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Transitions between root subsets associated with Carter
diagrams

Rafael Stekolshchik

Abstract. For any two root subsets associated with two Carter diagrams that have
the same ADE type and the same size, we construct the transition matrix that maps
one subset to the other. The transition between these two subsets is carried out in
some canonical way affecting exactly one root, so that this root is mapped to the
minimal element in some root subsystem. The constructed transitions are involu-
tions. It is shown that all root subsets associated with the given Carter diagram
are conjugate under the action of the Weyl group. A numerical relationship is ob-
served between enhanced Dynkin diagrams A(Eg), A(E7) and A(Eg) (introduced
by Dynkin-Minchenko) and Carter diagrams. This relationship echoes the 2 — 4 — 8
assertions obtained by Ringel, Rosenfeld and Baez in completely different contexts
regarding the Dynkin diagrams Fg, E7, Ejs.

In memory of Semyon E. Konstein

1 Introduction

1.1 Diagrams with cycles

In 1972, R. Carter introduced the so-called admissible diagrams representing semi-
Coxeter elements of conjugacy classes in the Weil group. The admissible diagrams also
represent root subsets® of the root systems associated with the Weyl group. These root
subsets sometimes form strange cycles, strange because the extended Dynkin diagram A,
cannot be part of any admissible diagram. The explanation for this fact was that in the
case of extended Dynkin diagrams, the inner products of roots of cycle A; are negative,
while in the case of admissible diagrams, there are necessarily both positive and negative
inner products, see [18, Lemma A.1]. Thus was born the concept of the Carter diagram,
see [18]. They differ from admissible diagrams in that they take into account the sign of
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the inner product on the pair of roots; for this, the language of solid and dotted edges is
used, see Section 2.2.

Carter diagrams distinguish between negative inner products (solid edges) and positive
inner products (dotted edges). The number of solid edges must necessarily be odd, as
well as the number of dotted edges. This agrees well with the fact that, by definition,
the length of an admissible diagram is even. In the theorem on exclusion of long cycles
[18, Theorem 3.1] it was shown that any Carter diagram with cycles of arbitrary even
length can be reduced to another Carter diagram containing only 4-cycles. In proving this
theorem, for each particular case, it is checked that a semi-Coxeter element associated with
a Carter diagram with long cycles is conjugate to a semi-Coxeter element associated with
another Carter diagram containing only cycles of length 4.

1.2 Homogeneous classes of Carter diagrams

The Dynkin diagram A;, where { > 1 (resp. D;, where | > 4; resp. Ej, where [ = 6,7, 8)
is said to be the Dynkin diagram of A-type (resp. D-type, resp. E-type). The Carter
diagram A;, where [ > 1 (resp. D;, Di(ay), where | > 4,1 < k < [Z’TQ}, resp. Ey, Ej(ag),
where [ = 6,7,8, k = 1,2,3,4) is said to be the Carter diagram of A-type (resp. D-type,
resp. E-type).

The Carter diagrams of the same type and the same index constitute a homogeneous
class of Carter diagrams. Denote by C(I') the homogeneous class containing the Carter

diagram I', see (1) and Fig. 1.
C(Es) ={Es, Eo(ar1), Eg(az)},
C(Er) ={Er, Er(a1), Eq(a2), Er7(as3), E7(as)},
C(Es) ={Es, Es(a1), Es(as), Es(as), Er(as), Es(as), Es(as), Es(ar), Er(as)}, (1)
C(Dy) = {Dz,Dz(m),Dz(aQ) , D ( [TQ]>}, where [ > 4.
A root subset associated with some diagram T is denoted by a [-set. Let S (resp S)

be a I-set (resp. I-set). In Tables 2-5 of Section 4.6, the transition matriz M : S —s S
is constructed for the following homogeneous pairs {I', T'}:

(1) {Dalar), Ds} 9) {Es(a1), Es}

2)  {Di(ax), Di} (10)  {Es(a2), Es}

(3)  {Ee(a), Es} (11)  {Es(as), Es(az)}

(4)  {Es(az), Eo(ar)} (12)  {Es(as), Es(a1)} (2)
(5)  {Er(a), Er} (13)  {Es(as), Es(as)}

(6)  {Er(as), Er} (14)  {Es(ae), Es(as)}

(1) {Er(a3), Er(a1)} (15)  {Es(ar), Es(as)}

(8)  {E7(as), Er(as)} (16)  {Es(as), Es(ar)}

The diagrams obtained as images of the mapping M; are considered up to equivalence
of Carter diagrams, see [18, Section 1.3]. The list (2) is called the adjacency list. The

'In the following, the phrase “root subset” always means the root subset of linearly independent roots.
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Figure 1: Carter diagrams of D and E types
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adjacency list is not a complete list, but a minimal list that chains all Carter diagrams of
to the same homogeneous class using the transition matrices constructed in Theorem 4.1.

1.3 A group of transitions .Z

Let C(I') be a homogeneous class of Carter diagrams out of (1), and S be the set of
all root subsets associated with diagrams of C'(I"). Let .# be some subgroup of the group
generated by transitions of type M; operating on S. The Weyl group W operates simply
transitively on the set of bases of the corresponding root system, all bases are associated
with a single Dynkin diagram (which is also the Carter diagram). This is not true for the
group . any element M, € .# (of type My) can map some root subset S; € S to another
root subset Sy € 5. The root subsets S; and Sy are associated, generally speaking, with
different Carter diagrams I'y € C(I') and I'y € C(I"). We will say that S; (resp. Ss) is a
['i-set (resp. T'a-set).

1.4 Theorems on transition matrix

In this paper, we show that each homogeneous class of Carter diagrams essentially
depicts the same subset of the root system given in different bases. There are several
chains of diagrams containing homogeneous classes of Carter diagrams. The transition
between neighboring bases in any chain can be performed in some canonical way, affecting
exactly one root, which is mapped to the minimum element in some root subsystem. The
transition matrix connecting two adjacent diagrams is an involution.

The main result of this paper can be formulated as follows: Let {I',I'} be a pair out
of the adjacency list (2), and let S (resp. S) be a I-set (resp. I-set). We construct the
matrix M; having the following properties (Theorem 4.1, Theorem 4.3):

(a) The matrix M; is the transition matrix transforming the roots of S to the roots of S.

(b) The matrix M; transforms only one element in & € S, the remaining elements of

S are left fixed. The element « is transformed into the minimal element of some
Dynkin subset S(a) C S,

(¢) The matrix M; acts as involution on S:
M]&:oz:—&—l—Ztm, Myr; = 7, for 7, # a, (3)
neg
and M7 acts also as involution on S:
Mloz:&:—a—l—ztm, Mi; = 7; for 7; # «, (4)
TiES
The values of ¢; in (3) and (4) are given in Tables 2-5 of Section 4.6.
(d) In most cases of Section 4.6, the mapping M given in (3) eliminates one circle (or

one endpoint), the mapping M; given in (4) builds one circle (or one endpoint). In
case (16) of Section 4.6, M; eliminates 3 cycles.

Only ADF root systems are considered.
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Table 1: Cardinality of extra nodes
D2m D2m+1 E6 E7 ES
m—1|m—-—1/| 2 4 8

1.5 Relationship with other diagrams containing cycles

1.5.1 Dynkin-Minchenko diagrams: Procedure of completion

Let I' be a Dynkin diagram of the complex semisimple Lie algebra g. Subdiagrams of I' are
Dynkin diagrams of regular subalgebras of g. However, not all regular subalgebras can be
obtained in this way. Besides, non-conjugate regular subalgebras can have identical Dynkin
diagrams. Both problems are efficiently solved by using enhanced Dynkin diagrams. In [6],
Dynkin and Minchenko introduced a canonical enlargement of the basis called the enhanced
basis and enhanced Dynkin diagrams representing an enhanced basis. They constructed an
enhancement of I' by a recursive procedure which they call the completion: At each step
of the procedure, find a D,-subset in the already introduced nodes, add the maximal? root
of this subset, and connect it by edges to the corresponding part of the already introduced
nodes. For the enhanced Dynkin diagrams A(FEg) and A(E7), see Section A.

In [19],[20] Vavilov and Migrin combined both types of considered diagrams: Carter di-
agrams and enhanced Dynkin diagrams, they applied the language of solid and dotted edges
to enhanced Dynkin diagrams. The obtained diagrams are called signed enhanced Dynkin
diagrams. They showed that any Carter diagram of the homogeneous class containing the
Dynkin diagrams Fg, E7, Eg can be embedded into the signed enhanced Dynkin diagram
A(T") associated with T" such that the “solid and dotted” correspondence is preserved.

