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Matrix formulas for multiplicities in the spin module

Lucas Fresse and Salah Mehdi

Abstract. We obtain inductive and enumerative formulas for the multiplicities of the
weights of the spin module for the Clifford algebra of a Levi subalgebra in a complex
semisimple Lie algebra. Our formulas involve only matrices and tableaux, and our
techniques combine linear algebra, Lie theory, and combinatorics. Moreover, this
suggests a relationship with complex nilpotent orbits. The case of the special linear
Lie algebra sl(n, C) is emphasized.

1 Introduction

Spinors were used by the Nobel laureate Paul Dirac in the late 1920’s to describe the
relativistic quantum kinematics of a free electron on the Minkowski spacetime [5]. One
feature of the Dirac equation is that it involves a differential operator, with coefficients in
a Clifford algebra, whose square differs from the Laplacian by a constant. This Clifford
algebra admits a unique irreducible finite-dimensional representation, up to isomorphism,
known as the spin module. The solutions to the Dirac equation are precisely sections of
a bundle over the Minkowski spacetime induced by the spin module. Dirac operators and
spinors have been used extensively in a wide spectrum of areas such as, just to mention
a few, Seiberg-Witten invariants [21], [22], non-commutative geometry [3], [4], differential
geometry [9] or representation theory of Lie groups [11].

The aim of this paper is to provide elementary and easily implementable formulas for
the multiplicities of the spin module for matrix Lie algebras. Our formulas involve matrices
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with integer entries and weighted tableaux. Our main results are outlined in Theorems A,
B, C, and D below. Before describing our results, for the convenience of the reader, we
start with a brief review on multiplicities for finite-dimensional modules of reductive Lie
algebras.

1.1 Multiplicity formulas for highest weight modules

Finite-dimensional modules of complex semisimple Lie algebras are completely char-
acterized by weights and their multiplicities: two modules with the same weights must
be isomorphic. In other words, two irreducible finite-dimensional modules are isomorphic
if, and only if, they have the same character. The character encodes the multiplicities of
a module. To compute multiplicities, numerous formulas of different nature exist, each of
which has its own strengths and weaknesses.

More precisely, let h be a complex semisimple Lie algebra, t C h a Cartan subalgebra,
®(h) the set of t-roots in h and W (h,t) the Weyl group generated by the root reflections.
Let tg C t be the real vector subspace spanned by the co-root vectors, so that t is the
complexification of tg. Since the restriction to t of the Killing form of g remains non-
degenerate, there exists a non-degenerate complex bilinear form (, ) on t*. In particular,
(', ) is positive definite on tg. This form will be used to identify tg and t§. Write || || for
the induced norm on t;. Fixing an order on t; defines a set ®*(h) of positive roots and
a set A(h) of simple roots.

By the highest weight theorem, the set of finite dimensional irreducible h-modules is
in bijective correspondence with the set of ®*(h)-dominant algebraically integral weights.
Let V[A] be a finite-dimensional irreducible h-module with highest weight A\ € t;, write
A(V[A]) C t; for the set of t-weights of V[)]. In fact, any dominant weight of V[A] is of the
form A =3 njo;, where o;; € A(h) and n; are non-negative integers. If multy 5 (u) denotes
the multiplicity of the weights p in V'[)], i.e., the dimension of the p-weight space V[A],,
then one has multy,(A) = 1. Moreover, the weights and their multiplicities are invariant
under the Weyl group W (h, t), and it is therefore sufficient to determine the multiplicities
of the dominant weights. The character of V[A] can be defined as the following element of
the group ring Z[t;]:

X(V[A]) = Z multyy (pe)e’.
HEA(VIA])

This definition is compatible with the direct sum and the tensor product of modules. The
Weyl character formula states that

x(V[A]) Z (—1) @) eule®) — Z (—1)%) gwrte(0) (1.1)

weW (h,t) weW (h,t)

where p(h) = %Zaeqﬁ(h) « is half the sum of positive roots and ¢(w) is the length of w.
In particular, one deduces the Weyl dimension formula:

. (A+p(b), @)
dim(VA) = [ St (1.2)
o<€<1>+(h) <p<h)7a>
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For a thorough discussion on finite-dimensional modules for complex semisimple Lie alge-
bras, see for instance [10] or [12].

One of the classical multiplicity formulas is the Freudenthal formula which can be
stated as follows [8]:

(200 = g+ p(0)+ || A — o |7 )multypg (1) = 2 Z Z(,u + ko, aymultypy (1 + ka).
acd+(h) k>1

(1.3)

Note that if 4 is dominant then (A — u, p+ p(h)) must be positive. Though the Freudenthal

multiplicity formula is a simple iterative formula, it is not easy to implement. Indeed, one

needs to know all the higher weights p+ka that are involved, along with their multiplicities.

Another classical multiplicity formula is due to Kostant. It involves a partition function

P : t; — Ndefined as follows: P(0) = 1 and P(u) is the number of different ways to write p

as a sum of positive roots, so that P(u) = 0 unless pu is positive. Now, Kostant multiplicity
formula asserts that [13]:

multypy(p) = Y (=) P+ p(h)) = (1 + p(h))). (1.4)

weW (h,0)

Although this formula computes directly the multiplicity of a weight, the summation goes
over the full Weyl group W(h,t) and requires keeping track of those summands with
a nonzero contribution. Moreover, Kostant’s formula involves a counting function whose
values are not always simple to determine.

There are several more involved multiplicity formulas such as, just to mention a few,
Lusztig’s formula based on intersection theory of Deligne-Goresky-MacPherson and sin-
gularities of Schubert varieties [15], Littelmann’s formula involving paths and root oper-
ators [14] and Sahi’s formula which expresses multiplicities as sums of rational numbers
related to the dual affine Weyl group [20].

In this paper, we prove explicit formulas for multiplicities of the spin module when b
is a quadratic subalgebra of a semisimple Lie algebra g. Our interest in this setting is
motivated by both Dirac operators and nilpotent orbits. On the one hand, in our first
paper [7] we studied the approximation of nilpotent orbits for simple Lie groups. On the
other hand, Dirac operators and nilpotent orbits play, each on its own, an important role
in representation theory. For instance, Springer correspondence establishes a bijection
between the set of complex nilpotent orbits of a semisimple algebraic group and the set
of (equivalences of) irreducible representations of the (full) Weyl group (cf. [23]), while
discrete or principal series representations of a semisimple Lie group can be explicitly
realized as spaces of L? or smooth sections of suitable twists of the spin bundle over
homogeneous spaces, these sections being harmonic for the corresponding Dirac operator
(cf. [1], [19], [18]).

Moreover, nilpotent orbits and Dirac operators can be related in a precise way through
associated cycles of Harish-Chandra modules and the asymptotics of global characters
(cf. [16]). The present paper provides combinatorial formulas for the multiplicities of
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the spin module in terms of matrices and tableaux. Our formulas suggest a relationship
between multiplicities and nilpotent orbits.

1.2 Construction of the spin module over a Levi subalgebra

The general setting of our paper is as follows : b is a Levi subalgebra of a complex
semisimple Lie algebra g containing a Cartan subalgebra t of g. It is worth to mention
that b need not be semisimple but it is reductive and highest weight theory still applies in
the following way. Write h = [h, b] & 2y, where Zj is the center of h and t = t' & Z; where
t' is a Cartan subalgebra of the semisimple part [h, ] of h. If V' is an irreducible h-module
then, by Schur’s lemma, Zj acts by scalars on V. In particular, V' is an irreducible highest
weight module for [h, ], say with highest weight \'. We will consider V' as a highest weight
b-module with highest weight A where A, = A and A 2 is the scalar by which Zy acts
on V. (See [6] for more details.)

If p* are the two standard parabolic subalgebras having b as a Levi factor with nilrad-
icals u*, then the vector space

g:=u"du"

is the orthogonal complement of h in g, with respect to the Killing form. Note that u™
and u~ are maximally dual isotropic in q. Let ®, ®(h) and ®(q) be the sets of t-roots in
g, b and q respectively. Fix compatible positive systems ®*, ®*(h) and ®*(q). As above,
W (g, t) will stand for the Weyl group of t-roots in g, while p(g), p(h) and p(q) for half the
sums of positive t-roots in g, h and ¢ respectively. If C(q) denotes the Clifford algebra of

q and
S = /\u+,
then the spin module for h is defined by the composition map:
h 2% s0(q) C C(q) % End(S)
where v is the Clifford multiplication. The weights of S form the set
1 n ,
A(S):{M(A) ::§<%a—;0¢) | AcC® (q)}CtR, (1.5)

so that the multiplicity of 8 € A(S) is given by

mults(8) = #{A € &*(q) | n(4) = 5}.

See Example 2.3(b) for an explicit description of S for s[(n) and a particular Levi subalge-
bra. It should be noted that even in such a case, the action of h on S is not the standard
“matrix” action but a rather different action involving the Clifford multiplication. This
is a special case of the spin representation defined for pairs (g, h), where b is a reductive
subalgebra of g (see, e.g., [10, Chapter 6] or [17, Section 1]). For the purpose of this paper,
we will focus on the case where b is a Levi subalgebra of g.
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Unlike W (b, t), the Weyl group W (g, t) does not act on spin weights. In Section 2.1,
we observe that A(S) is in fact stable under the subgroup

Wi={we W(g,t) | w(®(a)) =2(a)}.

