0 < κ then uν(ξ, δ) = κ2ν+2uν
(
κ−1ξ, κδ

)
,

(iii) uν(0, δ) = Γ(ν + 1)Γ(ν + 2)
(
2/πδ

)2ν+2
,

(iv) if 0 < ξ then (this is [17, equation (1.4)])

uν
(
ξ, π−1

)
=

2ξ2ν+1

ξJν(ξ)2 + ξJν+1(ξ)2 − (2ν + 1)Jν(ξ)Jν+1(ξ)
, (36)

where z 7→ Jν(z) and z 7→ Jν+1(z) are Bessel functions.

Using elementary properties of Bessel functions (see [24] and [36, §3.2]) we find that

lim
ξ→∞

ξJν(ξ)
2 + ξJν+1(ξ)

2 − (2ν + 1)Jν(ξ)Jν+1(ξ) = 2π−1, (37)

and

d

dx

(
xJν(x)

2 + xJν+1(x)
2−(2ν + 1)Jν(x)Jν+1(x)

)
= (2ν + 1)x−1Jν(x)Jν+1(x).

(38)

If 0 < ξ then (37) and (38) lead to the identity

ξJν(ξ)
2 + ξJν+1(ξ)

2 − (2ν + 1)Jν(ξ)Jν+1(ξ)

= 2π−1 − (2ν + 1)

∫ ∞

ξ

x−1Jν(x)Jν+1(x) dx.
(39)

Combining (36) and (39) we find that

uν
(
ξ, π−1

)
= ξ2ν+1

(
π−1 −

(
ν + 1

2

) ∫ ∞

ξ

x−1Jν(x)Jν+1(x) dx

)−1

.
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Then by applying the identity (ii) with κ = (πδ)−1, we get the general formula

uν
(
ξ, δ

)
= δ−1ξ2ν+1

(
1− π

2
(2ν + 1)

∫ ∞

πδξ

x−1Jν(x)Jν+1(x) dx

)−1

, (40)

which holds for 0 < ξ, 0 < δ and −1 < ν. In the particular case where 2ν + 2 = N the
map (40) is the same as (5) in the statement of Theorem 1.1.

In the special case ν = −1
2
and ξ = 0 considered by Beurling, the two extremal functions

(32) can be represented using interpolation formulas that were given in [34, Theorem 9
and Theorem 10].

Next we describe an extremal problem for a ball in RN centered at 0 that was considered
in [17]. Related results can be found in [14].

Let R, δ, and ν, be real numbers such that 0 < R, 0 < δ, and −1 < ν. Then let

F : CN → C, and G : CN → C, (41)

be real entire functions such that

F (x) ≤ χR(x) ≤ G(x) at each point x in RN , (42)

and
F (z) and G(z) have exponential type at most 2πδ. (43)

Define Hν(N,R, δ) to be the infimum of positive numbers∫
RN

(
G(x)− F (x)

)
|x|2ν+2−N dx (44)

taken over the set of all ordered pairs (F,G) of real entire functions (41) that satisfy (42),
(43), and for which the integral (44) is finite.

In the special case ν = −1
2
and N = 1 the problem of evaluating (or estimating) the

infimum H− 1
2
(1, R, δ) was considered by Selberg [27], [28]. For N = 1 the simple identity

χR(x) =
1
2

(
sgn(x+R)− sgn(x−R)

)
, (45)

which holds for all real x, indicates the connection between Beurling’s extremal problem
and the extremal problem considered by Selberg. Selberg observed (at least in the case
ν = −1

2
) that for all real x the inequalities

1
2

(
sν(x;−R, δ)− tν(x;R, δ)

)
≤ χR(x) ≤ 1

2

(
tν(x;−R, δ)− sν(x;R, δ)

)
, (46)

follow from the two inequalities in (33) and the identity (45). Therefore we define the two
real entire functions

fν(z;R, δ) =
1
2

(
sν(z;−R, δ)− tν(z;R, δ)

)
(47)
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and
gν(z;R, δ) =

1
2

(
tν(z;−R, δ)− sν(z;R, δ)

)
. (48)

It follows from (34) that both z 7→ fν(z;R, δ) and z 7→ gν(z;R, δ) have exponential type
at most 2πδ. Clearly the inequality (46) is also

fν(x;R, δ) ≤ χR(x) ≤ gν(x;R, δ)

for all real x and all positive values of R.
From (33) we find that both of the inequalities

sν(x;R, δ) ≤ sgn(x−R) ≤ tν(x;R, δ) for all real x,

and
−tν(−x;R, δ) ≤ sgn(x+R) ≤ −sν(−x;R, δ) for all real x,

must hold. As the extremal functions x 7→ sν(x;R, δ) and x 7→ tν(x;R, δ) that satisfy (33),
(34), and (35) are unique, we also get