1.5.2 Values 2,4,8 and diagrams FEg, E;, Eg

To the Vavilov-Margin observation mentioned above, I would like to add the following
easily verifiable fact:

Remark 1.1. The number of extra nodes obtained by the Dynkin-Minchenko completion
procedure for a simply-laced Dynkin diagram coincides with the number of Carter diagrams
(with cycles) of the same type, see Fig. 1, Table 1.

For a further discussion of the relationship between enhanced Dynkin diagrams and
Carter diagrams, see Section C.1.

In [13], in the context of Auslander-Reiten quivers, Ringel observed a completely dif-
ferent relation between values 2,4,8 and diagrams Fjg, E;, Eg, see Section C.3.

In [1], Baez (in relation to Rosenfeld’s idea in [14]) points to another connection between
values 2,4,8 and diagrams FEg, E7, Fs, see Section C.4.

2Adding a minimal root (instead of a maximal one) leads to a topologically isomorphic enhanced Dynkin
diagram, but distinguished by solid and dotted edges.
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1.5.3 McKee-Smyth diagrams: Eigenvalues in (—2,2)

Much to my surprise, I found a complete list of 8-vertex Carter diagrams with circles in
the paper of McKee and Smyth [11, Figs. 12-14]. The {0, 1}-matrices with zeros on the
diagonal can be regarded as adjacency matrices of graphs. Assume that the off-diagonal
elements of such a matrix to be chosen from the set {—1,0,1}. Then, we get so-called a
signed graph, a non-zero (a, #)th entry denotes a sign of —1 or 1 on the edge connecting
vertices a and (3. The signed graphs exactly correspond to our diagrams with solid and
dotted edges. The matrix with zeros on the diagonal is called an uncharged matriz. By
[11, Theorem 4], the signed graphs maximal with respect to having all their eigenvalues
in (—2,2) are exactly Carter diagrams FEg(a;),1 < i < 8 and Dy(a;),i < l/2 — 1, see
Fig. 1. If the diagonal matrix 2/ is added to such an uncharged matrix, then exactly
partial Cartan matriz will be obtained, see Section 3.2. Then, the eigenvalues of the
partial Cartan matrices should lie in the interval (0,4). Using eigenvalues one can get
an invariant description of Carter diagrams, see [16, Section 4.4]. For some details on
the relationship between Carter diagrams and eigenvalues of partial Cartan matrices, see
Section C.2.
Similar results to [11] were also obtained by Mulas and Stanic in [12].

2 Diagrams containing cycles

2.1 Admissible diagrams: Conjugacy classes of W

Let @ be the root system corresponding to the Weyl group W. Each element w € W
can be expressed in the form

W = Sq,Say - - - Say, Where o € @ for all 1. (5)

Carter proved that k in the decomposition (5) is the smallest if and only if the subset of
roots {aq, ag, ..., a4} is linearly independent; such a decomposition is said to be reduced.
The admissible diagram corresponding to the given element w is not unique, since the
reduced decomposition of the element w is not unique.

Denote by l(w) the smallest value k corresponding to any reduced decomposition (5).
The corresponding set of roots {ay, s, . . ., oy} consists of linearly independent and not ne-
cessarily simple roots, see Lemma 2.1. If [(w) is the smallest value k in any expression like
(5) such that all roots «a; are simple, then lo(w) < l(w).

Lemma 2.1 ([4, Lemma 3]). Let a1, a9, ...,a5 € . Then, So,Say - - - Say, 15 reduced if and
only if ay, o, ..., ap are linearly independent. [

The Cartan matrix (resp. quadratic form) associated with @ is denoted by B (resp.
2). The inner product induced by 2 is denoted by (-, -).

Let us take the subset of linearly independent, but not necessarily simple roots S C ®.
To the subset S we associate some diagram I' that provides one-to-one correspondence
between roots of S and nodes of I'. The diagram I' is said to be admissible if the following
two conditions hold:
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(a) The nodes of I' correspond to a set of linearly independent roots in &.
(b) If a subdiagram of I" is a cycle, then it contains an even number of nodes.

Note that the admissible diagram may contain cycles, since the roots of S are non
necessarily simple, see [17, Section 1.2.1]. Let us fix some basis of roots corresponding to
the given admissible diagram I':

S:{al,...,ak,ﬁl,...,ﬁh}.

The admissible diagram is bicolored, i.e., the set of nodes can be partitioned into two
disjoint subsets S, = {a1,...,a,} and Sg = {B1, ..., B}, where roots of S, (resp. Sz) are
mutually orthogonal. The element

k h

c = wawg, Wwhere w, = | | Sq;, Wg = | | Sg;
i=1 j=1

is called the semi-Cozeter element; it represents the conjugacy class associated with the
admissible diagram I' and root subset S (not necessarily root system).

2.2 Carter diagrams: Language of “solid and dotted” edges

In [18], it was observed that the cycles in the admissible diagrams with necessity con-
tains at least one pair of roots {aq, f1} with (ag,51) > 0 and at least one pair of roots
{ag, Bo} with (ag, £2) < 0, where (+,-) is the Tits bilinear form associated with the root
system @. This observation motivated me to distinguish such pairs of roots: Let us draw
the dotted (resp. solid) edge {«, B} if (a, ) > 0 (resp. («, ) < 0). The admissible dia-
gram with dotted and solid edges is said to be the Carter diagram. Up to dotted edges, the
classification of Carter diagrams coincides with the classification of admissible diagrams.

In the theorem on exclusion of long cycles [18], it was shown that any Carter diagram
with cycles of arbitrary even length can be reduced to diagrams with cycles of length 4
only. This explains why the admissible diagrams Dz(b%l_l), E7(by), Es(bs), Es(bs) listed
in [4, Table 2] do not appear in the lists of conjugacy classes. The Carter diagrams with
conjugate semi-Coxeter elements are said to be equivalent. The Carter diagrams (with
cycles) representing non-Coxeter conjugacy classes are given in Fig. 1. For another view
of these diagrams, see [18, Table 1].

2.3 Carter diagrams: Eliminating the cycle.

The semi-Coxeter elements generated by reflections {sa,, Sa,, Ss,,Ss,} constitute ex-
actly two conjugacy classes with representatives w; and w,, see Fig. 2. Semi-Coxeter ele-
ments w; and w, are distinguished by orders of reflections in the decomposition of w;, and
w,. Here, t is the bicolored order {a1, as, 1, f2}, and o is the cyclic order {1, 1, as, B},
see [18, Section 1.2].
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Figure 2: Diagram I'y (resp. I'y) of type Dy(ay) (resp. equivalent to Dy)

The element w, is conjugate to the ws = S, 50,5 (a1 +8,+8:)58, Since

Say+p81
Wo =S8a15815a2582 = Sar1+B15a1 52582 = Sa18a25B25a1+81 =

Sar1SagSar+B1+p2582 = SarSasS—(an+pB1482)58, = Wo-

The elements w, and ws are conjugate, the corresponding sets of roots are as follows:

S1 = {1, Br, a2, B} and Sy = {ay, az, —(ay + B1 + Ba), Ba}.
There is a map M : S; —— S, acting as follows:
May =1, Maz=as, MBy=Po, Bi=MB=—(ar+pB+p).
Note that M is an involution, M : S; — Sy and M : Sy — S, since

M?By = —(aq + MBy + o) = —(a1 + B2) + (a1 + B1 + B2) = B,
MpB, = 31 and Mgl = f1.

Thus, M transforms the root 51 into the minimal element of the root subsystem {ay, 81, 52}
In this paper, we will encounter a number of involution mappings M that map a certain
element to the minimal element of some root subsystem of . So, we observe that there
are two different orders of reflections:

e The cyclic order of reflections o. Then, we get a 4-cycle leading to the Coxeter class
Dy of W (D), see Fig. 3.

e The bicolored order of reflections t. Then, we get an indestructible 4-cycle leading
to the semi-Coxeter class Dy(ay).

2.4 Connection diagrams

In [18], in addition to Carter diagrams, the so-called connection diagrams were intro-
duced. Let S be a set of linearly independent and not necessarily simple roots, o be the
order of reflections in the decomposition (5) of element w associated with the set of roots
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[

S. The connection diagram is a pair (I',0), where I' corresponds to the set S. In the
connection diagram I', edges are also solid and dotted as in Carter diagrams. The con-
nection diagrams serve to transform one Carter diagram into another, since in the process
of transformation we can get non-Carter diagrams — the evenness of the cycles may be
violated, see [18, Section 1.2.2].

