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Well-Rounded ideal lattices of cyclic cubic and quartic fields

Dat Tan Tran, Nam Hoai Le, Ha Thanh Nguyen Tran

Abstract. In this paper, we find criteria for when cyclic cubic and cyclic quartic
fields have well-rounded ideal lattices. We show that every cyclic cubic field has at
least one well-rounded ideal. We also prove that there exist families of cyclic quartic
fields that have well-rounded ideals and explicitly construct their minimal bases. In
addition, for a given prime number p, if a cyclic quartic field has a unique prime ideal
above p, then we provide the necessary and sufficient conditions for that ideal to be
well-rounded. Moreover, in cyclic quartic fields, we provide the prime decomposition
of all odd prime numbers and construct an explicit integral basis for every prime
ideal.

1 Introduction

A well-rounded (WR) ideal lattice or a WR ideal is an ideal of a number field for
which the associated lattice is well-rounded. WR ideal lattices can be used to investigate
various problems such as kissing numbers [21], sphere packing problems [18, 17], and
Minkowski’s conjecture [22]. They also have a variety of applications to coding theory
[14, 13]. Previously, Fukshanksy et. al. proved results on WR ideals in real quadratic fields
[12, 11], and Araujo and Costa obtained results on WR lattices (but not necessarily for
WR ideals) of cyclic fields with degrees equal to odd primes [8]. Generalizing this work,
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Damir and Mantilla-Soler [7] construct a parametric family of WR sub-lattices of a tame
lattice with a Lagrangian basis. Another generalization of WR lattices are WR. twists of
ideal lattices which are investigated for real quadratic fields in [5] and for imaginary fields
in [19]. In [26], it is shown that for any lattice L there exists a diagonal real matrix D
with determinant equal to one and with positive entries such that DL is WR. Further, [4]
provides an analysis of some WR lattices used in wiretap channels, and [6] shows how to
use WR lattices to optimize coset codes for Gaussian and fading wiretap channels.

In this paper, we investigate WR ideals of cyclic cubic and cyclic quartic fields. In
the cyclic cubic case, let F' be a cyclic cubic field with discriminant Ar and Galois group
Gal(F) = (o). If a prime p divides Ap, it is ramified in F' and pOr = P3 for a unique
prime ideal P and o'(P) = P for i € {0,1,2}. If = is a shortest vector in P and the set
{o'(z) : 0 <14 < 2} is linearly independent, then P is WR (see Definition 2.1). This idea is
not valid only for prime ideals: it also works for other ideals whose norms divide Ap (for
example, ideals of the form [, P/"* where P; are ramified prime ideals and 0 < m; € Z).
We can also do similarly for cyclic quartic fields with some modifications.

Our experiment: To implement the idea outlined above, we do the following: First,
we find the defining polynomials of cyclic cubic and cyclic quartic fields. Using these
polynomials together with Pari/GP [28], we generate a list of all integral ideals of norms
bounded by a certain number for each field. We then test which ideals in the list are WR
by listing the shortest vectors of each ideal, using the function qfminim in Pari/GP. We
check if their conjugates form a set of rank 3 in R? (for the cyclic cubic case) or rank 4
in R* (for the cyclic quartic case). After identifying the WR ideals we examined their
properties such as the geometry of their integral bases, the coordinates of shortest vectors
with respect to a given integral basis, etc., and formulated conjectures. Finally, we proved
these conjectures.

Our contributions: Our main contribution is establishing the conditions for the
existence of WR ideal lattices in cyclic number fields of degrees 3 and 4. For cyclic quartic
fields, we consider both the real and complex cases. The results can be seen in Theorems
1.1 — 1.6. This is the first time such results are obtained for these classes of number fields.
Further, we give families of cyclic cubic and cyclic quartic fields that admit WR ideals. We
explicitly construct minimal integral bases of these ideals, which have applications in coding
theory [14, 13]. Our other major contribution is that we provide the type decomposition of
all odd primes in cyclic quartic fields (see Theorem 4.18) and construct an explicit integral
basis for every prime ideal (see Section 4.1).

The results in Theorems 1.1, 1.3, 1.4, 1.5, and the one in Theorem 1.2 where 3 | m are
new and have not been studied before. The WR ideals presented in these theorems are
generally not tame and are hence not mentioned in [7]. In [8], WR ideals of quartic fields
(found in Theorems 1.4 and 1.5) and of cyclic cubic fields with 3 | m (found in Theorem
1.1.i), Theorems 1.2 and 1.3) are not investigated. For the case of cyclic cubic fields where
31 m, it has been showed that if T < q* < 4m then Q is WR [8, Theorem 4.1]. For this
last case, we used a different technique to prove that this condition is not only sufficient
but also necessary (see Theorem 1.2). Moreover, the ideals in Theorem 1.1.i) have larger
norms, m?, which fall outside the range of [m/4,4m], and thus, they are distinct from
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those discussed in [8, Theorem 4.1].
We remark that in this paper, all the ideals are integral, and we only consider the
well-roundedness of an ideal if it is primitive.

The following theorem regarding cyclic cubic fields can be obtained from Propositions
3.7, 3.11 and 3.18.

Theorem 1.1. Every cyclic cubic field F' has orthogonal and WR ideal lattices. In partic-
ular, denoting by m the conductor of F', we have the following.

i) If 94 m, then the unique ideal of norm m? is orthogonal and WR.
ii) If 9 | m, then the unique ideal of norm ’;‘—; 15 orthogonal and WR.

Moreover, we obtain the following theorem by combining Propositions 3.8, 3.15 and 3.20.

Theorem 1.2. Let g be a square-free divisor of the conductor m of a cyclic cubic field F.
There is a unique ideal Q) of O such that N(Q) = q. In this case, Q) is WR if and only if
the following conditions are verified:

o 2 < ¢® < 4m when 3fm, or

e 3|q % <q¢* <4m when 3| m.

When the conductor of a cyclic cubic field is divisible by 9, we have the following result
(see Proposition 3.25).

Theorem 1.3. Let m = 9pypy - - p.(r > 2) and q,q" be two coprime divisors of pipa - - pr.
The unique ideal of norm 3¢*q’ is WR if and only if 3 < qq? < %”.

Combining Theorem 4.18, Propositions 4.19, 4.20, 4.21, 4.22 and 4.23, one obtains the
following theorem.

Theorem 1.4. Let F be a cyclic quartic field defined by a,b,c,d as in (3) and pr | d, q;5 | a
such that d is a quadratic non-residue modulo q for each prime divisor q of q;. Then there
are unique ideals of norms pr and qy, denoted by P; and Q) ; respectively. Let

M = {16q3d, 8|ald, 4g7d + 4|ald, 16piq7, 4p7qs + 4lald, 4piq; + 4q5d} .
Then the ideal P;Q; is WR if and only if

d=1 (mod4),b=1 (mod2),a+b=1 (mod4),
and  p}qs + q¢5d + 2|ald < min M.

Theorem 1.5. With the notation given in Theorem 1.4, the following hold.

i) The lattice Py is WR if and only if d =1 (mod 4), b=0 (mod 2), a+b=1 (mod 4)
and one of the following conditions is satisfied.
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e |a| =1 and td < pj < 5d,
e |a| =3 and d < p? <9d,
e |a| =5 and Id < p? < 5d.

i) The lattice Qy is WR if and only if d =5, b=2, c=1 and |a|] < ¢% < 5lal.

Note that the proof of Theorem 1.5 is presented after the proof of Proposition 4.23.

For cyclic quartic fields F', considering any odd prime integer p, Theorem 4.18 provides a
classification of classes of prime p based on the ideal factorization of pOp. This can be done
for F because its defining polynomial (see in (3)) has the special form (22 — ad)” — a2b?d.
However, this has not been done for cyclic cubic fields since we do not know how their
defining polynomials (see in (2)) are factorized modulo an arbitrary prime.

Let p be any prime number. Based on the result of Theorem 4.18, we can establish
necessary and sufficient conditions on p to have a unique prime ideal above p. Given this
condition and by Theorem 1.5, we obtain conditions which are equivalent to the well-
roundedness of these prime ideals as below.

Theorem 1.6. Let F' be a cyclic quartic field defined by a,b,c,d as in (3) and a prime p.
There is a unique prime ideal of Op above p if and only one of the following conditions is
satisfied.

i) The prime p | d.
ii) The prime p | a and d is a quadratic non-residue modulo p.
iii) The prime p 1 abed and d is a quadratic non-residue modulo p.

Moreover, let P denote the unique prime ideal of O above p. Then P is WR if and only
if the conditions in Theorem 1.5 are satisfied.

Explicit minimal bases of these WR ideals can be seen in the above-mentioned propo-
sitions and Lemmas. Additionally, since Ag is given in (4), Theorem 1.6 also tells us that
if Or has only one prime ideal P above a given prime p, then P being WR implies that

The structure of this paper is as follows. Section 2 serves to provide an initial review of
WR ideal lattices and their properties, defining polynomials, integral bases, discriminants,
and prime factorizations of ideals in cyclic cubic and cyclic quartic fields. We then inves-
tigate WR ideals of cyclic cubic fields in Section 3 and of cyclic quartic fields in Section 4.
Finally, in Section 5 we provide some conclusions and a conjecture related to WR ideals
of these fields for future research.

2 Background

In this section, we will recall some fundamental knowledge about WR ideal latices,
cyclic cubic, and cyclic quartic fields.
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2.1 Well-rounded ideal lattices

Let B = {vy,vs,...,0,,} be a linearly independent set of vectors in R", 1 < m < n.
The set L = {1, a;v;]a; € Z} is called a lattice in R™ of rank m and the set B is said to
be a basis of L. In case m = n, we say that L is a full rank lattice.

The value |L| = mingzueq [Jul]? is called the minimum norm of the lattice L C R",
where ||.|| denotes the usual Euclidean norm in R™, and the set of minimum vectors of L
is defined as

S(L) :={u€ L+ |lul* = |L[}.

Definition 2.1. Let L be a lattice in R™.

1. The lattice L is WR if S(L) generates R", that is, if S(L) contains n linearly
independent vectors.

2. The lattice L is said strongly WR if S(L) consists of a basis of L. In this case, we
call this basis a minimal basis of L.

For lattices in dimensions at most 3 and most lattices in dimension 4, WRness and
strong WRness are equivalent by [21, Corollary 2.6.10].
We denote by B is an n X m-matrix whose columns are the vectors of B.