In particular, to compute the weights of the spin module it is enough to pick one Levi
subalgebra in each W (g, t)-orbit on the set of Levi subalgebras in g and then pick one
weight in each W'-orbit on A(S).

Recall that standard parabolic subalgebras of g are parametrized as p;, with Levi factor
[;, where [ is a subset of the set A of simple t-roots in g. Let Sy := A([; Nu™) be the spin
module associated with the pair (I, [; N[). In the case when the subset A C ®*(q) can be
decomposed as the union A = (J; A; of subsets A; C ®7 N ([;) (hereafter () stands for the
linear span), where I; C A are such that I; L I; whenever i # j, we obtain the following
formula for multiplicities (Proposition 2.5):

mults(u(4)) = [ mults, (u(4,).

In the special case where § coincides with the Cartan subalgebra t, we see that the mul-
tiplicity of p(A) is equal to 1 exactly when A is saturated, i.e., for all o, € A with
a+ € @, then o + S must be in A; and for all v,§ € &\ A, with v+ § € ® then one
has v+ ¢ ¢ A (Proposition 2.8).

1.3 Main results involving inductive formulas for multiplicities of spin modules over
Levi subalgebras

In Section 3.2, we prove an inductive formula for the multiplicities of the spin module,
when g = sl(n,C) and n > 1. Here, we choose the usual positive system

®+:{61—€]|1§z<3§n}

Recall from [2, pp.112-113] that Levi subalgebras in sl(n,C) (up to W (g,t) action) are
determined by nondecreasing sequences ¢ = (cy, . .., ;) summing to n, that is,

1 <cp<---<¢, and ¢ +ca+ -+ =n.

Fixing such a sequence ¢, the corresponding Levi subalgebra b consists of blockwise diag-
onal matrices with blocks of sizes ¢y, ..., ¢ respectively (see also Example 2.3).
If =737, bie; is a weight of the spin module, we will write

multg () = mult(e, . ) (b1,...,0p).

Note that one must have > b, = 0. If X is a set, P(X) will denote the set of subsets
J C X with k elements and 1; : X — {0,1} the function given by 1,(z) = 1 or 0
depending on whether x € J or x ¢ J.
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Theorem A (see Theorem 3.3). When b is a Levi subalgebra of g = sl(n, C), with the above
notation, we have

mlﬂt(cl 77777 Ck)(bl, Ce ,bn)
1 1
= >ttt (BB et Lgler 1) - Soersbut Ly(n) = §),
J
where J runs over Pbﬁm({cl +1,...,n}) in the sum.
2

In Section 4, we continue with g = sl(n, C) but we now assume that the Levi algebra
b coincides with the Cartan subalgebra t. Let Part((g);n) be the set of partitions of

(g) with at most n parts, i.e., sequences of positive integers A = (A\y > ... > \,) with
A+ ...+ X = (5). Write P(n) for the subset of partitions A € Part((});n) such that
A =X (n—1,n-2,...,1), where < stands for the dominance order on partitions (see

Section 4.1). Define
[,L[/\] = (/\1 — /\2)@1 + ...+ ()\n—l — )\n)wn_l

where w; = €; + ...+ ¢; denotes the ith fundamental weight (i = 1,...,n —1). One can
check that the map A — p[A] is a bijective correspondence between the set P(n) and the
set AT(S) of dominant weights in A(S) (Proposition 4.5). We view A € Part((3);n) as
a Young diagram. For p € {1,...,n}, we call p-marking a subset 5 C A of boxes such
that: 8 contains exactly n — 1 boxes;  contains all the boxes of the p-th row of A and in
the other rows of A, only the rightmost box may belong to 5 (Notation 1). We denote by
M, () the set of p-markings of .

Theorem B (see Theorem 4.6). When b = t is a Cartan subalgebra of g = sl(n,C), with
the above notation, we have

multg(u[A]) = Z mults (u[A — ).

BEMp(N)

We point out two consequences of Theorem B. Suppose that v € Part((”;);m) and
TE Part((g);p) with m < p + v, so that

m +
A= (p—I—m,...,p-l—l/m,wl,...,wp)EPart(( 5 p);m+p),

Then we obtain in Proposition 4.13 that A € P(n) if, and only if, v € P(m) and 7 € P(p),
with

mults ([\]) = multg(u[r]) x multg(p]r]).
Another consequence arises when the weight © = p(g) — « is a shift of p(g) by a single

positive root a € ®*(q). In this case, Proposition 4.15 establishes that the multiplicity of
1 is a specific power of 2.
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1.4 Main results involving enumerative formulas through suitable sets of tableaux

We obtain an enumerative formula for multiplicities in the following two opposite ex-
treme cases in g = sl(n, C):

(a) the case of a Cartan subalgebra h = t,
(b) the case where b is the Levi subalgebra of a maximal parabolic subalgebra p.

In case (a), we introduce the notion of spin tableau.
For n > 1 and A = (A,...,\,) € P(n), a spin tableau 7 of shape A is a tableau
satisfying the following conditions (Definition 4.10):

e for every i € {1,...,n— 1}, 7 contains i boxes of entry 4, all located within the first
1+ 1 rows,

e the rows (resp. columns) of 7 are nondecreasing from left to right (resp. top to
bottom), moreover on the i-th row, the entries which are at least equal to ¢ are
increasing.

For example, there are two spin tableaux of shape A = (4,2,2,1,1), namely

112]3]4] 112]3]4]
2[3 2[4
34 and |34
4 3
4] 4]

To every spin tableau 7, we attach an explicit integer N, (see Definition 4.9(b)).

Theorem C (see Theorem 4.11). When h = t is a Cartan subalgebra of g = sl(n,C), we

have
mults(u[A) = Y N,
T€ST(N)

where ST (X) denotes the set of spin tableauzr of shape A.

In Section 5, we consider the case (b) where b is the Levi factor of a maximal parabolic
subalgebra in g = sl(n,C). In other words, me may assume that

h = {(g 2) cz € gl(p, C), yeg[(q,c)}

with p + ¢ = n. In particular, every weight in A(S) can be obtained from a weight in

A/(S) = {:u:(:ul)'-'v:upvyh"'ayq)EA(S) : MIZ"'Zlupy VIZ"'ZVq}
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under the action of W (h,t) = &, x G, (see Remark 5.4). Then we show that the set A’(S)
is in bijection with the following set of pairs of partitions

P = {(«, B) : , B partitions of m < n with at most ¢, resp. p parts,
and such that 8 < o}

where again < stands for the dominance order on partitions (see Corollary 5.3). More
precisely, the bijection is given by

(o, B) = p(a, B) :== (041—%,...,ap—g,g—ﬁq,...,g—ﬁl).

We then express the multiplicity of the weight u(c, 5) in terms of tableaux as follows.
Following Definition 5.6, a row-tableau of shape a and weight § is a numbering of the

boxes of v (viewed as a Young diagram) such that the numbering comprises [3; occurrences
of ¢ for all integer ¢, and such that the entries increase from left to right along the rows.

Theorem D (see Theorem 5.10). For («a, ) € P’ as above, we have

multg(u(a, B)) = #RT(a, B),

where RT («, B) denotes the set of row-tableauz of shape o and weight (3.

For instance, given p = ¢ = 3 and n = 6, we have

2[3]
2]

(\V]

3

Y

\V)

3

mults (1((3,2,1), (2,2,2))) = # — 3.

‘03»—!»—!

[o]=[—
w

=[]~
w

Our general approach for obtaining Theorems A, B, C, and D relies on computational
linear algebra, namely encoding weights of the spin module with suitable sets of matrices
with coefficients in {0, 1}. For instance, for establishing Theorem D, we first show that

mults (u(a, B8)) = #M,4(a, B)

where M, ,(a, 5) is the set of matrices a = (a; ;) of size (p,q) and coefficients in {0, 1}
such that the sums of the coefficients in the i-th row (resp. j-th column) coincides with
the i-th part of the partition « (resp. the j-th part of 8). Finally, we define a bijection

Mp,q(aa ﬁ) = RT(Oz, ﬁ)

We think that the combinatorics of the set M, ,(c, 8) is by itself an interesting problem.

As a final point, we mention that the combinatorial formulas that we have obtained
involve partitions and sets of tableaux. Since it is known that nilpotent orbits of classical
Lie algebras can be parametrized with certain partitions (see [2]), our formulas suggest
a possible geometric interpretation of multiplicities of the spin module in terms of nilpotent
orbits. This will be the aim of a prospective project.
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Notation

In the sequel, we keep the notation of Sections 1.2-1.4. The base field is C and by
gl(n), sl(n),...we denote the classical Lie algebras gl(n, C), sl(n,C),...

For a set K, we denote by M, ,(K) the set matrices of size (p,q) and coeflicients in
K; we write for simplicity M,(K) = M, ,(K). By &, we denote the symmetric group
of permutations of {1,...,n}. By a partition of n we mean a nonincreasing sequence of
positive integers A = (A\; > -+ > \g) such that A\; + -+ + A\ = n; then we write A F n.
By #A we denote the cardinal of a set A. Other notation will be introduced in the text
in the due places. An index of notation can be found at the end of the paper.