In [18], three equivalence transformations operating on the connection diagrams and
Carter diagrams were introduced: similarities, conjugations and s-permutations. The
Carter diagrams are studied there up to equivalence. In what follows, we only need sim-
ilarity. Let a be a root in the I'-set S. The similarity transformation L, reflects the
root a:

Ly:ar— —a. (6)

Two connection diagrams obtained from each other by a sequence of reflections (6), are
called similar connection diagrams, see Fig. 4.

2.5 Bicolored partition
Let I" be a Carter diagram and

S:{a17a27"'7ak7617627"'a6h} (7)

be any I'-set (of not necessarily simple roots), where roots of the set

Se i={a; |i=1,...,k} (resp. Sg:={B;|j=1,...,h})
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are mutually orthogonal. According to condition 2.1(a), there exists a certain set (7)
of linearly independent roots, and thanks to condition 2.1(b), there exists a partition
S = S, ][ S5 which is said to be the bicolored partition.

Let w = wywy be the decomposition of w into the product of two involutions. By [4,
Lemma 5] each of w; and ws can be expressed as a product of reflections as follows:

w = wiwy, Wwhere Wi = 54,545 -.-50,, W2 = S53,58,---58,, (8)

where subset S, = {a,...,ax} (resp. Sz = {f1,...,0r}) consists of mutually orthogonal
roots. Let

Hw:{()[1,062,...,ak,/@17627...,6h} (9)

be the linearly independent root subset. Then, the decomposition (8) is reduced, see
Lemma 2.1, and k + h = l¢(w). The decomposition (8) is said to be a bicolored decompo-
sition.

3 The Cartan matrix

3.1 The generalized Cartan matrix
The n x n matrix K = (k;;), where 1 <14, j < n, such that

(Cl) ky=2fori=1,...,n,
(02) —]{ZijEZ:{O,LZ,...}fOI'Z'?éj,
(03) kij =0 1mphes kji = 0 for 2,] = 1,...,TL,

is called a generalized Cartan matriz, [10], [16, Section 2.1]. For the Carter diagram T,
which is not a Dynkin diagram, the condition (C2) fails: The elements k;; associated with
dotted edges are positive.

If the Carter diagram does not contain any cycle, then the Carter diagram is the Dynkin
diagram, the corresponding conjugacy class is the conjugacy class of the Coxeter element,
and the partial Cartan matrix is the classical Cartan matrix, which is the particular case
of a generalized Cartan matrix.

3.2 The partial Cartan matrix

Similarly to the Cartan matrix associated with Dynkin diagrams, we determine the

Cartan matrix for each pair {I', S} consisting of the connection or Carter diagram I' and
[-set S:

(r1,71) .. (71,7Tn)
(Tny 1) ooo (TnyTn)
where S = {7,...,7,}. We call the matrix Br a partial Cartan matriz corresponding to

the diagram I'. The partial Cartan matrix Br is well-defined since products (7;, 7;) in (10)
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do not depend on the choice of the I'-set S. The elements of the partial Cartan matrix are
uniquely determined by the diagram I' as follows:

2, it , =75,

0, if 7, and 7; are not connected,

(11)

TiyTj) = . . .
(i, 73) —1, if edge {7, 7;} is solid,

1, if edge {m,7;} is dotted.
Let L be the subspace spanned by the vectors {71,...,7,}. We write this fact as follows:
L=r,...,ml (12)

The subspace L is said to be the S-associated subspace. Let B be the Cartan matrix
corresponding to the primary root system .

Proposition 3.1. (i) The restriction of the bilinear form associated with the Cartan ma-
trix B on the subspace L coincides with the bilinear form associated with the partial
Cartan matrix Br, i.e., for any pair of vectors v,u € L, we have

(v,u)r = (v,u), and Br(v) = B(v). (13)

(ii) For every Carter diagram, the matriz Br is positive definite.

Proof. (i) From (10) we deduce:
(v,u)r = (Z tiTi, Z%%’) = Ztin(TiaTj)F = Ztin(TmTj) = (v, u).
i j Y i.j

(ii) This follows from (i). O

If T is a Dynkin diagram, the partial Cartan matrix Br is the Cartan matrix associated
with I'. By (13) the matrix Br is positive definite. The symmetric bilinear form associated
with Br is denoted by (-, -)r and the corresponding quadratic form is denoted by Zr.

Remark 3.2. (i) D. Leites noticed that there are a number of other cases, where some
off-diagonal elements of the Cartan matrices are positive. For example, this is so
in the case of Lorentzian algebras, see [8], [5]. However, in these cases the Cartan

matrices are of hyperbolic type, whereas the partial Cartan matrices are positive
definite.

13

(ii) I would like to quote S. Brenner’s article: “...it is amusing to note that there is
a surprisingly large intersection between the finite type quivers with commutativity
conditions and the diagrams by Carter in describing conjugacy classes of the classical
Weyl groups ...”, [3, p.43]. On various other cases arising in the representation
theory of quivers, algebras and posets with Cartan matrices containing positive off-
diagonal elements, see [2], [7, 10.7], [15].
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4 Transitions

4.1 First transition theorem

Let {f, ['} be a homogeneous pair of Carter diagrams, S be a f—set, and S be a I'-set.
In this section, we construct a mapping connecting S and S. This mapping represents
the transition matrix connecting S and S as bases in the linear spaces. The transition
matrix has some good properties that are presented in Theorems 4.1 and 4.3. Let I be
the subdiagram of I", and subset S’ C S be a ["-set. If I is the Dynkin diagram, we call
S’ the Dynkin subset.

Theorem 4.1. For cach pair of diagrams {I,T'} out of the list (2), there exists the linear
transformation matriz M; mapping each T-set S to some I-set S being the image of M,
see Tables 2-5 of Section 4.6. The matriz Mj is the transition matriz binding S and S as
bases in the linear spaces.

(i) The matriz M; acts only on one element a € S and does not change remaining
elements in S; My transforms « into the minimal element o of some Dynkin subset

S(a) in S:

aes@)cs,
M[Ti = T; fOT’ all T; € S,Ti 7£ &,
Mia =a = —a+ ) t;m, where the sum is taken over T; € g, T £ a,t; € 7,

a - minimal element in S().

The image S = M5 is the set {S\a}YL{a} that satisfies to the orthogonality relations
of the Carter diagram T.

(ii) The transformation My : S — S is an involution' on the set S L {a}:

Ma=a and M;a=a.

For each pair of diagrams {I', '} from list (2), the matrix M; is defined in Tables 2-5 of
Section 4.6. The matrix M is the transition matrix transforming each basis S into some
basis 5.

The proof of Theorem 4.1 is given in Section 4.6. It is carried out separately for each
pair {I',I'} in the adjacency list (2).

!The index I in the symbol M; originally appeared to indicate that M; is an involution. In what
follows, we will use also other notation for the matrix M and its index, which are more related to a
specific situation.
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4.2 The chain of homogeneous pairs

Let I' be a Carter diagram. Denote by C' (f) the homogeneous class containing I. For
any Carter diagram I' and the Dynkin diagram T' from C(T'), there exists the chain of
homogeneous pairs connecting I' and I' as follows:

{0, T3, {1y, T, {Tey, T, {T%, T} ) (14)

This fact follows easily from consideration of the adjacency list (2).

4.2.1 Example: from Eg(ag) to Eg

There are 16 cases in Section 4.6. Denote by M (n) the transition matrix of the n-th case.
The similarity transformation L., from (6) is the diagonal matrix of the form

diag(1,1...,1,-1,1,...,1)

with —1 in the {7, i}th entry. The homogeneous pairs are bound by matrices M; and
similarity matrices L,,. Consider, for example, the chain diagrams Fg(as), Es(ar), Es(as),
Es(ay), Es(ay), Es, see eq. (15) and Section 1.2.

M;(16) Lg M;(15) Lag
Eg(ag) —_— Eg(a7) —)Eg(a7) —_— Eg(CLg,) —_— Eg(a,5) (15>
My (13) My(12) M;1(9) La4L[34
—_— Eg(a4) —_— Eg(al) Eg Eg

In eq. (15), we mean that instead of each diagram I" there is some I'-set. The matrices
M;(n) are given in Appendix B. Consider the product of matrices of (15):

F = Lo, Lg, M(9)M;(12)M;(13) L, M;(15) L, M;(16).
The matrix F maps the Egs(as)-basis S to a certain Fg-basis § = F.S:
F: § = {&h g, 6237 &4a /61, BQa ﬁS) B4} — S = {041, Qg, (U3, Oy, ﬁl) BQ? B37 54}

The chain (15) is parallel to the ascending chain of maximal eigenvalues of the corre-
sponding partial Cartan matrices, see Section C.2.