Definition 2.2. Let L be a lattice of rank n and its matrix basis B. The determinant
of L, denoted by det(L), is defined det(L) := y/det(BTB). In the special case that L is a
full rank lattice, B is a square matrix, then we have det(L) = | det(B)]|.

The determinant of a lattice is well-defined since it is independent of our choice of basis
B. Indeed, By and Bj are two bases of L, if and only if By = B;U for some unimodular
matrix U with integer entries. Hence,

det(B] By) = \/det(UT BT B,U) = \/det(B B,).
We recall the following result.

Lemma 2.3. Let L and L' be two full rank lattices in R™ (n > 1). Assume that L' C L
and det(L) = det(L"). Then L' = L.

Proof. Let B, B’ be bases of L, L', respectively. Suppose B’ = BA, then

[ det(B)|  det(L)

= Tdet(B)| ~ det(z) _ "

L: L] = |det(A)]

Hence, L = L. m

Let F' be a number field of degree n and signature (r1,79). Then F' has r| + o em-
beddings up to conjugation: oy,...,0,, 1., Where the first r, of them are real, and the
remaining ro are complex. We denote by ® : FF — F® R = R™ x C™ the map defined
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by ®(f) = (o1(f), -+ ,0m4m(f)). Here R™ x C™ is a Euclidean space with the scalar
product: (u,v) =Y "1, uv; + 2 Z:ihH R(u;v;) where v; is the complex conjugate of v;.

Let @ be a (fractional) ideal of F. Then it is known that ®(Q) is a lattice in R™ x C
by [1]. By identifying @ and ®(Q), one has that ) is an ideal of F' and also a lattice in
R™ x C™. Hence, we call ideals of F' ideal lattices, see [1] and also [25, Section 4] for more
details. An ideal lattice @ is called WR if the lattice ®(Q) is WR.

2.2 Cyclic cubic fields
Let F' be a cyclic cubic field with conductor m. By [20, pp.6-10], one has

a® + 3b?
m= )

where a and b are integers satisfying one of the following conditions,
e a =2 (mod 3), b=0 (mod 3) and b > 0 for 3 fm;
e a=6 (mod9), b=3or6 (mod9) and b > 0 for 3|m.
We recall that the conductor m of F' has the form
m=qiq2 " qr;
where r € Z~o and ¢y, - - - , g, are distinct integers from the set
{9} U{q:qisprimeand ¢ =1 (mod 3)} ={7,9,13,19,31,37,...}.

The discriminant of F'is Ap = m?. See Hasse [15] for more details. From [20], the following
polynomial, denoted by df, can be used to define F,

3 .2, 1-m,  m(a—3)+1 if 3 /{/
d _Jz 5+ 5T 77— 1 m ‘ 9
f(z) { x3 — T — 97, if 3|m 2)

Let m =py---p. orm=9-py---p,, where all the p; are distinct prime numbers congruent
to 1 modulo 3. We arrange the p; such that 3 =pyg < p; <ps <--- < p,.
From now on, we denote by « a root of the defining polynomial df(x) in (2).

Lemma 2.4. Let id; = [Op : Z[a]]. Then p; does not divide the index ids for all i > 0.

Proof. We suppose by contradiction that there exists ¢ > 0 such that p;|ids. By (2), we
can calculate the discriminant of df as

m?2(4m — a?)

A =
v 27
Since F' has discriminant m?, one must have id? divides 4’”2;“2 or equal to 4”12;“2. Thus,
p? divides %. Moreover, p;/m. It leads to p?|m which implies that p; = 3 since 3 is

the only prime of which square divides the conductor m given in (1). In other words, 3|m

and hence 9 divides 47”2;‘12 = % which is a contradiction since b = 3 or 6 (mod 9) in (1).

Thus, p; fids for all i. O
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We prove the following.

Lemma 2.5. Let g € Op\Z. Then Tr(g) # 0 if and only if {g,0(g),0%(g9)} is R-linearly
independent.

Proof. 1t is implied from the following equality

g oalg) ()
olg) o*g) g |=-3(g+0lg)+0%9)((g—0alg))?
o*(g) g oy +(

2.3 Cyclic quartic fields

We first recall the facts about cyclic quartic fields and their properties. See [16] for
more details. Let F' = Q(3) where a, b, ¢, d are integers such that a is squarefree and odd,

d = b + ¢ is squarefree, b > 0,¢ > 0, ged(a,d) = 1 and 8 = y/a(d — bv/d). If a > 0 then
F is a totally real cyclic quartic field. If a < 0 then F'is a totally imaginary cyclic quartic
field.

A defining polynomial of F', which is also the minimum polynomial of 3, is

df (z) = 2* — 2adz? + a*c*d. (3)

It is easy to verify that the discriminant of df (z) is Ay = 256a°b*c*d® and by [16], the

discriminant of F' is

28a’d® ifd=0 (mod 2),

2602 ifd=1 (mod 2),
( )
( )

1 (mod 2),
0 (mod?2),a+b=3 (mod4),
0 (mod2),a+b=1 (mod4).

Ap = (4)

2%a’d® ifd=1 (mod 2),
a’d? ifd=1 (mod 2),

b
b
b

Let idy be the index of Z[S] in Op. Then, by (4), id3 divides the following quantity
a’b’c ifd=0 ( )
Ay J2a°°c  ifd=1 ( ), b=1
Arp ) 22a%%¢ ifd=1 (mod2),b=0 (mod2),a+b=3 (mod4),
2%a?b?c  ifd=1 ( ), b=0
For K = Q(v/d), we always have the tower of field extensions
Q<K<F (6)
The field F' has four embeddings: 1,0, 02, 0 where

o:Br0a(B), oB)— =5, Vd —s —Vd. (7)
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In case a < 0, the field F is totally complex and the four roots of df (x) are the following:

B,—B,0(B) = r/a(d + b/d), —c(B), which are all in Ri. Here one has 1 = ¢ and & = ¢°.

Thus F' has two embeddings 1 and ¢ up to conjugation. For § € F, we embed it to
(6,0(8)) € C? which is then can be viewed as (R(5), S(9), R(c(9)), S(c(d))) € R*. The
four roots of df(x) are totally imaginary hence, they have the form (0, 21,0, z3) for some
21, 22 € R when embedded in R*.

In case a > 0, the field F' is totally real and the 4 roots of df(z) are the following:
B,—B,0(8) = \/a(d+ b/d),—o(3), which are all in R. When we embed an element
§ € F in R, we obtain the vector (6, 0(d),02%(d),03(d)).

Although the embeddings of imaginary and the totally real fields are different, we can
still verify that if § = s, + 59v/d + 538 + s40(f) € F where 5; € Q for all i € {1,2,3,4},
then

101> = 4 (s1 + s3d + |a|ds3 + |a|ds?) . (8)

In particular,
18]1* = 4lald.

Remark 2.6. The following integral basis B = {7{,4, 74,74} in this order of F' is provided
in [16] which we will use in the later sections.

1) {1,\/3,0(5),5}, if d=0 (mod 2);
if) { L1+ Vd), o(B), } ifd=b=1 (mod 2);

iif) {

l\’ﬁl»—t

(1+Vd), 3o(8) + 6), 3((8) - )}, if

d=1 (mod2),b=0 (mod?2),a+b=3 (mod4);
) {1,301+ Va), 11+ Vd+0(8) - B), 41 - Vi +0(8) +8) }, if

d=1 (mod?2),b=0 (mod2),a+b=1 (mod4), a=—c (mod 4);
v) {130+ VA, 31+ Vi+o(8) + ), 31 = Vi +o(8) - A} if

d=1 (mod2),b=0 (mod2),a+b=1 (mod4),a=c (mod4);

where 8 = y/a(d — bv/d) and o(f) = \/a(d + bV/d).

Lemma 2.7. Let § € Op\Z. Then Tr(5) # 0 if and only if the set {0, 0(0),0%(8),0%(0)} is
R-linearly independent.
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Lemma 2.8. One has the following results.

N (\/Zl> — &, N()=da’?d, N (5 *;(5)) - aszd, (9)
B-Vd=co(B)—bB, o(B):Vd=cB+bo(B). (10)

Proof. 1t is easy to verify all equalities in (9). Hence, we only claim two equalities in (10).
It is sufficient to show that $v/d = co(8) — bS. Indeed, one has

_acd _ FroB)_ (B+a(B) —20(8)8 _ (B+a(B)’
= R T 26(9) 2@
Moreover, Ja
C(ﬁ—i—a(ﬁ))Q:C ad + acvd o .
2%(9) s aya e
Therefore 8v/d = co(8) — bp. O

Lemma 2.9. Let a,b,c,d, F, (3 in (2) and p be a prime number. Then:
i) If p | d then pOp = P* where P = (p, B) is the unique prime ideal of O above p.

ii) Assume that p is odd, p 1 abed and d is not a quadratic residue modulo p. Then pOp
s tnert in F.

iii) Assume that p is odd, p{ abed and d is a quadratic residue modulo p where z is such
that d = 2* (mod p).

If ad + abz, ad — abz are quadratic residues modulo p with
ad+abz =t;, ad—abz=t; (mod p),
then pOpr totally splits in F, i.e, pOp = P, P, P3Py where
Pr=(p,f+t), o=(p,B—t1), B3=(p,f+ 1), Pr=(p,B—1a)
are all prime ideals of Or above p. Otherwise, pOr = P, P, where
P, = (p,abz + abV/d), P, = (p, abz — abV/d)
are all prime ideals above p.

Proof. In all the above cases, the prime p is not a divisor of index id, (see (5)). By using
the result on the decomposition of primes [2, Theorem 4.8.13], the prime composition of
pOp can be obtained by factorizing df (x) over Z,. Note that df (z) = (22 — ad)’ — a2bd.
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i) If p | d, then df (z) = z* (mod p) and thus pOp = P* where P = (p,8) and P is a
unique prime ideal above p.

ii) To prove ii, it is sufficient to prove df(z) is irreducible in Z,[z]. By contradiction,
suppose that the polynomial df(z) is reducible over the field F,. Since d is not a
quadratic residue modulo p, df (x) has no root in Z,. We now claim that df (z) cannot
be decomposed into the product of two quadratic polynomials. Indeed, if

df (z) = (2* + Az + B) (2" + Cz+ D)  (mod p),
then
A+C=0, B+ D+ AC =2ad, AC + BD =0, BD = a*’c*d (mod p).
This implies that
A=-C,C(B—-D)=0, BD =d*?*d (mod p).