2 Weights of the spin module in the case of a Levi subalgebra

We use the notation of Section 1.2. In particular, we suppose that b is a Levi subalgebra
of g that contains t, and we consider the spin module S associated to b and its set of
weights A(S) (see (1.5)). In this section, we give general properties of weights which will
be required in the sequel. In general, the action of the Weyl group W = W (g, t) does not
restrict to A(S) and, in Section 2.1, we point out a subgroup W’ C W that does act on
A(S) by preserving the multiplicities. In Section 2.2, we describe inductive properties of
multiplicities relative to Levi subalgebras [ C §. In Section 2.3, we give general properties
in the case where h = t; for instance, we characterize the weights of multiplicity one.

2.1 Action of Weyl group elements

The Weyl group W acts by conjugation on the standard Levi subalgebras of g and
this induces an action on the collection of corresponding spin modules. Specifically,
given w € W, we can consider the Levi subalgebra “h := whw~! and the decomposi-
tion g = “h & “q where

q= - P 9. and “b=te P oo

acw(®(q)) acw(®(h))

w

We denote by “S the spin module relative to “h and “q in the sense of Section 1.2.
Moreover, we define

={weW:w(®(q)) =2(a)},
which is a subgroup of W, containing W (h, t), and such that
weW' = "h=5h, “q=¢q, and S =S.

Example 2.1. (a) If h =t then &(q) =P and W = W.
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(b) Ifh = gl(p) x gl(q) C gl(p+¢) = g, then B(q) = {+(&; —¢;) : 1 <i <p<j<p+q}
and W(h,t) = &, x &,. We have
W' = {we &g w{l, ..., pH) ={1,....p} or {p+1,...,p+¢}}

_ { W(b.1) if p# g,
W(h.t) % (o) ifp=q.

o 1 e p p+1 PN 2p
Wherea—(p+1 a1 p).

Lemma 2.2. (a) For every w € W, we have w(A(S)) = A(¥'S). Moreover, for all pn €
A(S), the weights u (for S) and p' := w(u) (for “S) have the same multiplicity.

(b) In particular, the set A(S) is stable under W' and, moreover, for every u € A(S),
w e W', we have multg(w(p)) = multg(u).

(¢) For every p € A(S), we have —p € A(S), and multg(—u) = multg(u).

Proof. (a) Let pu = u(A) for asubset A C ®*(q). Fix w € W and set for simplicity q' = “q.
Let
w(A) :={aedt(q):wa)e A or —w '(a)ec d(q)\ A},

and additionally, denote
= {04 €d(q):w ' a) € dT(q)\ A}, o = {a € d(q):wl(a) e @t (q) N A}
o = {aed (¢):w(a)ed () \A}, Pi={ac® (¢):w ()P (q9)NA}.

Then
wl o) = Y wle) - Y wia)
ag®t(q")\w(A) acw(A)
= Z wHa) + Z wa) — Z w(a) — Z w!
ae<1>+ acdy acdt agd
= Y B B=2u4
BePT(q)\A BeEA

whence the claimed equality. Finally, the map A — w(A) establishes a bijection between
the sets
{AcCo™(q =p} and {A' COT(q): wA) =w(p)},
whence the equality of mult1phc1t1es.
(b) is a consequence of (a) and of the fact that ¥S = S whenever w € W".
(c) If A" =dF(q) \ A then

—5(Xa- Y a) = -ua)

acA acA’
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The map A — ®7(q) \ A establishes a bijection
{AC@¥(q):p=p(A)} — {A C 27 (q) : —p = pu(A)}.
Whence (c). O

As shown in the lemma, for studying the weights of the spin modules in the case of Levi
subalgebras, one can restrict to standard Levi subalgebras h among a set of representatives
of the W-conjugacy classes, and for a fixed §) one can restrict to considering weights among
a set of representatives of the W'-orbits of A(S).

Example 2.3. (a) Every standard Levi subalgebra of gl(n) or sl(n) is conjugated under
W to the subspace of blockwise matrices h = h(c) determined by a composition
c¢=(c1,...,cx) of n, such that ¢; < ... < ¢ If n =4, for instance, we are left with
five Levi subalgebras up to conjugation:

c (1) (1%,2) (2,2) (1,3) (4)
* 0 0 0 * 0 0 0 * % 0 0 * 0 0 O * ok ox k
h() 0 = 0 O 0 = 0 O * % 0 0 0 * x x * % %k
¢ 0 0 = O 0 0 x =« 0 0 x =« 0 * x =x * % %k
0 0 0 = 0 0 =x = 0 0 = = 0 * x % * % ok ok
(b) Let g =gl(n) withn >3, h=h(l,n—1) = gl(1) x gl(n — 1), thus
O‘* *
=1 .|. . and @' (q)={e1—€¢:i=2,...,n}.
10 0

In this case, according to Example 2.1(b), we have W' = W (h,t) = &,,_;. For
k=0,...,n—1, we define

Ar={er—€¢:1=2,... . k+1}

which is a subset of ®*(q) with & elements. Conversely, whenever A = {e; — ¢;, }¥_,

is a subset of ®*(q) with k elements, there is w € W’ such that A = w(Ay), namely
1 2 - k+1 k+2 -~ n
w = : . y "
1 17 n Zk’-i—]. oo U1

(whenever {2,...,n} = {ir,..., iy U{dh 1 - 01 }).

The weight associated to Ay is

1
,M(Ak:):5((n_2k_1>€1+62+---+€k+1—€k+2—...—6n)
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and we have

n—1
A(S) = [ W((4r)).
k=0
We also note that the map

A= {61 _E’L']'}‘];'::]_ — ,LL(A) = ((n—Qk— 1)61 +€i1 ++61k _Ei;c-',-l — "'_Ei;@,l)

N | —

is injective. Therefore, we have multg(u(A)) =1 for all weight u(A) € A(S).

2.2 Inductive properties of multiplicities

The standard parabolic subalgebras of g can be parametrized by subsets of simple
roots. Namely, a subset I C A of simple roots gives rise to a parabolic subalgebra p; C g
and a standard Levi factor [;. We also denote by ®; := ® N (I) and &} := & N (I) the
root system and set of positive roots for [;, where ® = ®(g) and ®* are as above.

Finally, let S; = S(I;,[; N h,[; N g") be the spin module relative to [; and its Levi
subalgebra [; N h. For every subset A C ®7(q) := &7 N ®T(q), let u;(A) € A(Sy) be the
corresponding weight, that is

mA =2 X a-Ya)=stng-Ya

ae@}“(q)\A acA acA

where p(I;Nq) = %Za@?(q) a. Since A is also a subset of ®1(q), the weight u(A) € A(S)
and the multiplicity multg(u(A)) can be considered. The following lemma relates the
weights p(A) and p(A) and their multiplicities.

Lemma 2.4. Let I C A be a subset of simple roots and let A C ®f(q). Then we have
mults (j1(A)) = mults, (ur(A).

Proof. By (1.5), it suffices to show the equality of sets

{{A’cqﬁ(q) : Za:Za} = {{A'cq>+<q) : Za:Za}.

acA’ acA acA’ acA

Since the inclusion C is immediate, we only have to show the reverse inclusion. So let
A’ C ®*(q) be a subset such that >, a=> _,«a. Since ), a € (I), every simple
root which arises as a summand of a root in A" must belong to I. This implies that
A’ C @7 (q) and therefore, the claim follows. O

We finally give a multiplicative formula for the multiplicity in the case where the subset
A can be decomposed as the union of subsets lying in disconnected subsystems of roots.
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Proposition 2.5. Let Iy, ..., I;, C A be subsets of simple roots such that I; L I; whenever
1# j. Assume that A = Ule A; where A; C @};(q). Then,

mults (u(4)) = [ [ mults ((4,)).

Proof. 1t is sufficient to deal with the situation where k = 2, i.e., A = A; U As; after that,
the result follows from an easy induction on k£ > 2. By (1.5), we know that

multg(pu(A)) = # {A' C P (q): Z a = Za} :

We claim that there is a bijection

AiC@}z(q):Za:Za X A;c@};(q):Za:Za

acA] a€A; acA) a€Asz
— {A'c@+(q) : Za:Za}
acA’ acA
given by (A}, Ay) — A} U AL, This map is clearly well defined. It is injective since
Al = (AL U AY) N (I]) for all i € {1,2}. For the surjectivity, since

Y a=>Y ac(hub)= (L)L),

acA’ acA

then A" C ®7 ;. (q) = ® (q) U @7 (q), hence A’ = A} U A} with A} C ®7(q), and we have

Za:Za—FZa:Za—FZa,

acA’ acA] acA a€A; €Ay

hence > o =3 4 aforie {1,2}, by considering the direct sum (I;) & (I3). This
establishes the desired bijection. Thereby, mults(u(A)) = mults(u(A;)) - multg(u(As)), by
(1.5) and Lemma 2.4. O

2.3 General properties of weights in the case of a Cartan subalgebra

In this section, we discuss the multiplicities of weights of the spin module S when h =t
is a Cartan subalgebra. Note that there is a partial order on weights, specifically we set

p<p i g — € Y cpr Qsoc.
Lemma 2.6. (a) p(g) = u(0) € A(S).

(b) For all A C ®*, we have u(A) = p(g) — >_,ca . In particular, pp < p(g) for all
w e A(S).
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(¢) mults(p(g)) = L.