−sν(−x;R, δ) = tν(x;−R, δ) (49)

for all real x. Then it follows from (49) that both (47) and (48) are even entire functions.
Next we describe the solution to the problem of evaluating (or estimating) the infimum

Hν(N,R, δ) for a ball in RN which was obtained in [17]. We write

z 7→ Fν(z;R, δ), and z 7→ Gν(z;R, δ), (50)

for the two real entire functions defined in [17, equation (1.22) and (1.23)]. From our
discussion of the maps (18) and (19), it follows that the functions (50) are also given by

Fν(z;R, δ) = ψN

(
fν
)
(z;R, δ), and Gν(z;R, δ) = ψN

(
gν
)
(z;R, δ), (51)

where fν and gν are the even functions defined in (47) and (48). It follows from [17,
Theorem 3] that the functions (50) are both real entire functions of exponential type
at most 2πδ. And it follows from the representations (51) that the restriction of these
functions to RN are both radial functions that satisfy the inequalities

Fν(x;R, δ) ≤ χR(x) ≤ Gν(x;R, δ) (52)

for all x in RN . Moreover, these functions satisfy the integral identity (this is [17, equation
(1.27)])

ωN−1uν(R, δ) =

∫
RN

(
Gν(x;R, δ)−Fν(x;R, δ)

)
|x|2ν+2−N dx, (53)

where ωN−1 (the surface area of a unit ball in RN) was defined in (1). Now (53) (this
is [17, equation (1.25)]) implies that

Hν(N,R, δ) ≤ ωN−1uν(R, δ). (54)
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It was also shown in [17, Theorem 3] that there is equality in the inequality (54) if and
only if

Jν(πδR)Jν+1(πδR) = 0.

We now restrict our attention to the case 2ν + 2 = N .

Lemma 3.1. Let R, δ and ν be real numbers such that 0 < R, 0 < δ, and −1 < ν, and let
N be a positive integer such that 2ν + 2 = N . Let

Fν(z;R, δ) = ψN

(
fν
)
(z;R, δ), and Gν(z;R, δ) = ψN

(
gν
)
(z;R, δ),

be the real entire functions defined by (51), or defined in [17, equation (1.22) and (1.23)].
Then both the restriction of Fν(z;R, δ) to RN , and the restriction of Gν(z;R, δ) to RN ,
belong to

L1
(
RN

)
∩ L2

(
RN

)
. (55)

Moreover, both of the Fourier transforms

F̂ν : RN → C, and Ĝν : RN → C,

defined by

F̂ν(t;R, δ) =

∫
RN

Fν(z;R, δ)e
(
−tTx

)
dx, (56)

and

Ĝν(t;R, δ) =

∫
RN

Gν(z;R, δ)e
(
−tTx

)
dx, (57)

are continuous functions supported on the closed ball{
t ∈ RN : |t| ≤ δ

}
.

Proof. At each point x in RN the restrictions of Fν and Gν to RN satisfy the inequality
(52). It follows from (53), and our assumption that 2ν + 2 = N , that∫

RN

(
Gν(x;R, δ)−Fν(x;R, δ)

)
dx <∞. (58)

Let F+
ν : RN → [0,∞) and F−

ν : RN → [0,∞) be defined by

F+
ν (x;R, δ) = max

{
0,Fν(x;R, δ)

}
, and F−

ν (x;R, δ) = max
{
0,−Fν(x;R, δ)

}
.

It follows that
Fν(x;R, δ) = F+

ν (x;R, δ)−F−
ν (x;R, δ)

and ∣∣Fν(x;R, δ)
∣∣ = F+

ν (x;R, δ) + F−
ν (x;R, δ).

From (52) we also get the inequality

F+
ν (x;R, δ) ≤ χR(x) (59)
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at each point x in RN . Then it follows using (59) that∣∣Gν(x;R, δ)
∣∣+ ∣∣Fν(x;R, δ)

∣∣
= Gν(x;R, δ) + F+

ν (x;R, δ) + F−
ν (x;R, δ)

= Gν(x;R, δ)−Fν(x;R, δ) + 2F+
ν (x;R, δ)

≤ Gν(x;R, δ)−Fν(x;R, δ) + 2χR(x)

(60)

at each point x in RN . From (52) and (58) we find that the nonnegative valued function

x 7→ Gν(x;R, δ)−Fν(x;R, δ)

belongs to L1
(
RN

)
, and it is obvious that

x 7→ χR(x)

also belongs to L1
(
RN

)
. Then (60) implies that both the restriction of Fν(z;R, δ) to RN

and the restriction of Gν(z;R, δ) to RN belong to L1
(
RN

)
.