The integer C' must be nonzero because otherwise BD = 0 = a?c?d and thus p | acd,
contradicting the assumption that p  abed.

From A = —C (mod p), C'(B — D) =0 (mod p) and C being nonzero, one obtains
B =D (mod p) and thus D* = BD = a*c*d (mod p), which also contradicts the fact
that d is a quadratic non-residue modulo p. This means df (z) is irreducible over Z,
and hence pOp is prime.

iii) One has
df (z) = (2% — ad)2 —a’b*2” = (2° — (ad — abz)) (2* — (ad + abz)) (mod p).

If 2% — (ad — abz) and 2% — (ad + abz) are irreducible over F,, then pOp = P, P, where
Py = (p,abz 4+ ab\V/d), P, = (p,abz — ab\/d). Otherwise,

df () = (x —t1) (x + t1) (x — t3) (x +t3) (mod p).
Thus, pOr = P, P, P3P, where
Pr=(p,f+t), Bo=(p,B—t1), = (p,f+t), Pa=(p,B—1t)
are all prime ideals of Op above p.

]

In the Lemmas 2.10 and 2.11, we will consider prime divisors of the index of the field.
In these cases, we cannot apply the result on the decomposition of primes [2, Theorem
4.8.13], instead, we can apply [2, Proposition 6.2.1].

Lemma 2.10. Let a,b,¢,d, F, K, 5 be as in (2) and p be a prime number. Then:
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i) Assume p | a. If d is a quadratic non-residue modulo p, then there is a unique prime
ideal P above p and pOp = P2%. If d is a quadratic residue modulo p then there are
exactly two prime ideals Py, Py above p and pOp = PEP%.

ii) Assumep | c andpta. If2a is a quadratic non-residue modulo p, then there are exactly
two prime ideals Py, Py above p and pOp = Py Ps. In this case, P, = (p,ad — ab\/a)
and Py = (p,ad + ab\/@. Otherwise, let 2a = [* (mod p). Then pOp = P, P,P3P,
where Py, Py, Py, Py are all prime ideals of O above p, with

Py = (p,B—1b), Py = (p,B+1b), P3P, = (p, 5°),

and each ideal Py and Py 1s coprime with the ideals P, and Ps.

Proof. i) We have pl|a, hence p|Ar by (4). Thus, p is ramified in F', i.e., one has that the
prime decomposition of pOp is of the form P*, P2QPZ or P? where P, P;, P, are prime
ideals above p of Of since F is Galois. On the other hand, we have ged(a, d) = 1, so
p1d and (%) # 0 and therefore p is unramified in K = Q(v/d). As a result, pOp is
not of the form P?* but instead pOp = P?P§ or pOr = P?. Now, if d is a quadratic
residue modulo p, it implies that p splits in K. It follows that pOr = PZP}. In the
other cases, d is not a quadratic residue modulo p, which implies p is inert in K and
hence pOp = P2,

ii) If p | ¢ then d = b* (mod p),b # 0 (mod p) and thus df (z) = 22 (z* — 2ad) (mod p).
If 2a is a quadratic non-residue modulo p, then 22 — 2ad is irreducible modulo p. By
[2, Proposition 6.2.1], we have pOp = P, P, where P, = (p, 3?), P» = (p, 3* — 2ad) and
Py, P, are co-prime. Since 22 —2ad is irreducible, P, is prime, and thus P; is also prime
as F'is Galois. Hence, there are only two prime ideals of O above p, namely P; and Ps.
Similarly, considering the remaining case and by [2, Proposition 6.2.1], one has that
df (z) = (x — Ib) (x + 1b) 2? and pOp = PP, A where P, = (p, 3 —Ib), P, = (p, 3+ Ib),
A = (p, 8%). Moreover, [2, Proposition 6.2.1] also yields that P;, P, are prime and due

to the Galois property of F'; A = P3Py.
]

Lemma 2.11. Let a,b,c,d, F, K, be as in (2) and p be an odd prime divisor of b such
that pta. Then:

i) If a is a quadratic non-residue modulo p, then there are at most two prime ideals above
p in Op and pOr is equal to the product of these prime ideals.

ii) If a is a quadratic residue modulo p, then there are at least two prime ideals above p
i O and pOr 1s equal to the product of these prime ideals.

Proof. One has df (z) = (22 — ad)® (mod p). We consider the first case in which 22 — ad
is irreducible. According to [2, Proposition 6.2.1], if P is a prime ideal such that P | pOp,
then N (P) = p™ where m > 2. This implies that pOp is a product of at most two prime
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ideals. In the remaining case, df (z) is the square of the product of two linear polynomials.
By using [2, Proposition 6.2.1], pOp is a product of two nontrivial coprime ideals. Hence,
there are at least two prime ideals in the prime decomposition of pOp. O]

The following lemma tells us the factorization of 20r when Ap is even. In the case

where Ar is odd, the factorization of 20 will have one of the three forms: P, P, P,, or
P PP Py.

Lemma 2.12. Assume that 2 | Ap. Then:
i) If d is even, then there exists a unique prime ideal By above 2 and N (Fy) = 2.
i) If d =5 (mod 8), then there exists a unique prime ideal Py above 2 and N (Py) = 4.

i) If d =1 (mod 8), then 20p = PP, where Py, Py are two distinct prime ideals and

Proof. If d is even, then by Lemma 2.9.i), one has that Py = (2, ) is a unique prime ideal
above 2. If d = 1,5 (mod 8), then 2 ramifies in F since 2 | Ap. Thus, the factorization of
20F has one of the forms R*, R? R%, R? for some prime ideals R, Ry, Ry above 2 (since F

is Galois). Let K = Q <\/E>. Then

dfg(z) = 2* —x — -1
4
is a defining polynomial of K and 2 does not ramify in K. Hence 20 # R*. In the case
where d = 5 (mod 8), dfx(z) is irreducible modulo 2 and thus 2 is inert in K. Hence
20r = R?. If d = 1 (mod 8) then dfx(x) is reducible modulo 2 and thus 2 splits in K.
Hence 20 = PP O

3 Well-rounded ideal lattices of cyclic cubic fields

Let F' be a cyclic cubic field with conductor m. In this section, we will find WR ideals
of F' and compute minimal bases of these ideals.

We denote by P; the unique prime ideal above the prime p; | m for each i > 0 and « a
root of the defining polynomial df (x) as in (2). We will fix these notations for the whole
section.

3.1 Thecase9tm

Let m=py---p, with 7 <p; <py--- <p,,and p; =1 (mod 3) for all i and » > 1. In
this section, we will show that:

1) the ideal (P - - - P,)? is orthogonal and WR — this result has not been proven before;
and

2)if I C {1,...,r}, then [, P is WR if and only if 2 < (T[,., p:)” < 4m.
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Lemma 3.1. The sets {a,0(a),0?(a)} and {1,a,0(a)} are two integral bases of OF.

From now on, we will use one of the integral bases as mentioned in Lemma 3.1 depending
on which one is convenient for our calculation.
By [24, page 166], also [9, page 2] and by [20], we obtain Lemma 3.2.

Lemma 3.2. Let z = z1a + 290(a) + 230%(a) € Op where z; € Z,1 <1i < 3. Then

(1 — m)(21 + Z9 + Z3)2
3 .

121" = Tr(=*) = m(2} + 23 + 23) +

Moreover, one can rewrite this expression as

m 1
H2 = g ((Zl — 22)2 + (22 — 23)2 + (23 - 21)2) + 5(2’1 + 29 + 23)2.

Iz

Since « is a root of the defining polynomial df () (see (2)), using [29, Proposition 2.2],
one can show that Tr(e) = 1 and « is a shortest vector in Op\Z with [|o||? = 2241
For ¢ € Z and ¢ > 0, as in [8], we define

My ={z = z1a+ z0(a) + 230%*(a) €Op : 21+ 20+ 23 =0 (mod £)}.

For all ¢, the set M, is a Z-module.
We remark that in [8], it is proved that the sublattice M, of O has index ¢ and it is

WRif /=1 (mod 3) and \/? <0 < +4m. Thus, if an ideal of O of norm satisfies these
conditions, then that ideal is also WR. We prove the following.

Lemma 3.3. The set My is an ideal of O if and only if £|m.

Proof. See Appendix A. n

Lemma 3.4. Assume that p; = 3n; + 1. Then p;Op = P?, where P; = (p;,a + n;) is the

unique prime ideal above p;. Moreover, one has —a+o(a) € P, | —a+o(a)||* = 2m and
m-+p2

o+ 2 = 22525

Proof. See Appendix A. m

Lemma 3.5. We have M,, = P;. As a consequence, p;| Tr(z) for all z € P;.

Proof. When p; | m, by Lemma (3.3), M, is an ideal. Moreover, it is a prime ideal above
p; as its index is p;. Therefore M, = P,. O

Lemma 3.6. Let m =p,---p, (r > 1) and 9 ¢ m. Let p = a —o(a). Then p € P; for all
i=1,...,7 and ||p*|* = Tr(p*) = 2m>.

Proof. By Lemma 3.5, we have P; = (p;, & — n;). The statement g € P; is implied from
the equalities & — o(a) = (o — n;) + (o(a) — ;) and o(P) = P, Yi=1,...,7.
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Now, we compute ||p?||*. First, one has
1P = (o = o))" + (o(@) — o*(a))" + (0*(r) — )", (11)
The right side of (11) is a symmetric polynomial in the variables

6 =a+o(a)+o*(a) =1,

1—
5y = ao(a) + o(a)o?(a) + o*(a)a = Tm’
—-3)+1
55 = ac(a)o?(a) = A3+ 1
27
Expressing it in terms of these, one deduces ||p?||* = 2m?. O

The following result is new and has not been studied before. We remark that our WR
lattice P in Proposition 3.7 is not one of the sublattices mentioned in [7, Theorem 4.9]
since its norm is m?.

Proposition 3.7. Let m = p;---p, where r > 1 and let

P =
an orthogonal WR ideal lattice with a minimal basis {k,o(k),o?(

k=m— (a—o(a))?.