Proof. Parts (a) and (b) are immediate in view of the definitions of () and u(A). It
follows from (b) that we have u(A) = p(g) if and only if A = (), so that part (c) ensues. [

As pointed out in Example 2.1(a), in the present case of h = t, we have W’ = W (where
W' is as in Section 2.1). By Lemma 2.2, W acts on A(S) in a natural way and this action
preserves the multiplicities of weights.

By oY € t we denote the coroot associated to a € ®*. Recall that a weight p is said
to be dominant if

(p,a¥y >0 for all a € A.

We have (p(g), ") = 1 for all simple root a, which implies that p(g) is a dominant weight.
By the action of W every weight w of t, hence a fortiori every weight p € A(S), can be
transformed into a dominant weight. Thereby, we can restrict our attention to dominant
weights of S.
As noted in Example 3.4(b), in the general case of Levi subalgebras, it can happen that
all the weights of S are of multiplicity one. We now stress that the situation is different in
the case of a Cartan subalgebra.

Definition 2.7. We say that a subset A C ®* is saturated if the following condition is
satisfied:

Va,B €A a+Bed=a+p€A and Vy,0 € P\ A y+5edP=~v+d¢ A

Proposition 2.8. Let € A(S). Let A C ®* be a subset such that p = p(A). The following
conditions are equivalent:

(i) multg(p) = 1;
(ii) A is saturated;
(iii) There is w € W such that u = w(p(g)).

Proof. By Lemma 2.6, we have multg(p(g)) = 1. The implication (iii)=-(i) is obtained by
combining this observation with Lemma 2.2.

(i)=-(ii): Arguing indirectly, assume that A is not saturated. If there are o, € A
such that v :=a+ f € &+ \ A, then A" := AU {~} \ {a, 5} is a subset different from A
such that pu(A’) = u(A) = p. If there are 7,5 € &\ A such that o := v+ ¢ € A, then
A" = AU{y,0} \ {a} is different from A and such that u(A”) = p(A) = . In both cases,
we conclude that multg(p) > 2.

(ii)=(iii): We argue by induction on #A. If #4 = 0, i.e., A = 0, then u = p(g)
and (iii) holds with w = 1. Let #A = k > 1 and assume that the claim is satisfied for
any subset A" with #A" < k. We claim that A contains at least one simple root o € A.
Indeed, we can choose an element § € A which is minimal for the partial order < on roots
determined by the set of positive roots. If § is not a simple root, then there is a simple root
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« and a positive root v such that 6 = a 4+ . Then, by minimality of §, we have a,y ¢ A,
and this contradicts the assumption that A is saturated.

Hence we can choose a simple root « which belongs to A. Invoking Lemma 2.6, it
follows that

p=p@) =Y B=(@-a)= Y B=s.0pg) = Y sa(B) = sa(u(A"))

BEA BeA\{a} BeA’

where we set
A" =s,(A\{a}).
Note that the simple reflection s, permutes the positive roots distinct from «, and this
implies that A’ is also a subset of T, so that the notation p(A’) makes sense. In addition
#A =k — 1. We claim that
A’ is saturated. (2.1)

Once (2.1) is verified, we get the desired conclusion that pu = s,(u(A’)) € W(p(g)), due to
the induction hypothesis. Therefore, it remains to show (2.1).

To do this, we first assume v, 0 € A’ such that v+ ¢ is a root. Since v+ is not a simple
root, we have v+ § # «, hence s, (v + 9) is a positive root, and we have

Sa(Y+0) = sa(7) + sa(0),
where s,(7) and s,(J) belong to A. Since A is saturated, this implies that s,(y +J) € A.
Moreover, s,(y + ) # « (because s,(a) € —®T), whence v+ 0 € s,(A\ {a}) = A'.
We next assume 7y, d € &\ A" such that y+4 is a root, and let us show that v+ ¢ A'.
If 7,9 are different from «, then s,(7), s4(0) € ®* \ A, and this implies that

Sa(Y+0) = sa(7) +5a(0) ¢ A

due to the fact that A is saturated, and therefore, v + 6 ¢ A’
Finally assume that v # « and § = a. We have to show that v + « does not belong to
A’. Arguing by contradiction, assume that v+ a € A’, hence s,(y + a) € A. Note that

Sa(V+ @) +a=s.(7) —a+a=s.7)

is a root. Since «, so(7 + a) € A, we must have s,(7) € A (because A is saturated), and
so v € A’, a contradiction. ]

Remark 2.9. 0 is a weight of S if and only if p(g) can be expressed as a sum of (pairwise
distinct) positive roots. This is not always the case: for instance, when g = sl(n), we
have 0 € A(S) if and only if n is odd. Note that, given any subset A C ®*, the following
equivalences hold:

pA) =0 & Y a=p@ & Y a=pl).

acA acdPt\A

In particular, the mapping A — ®*\ A induces an involution without fixed point on the
set {A C @ : u(A) = 0}, which implies that multg(0) is always even.
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3 The case of a Levi subalgebra for g = sl(n)

In this section we assume that g = sl(n) and t is the Cartan subalgebra consisting of
diagonal matrices diag(ti,ta,...,t,) with t; +t3 4+ ...+ ¢, = 0. Fori € {1,...,n}, let
€; € t* be defined by

€; : diag(tl, to, ... ,tn) — ;.
We choose the following sets of positive roots and simple roots :

—1
ot = {e—¢|1<i<j<n} with #qﬁ:%,
A = {oq,...,,_1} where ;=€ — €.

The ith fundamental weight is @w; =€, +...+¢; (i =1,...,n — 1). The weight lattice is
A= @?;11 Zw;. A weight = Z;:ll x;w; is dominant if z; > 0 for all 2. The half-sum of
positive roots is

()_n—l +n—3 N (n—3) (n—1) P

pP\g) = 5 €1 5 €o . 5 €n—1 5 €n = W1 . Wp—1-

Note that if u = bie; + ... + bye, is a weight of S, then it must satisfy by + ...+ b, =0
(see (1.5)).

The computation of multiplicities of weights for general modules often reduces to chal-
lenging combinatorial problems. In the present case of g = sl(n), our strategy is based on
a specific parametrization of weights involving fairly simple matrices associated with the
root system of sl(n). It would be interesting to extend this method to other classical Lie
algebras and root systems.

3.1 Encoding weights with matrices

As seen in (1.5), any weight u € A(S) is of the form p(A) where A C @ (q).
Let h = h(c) be the Levi subalgebra corresponding to a composition ¢ = (¢; < ... < ¢)
of n (see Example 2.3 (a)). We define the sequence

o= (n—c)%...,(n—cp)%*) (3.1)

which is a composition of n? — (¢f + ...+ ¢§) (in fact a partition).

We denote by M(q) the set of matrices a = (a; ;) of size n x n which have the following
property:
a;; €{0,1} for all 7, j;
Qi = 1= aji = O,
€ — €5 € @(h) = Qi = 0;
€ —€; € (I)(q) = Q5 = 1or i = 1.

The second point yields in particular a;; = 0 for all 3.
For every A C ®*(q), we can define a matrix a € M(q) by letting

" _{ 1 ife—€e;, €T (q)\Aore; —e €A,
4,7

0 otherwise.
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Conversely, if a = (a; ;) belongs to M(q), then we define the set
A= {Ei — € S CI)+(q) Q= 0}
Lemma 3.1. We have
n n—1
a; g, — 0;
M(A) = Uq ‘= 22:1: (CLL* - 5) € = ; (az"* — CLiJrL* — —2 +1) w5,
where a;. = Y7, a;; and o; is the ith term of the sequence (5.1).

Proof. We have

u(A)= > a=> B

acdt+(q)\A BeA
= D asla—g)— Y aiylg—e)
1<i<j<n 1<j<i<n
n n n n
=D D aga— Y i
i=1 j=1 =1 j=1

n n

:E ai,*ﬁi—E A5 €j
i=1 Jj=1
n

n
= Z Qg €5 — Z(Ui - @i,*)ﬁi
i=1

i=1
n

- 2(2%* — 0i)€;

i=1

where a, ; stands for the sum of coefficients in the j-th column of the matrix, and where
we note that a; . + a.; = 0;, due to the properties of a and the definition of the sequence
o in (3.1). O

Example 3.2. We consider the Levi subalgebra h = h(1,1,2) C sl(4) seen in Exam-
ple 2.3 (a). In this case, we have 0 = (3,3,2,2) - 10. We encode a weight u = Z?Zl bi€;
with the sequence (b1, by, b3, by). Then

31 3 1 3 3

— (2,2, 1,1 —(2,-=,0,-1 — (2,2
Hay (2727 ) )7 Hasy (27 2707 )7 Hag (27 27070)7
1 1 11 1 3
ag — _7__70707 as — _7_7()’_1 ) ag — _a__a]-707

1 1 1 1 1 3

Harz = <_ o) 17 _1)7 Hag = (__ 5 170)7 Hag = <__

y y 7__7171>
2" 2 2" 2 2" 2
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are weights of S corresponding to the matrices

01 1 1 01 1 1 01 1 1
|00y o fooo 1) |00 0O
1 000 0f ™2 010 0™ 010 0f
0000 00 00 0100
0110 010 1 010 1
w000 1) foo 11| _f0000
4 01 0 of ™ 1 00 0| ™ 1100
1000 00 00 0100
010 1 010 0 0100
4o l000 L} fooo0 1) |00 OO
7 110 0 ™8 110 0| ™ 1 10 0]
00 0 0 1 000 1100

In the present case, we have W' ={w € &4 : w({1,2}) = {1,2}} = G5 x &y (where W' is
introduced in Section 2.1), and every weight u € A(S) is in the W'-orbit of exactly one of
the elements piq,, ..., flag-

3.2 Inductive formula

We aim to give an inductive formula for the multiplicities. To do this, it is convenient
to adopt the following notation: if (cq,...,cx) is a composition of n and (by,...,b,) is
a sequence of half integers such that by 4+ ...+ b, = 0, then let

mult(e, . )(b1,...,b,) = multg(p)

be the multiplicity of the weight © = Y7 | b;e;, relatively to the Levi subalgebra b = h(c)
corresponding to the composition ¢ = (¢; < ... < ¢g). When X is a set, let P(X) be the
set of subsets J C X with k elements. Moreover, given J C X, let 1, : X — {0, 1} be the
function given by 1,(z) = 1 or 0 depending on whether z € J or z ¢ J.