4.2.2 Alternative transitions

The transition matrices from the adjacency list (2) do not constitute a complete set of
possible transitions. For example, to the transition {FEs(ag), Fs(as)}, one can add more
pairs containing Fg(ag): {Es(as), Fs(as)} and {Es(ag), Es(a1)}, see Fig. 5. The marked
vertex corresponds to the root, which is converted with the transition matrix M;. To keep
the solid and dotted edges corresponding to cases (9) and (13) in Tables 4 — 5, each such
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b g 1, % 83 P3 &4
1 MiBa=pa —— oo
: ! 0—0—6.—4—6I 8 d4
o 1 % B ™~ Bs @ Py % By
~ Mg, =52 I -
Bs 83 P30 ? By Gy P3 Oy
i ' 1
E8(°6) i é 1 — -1 for . ! __j, Eg(as)
a Py o2 T=04,0,0, 8, B, B
B, 8 P & Mg+ .
P4 3 4 f\_7 By p—e Big
E | E © —> -1 for S_E_“_“_.‘; Eg(ay
o Py o2 P =8, B3 % P %2 B2 &,

Figure 5: Alternative transitions { Eg(ag), Es(as)} and {Es(ag), Fs(a1)})

transition is followed by actions of similarities which result in the desired edge type!. Note
that the vertex names for Eg(a;) and Eg(as) are different from those in Tables 4 — 5:

{Es(as),Es(as)} MIB4 = s = —(54 + 201 + 261 + 205 + P2 + F3).

{Bs(ag),Bs(az)} : Mifs = Ba = — (s + 201 + 281 + 202 + B + Bs),

followed by actions of L,, with 7 = ay, as, 5, B;.

{Es(ac),Bs(a1)} : MiBs = By = —(Ba + 201 + 251 + 20 + Ba + f3).
followed by actions of L,, with 7 = ay.

4.2.3 The product of transition matrices

As in Section 4.2.1, for any chain (14), one can construct the matrices F and F~!, where
F is the product of corresponding transition matrices M;(n) and similarity matrices L.,.
The matrix F is invertible since all M;(n) and L., are invertible.

F:T—T, F'.T+—T. (16)
This means that for any [-set S there exists ['-set S such that

FS=S5, F'§=§5. (17)

'The property of the edge to be solid or dotted is called the edge type.
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The matrix F' does not depend on Sand S. If § = {71,..., T}, F transforms 7; so that

Fr; = ijm, (18)
j=1

where f;; are some coefficients that depend only on diagrams [ and T.

4.3 Action of the Weyl group on a Carter diagram

We suppose that {f, ['} is the homogeneous pair of Carter diagrams, where I" is the
simply-laced Dynkin diagram, and W is the Weyl group associated with I'.

Lemma 4.2. Let F, F~' be the matrices described in (16), (17). Then,
(i) The matriz F' commutes with the Weyl group W on any I'-set S as follows:

wF = Fw for any w € W. (19)

(ii) Let I'-sets S and S’ be conjugate by some w € W: wS = S’. Then, F'S and F'S" are
conjugate by the same element w € W, i.e,

wS =S implies wFS=FS.

Proof. (i) It suffices to prove eq. (19) for each element 7; € S. Each element w € W
transforms basis S to another basis S' = wS, where wr; = 7/, and ' = {77, ...
In our case,

? 71
n
Fuwr, = F1] = E [y and

n n n

/

whT =w E fjiTi: E fjiWTi: E fjiTz‘-
Jj=1 Jj=1 Jj=1

Therefore, Fwr; = wF'r; for any 7; € S.

(ii) If wS =S then by (i), we have wFS = FwS = F5’, i.e., F'S and F'S’ conjugate by
the same element w € W. ]

4.4 Second transition theorem

Theorem 4.3. (i) For any Carter diagram f, all T-sets are conjugate under the Weyl
group W.

(ii) Let {F I'} be any homogeneous pair of Carter diagrams, where I' is the Dynkin
diagram, and let S be any I- set, S be any I'-set. Then, there exists F, the product
of transition matrices MI( ) and some matrices of similarity maps like L., as in
Theorem 4.1 and Section 4.2.1 and w € W such that S = wFS.
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Figure 6: FS; = S;, where S; (resp. S;), are some [-sets (resp. T'-sets),

Proof.

4.5
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Wo, o € W
S5 %m0 5 e €
o o o Dynkin diagram I
v W, '
F F F
Carter diagram f’
S S 8

i=1,2,3,...

(i) The Carter diagram r belongs to some homogeneous class C'(I" (~) Every ho-
mogeneous class contains a Dynkin diagram I'. As in Section 4.2.1, there exists the
mapping F' from any [-set S to some I-set S. By Theorem 4.1, the mapping F is
the product of transition matrices M;(n) and some matrices of surnllarlty maps like
L.

Let S’ and S” be any I-sets. We will prove that 5" and S” are conjugate under the
Weyl group W, i.e.,
W = &

There exist '-sets S’ and S” such that

for some w e W.

(20)

FS' =8, FS"=5" (21)
see Fig. 6. Let @ be the root system associated with I'. All bases in @ are conjugate,

see [9, Theorem 1.4]. Then, there exists w € W, such that wS’ = S”. By (21),

wFS =wS' = 5" = FS". (22)
By Lemma 4.2, transformations w and F' in (22) commute, so
FwS' =FS", and wS =5". (23)

First, by Theorem 4.1, we transform S to some I-set S’ by the mapping F' as in (i),
see Fig. 6. Further, as in (i), there exists w € W such that wS" = S. Thus,

wFS = wS' = 8.

Conjugacy of all I’-sets

As above, {f,I‘} is a homogeneous pair of Carter diagrams, I' is the simply-laced
Dynkin diagram, W is the Weyl group associated with I'.

Similarly to the fact that all I-bases (where I' is the Dynkin diagram) are conjugate
under the Weyl group [9, Theorem 1.4], the same fact holds for Carter diagrams.
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Corollary 4.4. All T-sets are conjugate under the Weyl group W associated with the Dynkin
diagram T".

Proof. Let S and S’ be two I'-sets. By Theorem 4.3, there exist I-bases S and S’ and
w € W such that B _
F:S+——S w:S+—¢8, F:5—9.

In other words,
FwS=wFS=5, FS =5, |ie.,
ngng’, and wS=29. O

Let C(I'), as above, be a homogeneous class of Carter diagrams out of (1), where I is
the Dynkin diagram. Denote by v(I"”) the number of all I-sets.

Corollary 4.5. The number v(I") is the constant number for any homogeneous class. For
any Carter diagram I € C(I"), the number v(I') coincides with the number of bases in
the root system associated with I', and coincides with the number of elements in the Weyl
group:

W) = v = W] (24)

4.6 Proof of Theorem 4.1
(i) Let us construct the matrix M; for every pair {I',T'} in the adjacency list (2).

(1) Pair {D4(ay), Ds}: M; maps Dy(aq)-set to Dy-set.

e Mapping: M;as = a3 = —(a1 + as + ag).
e Root system: S = {ag,a1,a3} and @ is a root system of type As.

e Minimal root: a3 is the minimal root in @.

Eliminated edges: {as, a1} and {as, ay}.

Emerging edge: {as, as}.

e Checking relations:
as Loy (ceg is the minimal root)
as L oay (o + as L ay)
(g, 0) = —1 (a3 is the minimal root)

(2) Pair {Dy(ax), D;}: M; maps D(ay)-set to D,-set.
e Mapping:

_ fo = —(T1 + T2+ T2), for k =1,
MITk-i-l = k .
Br+1 = —(7'1 + 222-:2 Ti + Te+1 + Tk+1), for k > 2.
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Root systems:
St =A{T1, Tk Thg1, Ty}, for k> 2,
Sy = {71, 72, T2}, for k =1,

@(S1) is a root system of type Dy, o, for k > 2,
D(Ss) is a root system of type As, for k = 1.

Minimal roots: k41 is the minimal root in @(5;) and fs is the minimal
root in @(.Sy).

Eliminated edges: {Tx+1, 7%} and {Tgi1, Thia) -

Emerging edge: {811, 72}

e Checking relations: for k > 2,
Bei1 L7 (1<i<k+1,i#2) (Bry1 is the minimal root!)
Brt1 L Tto ((Brt1, Thr2) = (Thg1 + Thoyts Thyo) = 0)
Br+1 L1 (1 >k+2) (disconnected?)
(Brs1,m2) = —1 (Bk+1 is the minimal root),
and for k =1,

o L1, (B2,72)=—1 (o is the minimal root)
o L1 (i>3) (disconnected).