P,---P.. Then P? is
K)}, where the element

Proof. One has Tr(k) = m and ||||*> = m?. By Lemma 2.5, the set {x, 0(k),0?(k)} is R—
linearly independent. It is clear m € P? and thus x € P? by Lemma 3.4.

Now, we prove & is a shortest vector in P?. First, consider the sublattice of P? defined
as L = Zk + Zo (k) + Zo?*(k)Z. We remark that x + o(k) = Tr(k) — 0?(k) = (a — o?(a))?.
It leads to

I5[* + o ()1 + 2Tr (ko (k) = (@ — o*(@))*]| = 2m” (12)

by Lemma 3.6. Since ||k[|? = ||o(k)||* = m?, the equality in equation (12) implies that

Tr(ko(k)) = 0. Tt follows that x,0(k),0%(k) are pairwise orthogonal. As a consequence,
det(L) = m3 = det(P?) and k is a shortest vector of L. By Lemma 2.3, one has L = P
Thus, P? is an orthogonal WR ideal lattice with a minimal basis {, o (k),o%(x)}. O

Let I be a non-empty subset of set {1,...,7}, pr = [[,c;ps and Pr = [[..,; Pi. As a
consequence of Lemma 3.5, P; = M,,. By [9, Theorem 4.1], if p; € [‘/Tﬁ, 2\/5} then P;
is WR. Moreover, by using a different technique, independent of the proof of [9, Theorem

4.1], we can prove a stronger result: the condition p; € [@, 2\/m] is not only necessary
but also sufficient for P; to be WR.

Proposition 3.8. Let m = py---p,. be the conductor of F' and let P; be the prime ideals
above p; for alli =1,...,7r. For each nonempty subset I of {1,...,r}, let Pr = [[,c; P,
pr=[le;pi and ny = pf?jl. Then Py is WR if and only if 7 < p? < 4m. In this case, Py
has a minimal basis a + ny,o(a) + ny, o?(a) + ny.
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Proof. By Lemma 3.4, P, = (p;, « + n;) where n; = piT*l for all « € I. This implies that
Z(a+n;)+Z(o(a) +nr) + Z(c*(a) + ng) C Pr.

Moreover, this sublattice of P; and P; have the same indices in Op and thus
Pr=Z(a+n;)+Z(o(e) +ng) + Z (6*(a) + ny) -

Let 6 be a nonzero vector of P;. There exist integers 1, x2, v3 such that
§ = a1 (a+np) + 22 (o(@) + ng) + 23 (0% (@) + np) .

By Lemma 3.2, we have

m 3n; +1)?
61 = (0 — )+ (22 = 22)? - (a3 — ) + EED
Now, we will find the minimum value of ||§]|> when 6 # 0. Note that 212923 # 0. We

consider all cases as below.

(231 + o + (133)2 .

(i) If 21 + 22 + 23 = 0, then
(21 — 22)% + (22 — 23)2 + (23 — 21)? > 2.
Here (27 — 22)? + (22 — 23)® + (23 — 21)? is an even non-negative integer. If
(21 — 22)% + (22 — 23)* + (23 — 21)? € {2,4},

then two of the three numbers 21, 25, 23 are zero. Without loss of generality, we can
assume 2; = zp. This implies that zz = —22; and thus (21 —29)%+ (22— 23)*+ (23— 21)?
is a multiple of 9. Hence,

(21— 22)° + (22 — 23)° + (23 — 21)* > 6,
and therefore, ||6]|> > 2m in this case. The equality occurs if and only if

de{t(a—o(a),+(o(0) —o*(a)),* (0*(a) — @) }.

(i) If (21 — 22)%+ (22— 23)* + (23— 21)? = 0, then z; = 2, = 23 = 2z € Z and thus § = 32p;.
Hence ||6||* > 3p?. The equality occurs if and only if § € {£p;}.

(iii) If 21 + 20+ 23 # 0 and (21 — 22)? + (22 — 23)% + (23 — 21)* # 0, then (21 + 20+ 23)% > 1
and (21 — 29)% + (22 — 23)%* + (23 — 21)? > 2. Thus ||¢]*> > p%%. The equality occurs
if and only if

se{x(a+n;),x(c(a)+nr),x(c*(a) +nr)}.

Therefore, we conclude that P; is WR if and only if M < min{2m, 3p?}, which is
equivalent to 2 < p7 < 4m. O
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3.2 Thecase 9| m

Let m = papy -+ -p, where 3 = pg < p; < pa--- < p, and r > 0. For each nonempty
subset I of {1---,r}, we denote Py = [],.; P;. In this section, we will show that:

i) if m =9, then P, is WR;
ii) the ideal Py(P; - -- P.)?* is orthogonal and WR;

iii) if / is a nonempty subset of {1,2,--- 7}, then PyP; is WR if and only if 22 < p7 < 477”;
and

iv) if r > 2 and I, J are two nonempty and disjoint subsets of {1,2,--- ,r}, then PyP?P;
is WR if and only if 2% < prp% < %”. The field F' is not tame, and hence is not studied
in [7] and [8]. Indeed, all of our results in this subsection are new and have not been
investigated before.

By [20], one has {1, o, o(«)} is an integral basis. It can be easily verified that « satisfies

ol = Z* and thus it is a shortest vector in Op\Z (see [29] for more details).

Lemma 3.9. Let m = 9p; ---p, where r > 0. Then p;Or = P3 where P; is the unique

(2

prime ideal above p;. Moreover, Py = (3,a — 1) and P, = (p;,a) for all 1 <i <r.

Proof. To compute generators for P; we can apply the decomposition of primes [2, Theorem
4.8.13] since Lemma 2.4 says that p; does not divide the index [OF : Z[«]]. In other words,
the result is obtained by factoring the defining polynomial df (z) over the finite field F),

and by using the fact that p;/m, and a =6 (mod 9). O
In case m > 9, using Lemma 3.9 and the fact that 2 > 27 = [|3||? leads to the
following.

Corollary 3.10. Let m > 9. Then the vector « is a shortest vector in the set P\Z for all
1<i<r, and ||o|* = 2. In the ideal Py, the element py is shortest and ||po||* = 27.

Proposition 3.11. Let m = 9. Then P, is orthogonal and WR with a minimal basis
{a—1,0(a) —1,0%(a) — 1}.

Proof. Note that « — 1 € P, and this element has trace —3 since Tr(«) = 0, thus the three
elements a«—1, o(a) —1 and 0?(a) — 1 are all in Py and are linearly independent by Lemma
2.5. To show that Py is WR, it is sufficient to show that o — 1 is shortest in F,.

We have that [|o — 1|* = [|o||* + || = 1||* = 22 + 3 = 9 because « has trace 0. One
can easily compute all the shortest vectors of the ideal lattice Py (see the Fincke—Pohst
algorithm — Algorithm 2.12 in [10]) and verify that o — 1 is indeed shortest in P. O]

Lemma 3.2 cannot be applied to the case 9 | m. Therefore, we recalculate the length
of vectors in O in this case as follows.
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Lemma 3.12. Let § = my + moav + mgo(a) € Op. Then
2m
16| = 3m? + ?(mg +m3 — myms).

Proof. See Appendix A. O

Next, we claim that PyP? is an orthogonal and WR lattice where P = P, --- P, and
r > 1. To prove that, we need some Lemmas below.

Lemma 3.13. For all 1 <i <r, we have P, = Zp; ® Za & Zo(«).

Proof. 1t is clear that L; = Zp; ® Za® Zo(«) is the sublattice of P; and det(L;) = det(F;).
Therefore P, = L; by Lemma 2.3. O

By using the same technique as in the proof of Lemma 3.13, one has the following
result.

Corollary 3.14. Let I be a subset of {1,...,r}. Then P; = Zp;+Za+Zo(«). In particular,
PP =72 & Za ® Zo(a).

Proposition 3.15. Let I be a subset of {1,...,r}. Then Py is not WR.

Proof. By Corollary 3.14, we have Py = Zp; + Za + Zo(«). If we let 6 € Pj, then
d = z1p; + 2o + z30(«v) where 21, 29, 23 € Z. By applying Lemma 3.12, one obtains

2m
||5||2 =3z 1p1 5 (z% + z§ — 2923).

Now, we will find the minimum value of ||§]|> when & # 0. We consider all cases as below.

1. If z; = 0, then [|6]|> > 22 (since 25 + 25 — 2223 > 1), here the equality occurs when
29 =1,23 =0 or 29 =0, 23 = 1, therefore § € {«,0()}.

2. If z; # 0, then [|6]|* > 32p7 + &2 (25 + 23 — 2223) > 327p7 > 3p7, here the equality
occurs when 2o = 23 =0,21 =1 and thus 6 = py.

In conclusion, mingsy ||0]| € {||al/?, |p/]|*} = {3, 3p7 }. Note that 2 # 3p?, so in the case
lprl]? < ||a]|?, we have +p; are the only two shortest vectors in P;. Therefore, P is not
WR. In another case ||pr||* > ||@||* and hence « is shortest in P;.

We will next compute the set of all shortest vectors L of P;. Let 6 € Op such that
0] = ||laf|]. Since Op = Z & Zlo| - « (see [29, Proposition 2.2 and Proposition 2.3]),
we can show easily that § € L = {+a, +0(a), £0?(a)}. Moreover, one can observe that
Tr(a) = a + o(a) + o%(a) = 0 and {«a,0(a),a?(a)} linearly dependent. Therefore, there
does not exist three independent vectors from L. In other words, P; is not WR. O]

Lemma 3.16. There exist integers A, B such that

2
A2—AB+BQZ%, andaQZ?m—kAa—kBa(a).
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Proof. See Appendix A. m

Lemma 3.17. Let o, A, B be in Lemma 5.16 and let k = 7§ + Aa + Bo(a). Then
Py(Py -+ P)* =Zk & Zo(k) ® Lo*(k).

Proof. Tt is clear that the two lattices Py(P; - - - P,) and Zx®Zo (k) ® Zo?(k) have the same
index in Op and thus it is sufficient to prove that Zx & Zo (k) & Zo?(k) is a sublattice of
Py(Py---P,). Itis obvious that % € (P --- P,)?. Since k = o*—%, onehas x € (P, --- P,)*.