Theorem 3.3. With the above notation, we have
mult(cl’m,ck)(bl, - ,bn)

1 1
=3 multy 1) (bg, b begga Lo+ 1) = 5 b+ () 5)
J

where J runs over Py | n-e ({e1 +1,...,n}) in the sum.
2

Proof. Let 0 = (0;)1-; = ((n —¢1)®, ..., (n — ¢;)%*) be as before. Note that

k

ZU" =n?— Zc]2 = dimq.
i=1 j=1
We use the set M(q) of matrices introduced in Section 3.1 and recall that

mults(n) = N, := #{a € M(q) : pra = p}.
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n2-3 c]z-
2

Any matrix a € M(q) contains exactly coefficients equal to 1. More precisely, for
all i € {1,...,n}, we have
0<a;, <o;.
Note that o
Ma:[t@VZ. € {]_,...,TL}, CLZ‘V*—i = b;.

In particular, we must have a; , = by+"5%. On the other hand, we have a; . € [0, n—c1]NZ.
Hence

n—«a
2

+1,...7n_201}:>mults(,u):0.

n—=Cc
b1¢{_ 92 17_

Now, assume that
n—c
kl = bl -+ L

S {O,...,n—cl}.
Given J € Py, ({c1+1,...,n}), we want to calculate the number N, (J) = #M,,(J), where

\

0 |0 qeyr -+ an
0 .
Mu(’]) = a= Bey i1 o EM(Q) P e = My ajzl_ﬁjzlJO)
C1
\ B" Y,

Note that

N, = > N,(J)

Jepkl ({Cl+17"'7n})

We are looking for the condition on a’ which ensures a € M,,(J). Note that a;. = f; +aj,

for all 7, where we additionally set 8y = ... = ., = 0. Hence
aeM,(J)eVi=2...,n, ai,*:bi+%
<:>Vi:2,...,n, a;,*:bz—ﬁl—l—%
Let ¢ = (¢; — 1,¢9,...,¢) and consider the corresponding
o =), =((n—c)(n—1—c)?,...,(n—1—cp)%).
Hence
A it 2 <1 <g¢,
TV o1 ifea+1<i<n.
Thus
/ o
aeM,(J)eVi=2...,n, az*—%:bi—ﬁﬁ—az 201
- g; — 0
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Note that
b = b; ?f%iEJoriE{Z,...,cl}, and
bi—1 ifie{c+1,....,n}\J,
op—o;  J0 if2<i<e,
2 |i ifa<i<n
This establishes the result. O

Example 3.4. (a) If ¢ = (n) then multg(p) = 0 if p # 0 and multg(0) = 1. (In this case,
the spin module is the trivial module.)

(b) If ¢ = (1,n — 1) then the inductive formula yields

b)_{ 1 ifby4+by+...+b,=0andb; € {1} for all i > 2,

mlﬂt(l,n—l)(bh s 0 otherwise.

so we retrieve the fact that every nonzero multiplicity is 1; see Example 2.3(b).

4 The case of a Cartan subalgebra for g = sl(n)
In this section we assume that h = t and we keep the notation of Section 3.

4.1 Encoding dominant weights of S with partitions

Definition 4.1. (a) For n > 1, we denote by Part((});n) the set of partitions of (}) with
at most n parts, i.e., sequences of nonnegative integers

A= > >\ with A+ +\ = (Z)

(b) Let P(n) C Part((});n) be the subset of partitions satisfying in addition the condi-
tion
M+...+N<(n—=1)+...+(n—1q) forallie {1,...,n}.
Note that if n = 1, we get Part((});n) = Part(0;1) = P(1).
Recall the dominance order on partitions: given A = (Ay,...,A,), X' = (A\],...,\}) in
Part((});n), we set A < X' if

AMA o+ N <N+ o+ X foralli > 1.

Thus, P(n) is the set of partitions of (}}) with at most n parts, which are < \° for the
partition
Ni=(n-1,n-2...,1,0).
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Example 4.2. Let n = 5. The elements of P(5) correspond to the Young diagrams

| | ] [
:>\07 ) M )

We define the dominant weight associated to a partition A € Part((});n):

Definition 4.3. Given A = (\y,...,\,) € Part((});n), we define
,u[)\} = (/\1 — /\2)@1 + ...+ ()\n—l — )\n)wn_l.
In particular, u[A\°] = p(g).

Remark 4.4. In the present case where h = t is a Cartan subalgebra, the set M(q) of
Section 3.1 consists of matrices a € M,,({0,1}) with a;; = 0 and a;; + a;; = 1 for all
i,7 €{1,...,n},i# j. Such a matrix a corresponds to a subset

A={e—¢:i<j, a;; =0} CP"

n.1

whose associated weight is pu(A) = >0 (a;. — %t)e;, where a;, stands for the sum of
coefficients in the i-th row of a (see Lemma 3.1). This weight is dominant if and only if
a1s > ... > an,. This is equivalent to saying that the sequence A\ := (ay.,...,an) 18
a partition of (%). Moreover, in this case, we have p(A) = p[A].

Recall that the Weyl group W = &,, acts on A(S) (and this action preserves the
multiplicity of weights: see Example 2.1(a) and Lemma 2.2) and the W-orbit of ev-
ery weight u € A(S) contains exactly one dominant weight. Thus, there is a bijection
A(S)/W = A*(S), where AT(S) C A(S) stands for the subset of dominant weights.

Proposition 4.5. The map A — p[)\] establishes a bijection between the set of partitions
P(n) and the subset AT(S) of dominant weights of the spin module.

The proposition is shown in Section 4.2 below. In Sections 4.2 and 4.3, we calculate the
multiplicities of weights, multg(u[)\]), in terms of the corresponding partitions A. Before
this, in the following subsection, we introduce some combinatorial material.

4.2 Inductive formula for multiplicities in terms of partitions
For a partition A = (A1,...,\,) € Part((});n), let

N)\ = Hllllts(,u[)\])

We deduce from Theorem 3.3 an inductive formula for computing the numbers N,. To
this end, we introduce the following notation.
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Notation 1. Let A = (A, ..., \,) € Part((});n) be a partition viewed as a Young diagram.
Fiz an indexp € {1,...,n}. We call p-marking the datum of a subset of boxes f C X such
that

e 3 contains exactly n — 1 boxes;
e [ contains all the bozes of the p-th row of \;
e in the other rows of A, only the rightmost box may belong to 5.

Let M,(X) be the set of p-markings of A\. For a p-marking 8 € M,()\), by arranging the
lengths of the rows of the subset A\ B C A in nonincreasing order, we obtain a partition of
(3) = (n—1) = (","), which we denote by A\ — .

Theorem 4.6. Given a partition A = (A\y,..., \,) € Part((g);n) with at most n positive
parts and any p € {1,...,n}, we have

mults(u[A)) = Na = Y Nigs.
BEMp(N)

Proof.

Ny = multg(u[M])
= mults(()\l — )\2)’@1 + ...+ ()\n—l — )\n)wn_l)

n—l’”.’)\n_n—1>
2 2

n—1 5 n—1>’

= multq,., 1)<)\1—

5o 5
where (A, ..., M) = Mgy Ao ooy Aoty Apsts -5 An)

~ n ~ n
= Z mult(l ..... 1)()\2_§+1J<2),...,>\n_§+1j(n)>.

= mult(Ll 77777 1) (5\1 —

There is a bijection M,(A) = P5 ({2,...,n}). To see this, we first set A=A,
which is not necessarily a partition (since it is not necessarily a nonincreasing sequence)
but can nevertheless be represented by a set of boxes with n rows of lengths A, ..., A,.
Now, if § is a p-marking of A, then [ is a subset of A that contains exactly n — 1
elements, so that 8 contains all the A\, = = )\; boxes of the p-th row of A (which corresponds
to the first row of A) and exactly one box in n — 1 — A; rows among the rows number
1,....,p—1,p+1,...,n of A\, that is among the rows number 2,... n of A. Now we set

J:={j=2,...,n: [ does not contain any box of the j-th row of 5\},

which is therefore a subset of {2,...,n} with A; elements, that is J € P, ({2,...,n}).
Conversely, given J € P5 ({2,...,n}), let B be the p-marking of A that contains the boxes
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of the p-th row of A (i.e., the first row of A) and the rightmost box of the i-th row of A
whenever ¢ € {2,...,n}\ J.