Let
fν : C → C, and gν : C → C (61)

be the real entire functions of exponential type at most 2πδ defined by (47) and (48). The
functions Fν and Gν are the image of fν and gν , respectively, with respect to the map ψN .
That is, we have

Fν(z;R, δ) = ψN

(
fν
)
(z;R, δ), and Gν(z;R, δ) = ψN

(
gν
)
(z;R, δ).

It follows from (23), our assumption that N = 2ν + 2, and what we have already proved,
that both

1
2
ωN−1

∫
R
|fν(x;R, δ)||x|N−1 dx =

∫
RN

|Fν(x;R, δ)| dx <∞,

and
1
2
ωN−1

∫
R
|gν(x;R, δ)||x|N−1 dx =

∫
RN

|Gν(x;R, δ)| dx <∞.

Therefore the two functions (61) satisfy the hypotheses of Lemma 2.3. Then it follows
from the conclusion of Lemma 2.3 that the functions Fν = ψN

(
fν
)
and Gν

(
gν
)
belong to

the set (55). The properties attributed to the Fourier transforms (56) and (57) also follow
from Lemma 2.3.

4 The Poisson formula

We require the following elementary lemma.
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Lemma 4.1. Let A be an M ×N matrix with entries in R and

1 ≤ N = rankA ≤M.

Then there exists a real N ×N , positive definite, symmetric matrix S such

|Ax| = |Sx| (62)

for all vectors x in RN . Moreover, we have

|A|−1 ≤ min
{∣∣S−1n

∣∣ : n ∈ ZN , n ̸= 0
}
. (63)

Proof. The matrix ATA is N × N , positive definite and symmetric. Hence there exists
(see [2, Theorem 8.6.10]) an N ×N orthogonal matrix Φ and an N ×N diagonal matrix
D = [dn] with positive diagonal entries d1, d2, . . . , dN , such that

ATA = ΦTDΦ.

We set
S = ΦTD

1
2Φ, where D

1
2 =

[
d

1
2
n

]
.

It follows that S is an N ×N , positive definite, symmetric matrix, and

|Sx|2 = xTSTSx = xTΦTD
1
2ΦΦTD

1
2Φx

= xTATAx = |Ax|2.

for all vectors x in RN . This establishes (62).
As is well known, we have

|A|2 = sup
{
xTΦTDΦx : x ∈ RN , |x| ≤ 1

}
= sup

{
yTDy : y ∈ RN , |y| ≤ 1

}
= sup

{ N∑
n=1

dny
2
n : y ∈ RN , |y| ≤ 1

}
= max

{
dn : 1 ≤ n ≤ N

}
=

(
min

{
d−1
n : 1 ≤ n ≤ N

})−1

.

(64)

Let n ̸= 0 belong to ZN and let e1, e2, . . . , eN denote the standard basis vectors in ZN ⊆
RN . Then

|Φn|2 =
N∑

n=1

(
eT
nΦn

)2
= |n|2 ≥ 1, (65)
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and it follows from (64) and (65) that∣∣S−1n
∣∣2 = nTΦTD−1Φn

=
N∑

n=1

d−1
n

(
eT
nΦn

)2
≥

(
min

{
d−1
n : 1 ≤ n ≤ N

})
|Φn|2

≥ |A|−2.

This shows that the inequality (63) holds.

Let A and S be real matrices as in Lemma 4.1, which satisfy (62) and (63). Then we
have (

detATA
) 1

2

∑
m∈ZN

χR

(
A(m+ x)

)
= (detS)

∑
n∈ZN

χR

(
S(n+ x)

)
, (66)

where y 7→ χR(y) is the normalized characteristic function defined in (2). It is obvious
that the function defined by

x 7→ (detS)
∑
n∈ZN

χR

(
S(n+ x)

)
− VNR

N

is constant on cosets of the quotient group RN/ZN .
Suppose that F : CN → C is a real entire function of exponential type at most 2πδ.

We also assume that the restriction of F to RN is a radial function that belongs to

L1
(
RN

)
∩ L2

(
RN

)
.