9 b
Moreover,
2 m

R = —gz(a—l)(a—l—l)+(p1pr—l)GPg
as By = (3,a — 1) and p; = 1 (mod 3). Hence, k € Py(P;---P,)?. As a consequence,
o(k),0%(k) € Py(P, -+ P.)% O

Lemma 3.17 gives us an integral basis of Py(P; - -+ P,)?. Let
§ = 21k + 220(K) + 230°(k) € Py(Py -+ P,)>.
One has

d= %(zl + 20+ 23) + (Az; — Bzo+ (B — A)z3)a + (B2 + (A — B)zy — Azs)o(a).

We then apply Lemma 3.12, to obtain that

mZ

2m
H5H2 = 2—7<Zl + 29 + 23)2 + ?(A2 — AB -+ B2)<Z% + 2'22 + Zg — Z1%9 — 2123 — 2223). (13)

Since g = A? — AB + B2, the following result follows.

Proposition 3.18. The ideal Py(Py--- P.)? is orthogonal and WR with a minimal basis
{k,0(k),c%(k)} with k as in Lemma 3.17.

Proof. Let 6 € Py(P; -+ PT)Q. Then there exist integers z1, 29, 23 such that we can express
0 as & = z1k + 220(k) + z30°(k) by Lemma 3.17. Since % = A* — AB + B?, the equality
in (13) implies that

m
61 = 53 + 28+ 23)

When § # 0, it is clear that ||§]|* > %2 as at least one of 21, 29, 23 is a nonzero integer.
Equality holds if and only if § € {£k, +0(k), +0%(k)}. Hence {+x, +0(r), £o?(k)} is the
set of all shortest vectors of Py(P; - -- P,)?. Therefore, Py(P; --- P,)? is WR. Moreover, we
can verify that Tr (ko (k)) = 0 and thus Py(P; - - - P,)? is also orthogonal. O

From now on, for each nonempty subset I of {1,2,--- 7}, we denote by p; = [[,.; ps
and Pr = [[,c; B
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For each i € {1,...,7}, let p; = p; + a + o(a). Since
pi=pi— 1)+ (a—1)+(c(a) —1) € K

and clearly p; € P, then p; € PyP;. Hence Zp; + Zo(p;) + Zo*(p;) is a sublattice of PyP;
and this sublattice has the same determinant as the one of FyP;,. Therefore, we have that
Zpi + Zo(pi) + Za*(pi) = PoP.

By using the same argument, we can prove the following lemma.

Lemma 3.19. Letr > 1 and I be a nonempty subset of {1,...,r} and let pr = pr+a+o(a).
Then Pr = Zp; & Zo(p1) & Zo*(pr). In particular, PyPy--- P, = Zp @ Zo(p) & Zo?(p)
where p =g + a +o(a).

The following proposition shows the necessary and sufficient conditions for the ideal
PyP? of a given subset I of {1,2,---,r} to be a WR lattice.

Proposition 3.20. Let I be a nonempty subset of {1,2--- ,r}. The ideal PyP; is WR if
and only if % < p7 < % In this case, a minimal basis of PoPy is {pr,0(p1), 0 (pr)} where
pr =pr+a+o(a).

Proof. By Lemma 3.19, P; = Zp; ® Zo(p;) ® Zo*(pr). Let 6 = z1p; + 220(pr) + 230%(pr).
Lemma 3.12 states that

1611% = 3p7 (21 + 22 4 23)° + % ((z1 — 22)* + (22 — 23)* + (23 — 21)7) .
Now, we will find the minimum value of ||§]|> when & # 0. We consider all cases as below.
(i) If 21 + 22 + 23 = 0, then
(21 — 22)% + (22 — z3)2 + (23 — 21)? > 2.
Note that the expression on the left hand side is an even positive integer. If
(21 — 2)2 + (20 — 23)% + (23 — 21)? € {2,4},

then two of the three numbers 21, 2o, 23 are zero. Without loss of generality, we can
assume z; = 2. This implies that z3 = —22z; and thus the expression is a multiple of
9. Hence

(Zl — 22)2 + (22 — 23)2 + (Zg - 21)2 Z 6.

Therefore, ||§]] > 2m in this case. The equality occurs if and only if

0 € {£(a —o(a)), £(a — 0*(@)), (o (@) — 0*(a))}

(ii) If (21— 22)? 4 (22— 23)*+ (23— 21)? = 0, then 2y = 23 = 23 = 2z € Z and thus 6§ = 3zp;.
Hence ||§||* > 27p%. The equality occurs if and only if 6 € {+3p;}.
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(i) If 21+ 20+ 23 # 0 and (21 — 22)* + (20 — 23)% + (23 — 21)* # 0, then (21 + 20+ 23)* > 1
and
(Zl - 22)2 + (2’2 — 23)2 + (23 — 21)2 > 2.

Thus [|6]|* > 3p7 + 2. The equality occurs if and only if 6 € {£g;, =0 (g1), £02(g1)}-

This implies that minszg||g||* = min {2m,27p7,3p7 + 2} . Since Tr(p;) # 0, the ideal
PyP; is WR if and only if minsy [|6]|* = 3p7 + 22. It is equivalent to the statement
3p7 + 2 < 2m and 3pj < 27p7. These inequalities occur if and only if 2 < p7 <4 [

Using Proposition 3.20 for I = {1,--- ,r}, we have the following result.

Corollary 3.21. Let r > 1. Then the ideal PyP; - - - P, is not WR.

Let I, J be two disjoint nonempty subsets of {1,2,--- ,r}. Now, we show the necessary
and sufficient condition for PyP?P; to be a WR lattice (Proposition 3.25).

Let &5 = %‘73 be a primitive cube root of 1 and K’ = Q(&3). The minimal polynomial
of & is 22 + x + 1. For each 7 € {1,...,r}, the polynomial 2% + x + 1 has a root modulo
pi- It means O has an ideal P; of Ok of norm p;. For each subset I of {1,...,r}, let
Pr = I1,e; Pi- Then Py is an ideal of O norm p;. Moreover, since Ok is a PID, then there
exist integers x7, y7 such that P; = (7 +y;&) and thus pr = N(z7 +y:&3) = 22 — 21y + 97
In other words, the following result has been deduced.

Lemma 3.22. For each nonempty subset I of {1,...,r}, there exist integers xr,y; such
that x; +y; +1 =0 (mod 3) and p; = 23 — x1yr + y7.

Lemma 3.23. Let r > 2 and N = p; - - - p, where p; is a prime such that p; = 1 (mod 3)
for each i € {1,...,r}. Assume that N = A> — AB + B? where A, B are integers that
A+ B+1=0 (mod 3). For each nonempty subset I of {1,...,r}, let pr = [[.c;pi- Then
there exist integers xy,y; such that

zr+yr+1=0 (mod3), pr=a]—zy+y;
pr | (Az; — Byr — Ayr), pr | (Bxr — Ayr).

Proof. See Appendix A. O

Lemma 3.24. [et N = § = p1--p, = A? — AB + B? where A and B as in Lemma
8.16. With the notation in Lemma 3.23, one has p3 | Ngjg(zro + yro(a)). In particular,
rra+yro(a) € P?

Proof. See Appendix A. O

Proposition 3.25. Let r > 2 and I,J be two disjoint nonempty subsets of {1,2,--- ,r}.

The ideal PoP}Py is WR if and only if 2 < pip; < *. In this case, PoPiP} has a

minimal basis {krs,0(k1s),0%(krs} where K1y = pry+ xr +y; and xr and yr are given in
Lemma 5.25.
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Proof. With x7,y; in Lemma 3.24, one has z;a+y;0(a) € P?. By Corollary 3.14, we have
zrra+yro(a) € Py. Thus kr; € P?P; as I, J are disjoint. Moreover, r7; € Py as

kry = (pps — 1) + (o = Dar + (0(a) — Vyr + (w7 +y; + 1)

and Py = (3,a—1),0(P)) = Py and 3 | (z;+y;+ 1) by Lemma 3.23. Hence k;; € PyP? Py
and thus L;; = Zrr; ® Zo(kry) @ Zo*(hry) is a sublattice of PyP?Py. Tt is easy to verify
that det(L;;) = det(PyP?P;) and thus L;; = PyP?P; by Lemma 2.3.

Let § = z1k15 + 20 (k1) + 230%(Kk1) be a nonzero vector of PyP?P;. We can write

d=pmpy (21 + 22+ 23) + (v121 — yrzo + (yr — x1) 23) @
+ (yrz1 + (xr —yr) 220 — x123) o)

and hence by Lemma 3.12

2m
16]1* = 3p7p5 (21 + 22 + 28)” + 3 sz' (21 + 23 + 25 — 2122 — 2023 — 2123) -
i€l

By using a similar argument as the one in the proof of Proposition 3.20, one has

. . 2m
min ||§)* = min {27}9?}73, 2mpy, 3p7p> + —pI} ,
570 3

and the lattice PyP?P; is WR if and only if mins ||d||* = 3pp% + QTmpI. It is equivalent
to the statement

2m

2m
5-P1 < 2Tpipy and 3pip] + —=pr < 2mp.

3p7p7 +

In other words, PyP? Py is WR if and only if 3% < prp% < %”. O

4 Well-rounded ideal lattices of cyclic quartic fields

In this section, we denote by F' a cyclic quartic field defined by (a, b, ¢, d) as in Section
2.3. We fix the notation where d = b* + ¢?, ged(a,d) = 1 and a,d are squarefree. Let
d=p;---p. and a = sign(a)q - - g5 be the factorizations of d and a where sign(a) = 1
if @ > 0 and sign(a) = —1 otherwise. Note that all p; and ¢; are distinct since a and d
are squarefree and ged(a,d) = 1. For each subset I of {1,...,r}, let p; = [[,.; p; and
Pr = TI,c; Pr where P is the unique prime ideal of O above p; by Lemma 2.9, i) for all
i € I. In the case I = (), we define p; =1 and P; = Og. If J is a subset of {1,...,s}, we
denote ¢q; = Hjej ¢;. Let J be any subset of {1,...,s} such that for each j € J, there is
a unique prime ideal @); above g;. In that case, we denote by Q); = HjeJ Qj.
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4.1 Prime decomposition of pOr and integral bases of ideals of F

In this subsection, we provide a number of results concerning the prime factorization
of the ideal pOpr for an arbitrary prime number p. Especially, we aim to classify all odd
primes p based on the decomposition of pOp (see Theorem 4.18). In addition, we construct
integral bases for certain ideals of Op which can be used to prove the well-roundness of
ideals in Section 4.2.