Assume that J € P5 ({2,...,n}) corresponds to the p-marking 3 as above. Then, for
1=2,...,n.

Ni—1—12 ifi¢J
)\i_g+11(i):{ i

.
2
A — "T’2 otherwise.

We note that the condition 4 ¢ J means that 3 contains the rightmost box of the i-th row
of A\. The above formula implies that

~ n ~ n
(A2—§+1J(2),...,An—§+1J(n))

n—2

is the list obtained by removing “Z= from the lengths of the rows of A— 3 (up to reordering).
This implies that the weight corresponding to this list is in the same &,,_;-orbit as
A — B], so that

~ n n
mult(l ,,,,, 1)<)\2_§+1J<2)’7/\n_§+1J<n)> :N/\_@.

The formula now follows. O

We prove an additional lemma which will be useful.

Lemma 4.7. Let A = (A > ... > \,) € P(n). There is a partition N of the form
No= (n—1,X,...,\,) with \; € {\j — L,\;} forall j € {2,...,n}, such that N =
(n—1,n—-2,...,1).

Proof. Firstly, observe that for all j, we have

Note that A\, ;1 # 0 because otherwise the previous inequality fails for j = n — 2. To
prove the Imma, we show more generally that if (u1,..., ) is a nonincreasing sequence
of positive integers such that

e k>(n—1)—p,
o i+ ...+p <(n—1)+...+(n—y)forall j=1,... k,

then there is a nonincreasing sequence (44}, ..., u}) of positive integers with

!/

py e =t
) it < (n—=1)4 .. 4 (n—j) for all j=1,... k.

a) /Lll =n- 17

b) i€ {p; —1,p;} for all j=2,... k,
c)

d

Applying this to u = A and setting A = i/, we get the conclusion of the claim. Hence
it suffices to justify the construction of 1. We do this by induction on (n — 1) — py. If
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(n —1) — puy = 0 then we set ¢/ = p and we are done. Now assume that (n — 1) — g > 0.
Take t € {1, ..., k} maximal such that

i+ <(n—1)+...+(n—j)foral j=1,... ¢
First case: t = k. Then we set

fo=(fin, oy 1) = (1 + 1, pray ooy pi1).

Since (n — 1) — iy < (n — 1) — py1, we can invoke the induction hypothesis which provides
us with @/ = (@y =n— 1,0, ..., [ij,_,) satisfying (x)z. Finally, we set

/jl/:(n_laﬂ/%'--a/l;cfla,uk_l)

which fulfils the conditions.
Second case: t < k. The maximality of ¢ implies that

pr4 .o+ =m—-1)+...+(n—t—1).

Since the left-hand side is < (¢ 4 1)p, this easily implies that ¢ > n — 1 — p;. Note also
that, in the case where t+1 < k, the above equality combined with Zjﬁ i < E;fl (n—7)

also forces 40 < piy11. Now we set

ﬂ: (ﬁ'lv"':ﬂt) = (M1+17M27-'-aut)-

Due to the choice of ¢, it is immediate that
fi+...+iag<(n—1)+...+(n—j)forall j=1,... ¢

In addition, we have t > (n — 1) — fi; as noted above. On this basis, we can invoke the
induction hypothesis which yields a nonincreasing sequence ' = (jiy = n — 1, b, ..., 1))
satisfying (x)z. Finally we set p = (n — 1, i, ..., fiy, 1 — 1, fus2, - - ., pix) Which satisfies
the required conditions.

This concludes the proof of the lemma. n

With the help of Theorem 4.6 and Lemma 4.7, we are now in position to prove Propo-
sition 4.5.

Proof of Proposition 4.5. We have to show that, given A € Part((g);n), the following
equivalence holds:

N\#0 < AeP(n).

We proceed by induction on n > 1. The base case is clear, so we now assume the result is
true up ton — 1.
We consider the partition A provided by Lemma 4.7. Note that
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Moreover, if we denote by 8 C A (viewed as a diagram) the subset formed by the
first row and the rightmost box of the j-th row of A for every j € {2,...,n} such that
N; = Aj — 1, then 3 is a 1-marking of A and we have A — 8 = (X3,...,\},). In view of the

77777

induction hypothesis Ny, .,
Next assume that A € Part((});n) \ P(n). Let j be minimal such that

M+ ...+ N>nm—-1)+...+(n—7j).

If XN = (X, ..., X)) is apartition of (";1) obtained from A by considering any 1-marking,
then we must have

AN+ AN >N+ N =1 > (n=2)+ ...+ (n— ),

and therefore ' £ (n —2,...,1). This yields Ny = 0 (by induction hypothesis). Since N,
is a sum of such terms (by Theorem 4.6), we conclude that Ny = 0. [

Example 4.8. (a) Let A = (3,3,2,1,1) € P(5), viewed as the Young diagram

Let p = 5. Then, the 5-markings of A\ are

| ® | @ | ® |
hd Rl Rd R4
Whence the formula

Ny = N@a21,1) + Ne22) +2N32,1).

(b) We have computed the numbers N, associated to the partitions A € P(n), for n < 5.
The values are listed below.

(n = 2) N(l) =1.
(n = 3) N(le) == N(l) = 1; N(13) = 2N(1) = 2.
(n = 4) Nian = Ny =15 Ngasy =2Ng1) =2;

N(23) = N(la) =2 N(22712) = N(ls) + 2N(271) =4,
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(n=75)
Nugzo21 = Nza = 1; Nugzizy = 2N@z21) = 2;
N3y = Nz sy = 2; Nu2a2) = 2Ni21) + Ngs) = 4
N(3371) = N(23) = 2; N(32722) = N(22712) = 4;

N(32’2712) = N(22’12) + N(3713) + 2N(3’2’1) =38; N(3’2371) = N(23) + 3N(22,12) = 14;
N(QS) = (3)N(22712) — 24

Remark 4.9. In the above example, we observe that the multiplicity is either 1 or even.
In fact, for every A € P(n), we always have the following characterization:

e If\=(n—1,n—2,...,1), that is A = \°, then N, = 1 (which actually follows from
Lemma 2.6).

o If A # \° then N, is even.

Indeed, arguing by induction on the basis of Theorem 4.6, it suffices to show that when
A # XY the number of 1-markings 8 € M;(\) such that A — 8 = (n —2,n —3,...,1) is
even.

In fact, if any, there are exactly two such markings 4 and 5%: the existence of a marking
imposes that A = (Ay,..., A,) with \y =n—2, \;, =n—jo+1 for asingle jo € {2,...,n},
and \; =n —jfor j € {2,...,n}\ {jo}. Then B! consists of the first row of A and the
rightmost box of the jo-th row, while 32 consists of the first row of A and the rightmost
box of the (jo — 1)-th row.

4.3 Enumerative formula for multiplicities
We give an enumerative formula for the multiplicities multg(u), or equivalently for the

numbers N). We rely on the following combinatorial definition.

Definition 4.10. (a) Let A = (\y,..., \,) € P(n). A spin tableau of shape A is a tableau
7 of shape A which fulfils the following conditions:

e Foreveryi e {1,...,n—1}, 7 contains i boxes of entry 4, all located within the
first ¢ + 1 rows;

e The rows (resp. columns) of 7 are nondecreasing from left to right (resp. top
to bottom); moreover, on the i-th row, the entries > i are increasing.

Let ST (A) be the set of spin tableaux of shape .

(b) We label certain boxes of 7 with a binomial coefficient: in the j-th column, for each
number ¢ that occurs in the column, we label the last box of entry ¢ with the binomial
coefficient () where

o b=1"b;,; = #{boxes of entry = ¢ within the first ¢ boxes of the column},
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L] a:am::b—l-#{

boxes of entry < i of the column, whose
right neighbor (if any) is > i

Finally we define N, as the product of these binomial coefficients taken over the
boxes of the whole tableau 7.

The definition makes sense whenever n > 1. Note that the only element of P(1) is the
trivial partition A = (0); the unique element of ST (0) is then the empty tableau 7 = 0,
with Ny = 1.

Theorem 4.11. Let A € P(n). With the above notation, we have

multg(u[A)) = Ny = Y N
T€ST(N)

Proof. We prove the result by induction on n > 1. For n = 1, the claim is true in view of
the discussion above. Now assume that the formula is established up ton — 1 > 1.

Recall that M, ()\) denotes the set of n-markings of A (see Notation 1). If 7 € ST(A),
then note that the subset 5(7) C A formed by the boxes with entry n — 1 in 7 is an
n-marking of A\. Indeed, the first condition in Definition 4.10 implies that 7 contains n — 1
boxes of entry n — 1 and that every box of the n-th row has entry n — 1, whereas the
second condition implies that in each of the first n — 1 rows only the rightmost box can
have entry n — 1.

An n-marking 5 of A is such that A — § = A — f(7) if and only if 5’ and '(7) have
the same number of boxes in each column, where 5 C 3, resp. /(1) C B(7), denotes the
subset formed by the boxes of the marking which are in the first n — 1 rows.