(3) Pair {Eg(ay1), Eg}: M; maps Fg(ai)-set to Eg-set.

e Mapping: Mlg:a =P = —(a1+ f1 + a3+ 33)
Root system: S = {ay, f1, a3, B3} and @ is a root system of type Ay.

Minimal root: (3 is the minimal root in &.
Eliminated edges: {fs, as}, {fs, a2}
Emerging edge: {f3, a1 }.

e Checking relations:
B3 L as, 1 (B3 is the minimal root)
B3 L g (Bs+ b1 L az)
B3 L Bo (disconnected)
(B3, 1) = =1 (f3 is the minimal root)

(4) Pair {Eg(az), Eg(ar)}: My maps Eg(az)-set to Eg(aq)-set.

!Hereinafter, the reason for the relation is indicated in parentheses.
2Let a be the sum of several roots a;: o = Y a;. Hereinafter, the line “a L 8 (disconnected)” means
the case, where each summand «; in « is orthogonal to 3.
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) ;33 - la3
. . Mipz=ps 1
% B % B /\7 B3 & B o By

Es(al) ES

Figure 7: Case (3). Mapping M; : Eg(ay) —> Eg.

Mapping: MIBQ = o= —(az+ f1 +az + 52)
Root systems: S = {as, f1, a9, B2} and &(S) is a root system of type Ay.

Minimal roots: (s is the minimal root in @(S5).
Eliminated edges: {32, as} and {Bs, a1 }.
e Emerging edges: {52, as}.

e Checking relations:
B2 L az, b1 (B2 — minimal root)
Ba L oy, B3 (B2+ b1 L oy and g + a3 L Bs)
(B2, 00) = —1 (B2 — minimal root)
BT %3 (b5 - ) R
o 1 | M; B2 =k . i
ES (02) EB (al)

Figure 8: Case (4). Mapping M; : Eg(as) — Eg(ay).

(5) Pair {E7(ay1), E7}: M; maps Er(a;)-set to Er-set.

e Mapping: M;az = az = —(f2 + az + B3 + as).
Root system: S = {f5, ao, O3, a3} and @ is a root system of type Ay.

Minimal root: a3 is the minimal root in @.
Eliminated edges: {as, 51} and {as, f3}.
Emerging edge: {f2,as}.

Checking relations:

as L s, B3 (cvg is the minimal root)
az L B (a3 +ag L )
as L ay, By (disconnected)
(as, fa) = —1 (ag is the minimal root)
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bl

ﬂ3 dz d4

S = {@1,0(2,043, CY4}

{T,T'} = {Da(a1), Du}

~

b

§: {a170¢27&37a4}7
Mir =71 for 7 € {a1,a9,a4},

b3 o B o Py

D4(a1) afd—da, Maz = az = —(a1 + a2 + as)
lpkol
D, Tt T Ta S=A{m,72,. . 7i-1, B }
~ gz{71,---,Tk,Tk+177k+1,Tk+2---,71—1},
{F’F} - {Dl(ak)’ Dl} M[T =7 forT € {Tl,TQ, . ,Tlfl},
2) _ MTyiq =
Teer Us2 k
Dy (ayx) Tt Brr = —(11 + 23 7i + Thpr + Tr1),
T T T Gn =2
k> 2,
fo = —(T1+ T2+ T2).
[
E6 > S = {06170127063,61,62,63}

{T,T'} = {Eg(a1), Eg}

%3 B3

% b %2 B

§: {041,@2,063,ﬁ1,52,g3},
M =71 for 7 € {1, ag, a3, B1, 2},

M;Bs = 3 = —(oq + B1 + as + f3)

E¢(az)

{T,T'} = {Eg(az), Es(ar)}

B2 o3 ifs

% B ooy

§: {@1,a2,a3,51>§27§3}> _
Miyr =7 for 7 € {a1, a2, a3, B1, B3}
My = o = —(a3 + B1 + aa + [2)

Table 2: {D4(CL1),D4}, {Dl(ak),Dl}, {Eﬁ(al),Eﬁ}, {EG(QQ>,E6(Q1)}
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~ 9
CET & My &, =0 ba]
Ba % By *2 P2 N B 21 By % By %3

Figure 9: Case (5). Mapping M; : E;(ay) — Ex.

(6) Pair {E7(az), Er}: M; maps F7(az)-set to Er-set.

e Mapping: Moy = oy = — (81 + s + B3 + ay).

e Root system: S = 3, as, 3, a1 and @ is a root system of type Aj.
Minimal root: « is the minimal root in @.

Eliminated edges: aq, 83, ai, 52 and ay, 54.
Emerging edges: a1, 5, and aq, Bs.

Checking relations:

(al 1L ay, B (cv1 is the minimal root)
ar L By (g + a1 L B)
a; L oag (disconnected)
(a1,B81) = =1 (ay is the minimal root)
\(54,611) =—1 ((Bs,01) = (Bs, 1))
93"_Tg"54 B B3
—d 4, M &y =a
B %2 B %3 "~ Ba @1 Py %2 By %3
E7("2) E?

Figure 10: Case (6). Mapping M, : E;(ay) — Ex.

(7) Pair {E7(a3), E7(a1)}: M; maps Er(as)-set to Er(ay)-set.
e Mapping: Mjay = 4 = —(ay + B3 + as + B1 + a1).
Root system: S = {ay, B3, as, f1, a1 } and @(5) is a root system of type As.
Minimal root: (4 is the minimal root in @(S).
Eliminated edges: {4, 83} and {ay, S}
Emerging edge: {84, a1}

Checking relations:

Ba L Bi,as, B3 (B4 is the minimal root)
Ba L as, By (B1+ B3 L agand ay +ay L )
(Bay0q) = —1 (B4 is the minimal root)



280 Rafael Stekolshchik

AR I

—ad 4 o—o o

% P %2 B2 M~ Pe & By %2 P2
E;(ay E;(ap)

Figure 11: Case (7). Mapping M; : E7(a3) — E7(ay).

(8) Pair {Er(a4), E7(as)}: My maps Er7(ayq)-set to Er(asz)-set.

e Mapping: M;a; = a3 = — (261 + a1 + as + as).
Root system: S = {f1, a1, as, az} and @(S) is a root system of type Dy.

Minimal root: oy is the minimal root in @(.5).
Eliminated edges: {ay, 51} and {ay, fa}.
Emerging edge: {a1, 51}

Checking relations:

a1 L s, as (B1 is the minimal root)

oy L B3, By (g +ag L B3 and ay + ag L Bs)
(
(

ay L og,as, o, b)

qu_oz4

(a1, B1) = —1

f1 is the minimal root)

e B () E,(a @ By % P (@ E,(a

Figure 12: Case (8). Mapping M; : E7(as) — E7(a3) (diagram (c)). Diagrams (c) and
(d) are equivalent (by similarity ag — —as3)
(9) Pair {Eg(ay), Es}: M; maps Fg(ai)-set to Egs-set.

[ ) Mapplng M]ag = (g3 = —(&3 + /63 + (6] + 62)
Root system: S = {as, f3, as, f2} and @ is a root system of type Ay.

Minimal root: a3 is the minimal root in @.
Eliminated edges: {as, 53} and {as, 53}
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Table 3: {E7(a1), E/’7}7 {E7(CL2), E7}, {E7(a3), E7(a1)}, {E7(CL4), E7(CL3)}
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[-basis S and I-basis S

Mapping M;

B3
Py o1 By 22 By 23

S = {a1, a, a3, 81, B2, B3, Ba}

{T.,T} = {Er(a1), Br}

CRY

Pg o By %2 P2

5 = {0417042,&3751,52753,54},
MIT =T fOI' T E {a17a27617527ﬁ37ﬁ4}7
Mg = a3 = — (B2 + ag + 3 + ai3)

{T.1'} = {Er(az), Br}

H gl

o—bt—b—o
Pr %2 B O3

§: {a17a27a37517ﬁ27/83754}7
M]T =71forT € {a2>a37617627ﬁ37ﬁ4}
Moy, = a1 = —(B1 + g + 3 + 1)

{T,T} = {Er(as), Br(a)}

S

vy Ty
“qﬁs“

L

- S .