By [3, Theorem 1.3|, a prime p ramifies in F' if and only if p | Ar. In this case, by the
Lemmas 2.9 and 2.10, the decomposition of pOp is given as below.

e If p | d, then pOr = P* where P is a unique prime ideal of O above p.

e If p | a and d is a quadratic non-residue modulo p, then pOr = P? where P is a
unique prime ideal of O above p.

e If p | a and d is a quadratic residue modulo p, then pOp = P?P} where Py, P, are
two distinct prime ideals of Op above p.

Lemmas 2.9 and 2.10 show the prime decomposition of pOr where p | ac. Furthermore,
if p 1 abed, then the composition of pOp is given as in 2.9.(iii). Eventually, to classify all
odd primes p, we consider an odd prime divisor p of b such that p{ a. Lemma 4.13 is the
key component that completes the classification of all odd prime numbers p.

By Lemmas 2.9.(i) and 2.10, there is a unique prime ideal P; above a prime p; for all
pi | d and there exists a unique prime ideal @); above ¢; for all ¢; | a if d is not a quadratic
residue modulo ¢;. We will identify necessary and sufficient conditions for a prime p such
that Op has a unique prime ideal above p (see Theorem 1.6).

Remark 4.1. Let 0 € Op. Since P, is the unique prime ideal above p;, to show that § € P;
it is sufficient to show that ¢ € P, for all ¢ € I. By Lemma 2.10, @); is the unique prime
ideal above ¢; for all j € J. As consequence, to show ¢ € ), it is sufficient to show that
0 € Q; for all j € J. Moreover, to claim ¢ € P;(Q), it is sufficient to show that 6 € P; and
e foralliel,jeJ

When (p | d or p | a) and d is a quadratic non-residue modulo p, an integral basis of
the unique prime ideal above p is obtained as a consequence of Lemmas 4.2, 4.3, 4.4, 4.5
and 4.6.

Lemma 4.2. Let d =2 (mod 4). Then P;Q; = Zprq; ® ZqNd ® 7 ® Zo ().

Proof. For each i € I and j € J, since F; is the unique prime ideal above p;, and @),
is the unique prime ideal above ¢; and by Lemma 2.8, one obtains that 5,0(8) € P
and §,0(f) € Qj. By Remark 4.1, one has 3,0(8) € P;Q;. It is obvious to see that
prqs € PiQy and ¢;v/d € Q. Since p; | d? = N(\/a) and P; is the unique prime ideal
above p;, we have that v/d € P, for all i € I and thus ¢;v/d € P, by Remark 4.1. This
means that g;v/d € P;Q;. This implies that L;; = Zp;qy ® Zq;V/d ® Z8 ® Zo(f) is a
sublattice of P;();. However, two lattices P;(); and L;; have the same indices in Op.
Therefore P;QQ; = Ly by Lemma 2.3. O
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Lemma 4.3. Ifd =1 (mod 4) and b is odd, then P;Q; = ZPIQJ@ZM@Zﬂ@ZU(ﬁ).

Proof. By Remark 2.6, %ﬁ € Op and thus we have pl;ﬁ = “2_1 + 1+2\/8 € Op. Since

p?—d 2 +Vd . . . . .
i | (IT> =N (’”T> and P; is the unique prime ideal above p; for all ¢ € I, we have

qJ(pzer\/E) € PiQ;. By Lemma 2.8, 8,0(8) € P,,Q; for all ¢ € I and j € J. By Remark

4.1, we obtain f,0(f) € PrQ;. One can prove the result using a similar argument as in
the proof of Lemma 4.2. O

Lemma 4.4. Let d =1 (mod 4), b be even and a +b =3 (mod 4). Then

w(p+Vi) sios) o -8rols)

P =17 7
Q7 p1q; D 5 5 5

Next, we consider the case d = 1 (mod 4), b = 0 (mod 2), a +b = 1 (mod 4) and
a = —c (mod 4). Let ~1, 75,74, 74 be a integral basis of O as in Remark 2.6.iv. We define

= Y2 = Ve V3=~V Y4 = Vs — Vs (14)

It is obvious to see that {71,72,7s,74} is a basis of Op by 2.6.iv. One has the following
result.

Lemma 4.5. Letd =1 (mod 4), b be even, a+b=1 (mod 4) and a = —c (mod 4). Then

PiQy = Zp1y ® Zo (pry) ® Zo* (p17) Zo® (p1s),

—p1gs+qsVd—B—0c(B)
1 .

where pr; =

Proof. By Remark 4.1, it is sufficient to prove p;; € P;,Q; for all i € I and j € J. Let
Y1,72,73, Y4 as in (14). Then

_ —Dp1qy —qs+ 2 q;—1
Pr; = 1 Y+ 5

Y2 + Va
and thus p;; € Op. Moreover,

(prq3 + q3d — 2ad)* — 2d (p1q? + |alc)®
256

N(prs) =
and thus p;; € P;,Q; foralli € I and j € J. As a result

p1r, 0 (pry), o (prs), o (prs) € PrQy.

Hence L;; = Zpr; ® Zo (p15) ® Zo? (p15) Zo3 (pry) is a sublattice of PrQ;. Two lattices
P;Q); and L;; have the same indices plq?] in Op. Therefore P;(); = Ly;. ]
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In the remaining case where d = 1 (mod 4),b = 0 (mod 2),a +b = 1 (mod 4) and
a = ¢ (mod 4), using a similar technique to the one in the proof of Lemma 4.5, one obtains
the result as below.

Lemma 4.6. Let d =1 (mod 4), b=0 (mod 2), a+b =1 (mod 4) and a = ¢ (mod 4).
Then

PiQy = Zp1y ® Zo (pry) ® Zo* (p17) Zo® (p1s),

prqs — Vd — B+ o (B)
1 .

Next, we will describe a prime ideal above ¢; where ¢; | a and d is a quadratic residue
modulo ¢;. By Lemma 2.10, there exist exactly two prime ideals above g;. Let z1, 29 be
two positive integers such that 2? = d (mod ¢;). By the result on the decomposition of
primes [2, Theorem 4.8.13], one has ¢;Ox = q1,q2;, where K = [\/d].

Before proceeding, we will outline a strategy to prove that a certain lattice is an ideal
in Lemmas 4.8 to 4.16. The proofs can be seen in the Appendix B.

where pry =

Remark 4.7. Let Op = Z~v) & Zy & Zy; & Ly, where the 7, are as in Remark 2.6 and let
L = 7,61 ® 7o & Z03 & Z64 where each §; € Op. To prove L is an ideal of O, we will show
that 0;7; € L for all i, j. In other words, we perform the following steps for all 1 <i,j < 4.

(1) Compute dyv;.
(2) Express 6;7; = 2107 + 2205 + 2303 + 249
(3) Prove that all numbers zy, 29, 23, 24 are integers.
When d is even, df(x) = 22 — d is a defining polynomial of K = Q(v/d). Then
dfi(z) = (x — 2;) (x — 22)  (mod p;). (15)

By using the result on the decomposition of primes in [2, Theorem 4.8.13|, one has
Okj = 2q; © L (zZ + \/E) With z1, 23 as in (15), one has the result as follows.

Lemma 4.8. If d is even and g; | a such that d is a quadratic residue modulo q;, then there
exist exactly two prime ideals )15, Q2; above q; where

Qu = Zg; & T (zk v \/E) @ LB ® Zo(B).
When d is odd, dfx(z) = 2* — z + I%d is a defining polynomial of K. One has
ddfg(z) =22 -1 —d= (22 —1—2) 2z —1—2) (mod g;).

As ¢ =1 (mod 4), there exist integers 1, ¢y such that z, = 4t — 1 (mod ¢;) for k = 1,2,
and thus dfx(z) = (x — t1) (x — t3) (mod g¢;).
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Lemma 4.9. [fd=1 (mod 4), b=1 (mod 2) and ¢; | a such that d is a quadratic residue
modulo q;, then there exist exactly two prime ideals Q1;, Q2 above g; where k = 1,2 and

Aty — 1+ Vd

ij:qu@Z< 5

) D LL D ZLo(p).

Lemma 4.10. I[fd =1 (mod 4), b =0 (mod 2), a+b =3 (mod 4) and ¢; | a such that
d 1s a quadratic residue modulo q;, then there exist exactly two prime ideals Q1;, Q2; above
q; where k =1,2 and

Ou = 20, &7 (W)
o 77 +20(ﬁ) o7l —;(ﬁ).

Lemma 4.11. [fd=1 (mod 4), b=0 (mod 2), a+b=1 (mod 4) and a = —c (mod 4)
and p; | a such that d is a quadratic residue modulo q;, then there are exactly two prime
ideals (15, Q25 above q; such that

4tk_;+\/a@z4tk—1+\/il—ﬁ—0(ﬂ)

@quj+4tk—1+4\/8+ﬁ—a(ﬁ)‘

Lemma 4.12. [fd =1 (mod 4), b=0 (mod 2), a+b =1 (mod 4) and a = ¢ (mod 4)
and p; | a such that d is a quadratic residue modulo q;, then there exist integers ty,ts and
ezactly two prime ideals Q1;,Qa; above q; such that q; 1 t; — ty, d = (4¢; — 1)* (mod g¢;)
and

Qrj = 2q; ® Z

Aty —14+Vd At —142¢; +Vd— 5 —o(B)
2 oz 4
4t; —1+Vd+ B —o(B)

Z .
© 4

Qij = 2Lq; ® L

Now, consider a prime p such that p | b and p 1 a, Lemma 2.11 does not provide us the
exact prime decomposition of pOp. To see this decomposition, it is sufficient to show that
Op has either a prime ideal of norm p? or a prime ideal of norm p.

Lemma 4.13. Let p | b and pta. One has the following.
i) Assume 2 | d. If a is a quadratic non-residue modulo p, then pOp = P, Py where
P=7Zp®7Z <c+ \/3) @ Zpo(B)DZL(B+0o(B)), and

Po=Zp® % (~c+Vd) © Lpo(8) © (3~ o(8))
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are all prime ideals of Or above p.