The number of boxes of 5(7) in the j-th column is the number b,_; ; and the number
of boxes of the j-th column which are the rightmost box of a row (apart from the n-th
row) is a,,—1 ;. This implies that the number of n-markings of A such that A— g = X\ — (1)
is

e M0 A- =5 =TT (;777)

§>1 bn-14

Note that two tableaux 7,7’ yield the same marking §(7) = B(7’) if and only if they
differ only by their subtableaux 7|.,_1,7'|<,_1 formed by the entries < n — 1, which in
fact belong to ST (A — 5(7)).

Moreover, we have

N =N 1 (an_u)'

i>1 bn-1

Let ST(\) =7 U...UT be the decomposition into classes for the equivalence relation
defined by letting 7 ~ 7" if B(7) = B(7’). For all i € {1,...,k}, let 8; = B(7;). Then
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Example 4.12.

reST(N)

namely

We have N, = (332
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>

i=1

S

TET;

ZZ Henoy " B E Mp(X) : A= B =X =B}

=1

TET;

Z#{BeM( )i A—B=X-p3}

2. 2 M

BEMn(N) 0€ST (A

ZNMB

BEMn (A

N

—B)

> N,

c€ST(A—B;)

(by induction hypothesis)

(by Theorem 4.6).
This concludes the proof of the theorem.

(a) For n = 5, let A = (2°).

b3,2

) (1) =

™ =

()G

only of binomial coefficients > 1), hence Ny

There
112 1/3
213 213
314, T2=|2|4|
3|4 314
414 414
)and N, = (‘;:)(

:NTI+NTQ

O

are two spin tableaux of shape A,

) = ( )( ) (keeping track

16+ ()6 =24

(b) For n =17, let A = (37). The spin tableaux of this shape are

1

1

3

2

4

2

5

3

4

1

OOV [ (0[N

OO OOV > [N
DD DO U = [ W

OOV || W (N

oottt
= == = CA N N

OO W (WD |~

= SIS PN PN N TN

DD |||

OO || W[+
O | OV OV > [ [

DD |||

OOV | |W(N [+
O | OV W [ [ [

DD [ ||

OOV W [ N[N [ =
|| W

DO DO | U

OO = [N [N

OOV OOV > [0 |
OO O[O | OV > |

OO W (NN |~
OOV U > [ oW
DO DO | T O~

OO [N [N |

O[OV b | [ O [
DYDY ||

?

)

Correspondingly, we get

Ny

)G
()

)+

(
)

)0+ ()
()G

)

)

2\ (3 (2
)+ (E)G)E)
646412436+ 1246+ 6 + 36 + 12] x 20 = 2640
which is therefore the multiplicity of the zero weight in S.

3
2

)G (C)E)
NG

w
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4.4 Two special cases
4.4.1 A multiplicative formula for weights

Our aim is to exploit Proposition 2.5 in order to obtain the following combinatorial relation.
Proposition 4.13. Let u € Part((gl);m) and ™ € Part((g);p) with 1 < p+ b, then
A= P+ s sDF P, Ty, Tp) € Part((g);n) where n =m+ p.
Moreover, A € P(n) if and only if p € P(m) and © € P(p), and we have
N, = N, x N;.

Proof. Clearly, A € Part((});n). By Definition 4.1, noting that

S =t () =20
the condition that A € P(n) is equivalent to having 337, u; < 320 (m — i) for all
je{l,...,m—1} and Zf;{nm < f;{”(p—z’) for all j € {m+1,...,m + p}, which is
equivalent to saying that u € P(m) and 7 € P(p).

The last formula of the proposition is clear if A ¢ P(n) in view of Proposition 4.5. So
assume that A € P(n), that is p € P(m) and © € P(p). Again, by Proposition 4.5, since
N, # 0 and N, # 0, we can find matrices a¥) € M,,({0,1}) and a® € M,({0,1}) as in
Remark 4.4, and such that u; = ag}*) foralli=1,...,m and m; = af*) forall j=1,...,p.

Let
B a1
“=\ 0 @

where 1 and O represent blocks whose coefficients are all equal to 1, resp. 0. Then
a;. =\ foralli =1,...,n. Moreover, the subset A C ®* corresponding to a in the sense
of Remark 4.4 is of the form A = A; U Ay where A1 C {¢;, —¢; : 1 < i < j < m} and
Ay C {e;i—€j i m < i < j < n} correspond to a®¥) and a'?, respectively. By Proposition 2.5,
we deduce:

Ny = multg(p(A)) = multg(p(Ay)) x multg(p(As)) = N, X Nr.

This concludes the proof. O

Example 4.14. If © = (2,2,1,1) € P(4) and 7 = (1,1,1) € P(3), then we get that
A=(5,54,4,1,1,1) € P(7) and Ny = N, x N, =4 x 2 = 8.

4.4.2 The case of a shift of p(g) by a single root

Here, we consider a weight of the form pu = p(g) — a where a € &7 is a positive root. If «
is a simple root, then = s,(p(g)), mults(x) = mults(p(g)) = 1, and x is not dominant.
In the case where « is not simple, we show that u is always dominant and we compute its
multiplicity.
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Proposition 4.15. Let o = ¢;—¢; with1 <1i < j <n andj—i > 1, so that o is not a simple
root. Then p = p(g) — « is a dominant weight. Under the notation of Definition /.3, we
have p = p[A] where A = (A1,...,\p) € Part((g);n) is the partition/Young diagram
obtained from \° = (n — 1,n — 2,...,0) by moving one box from the i-th row to the j-th
row. Moreover, multg(p) = 277171,

Proof. In the sense of Remark 4.4, the weight p(g) = p[\°] corresponds to the matrix
a’ € M(q) given by a), = 1if k < £ and a, = 0 otherwise, while 1 = p(g) — (¢; — ¢;)
corresponds to the matrix a € M(q) with a;; = 0, a;; = 1, and a, = a), for any other
pair (k,¢). Since p = pu[A\] with A = (a4, ...,a,.), we deduce that X is obtained from \°
as described in the statement.

It remains to show that N, = 2/~ we proceed by induction on n. If i > 1 or j < n,
then we can apply Theorem 4.6 with p = 1 or p = n, so that the claim follows from the
induction hypothesis. Hence it remains to deal with the case where i = 1, j = n, that is,
A=m—-2,n—2,n—-3,n—4,...,3,2,1,1). We aim to apply Theorem 4.6 with p = 1. A
1-marking 8 of A is obtained by marking the first row of A and an additional box in the
¢-th row for ¢ € {2,...,n}. Then let A(@ be the Young diagram A\ — 3 so obtained. We
have

Ny = Z Ny -
q=2

For ¢ € {n —1,n}, we have A9 = (n —2,n —3,...,2,1,0) hence N, = 1 in this case.
For 2 < ¢ < n — 2, we have

)\(Q):(n—Q,n—?),,n—(q—l),n—(q+1),n—(C_I‘I'l)’n—(Q‘i’Q)aa3a27171)7

hence MA@ is obtained from (n—2,n—3,...,2,1,0) by moving one box from the (¢ — 1)-th
row to the (n — 1)-th row. Hence N, = 2"797! due to the induction hypothesis. This
yields

Ny=2"3 42" 4 4224241 4+1=2""7

as claimed. The proof is complete. O

Remark 4.16. All multiplicities (# 1) computed in Example 4.7(b) that are powers of 2
are multiplicities of weights of the form p(g) — @ with a a non-simple positive root.

5 The case of maximal parabolic subalgebras for g = sl(n)

In this section we assume that b is a Levi subalgebra of a maximal parabolic subalgebra.
Specifically we can assume that

b="b(p,q) = {(g 2) rx € gl(p), y € QI(Q)}
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e 9= {(? 8) 12 EMy(C), tE M‘”’(C)} |

We use the notation introduced in Section 3.1. Thus, the composition of n associated to
his ¢ = (p,q), and we have
g = (Q7"'7q7p7"'7p>'
S— S~
p times q times

The set M(q) encoding the weight vectors of S is of the form

- (3 )

with (a;;) € Mp4({0,1}) and (a; ;) = 14, — *(a;;) where 14, stands for the (¢,p) sized
matrix with all coefficients equal to 1. Thus, there is a bijection

0 (i)
¢ M,,({0,1}) = M(q), ai7-»—>< ’J).
rq({0,1}) (9), (aiy) 1,,— t(ai,j) 0
In this way, the weights and weight vectors of S can be associated to the matrices of the
set M, ,({0,1}). Note that, contrarily to the case of M(q), there is no constraint on the
coeflicients of elements in M, ,({0,1}), in particular all entries can be equal to 1.
The weight corresponding to a = ¢((a;;)) is

pae = (a1 . S S a, —E)
a ¥ 27 ) Py* 27 1,% 27 » g% 2
= (=4 e —Lp—a,-L.  p-a,-D)
Sk 27 9 D,* 27 *, 27 9 *,q 2
= (Cll —ga —g]—)—al E—a )
AR A B o
Note that the lists & = (a14,...,0,4) and f = (Guy, ..., 0.1) are sequences of integers

with at most p (resp. ¢) parts. We can also note that, by considering the action of the
group W(h,t) = &, x &, on the weights, we can restrict our attention to weights of the
form

o= (1, .. s V1, Vy) With g > ... >p,and vy > ... >,

i.e., weights for which o and [ above are partitions of the same number, with at most
p (resp. q) parts (as before we identify a weight u = bie; + ... + b,e, with the n-tuple
(b1, ..., by)).