It follows that the Fourier transform

F̂ : RN → C

is a continuous function, and it follows from the generalization of the Paley-Wiener theorem
established by Stein (see [31, §III, Theorem 4] or [32, §III Theorem 4.9]), that

F̂ (t) =

∫
RN

F (x)e
(
−tTx

)
dx = 0, if t ∈ RN and δ ≤ |t|. (67)

The hypothesis (67) leads to a simple form of the Poisson summation formula. Because
the N ×N matrix S is symmetric the Poisson summation formula takes the form (see [32,
Chapter VII, Corollary 2.6])

(detS)
∑

m∈ZN

F
(
S(m+ x)

)
=

∑
n∈ZN

F̂
(
S−1n

)
e
(
(Sx)TS−1n

)
=

∑
n∈ZN

F̂
(
S−1n

)
e
(
xTSTS−1n

)
=

∑
n∈ZN

F̂
(
S−1n

)
e
(
xTn

)
.

(68)
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And because F̂ is a continuous function with compact support, it follows that each sum
on the right of (68) contains only finitely many nonzero terms. Applying (67) we find that

(detS)
∑

m∈ZN

F
(
S(m+ x)

)
=

∑
n∈ZN

|S−1n|<δ

F̂
(
S−1n

)
e
(
xTn

)
. (69)

The function on the right of (69) is a finite linear combination of continuous characters

x 7→ e
(
xTn

)
defined on the compact group RN/ZN . That is, the function of x on the right of (69) is
a trigonometric polynomial. If we assume that δ ≤ |A|−1, then it follows from (63) in the
statement of Lemma 4.1 that there is at most one nonzero term in the sum on the right
of (69). That is, if we assume that δ ≤ |A|−1 then (69) simplifies to

(detS)
∑

m∈ZN

F
(
S(m+ x)

)
= F̂ (0) (70)

at each coset representative x in RN/ZN .

5 Proof of Theorem 1.1

In this section we prove Theorem 1.1 by applying the Poisson formula (70) to the two
real entire functions

Fν(z;R, δ) = ψN

(
fν
)
(z;R, δ), and Gν(z;R, δ) = ψN

(
gν
)
(z;R, δ)

which were initially defined in (51). We recall that fν and gν are even entire functions of
exponential type at most 2πδ defined in (47) and (48). The special functions Fν and Gν

satisfy the basic inequality

Fν(x;R, δ) ≤ χR(x) ≤ Gν(x;R, δ)

at each point x in RN .
We recall that 2ν + 2 = N . It follows from Lemma 2.3 that Fν restricted to RN and

Gν restricted to RN belong to
L1

(
RN

)
∩ L2

(
RN

)
.

It also follows from Lemma 2.3 that their Fourier transforms

F̂ν : RN → C, and Ĝν : RN → C,

are continuous functions supported on the closed ball{
t ∈ RN : |t| ≤ δ

}
.
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Using (52) and (70) we find that

F̂ν(0;R, δ) = (detS)
∑

m∈ZN

Fν

(
S(m+ x);R, δ

)
≤ (detS)

∑
m∈ZN

χR

(
S(m+ x)

)
≤ (detS)

∑
m∈ZN

Gν

(
S(m+ x);R, δ

)
= Ĝν(0;R, δ).

(71)

We select the real parameter ν so that 2ν + 2 = N . Then it follows from (53) that

Ĝν(0;R, δ)− F̂ν(0;R, δ) = ωN−1uν(R, δ). (72)

Also, using (52) again we get

F̂ν(0;R, δ) ≤
∫
RN

χR(x) dx = VNR
N ≤ Ĝν(0;R, δ), (73)

where VN is given by (1). Now (71), (72), and (73), imply that the inequality

VNR
N − ωN−1uν(R, δ) ≤ F̂ν(0;R, δ)

≤ (detS)
∑

m∈ZN

χR

(
S(m+ x)

)
≤ Ĝν(0;R, δ) ≤ VNR

N + ωN−1uν(R, δ)

(74)

holds at each point x in RN . Therefore (74) can be rewritten as the inequality∣∣∣∣(detS) ∑
m∈ZN

χR

(
S(m+ x)

)
− VNR

N

∣∣∣∣ ≤ ωN−1uν(R, δ) (75)

for all points x in RN . Finally, we can express (75) in terms of the original matrix A and
the problem of estimating (3) by applying the identity (66). This completes the proof of
Theorem 1.1.
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[14] F. Gonçalves. A note on band-limited minorants of an Euclidean ball. Proc. Amer. Math.
Soc., 146(5):2063–2068, 2018.

[15] F. Götze. Lattice point problems and values of quadratic forms. Invent. Math., 157:195–226,
2004.

[16] R. Heath-Brown. Lattice points in the sphere. In K. Györy, H. Iwaniec, and J. Urbanow-
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