If a is a quadratic residue modulo p and we write a = [* (mod p), then we have
pOF = P1P2P3P4 where

Zp@Z(c—i—\/_)EBZ le—a(B))®Z(lc+ B),

Zp@z(c+\/_>@z (le+0(B)®Z(~lc+B),

Py=Zp@Z(—c+Vd) @ Z(lc— o) @ Z(lc - B), and
(

P4=zp@z(—c+f)@Z(zc+aﬁ))@2(1c+6)

are all prime ideals of O above p.

ii) Assume d =1 (mod 4) and b =1 (mod 2). If a is a quadratic non-residue modulo p,
then pOr = P, P, where

p+ect+Vd
2

P=zpe = o 200 (5 625 - o(3)

P=7ZpaZ @ Zpo (B)DZ(L+0(B)), and

are all prime ideals of O above p.

If a is a quadratic residue modulo p and we write a = 1> (mod p), then we have
pOF = P1P2P3P4 where

P=TpaL _C;\/_ Z(le—o(8) ® Z (e + B),
P=Zp& T _C;\/_ Z(lc+ o(8)) ® Z (~lc + B),
P=2pe 2’ Ve g e a(B) BT (le— ). and
P =290 22 Y G e+ o(8) 0 2l + B)

2

are all prime ideals of O above p.

iii) Assume d =1 (mod 4),b = 0 (mod 2) and a +b = 3 (mod 4). If a is a quadratic
non-residue modulo p, then pOp = P, P, where

—c+Vd __o(8) - 5 B+ a(p)
5 VLT, =,
c++d a(f) — 5 5‘1‘0(5)

5 Pl 2

P=Zp®Z , and

P=TpaZ
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are all prime ideals above p.

If a is a quadratic residue modulo p and we write a = [* (mod p), then we have
pOr = PP, P3P, where

PlzZp@Z_c—g\/a@ (5)2 B@Z<zc—ﬁ+Ta<ﬁ)>,
P2:Zp@Z_CJ;\/E@ 5)2 B@Z<Zc+5+g )
P, — Zp@ZC+\/_ (lc—i— 5)2 B)EMBJ“U and
P, = Zp@Zc+\/_ (lc— 5)2 5) 5*”

are all primes ideals of O above p.

iv) Assume d =1 (mod 4),b=2 (mod 4),a+b=1 (mod 4) and a = —c (mod 4). Ifa
is a quadratic non-residue modulo p, then pOp = Py P, where

—c;\/a@zb—c+\/ﬁ4—ﬁ+a(ﬁ) @Z—p+p\/32pﬁ+m(5),
c+\/_ Zp+p\/— p,8+po(/8)@zb—c—\/3—6—0(ﬁ)
4 4

and

P=Zp®7

are all prime Zdeals of O above p.

If a is a quadratic residue modulo p and we write a = [* (mod p), then we have
pOr = PP, P3P, where

c+2\/E@Z(—2l+1)C+\/C_l—5+U(5)@Zb_c_\/a_ﬂ_‘j(ﬂ)

P =7 7z
1 p@ 4 4 9

(2l+1)0—\/_—6—0(ﬁ)

—c+\/E@Zb—c+\/3—5+a(6)

szzp@zc+2¢a@z(2z+1>c+\f—ma(ﬁ) Zb—c—\/_ B—o(B )’ .
P4:Zp@z—c;\/a@zb—c+\/84—6+o—(5)@Z(—2l+ )c—\/_ B—a(p)

are all prime ideals of Or above p.

v) Assume d=1 (mod 4),b =2 (mod 4),a+b=1 (mod 4) and a = c (mod 4). Ifa is
a quadratic non-residue modulo p, then pOp = P, P, where

_c;\/Ez@Zb—c+\/E4—ﬁ+o(5) @Zp+p\/3+fﬁ+po(ﬂ)’ and

C+2\/3@Z—p+p\/3—4p5 +po(8) o pb—c= \/34—5—0(6)

P=Zp®Z

P=TpaZ



236 Dat Tan Tran, Nam Hoai Le, Ha Thanh Nguyen Tran

are all prime ideals of O above p. If a is a quadratic residue modulo p and we write
a =1? (mod p), then pOp = P, P,P3P; where

c+2\/a®z(2z+1)c+\/&—ﬁ+a(ﬁ) @Zb—c—\/&—ﬁ—a(ﬁ)

P1:Zp@Z 1 1 ,

P2=Zp@z_cg\/g@zb_c+\/34_ﬁ+0(ﬁ) @Z(QHDC_\Z&_B_U(B),
P3—ZPEBZC—;\/a@Z(_2l+1)c+f_ﬂ+a(ﬂ) @Zb—c—\/i—ﬂ—a(ﬁ)’ and
P4:ZP@Z—c;ﬂ@Zb—c+\/a4—ﬁ+0(ﬂ) @Z(—zzﬂ)c—f—ﬂ—a(ﬁ)

are all prime ideals of O above p.

Proof. The given lattices are completely distinct, and we can prove that they are ideals
by following the steps in Remark 4.7. O]

Finally, we consider prime ideals above 2 when Ap is even. The following result is
obtained from Lemma 2.9.(i).

Lemma 4.14. Let d be even. Then there exists a unique prime ideal Py above py = 2.
Moreover, Py = (2,3) and N (Py) = 2.

Lemma 4.15. Let d =1 (mod 4) and b be odd.

(1) Ifd =5 (mod 8), then there is a unique prime ideal Py above py = 2, where N(Py) = 4
and

Py=72®Z(1 +Vd) ® Z8 ® Zo(B).

(1) If d = 1 (mod 8), then there are exactly two distinct prime ideals Py, Pys above
po = 2, where N(Py1) = N (Pp2) = 2 and

Pn=722®17 (4%\/3) ®LLDZo(B), and

Lemma 4.16. Let d =1 (mod 4) and b=0 (mod 2) and a+ b= 3 (mod 4).

(i) Ifd =5 (mod 8), then there is a unique prime ideal Py above py = 2, where N(Py) = 4
and

1+ Vd-B-0(f) 1+ Vi+B—a(B)

Py=72®7Z(1+Vd) ®Z 5 5
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(i) Ifd =1 (mod 8), then there are exactly two prime ideals Py, Poa above py = 2, where
N(Pol) =N (P()g) =2 and

P01:ZZ@Z<_1+\/E> @ZQ_B;J(ﬁ)@ZB_;(ﬁ), and
Pozzm@Z(HQ‘/a) @Zﬁ+;(6) @2“6;"(5).

For the case of p = 2 and Ar odd, we have the following result.
Lemma 4.17. Assume that d =1 (mod 4) and a+b =1 (mod 4).

i) If d=1 (mod 8), then 20p can be factored as one of the forms P, P,, and Py P,P3P,
where Py, Py, P3, Py are prime ideals of O above 2.

ii) If d =5 (mod 8), then 20p is prime.

Proof. i) This is deduced directly from the fact that pOy splits totally in Ox where Ok
as in (6).

ii) See Appendix B.
O

The below theorem follows directly from the combination of Lemmas 2.9, 2.10,2.11 and
4.13.

Theorem 4.18. Let F' be a cyclic quartic field defined by a,b,c,d as in (2) and p be an
odd prime. One has the following statements.

i) The prime p is totally ramified if and only if p | d.

i) The ideal pOr is of the forms pOp = P? for P a unique prime ideal of O above p if
and only if p | a and d is a quadratic non-residue modulo p.

i) The ideal pOp is of the form pOp = P2P? where Py, Py are exactly two prime ideals
of O above p if and only if p | a and d is a quadratic residue modulo p.

iv) The prime p is inert if and only if p t abed and d is a quadratic non-residue modulo p.
v) The prime p totally splits if and only if p satisfies one of the conditions listed below.

e The prime p | b and a is a quadratic residue modulo p.
e The prime p | ¢ and 2a is a quadratic residue modulo p.

e The prime p { abcd, d is a quadratic residue modulo p, and if d = z* (mod p)
then ad 4+ abz and ad — abz are also quadratic residues modulo p.
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vi) The ideal pOF is the product of two distinct prime ideals in all the remaining cases.

From Theorem 4.18 and Lemmas 4.14, 4.15, and 4.16, we obtain the necessary and
sufficient conditions for a prime p for which O has a unique prime ideal P over p. In the
next subsection, we will investigate the conditions for the unique prime ideals P mentioned
above to be WR.

4.2 Well-rounded ideals of cyclic quartic fields

According to the first part of Theorem 1.6, there are three cases in which Op has a
unique prime ideal P over a prime number p. However, in the last case of the theorem,
P = pOp and it is not primitive. Therefore, we only investigate prime ideals P belonging
to the first two cases of the theorem. In general, we will prove necessary and sufficient
conditions for an ideal of the form P;Q; to be WR, where [ is a subset of {1,...,r} and
J is a subset of {1, ..., s} such that d is a non-quadratic residue modulo ¢; for all j € J.

Proposition 4.19. Let d =2 (mod 4). Then P;Q; is not WR.

Proof. Let 0 € PrQ); be a nonzero vector of P;();. By Lemma 4.2, there exist integers
Ty, Ty, T3, x4 such that § = x1p;qy + 22qsVd + 236 + z40(3) and by (8), one obtains

lo1* = 4 («1piqs + z35d + |ald (25 + 7))

It is easy to verify that mins,g [|0]|* € minS, where S = {4pFq3, 4¢5d, 4|a|d} . Each value
in § corresponds to the squared length of at most two independent vectors. Thus, P;Q;
is not WR. [

Proposition 4.20. Let d =1 (mod 4) and b be odd. Then P;Q; is not WR.

Proof. Let 0 € PrQ); be a nonzero vector of P;();. By Lemma 4.2, there exist integers

T1, o, T3, T4 such that 6 = x1prg; + xqupIJ;\/a + x38 4+ x40(f) and by (8), one obtains

18] = (221 + 22)° pia5 + 23q3d + 4|ald (23 + 23) .

Since 2x1 + x5 and z2 have the same parity, it is easy to verify that minsg ||0]|* € min S,
where § = {p?q% + ¢%d, 4|a|d} . Each value in S corresponds to the squared length of at
most two independent vectors. Thus P;(); is not WR. O

Proposition 4.21. Let d = 1 (mod 4), b be even and a +b = 3 (mod 4). Then PiQ; is
not WR.