% By % B

§: {a17a27a37a4a61a/62763}7
Mt =1 for 7 € {on, as, a3, b1, P, B},
Moy =By = —(ou+ B3+ o+ b1 + aq)

E7(a4)

{T.T} = {Er(as), Er(as)}

‘§ - {&17052762370547B17B2763}7
M7 =7 for T € {2, a3, s, B1, Pa, Bs},
Moy = oq = — (261 + a1 + g + ay)
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Emerging edge: {2, a3}
Checking relations:

as L s, B3 (crg is the minimal root)
az L Sy (as+az L By)
az L aj,ay, B (disconnected)
(as,f2) = —1 (a3 is the minimal root)

8371 B3 . ﬁaI
_ Mm3:a3 o A

% g o1 f1 % B ~_ % By % By %2 By %3

Es (01) ES

Figure 13: Case (9). Mapping M; : Es(a;) — Es.

(10) Pair {Eg(as), Es}: M; maps Eg(az)-set to Eg-set.

Mapping: Moy = oy = —(a1 + f3 + ag + f1).

Root system: S = {ay, f3, a9, 81} and & is a root system of type Ay.
Minimal root: «; is the minimal root in @.

Eliminated edges: {03, a1}, {a1, 84} and {ay, Bo}.

Emerging edges: {a1, 51} and {a1, 54}

Checking relations:

() L o, B3 (ay is the minimal root)
ar L B (a1 +ag L f)
qa; Loy (disconnected)
(a1, 1) = =1 (aq is the minimal root)
((Ba;a1) =41 ((By,n) = —(Ba, 1))

(].].) Pair {Eg(ag), Eg(ag)}l M[ maps Eg((lg)—set to Eg(@z)—set.

Mapping: Moy = ay = —(3aq + 205 + 203 + 264 + az + ay).
Root system: S = {ay, 52, B3, Ba, 3, s} and @ is a root system of type Eg.

Minimal root: a4 is the minimal root in @. The minimal root Mo, = ay
is connected only with (4.

Eliminated edge: {ay, f3}.
Emerging edge: {f4, a4}
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Bz & Pa @

E M&lzul R Apgl R R
mz By o4 r\7 G4 Py X3 By O Py %3
(@)  Eg(ap (b) Eg
ag— - 04 p3I Eg
Ba—>-Pa oo o o 4 o o

% Bg @ Py % By %3 (€)
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Figure 14: Case (10). Mapping M| : Eg(as) — Eg (diagram (b)). Diagrams (b) and (c)

are equivalent (by similarity ay — —ay, By — —f4)

e Checking relations:

oy Ly, as, Ba, B3 (crg - minimal root)
ag L oas (Ba + B3 L )
ay L By (disconnected)
(o, By) = —1 (g - minimal root)
a P3 & Py Bz o4 Pg 4
My5y= 04
o—d .1 o o—d ...t o
oy ppoy B %2 B ©3
(a) Es (03) (b) Es (02)
F‘a & g 4
B2 = -p, - E
93> -a3 P % B O3
(C) Es (02)

Figure 15: Case (11). Mapping M; : Eg(az) — FEg(as) (diagram (b)). Diagrams (b) and

(c) are equivalent (by similarity S — —fs, ag — —asz )

(12) Pair {Eg(a4), Es(ar)}: M; maps Eg(aq)-set to Eg(aq)-set.
o Mapping: Moy = oy = —(as + B3 + a2 + 1 + a1 + Ba).
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Root systems: S = {ay, 83, as, f1, a1, B4} and &(S) is a root system of type
Ay.

Minimal roots: ay is the minimal root in @(.5).

Eliminated edges: {ay, f2} and {ay, f3}.

Emerging edge: {ay, 54}

Checking relations:

ay L B3,a0,01,01 (a4 - minimal root)
oy Las, By (Bs+ B Las, and ay +ag L f)

(g, Bs) = =1 (a4 - minimal root)

8 Py G a3 3

—— . —

' ' Mu4=0t4 :
OO 4 0—0——bd-Lo
Ba @1 By o2 B2 ™~ %P pb

Eg(ey) Eg(ayp

Figure 16: Case (12). Mapping M; : Es(a4) — Es(ay).

(13) Pair {Es(as), Es(as)}: My maps Eg(as)-set to Eg(aq)-set.

o Mapping: M;By = B1 = —(Ba + @ + Bs + s + B + )

e Root systems: S = {34, Qy, B3, g, B1, 1 } and @(S) is a root system of type
Ag.

e Minimal roots: (4 is the minimal root in @(S5).

e Eliminated edge: {dy, 51}.

e Emerging edge: {84, a1}

e Checking relations:

Ba L B, s, B3, 04 (B4 - minimal root)

Bs L as, Ba (B3 + 1 L a3 and
ap +ay L fBy)
(Bs,a1) = —1 (B4 - minimal root)

(].4) Pair {Eg(aﬁ), Eg(a4)}l M[ maps Eg(aﬁ)—set to Eg(a4)—set.

e Mapping: MI§4 =4 = —(34 + 201 + 261 + 205 + P2 + B3).

e Root systems: S = {§4,Oé1,ﬁ1,062,62,ﬁ3} and @ is a root system of type
Dg.

e Minimal root: (3, is the minimal root in @.
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Table 4: {Eg(CLl),Eg}, {Es(a2)7E8}, {Eg(@g),Eg((lg)}, {ES(CL4)7E8(G1)}
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[-basis S and I'-basis S

Mapping M;

Fal

o4 By %1 By % Py X3

S = {ai, az, a3, a4, B, Ba, B3, Ba}

{T,T} = {Es(ay), Es}

a7 B3

S = {an, g, as, oy, Br, Ba, B3, Ba},
MIT =7 for 7 S {061,0627064,51,52,/83,B4}

Eg(a1) % Ba @y Jﬁl % B2 Mias = a3 = —(as + B3 + az + fs)
{T,T} = {Es(az), Es}
(10) [53 &‘ ‘34 oy g: {&ha%ai’na47617ﬂ2a63a64}7
Y M1 =7 for 7 € {as, a3, au, b1, B2, B3, 1}
Eg(az) —d 4 - Moy =y = — (0 + s+ as + f1)
B %2 Py O3

(11)

{T',T'} = {Es(as), Bs(az)}

Gy B3 & Py

§: {&1,0527013,&4,61,ﬂ2,63,64}
MIT =7 for 7 € {alaa27a37ﬁl7ﬁ27ﬁ3vﬂ4}
M[&4 = gy =

E ~ ~

8(a3) e —(30él + 2/62 -+ 2ﬁ3 =+ 264 —+ Qs + a4)

B %2 Py O
{T,T} = {Es(as), Bs(a1)} N
(12) ~ ~ S = {au, ay, az, ay, B1, B2, B3, Ba}
3 P304 Myr = 7 for 7 € {a1, g, az, B1, Ba, B3, Ba}

Es(as) R M@y = oy =

8\a4 o—o—=_—d 4 —(a4+63+042+ﬁ1+0z1+ﬁ4)

Ba @1 By %7 B2




286 Rafael Stekolshchik

3 Py Oy fy
Y

b
o P ooy B

Figure 17: Case (13).

' th

MiBa=pa : ;

[ S S S )

/\7 Py & P 2 P2
Eg (01)

Mapping M; : Es(as) — Es(ay)).

e Eliminated edges: {3, a3} and {81, a1 }.
e Emerging edge: {54, a1}

e Checking relations:

Ba L Br, z, Ba, Bs, Ba

By L as
Bs L oy
(ﬁﬁla al) =-1
34 33 B3 ?4
o By °‘2T52

(B4 - minimal root)

((Bs @) = (Ba+ B3 +2B1,85) = =1 = 1+2=0)
(B3 + B2 L ay)

(B4 - minimal root)

. a3 P3 84
M Ba=pa R
™S R P %k

Figure 18: Case (14). Mapping M; : Es(ag) — Es(ay).

(15) Pair {Es(ar), Es(as)}: M; maps Eg(ar)-set to Eg(as)-set.
° Mappmg MI&l = = —(2ﬁ1 + 521 + oo + 543)

Checking relations:

Root systems: S = {01, a1, a2, a3} and @(S) is a root system of type Dj.
Minimal root: oy is the minimal root in @(.5).

Eliminated edges: {a1, 81} and {@a, 5}

Emerging edge: {1, a1}

o L g, a (- minimal root)

ar L By (disconnected)

(a1, 81) = =1 (ay - minimal root)

ay L Ba, B3 (g + a1 L By, and ay + ag L f3)
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B3,

—

Be &4 P2 &

(a) Es(a.;)

34 .&4 B3 &3 E3 (33 &4 B4
S emes T
- —d o—a— b 3

By @2 Py 4 o P o B
(c) Eg(ao @) Eg(ag

Figure 19: Case (15). Mapping M; : Eg(a;) — Es(as). Diagrams (c) and (d) are
equivalent (by similarity az — —as)

(16) Pair {Es(as), Es(az)}: My maps Eg(ag)-set to Eg(ar)-set.