This suggests to consider the set
P
P = |_| {(a, B) : @ (resp. () partition of m with at most p (resp. q) parts}
m=0
and the map

P 3 (@ 8) = pla B) = (a1 = 5,0 n0p =

NS
N3

_ﬁqw"ag_ﬁl)‘
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Given («, 8) € P, let

a,j=p; forallj=1,...,q

M, (o, B) = {(ai,j) € M,,({0,1}) : { a«=co; foralli=1,...)p } .

Then we have the following lemma.

Lemma 5.1. (a) u(a, ) € A(S) & M, ,(a, 5) # 0.

(b) If the conditions of (a) are satisfied, then multg(p(c, B)) = #M, (. 5).

Therefore, determining the multiplicities of the weights of the spin module S attached
to the Levi subalgebra b = h(p,q) with two blocks, becomes equivalent to the following
combinatorial problem:

Determine the number of matrices with coefficients in {0,1}, for a fized size and
prescribed sums along rows and columns.

In particular, this problem will be addressed in Theorem 5.10 below.
Recall the dominance order < defined in Section 4.1. By ‘a we denote the dual partition
of a = (ay,...,ap), le, ‘o= (af,...,a,) where

o =#{i=1,....pra; > j}.
Proposition 5.2. Let (o, §) € P.
(a) If B = ta, then mults(u(e, B)) = 1.
(b) If B < ta, then mults(u(a, B)) > 1.

(c) If B A ', then mults(pu(a, 3))
Proof. This follows from Proposition 5.8 and Theorem 5.10 below. O

0.

Corollary 5.3. Let P’ = {(«, ) € P : 5 = ta}. Let N'(S) C A(S) be the subset of weights
o= (1, fhps V1, . ., Vq) Satisfying the condition

> >, > >y,

Then the map
P = N(8S), (o, 8) = p(e, B)

18 bijective.

Remark 5.4. Every weight in A(S) is obtained from a weight in A’(S) by the action of an
element in W (h, t) = &, x &,. Thus, the corollary determines also the elements of A(S).
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Example 5.5. Let p = g = 2. There are 9 partitions of numbers < 4 with at most 2 parts:

(4), (3,:1), (2,2), (3), (2,1), (2), (1, 1), (1), 0.
We have
f4)= (11,3, 1) = (2,1,1), 1(2,2) = (2,2), '(3) = (1,1, 1)
"(2,1)=(2,1),"(2) = (1,1), "(1,1) = (2), (1) = (1), "D = 0.

We have in this case

P ={((2:2),(2,2)), ((2,1),(2,1)), ((2),(1,1)),
((1,1),(1,1)), ((1,1),(2), ((1),(1)), @,0)}.

The set of weights p(a, 5) associated to the elements (o, 8) € P’ is correspondingly
A/<S) = {(17 1, -1, _1)7 (17 0,0, _1)7 (17 —-1,0, 0)7 (O, 0,0, 0)
(0,0,1,-1), (0,—-1,1,0), (—=1,—-1,1,1)}

The elements of A(S) are obtained from those in A’(S) by permuting the sequences
through the action of W (h,t) = &5 x G, thus

A(S) = A (S)u{(0,1,0,-1), (0,1,-1,0), (1,0,—1,0), (—1,1,0,0),
(0,0,—1,1), (—=1,0,1,0), (=1,0,0,1), (0,—1,0,1)}.

Finally, for each pair («, 8) # ((1,1),(1,1)) in the set P’, we have 8 = '« hence every
nonzero weight of S has multiplicity one. Moreover, multg(0) = #Ma2((1,1),(1,1)) = 2.

To show Proposition 5.2, we rely on the following combinatorial notion.

Definition 5.6. If (o, ) is a pair of partitions of the same size, we call row-tableau of shape
a and weight $ a numbering of the boxes of « (viewed as a Young diagram) such that
the numbering comprises of 3; occurrences of ¢ for all integer 7, and such that the entries
increase from left to right along the rows. Let RT'(«, 5) denote the set of row-tableaux of
shape o and weight .

Example 5.7. (a) If a = (2,2,2) and 8 = (3,3) then the only row-tableau of shape «
and weight [ is

112
2
2

—_

—_

(b) The tableau

=~

WIS

‘l\)»—w—\c,o»—t
=N O N
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is a row-tableau of shape a = (3,3,3,2,1) and weight § = (3,3,2,2,1,1).
Proposition 5.8. Let (o, ) € P. Then:
(a) RT(a, ) # 0= = 'a;
(b) B="a= #RT(a,p) = 1;
(c) B='a= #RT(a,pB) > 2.

Proof. (a) If T is an element of RT'(«, (3), for each number j € {1,...,q} each occurrence
of it is located within the first j columns of 7. This implies that

#{entries < j in T} < #{boxes in the first j columns of T'}
which exactly means that
b+ +B<ai+...+a; forallj=1,...,q

(where ‘o = (), ..., ), whence 3 < ‘a.

(b) If 8 = ‘a, then the number of j’s in T' coincides with the length of the j-th column,
hence T must be the unique tableau such that the entries of the j-th column are all equal
to j, for all j.

(¢) We first note that if 8 < ‘«, then §3 is obtained from ‘a by a sequence of operations
of the form (81, ..., ) = (B, ..., By) (with ¢ = g or g+1) where thereare 1 < j < k < ¢
such that

Then, for showing (c), it is sufficient to show that if ' is obtained from / by such an
operation, then every element T" € RT(«, f3) induces two elements of RT(«, ). Now,
since 3’ is still nonincreasing, we must have 5; — 8y > 2. Hence there are at least two
rows of T" which contain an entry j and no entry k. Choosing any of these two rows, by
replacing the entry j of that row by k£ and rearranging the row in increasing order, we get
a new tableau which belongs to RT'(«, 8'). The proof of the proposition is complete. [

Example 5.9. To illustrate the last step of the proof above, take for instance the partitions
a=(3,3211),8=(32221), 8 =(2,2,222):

1124 21415 1124
1135 1135 1135
T=|2[3] €RT(a,B) vyields [2]3] , |2|13] € RT(a,p).
4 4 4
1 1 19

Theorem 5.10. Let (o, 5) € P. Then, mults(u(a, B)) = #M, (a, B) = #RT (o, ).
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Proof. The first equality is shown in Lemma 5.1. To prove the second equality, we define
a map M, ,(«a, 5) = RT(a, ) in the following way.

Given a matrix a = (a;;) € M,4(c, 3), we let T'(a) be the tableau obtained in the
following way:

Fori € {1,...,p}, there are «; coefficients of the i-th row of a which are equal to 1. Let
Ci1 < ... < G, be the column numbers of these coefficients. Then, we put the numbers
Cils- - - Ciq, in the i-th row of T'(a). We illustrate this procedure in 5.11.

In this way T'(a) is certainly a tableau of shape «, where the entries appear in increasing
order in each row. Moreover, for every j € {1,...,q}, there are f; instances of the number
1 in the j-th column of a, which implies that there are exactly 8; row numbers ¢ for which
Jj € {ci1,....Cia;}. Hence T(a) contains exactly §; entries equal to j. This shows that
T(a) € RT(«, B). Hence the map a +— T'(a) is well defined.

Conversely, we define a map RT(«a, 5) = M, (a, ). Given T' € RT (v, 8), let ar be
the matrix of shape (p, ¢) defined in the following way: For (i,j) € {1,...,p} x{1,...,q},
let

(ar)i; = 1 if the entry j appears in the i-th row of 7',
T/l =1 0 otherwise.

In this way, the number of 1’s in the i-th row of ar coincides with the number of entries
in the ¢-th row of T', which is equal to a;, and the number of 1’s in the j-th column of ar
coincides with the number of j’s in 7', which is equal to ;. Hence, we have ar € M, ,(a, ).

It is now straightforward to check that the maps a — T'(a) and T +— ap are mutually
inverse, which yields the desired bijection M, ,(c, 8) = RT'(«, ). O

Example 5.11. We illustrate here the map T from the above proof. For instance, for
a=(3,3,2,1,1) and 8 = (2,2,2,2,1,1), we have:

01 1 100 213714
11000 1 11216
a=]100101 0[eMsgaB) = T(a)=3]5] €RI(a,p).
000100 14
100000 1]

Index of notation

§1.1: tg, tf, multy (u), W(h,t).

§12 9,4, b, q, p*, , (b), Ba), B, & (5), B (a), pla), p(b), pla), W(g, 1), S, A(S),
w(A), multg(S).

§2.1: “S, b, “q, W', h(c).

§2.2: py, I1, @1, @7, ;(q), 7 (q), Sr, pur(A).

§3: €, oy, w;.

§3.1: o, M(q), ta, Gix, Q.

§3.22 mult(cl 77777 Ck)(bl, ce ,bn), 'Pk(X), 1J.

§4.1: Part((5);n), P(n), A < X, A%, u[A], AT(S).
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§4.2: Ny, M,(\).
§4.3: ST (M), N,.
S5 o 9), for, N(S). RT(a §)
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