Mapping: M;B; = By = — (284 + By + o + B3).

Root systems: S = {au, By, B2, 53} and @(5) is a root system of type Dj.
Minimal root: (4 is the minimal root in @(S).

Eliminated edges: {4, a4}, {f4, 1} and {4, as}.

Emerging edge: {04, d4}.

Checking relations:

Bi L Ba, Bs (B4 - minimal root)

54 Lo,z (cvp L By + B4 and
N B3+ fs L ag)
(Bs,01) = =1 (B4 - minimal root)

(ii) Let us prove that M is an involution. There exists a certain root o € S such that

Mim; = 1; for all 7; € g,ﬂ' # a,
Ma =a = —a+ ) t;1;, where sum is taken over all 7, € S, 7; # a.

The image M;a = « is the root in S. Then,
Mf&:—M&'%—Ztm:&—ZtmjLZtm:& and M?&:M[&I&

In other words,
M;:a—a and M;:ar— a.
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Table 5: {Es(as), Es(as)}, {Es(as), Es(as)}, {Es(ar), Es(as)}, {Es(as), Es(ar)}

-basis S and I-basis S Mapping M;
{T,T'} = {Es(as), Es(as)} | ~ o ~
(13) S = {alua27a37a4761752uﬁ37ﬁ4}7
~ P Mt =7 for 7 € {1, o, A3, au, b1, B2, B3}
O3 B3 % P4 ~
7 $ M;By = By =
Es(as) ol ~ _
@ B % P —(Bat+as+ Bz +az+ B+ )
I, I} = {Es(ag), Es(a - o ~
(14> { } { 8< 6) 8< 4)} S = {ala052704370547617627&37/64}7
R @ P28, Myt =7 for 7 € {a1, aa, G5, G, B, B2, Bs}
Eg(ae) M 1: Mlﬁél :Nﬁét =
oy gl oy Bz _(ﬁ4+2a1+251+2&2+62+53>
{T,T} = {Es(ar), Es(as)}
(15) S = {01, 00,085,040, 51, B2, Bs. Bu}.
M1 =71 for 7 € {a, a3, A4, b1, B2, P3, B4}
Esg(ar) Moy = a1 = — (261 + o + azs + as)
(16) - §: {5217012,&3,&4,61,62753764}7
oy . M]T =T
E (a ) pl P’p" fOI' T E {alaa27&37a4751762aﬁ3}
8 -~ -~ ~
® o, o, MiBy = Bs = =20+ Bs+ Ba + Bs)
p3




Figure 20: Case (16).

Transitions between root subsets associated with Carter diagrams

oy . oy
By B>\ Pa My Ba =pa B B2
o2 &‘ /\_7 %2 v
p3 ‘33 oy p4
(a) Eg (08) ( b) Eg (07)
B3,
= B2 = - P2 :
E4 3‘4 B2 &1 §4 &4 B2 &1
(c) Egap @ Ega)

equivalent (by similarity £y — —f5)

4.7 Relation of partial Cartan matrices

289

Mapping M; : Eg(ag) — FEs(ay). Diagrams (c) and (d) are

Consider pairs {f, I'} out of the adjacency list (2). The transition matrix M; maps the
[-basis S to the I-basis S:

MT; = 7;, where 7; € g,n es.

If the matrix M does not change a certain root 7;, the designation of this root and the
corresponding node is the same for I'-basis and I'-basis, namely: M7, = 7;. The transition
matrix M relates the partial Cartan matrices Br and By as follows:

Eq. (25) is the relation of partial Cartan matrices Br given in different bases.

‘M- By M = Br.

4.7.1 Example: {Eg(aq), Eg}
For the pair {Eg(a1), Es} (case (3) in Appendix B),

O O OO O

OO O OO

000 —1 2 0 0 -1
000 0 0 2 0 -1
100 —1 0o 0 2 -1
010 —1 and - Brya) = | | | 1 o
001 0 0 -1 0 0
000 —1 0 1 -1 0

(25)

— O

N OO
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Then,
2 0 0 -1 0 —1]
0 2 0 -1 -1 0
0 0 2 -1 0 0
"M By = 1 -1 -1 2 0 0
0 -1 0 0 2 0
-1 0 0 0 0 2 |

The matrix ‘M Bpg(q,)M is the Cartan matrix By, for Dynkin diagram F.

A Dynkin-Minchenko completion procedure

A.1 Enhanced Dynkin diagram A(Eg)

Extra nodes m; and ms for the enhanced Dynkin diagram A(Es) are as follows (see
Fig. 21):

my = 204 + an 4+ ag + as,

my is the maximal element in {ay, as, as, as},

meo :2m1 —CY4+O£1—|—OéG,
ms is the maximal element in {my, —ay, a1, ag}.

From (26) and (27) we get
me = 3oy + 2000 + 203 + 205 + a1 + 0.

Then, my is also the maximal element in the Fg-set {ay, g, as, ay, g, ag}.
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E,

'
Somps

RECRNE . N
° . mo---
™y m, 4

Figure 22: Enhanced Dynkin diagrams A(Er7)

A.2 Enhanced Dynkin diagram A(E7)

As in the case Eg, the extra nodes m; and msy are as follows:

my = 204 + a2 + az + as,
mQ:3Oé4+2042+2043+20é5+061+066.

Further, the extra node mg is as follows:

m3 =206 + a5 + a7 +my =
062+053+2054+2Oé5+2046+067.

Here, mj3 is the maximal element in the Dg-set {as, a3, ay, ayag}t. The extra node my:

my :2a1+a3+m1+m3:

4oy + 3as + 3ag + 209 + 2006 + 2001 + 7.

The node my is the maximal element in the E7-set (see Fig. 22):

{Oél, Qig, O3, Oy, 05, Og, 067}.

B Transition matrices M, cases (1) - (16)

(1) {Da(a1), Da}:

a1 Qg (3 Oy

1 0 -1 0 (03]
0 1 -1 0 (6%)
0 0 -1 0 ag
0 0 0 1 o

291
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(2) {Di(ax), Di}:

(3) {Es(ar), Ee}:

(4) {Es(az), Eo(ar)}:

(5) {Er(ar), Er}:

T1

8

S OO OO O

Rafael Stekolshchik

coococorof

coorrocooo®

corrocoococo®

-1 7T
-1 Tgn

Ti—1

-1 (0%}

0 (6%)

—1 (0%

-1 5

0 B

-1 f

O~ ococococol®

0 (03]
%)
Qs

B
B

_ o O O O
=™
iy

Qg
%)

A
B
B
Ba

—mooococoo™
N
w
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(6) {Er(az), Ex}:

ar ay az (i P B3 B
-1 0 0 0 0 0 0 m
-1 1 0 0 0 0 0 a
O 0 1 0 0 0 0 aj
-1 0 0 1 0 0 0 B
0O 0 0 0O 1 0 0 pBs
-1 0 0 0 0 1 0 pB3
0O 0 0 0 0 0 1 pBy
(7) {E7(as), Er(a1)}:
a; ay Q3 Br B2 B3 B
1 0 0 0 0 0 -1 o
0O 1 0 0 0 0 =1 as
0O 0 1 0 0 0 0 as
0O 0 0 1 0 0 —1 a4
O 0 0 0 1 0 -1 /B
O 0 0 0 0 1 0 pB
O 0 0 0 0 0 -1 p5
(8) {E7(a4), Er(as)}:
ar gy az ag P B B
-1 0 0 0 0 0 0 o
-1 1 0 0 0 0 0 a
-1 0 1 0 0 0 0 a3
0 O 0 1 0 0 0 a4
-2 0 0 0 1 0 0 p
0 0O 0 0 0 1 0 p
0 0O 0 0 0 0 1 ps
(9) {Es(ar), Es}:
ap ay az ag B By B3 By
1 0 0 0 0 0 0 0 o
O 1 -1 0 0 0 0 0 o
0O 0 -1 0 0 0 0 0 ag
0O 0 0 1 0 0 0 0 o4
O 0 0 0 1 0 0 0 M
0O 0 -1 0 0 1 0 0 pB
0O 0 -1 0 0 0 1 0 ps
0O 0 0 0 0 0 0 1 pBy
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(10) {Es(az), Es}:

(11) {Es(as), Es(az)}:

Bl

S OO OO oo

(12) {Es(as), Es(ar)}:

coocoocoococor~R

(13) {Es(as), Es(as)}:

2

S DO OO oo oo

(8%

[=NelelNoBaNol S

coocococorof

Q
I

e}

SO OO OO -

coocococor~of

Rafael Stekolshchik

a3

0

[N elelNoBal s

coococoroof

!

coocoor~roof

AN
w

el eoNoeNeoNel =N

Qy

N
W~

SO DO OO OO

B
0

O OO O OO

coor—~roocooco® cCoorroocooo®

coo—~oocoo™®™®

corRrocoococoo®® corocococoo® corrocoocococo®P

cor~roococoo®

o~ ococoococool® o~ ocococococol® O~ ocococococof®

oOrRrocococococoOo®®

—moooocococo® mFooocoococo®

—mooocoococo®

!

aq
6%)
a3
Oy
B
P2
Bs
Ba

Q2
as
Qly
B
o
Bs
Ba
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(14) {Es(as), Bs(as)}:

85 &3 oy 51
—2 (03]
—2 (%)
ag

-2 f5
-1 B

cCoococococorR
cCorRroocoo oW
oOrRrocococooc o
o
t

S DO O oo O
S OO O o O
S OO o+~ OO
o oo+ O OO

-1 G

(15) {Es(a7), Es(as)}:

N
w
N
>

o
coocococor~of
coo—~ocoocoo™®™®
cor~rocoo0coOoO®
oo oco0cOoOoO®®

sle el ololl el
SO DO O = OO O

(16) {Es(as), Es(ar)}:

S

az as [

0 (0]
Qs
—2 oy
0 5
-1 B
-1 fs
-1 [

Cooco0cOo o O
coocoocor~of
cCoocoo O
coocor~r oo
cocoor~rooo
comocoocococoP
O~ ocoocococof®

o

t

C For discussion

C.1 Conjectures regarding the Dynkin-Minchenko completion procedure

The numerical relation in Remark 1.1 motivates to the following assumption:
Conjecture C.1. There is a correspondence between Carter diagrams (with cycles) and
extra nodes in the Dynkin-Minchenko completion procedure.

One more conjecture on relationship between enhanced Dynkin diagrams and Carter
diagrams is as follows:
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Conjecture C.2. If {f,F} 1s a homogeneous pair of Carter diagrams, then the signed
enhanced Dynkin diagrams associated with I' and I" coincide up to similarities.

A(T) = A(D).
Remark C.3. Conjecture C.2 is easily verified for Carter diagrams Eg(a;) and Eg(as):
e Case Fg(ay). Extra nodes m; and my are as follows:

my =261 + a1 +as+az, mg =20 + B + B2 — Ps.

“3| {3 ul3I iF3 “af b3 -0 %3 B3
i -~ 4 ; - fy % b2o-p  py %
o o i H 4 N ,

1 B % B 1 Bt i B2 . -~

4
m; m,

2 O - =
m, fpo M2 my fy @ M2

Figure 23: Enhanced Dynkin diagram A(Es(ay))

Orthogonality relations are as follows:
my L ay, g, as, s, (my, B2) = (ag, B2) = —1,
(m1,ma) = (my, 1+ PB2) =1-1=0.
e Case Fg(as). Here, extra nodes m; and my are as follows:

m1:2a3+§3+52+51, me = 201 + a1 + o + .

Orthogonality relations:

my uE g?)ag?w@laal)a% (mlva) = (mlaa?)) = 1.

Further, according to Vavilov-Mingin, see [19, Theorem 1],
E7(6LZ') C A(E7) and Eg(ai> C A(Eg), 1 S 1 S 8,

therefore
A(E7((IZ>> C A(E7) and A(Eg((h)) C A(Eg)

Thus, to prove Conjecture C.2, it suffices to check only the reverse inclusions:

E; C A(E7(a;)) and Eg C A(Es(a;)).

m,
(3% |°‘3 'Bs B {93 185 27" 1bs %3 -% % B3
' : 7o 14 Ml foy  B277B; ) &
R L DN [ T .
m my my o Py ~> my mp o

Figure 24: Enhanced Dynkin diagram A(FEg(az))
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C.2 Adjacency, complexity and eigenvalues

Let us define the complexity of the Carter diagram as Nc+ Ke, where N is the number of
cycles and K is the number of endpoints. Assume that one cycle contributes to complexity
as two endpoints. One can select another proportion. In Table 6, Carter diagrams located
side by side are the pairs from the adjacency list (2). The Carter diagrams from the
adjacency list can be transformed to each other using the transition matriz M; constructed
in Theorem 4.1, see Section 4.2.1. Denote by Max-E the maximal eigenvalue of a partial
Cartan matrix.

Es(as) | Es(ar) | Es(as) | Es(as) | Es(aq) Ey Es(as) | Es(as)
Nc+ Ke 6c 3c+1le | 2c+2e | 2c+1e | lc+2e| 3e |lc+3e| lc+4e
2N + K 12 7 6 5 4 3 5 6
Max-E 3.73 3.93 3.956 3.969 3.982 | 3.989 | 3.975 3.93

Table 6: Two chains arranged in ascending order of Maz-FE.

In Table 6, there are two chains which are arranged in ascending order of the maxi-
mal eigenvalues of the partial Cartan matrices and in descending order of the complexity
parameter, see (28).

Es
Es

&8) — Eg(a7) — Eg(a,5) — Eg((l4) — Eg(al) — Eg,

CL3) — Es(ag) — Eg. (28)

(
(
The arrows in (28) point in the direction of increasing of maximal eigenvalue. It is not so
clear the place of Eg(ag) in the homogeneous class { E, 8}:

e The complexity parameter for the diagram FEg(ag) is equal to 3c.

e By alternative transition matrices from Section 4.2.2; the possible adjacent diagram
for Eg(a(;) can be Eg(a,5), ES(CL4>, Eg(dl).

e The maximum eigenvalue of the partial Cartan matrix for Eg(ag) is 3.902.

Based on these three factors, Fgs(ag) can be placed, for example, between FEg(as) and
FEg(ay4), or in the separated pair {Fg(as), Es(ag)}.

C.3 C. M. Ringel: Invariants with value 2, 4, 8

In the survey article [13], C. M. Ringel provided several notes regarding representations
of Dynkin quivers. As Ringel writes: “they shed some new light on properties of Dynkin
and Fuclidean quivers”. The following is Ringel’s 2 — 4 — 8 assertion regarding Dynkin
quivers E,, n =6,7,8.

Let T be the extended Dynkin diagram (=Euclidean quiver) for the Dynkin diagram
I'. If T is constructed from I' by adding the new edge to the vertex y of I, then y is said
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I' | Bs | E7 | Eg
I As | D¢ | Ex
n 2 4 8

Table 7:  Ringel 2 — 4 — 8 assertion

Figure 25: Auslander-Reiten quiver As: 7~ = 5554535951, T = 159835455, T 2Py = 1.
5 5 3 ) 3 5

to be the exceptional vertex. For the Dynkin quivers F,, n = 6,7, 8, let x be the neighbor
of y and I'" = I'\{y}, see Table 7.

Let P'(x) (resp. I'(x)) be the indecomposable projective (resp. injective) representa-
tion of I corresponding to vertex x. Let 7’ be the Auslander-Reiten translation in the
category of finite-dimensional representations rep(I"). Then, P'(x) and I'(x) belong to the
same 7'-orbit and there is the following 2 — 4 — 8 assertion:

P'(z) = (7)"I'(x),

where n is the Ringel invariant given in the Table 7, see [13, Part 3]. For example, for
the Auslander-Reiten As, n = 2, see Fig. 25, and for the Auslander-Reiten Dg, n = 4, see
Fig. 26.

C.4 B. Rosenfeld: Isometry groups of the projective planes

J. Baez in [1] points out another connection between the invariants 2, 4, 8 and the
diagrams Eg, E7 and Es. This connection was discovered by Rosenfeld, see [14]:
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w
o &
o
o
o
o
o
o

o

o

N SN N N
' @)

o

Figure 26: Auslander-Reiten quiver Dg: T~ = 515953545556, T = S655545359251. For each 1,
we have 774P, = I,.

Boris Rosenfeld had the remarkable idea ... that the exceptional Lie groups Fg, E; and

Eg may be considered as the isometry groups of the projective planes over the following 3
algebras, respectively:”

e the bioctonions C ® O,
e the quateroctonions H ® O,

e the octoctonions O ® Q.

Any real finite-dimensional division algebra over the reals must be only one of these: R,
C, H, O'. The real numbers R, complex numbers C, the quaternions H, and the octonions
O are division algebras of dimensions, respectively: 1, 2, 4, or 8.
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