Proof. Let 0 € P;(Q); be a nonzero vector of P;Q);. By Lemma 4.2, there exist integers
X1, To, T3, 24 such that & = x1prqs; + :quJpIJ;\/E + x3’8+;(’3) + :c4_’3+0(’3) and by (8), one
obtains

161> = (22, + x2)2p§q3 + x%q?d + 2|ald (x§ + xi) )

The result is then obtained using the same argument as in the proof of Proposition 4.20. [
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Proposition 4.22. Suppose that d =1 (mod 4), b =0 (mod 2), a+b=1 (mod 4) and
a = —c (mod 4). Then P;Q; is WR if and only if p*q% + q5d + 2|ald < min M, where

M = {16¢%d, 8|a|d, 4¢7d + 4|a|d, 16p}q?, 4p7q5 + 4lald, 4p3q5 + 4q5d} .

Proof. Let pry be in Lemma 4.5 and  be a nonzero vector of P;Q);. By Lemma 4.5, there
exist integers a1, o, T3, 4 such that 46 = S1prqy + SaqsVd + S5 + Syo(B) where

Si = —T1 — Xy — T3 — Tg, So =T — Ty + Ty — Ta,

S3 = —x1 + 2o+ T3 — x4, Si=—T1 — To+ T3+ T4
By (8), one has
All6|* = Sipias + S3aid + lald (S5 + S7) -
It is easy to prove that minsg [|44]|* = min S where
8 = {piq; + gfd + 2lald, 163d, 8|ald, 4q7d + 4]ald, 16p7q], 4p7q; + Alald, 4p7q] + dg7d} .

Among seven numbers in S, the only one that is correspondent to the squared length of
four linearly independent vectors in P; is p?q% + ¢%d + 2|a|d. Therefore, the lattice PrQ;
is WR if and only if minszo4(d|* = pi¢5 + ¢3d + 2ald. O

Proposition 4.23. Suppose that d = 1 (mod 4),b = 0 (mod 2),a+ b = 1 (mod 4) and
a=c (mod 4). Then P;Q; is WR if and only if p?q% + ¢>d + 2|ald < min M where

M = {16¢5d, 8|a|d, 4q5d + 4]ald, 16p7q7, 4piq; + 4lald, 4piq5 + Aqg5d} .

Proof. Let p;; be in Lemma 4.6 and 6 be a nonzero vector of P;();. By Lemma 4.6,
there exist integers 1, Ty, 73, x4 such that 46 = Sip;qy + SaqsVd + Ssf + Suo(3) where
Sl = I1+ZE2+JZ3+ZL‘4, SQ = —ZE1+I2—ZE3+1’4, Sg = —$1—$2+$3+ZL‘4,S4 =T1— 29— T3+Ty4.
By (8), one has

4)101* = Stpia; + S3q3d + lald (S5 + S5) -
It is not hard to verify that minsg ||44]|* = min S where
S = {pid) + aid + 2|ald, 1643d, 8|ald, 4q7d + 4|ald, 16p7q}, 4p7q) + 4lald, 4piq; + dq7d} .

Among seven numbers in S, the only one that corresponds to the squared length of four
linearly independent vectors in Py is p?q% + ¢5d + 2|ald. Therefore, the lattice P;Q; is WR
if and only if minszo 4(d||* = p?¢3 + ¢3d + 2]ald. O

We now prove Theorem 1.5.
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Proof of Theorem 1.5. i) By Propositions 4.19, 4.20, 4.21, 4.22 and 4.23, the ideal

i)

P;is WR if and only if d = 1 (mod 4), p = 0 (mod 2), a +b = 1 (mod 4) and
p? + (2]al +1)d < min S, where

S = {16d,8|ald, 4d + 4|a|d, 16p7, 4p] + 4|a|d, 4p] + 4d} .
The last inequality is equivalent to the statement

p7+ (2a] +1)d < 16d,

P2+ (2lal + 1) d < 4d + 4|ald,
pi + (2lal +1) d < 16p7,

P2+ (2a| +1)d < 4p? + 4d.

This means
2lal — 2 1
e {1294, Ol ¢

3 ’ 15
The inequalities in (16) occur only if 2|a| < 15 and thus |a| € {1,3,5,7}.

} < p? <min{(15 - 2al)d, (2la + 3)d}.  (16)

e If |a| = 1, the inequalities in (16) become ¢ < p? < 5d.
e If |a| = 3, the inequalities in (16) become d < p? < 9d.
e If |a| = 5, the inequalities in (16) become & < p? < 5d.
e If |a| = 7, the inequalities in (16) lead to 1¢ < p? < d, which is impossible.
By Propositions 4.19, 4.20, 4.21, 4.22 and 4.23, one can show that @); is WR if and

onlyifd =1 (mod 4), p=0 (mod 2), a+b=1 (mod 4) and ¢%(d+1)+2|ald < min S,
where

S = {16¢3d, 8|a|d, 4¢5d + 4|a|d, 16¢7, 4¢5 + 4|ald, 4¢5 + 4q5d} .
The last inequality is equivalent to

q?,(d +1) + 2|ald < 16q3,
q?,(d—i— 1) + 2|ald < 8lald,

> (d+ 1) + 2|ald < 1643,
(d+1) +2|ald < 4¢5 + 4d.
This means d < 15 and

i 2lald  2|al|d < 2 < min 6lald 2|ald (17)
5-d3d+1)f == d+1d—3/"

Since d is odd and squarefree, and d < 15, one must have d € {5,13}. If d = 13

then (17) becomes 13Ja| < ¢ < 13!)“', which is impossible. Thus d must be 5 and the

inequalities in (17) become |a| < ¢4 < 5lal.

O



Well-Rounded ideal lattices of cyclic cubic and quartic fields 241

Now we consider prime ideals above 2.

Lemma 4.24. No prime ideal above 2 is WR if d is even or if d is odd and b =1 (mod 2).

Proof. When d is even, the result is directly implied from Proposition 4.19. The result in
the remaining case can be obtained by using a similar argument to the proofs of Proposi-
tions 4.19 and 4.20. [

By employing the same methodology used to prove Propositions 4.19 and 4.20, we can
establish the result of Lemma 4.25.

Lemma 4.25. Let d =1 (mod 8),6 =0 (mod 2) and a+ b =3 (mod 4). Then all prime
ideals above 2 are not WR.

Lemma 4.26. Let d =5 (mod 8),b =0 (mod 2) and a+ b =3 (mod 4). Then O has a
unique prime ideal Py above 2. Moreover, Py is WR if and only ifa =1,b=2,c=1,d = 5.

Proof. By Lemma 4.16, there is a unique prime ideal F above 2 and an integral basis of
Py is given as in this lemma. Let 0 # 0 € Py, there are integers 2z, 29, 23, 24 such that

“1+Vd=B-0(f) ,  1+Vi+p=o(8)
2 2

and by (8), one obtains ||0]|> = S? + S3d + |ald (S3 + S3) , where

(5:2214—22(14—\/3)—1—23

S1 =4x1 + 229 — 25 + 24,
SQ = 22’2 + Z3 + Z4,
Sg = —2z3+ 24,

S4 = —Zk3 — Z4.

It is easy to prove that minso [|0]|* = min {16,1+ d (2]a| + 1)} and P is WR if and only
if 16 > 1+ (2|a] +1). It occurs only if a = 1,b=2,c = 1. O

Remark 4.27. If P is a ideal above 2, then 2 € P. Thus, if P is WR, then there exists
§ € P\ Q(V/d) such that ||6]]> < 16.

Lemma 4.28. Let d =1 (mod 4),0 =0 (mod 2) and a+b =1 (mod 4). Then all prime
ideals above 2 are not WR.

Proof. If d = 5 (mod 8), then 20 is prime (see Lemma 4.17) and not primitive. We
now consider the case d = 1 (mod 8) here. Note that d > 17 as d = 1 (mod 4) and d is
squarefree. We divide into two sub-cases: a = —¢ (mod 4) and a = ¢ (mod 4). Since the
techniques used in the proofs of the two cases are similar, we only consider the first. In
this case, suppose that there exists a prime ideal P above 2 such that P is WR. Hence, by
Remark 4.27, there exists § € P\ Q(v/d) such that ||0]|> < 16. Let +;,~},74,7, be as in
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Remark 2.6. There exist integers z1, 22, 23, 24 such that § = 21y] + 2275 + 2374 + 24774 and
thus

1
”(5”2 = — ((421 + 222 + z3 + 24)2 + d(222 + Z3 — 2,’4) —+ 2|a|d (zg —+ zz)) .

W

Since § ¢ Q(v/d), one has 23 + 22 > 1. Hence, |a|d < ||6]|*> < 32 which occurs only
if |a| = 1 and d < 32. This means (a,d) € {(1,17),(—=1,17)} as d = 1 (mod 8) and d is
squarefree. In both cases of (a,d), there are two prime ideals above 2 and we can verify

that these prime ideals are not WR by using Pari/GP. Hence, all prime ideals above 2 are
not WR when d =1 (mod 4),b=0 (mod 2) and a +b =1 (mod 4). O

Combining Lemmas 4.24, 4.25, 4.26 and 4.28, we imply Proposition 4.29.

Proposition 4.29. Let F,a,b,c,d be as in Section 2.3. Then a prime ideal above 2 of Op
s WR if and only if a =1,b=2,c=1,d = 5. In this case, O has a unique prime ideal
above 2.

5 Conclusion and future research

This paper investigates WR ideals of cyclic and quartic fields. We show that all cyclic
cubic fields have WR ideals. Moreover, we present families of cyclic cubic and quartic
fields of which WR ideal lattices exist and also construct explicit minimal bases of these
WR ideals.

We observe that all WR ideals obtained from our experiment have norms dividing
the discriminant of the field if the discriminant is odd. Therefore, we form the following
conjecture.

Conjecture: Let F' be a cyclic cubic or cyclic quartic field with an odd discriminant.
If a primitive integral ideal I of F'is WR, then N(I) divides the discriminant of F.

If this conjecture holds then there are only finitely many WR ideals from each of these
fields.

Note that this conjecture agrees with the observation in [11] for real quadratic fields,
and it was later proved for these fields [27]. In addition, for a cyclic quartic field F' of odd
discriminant, the conjecture holds for the case when the ideal I of F'is the unique prime
ideal above a prime number as a result of Theorem 1.6.

We also remark that the conjecture does not hold for cyclic quartic fields of even
discriminant. That is, there exist cyclic quartic fields with even discriminant which have
WR ideals of norms that do not divide the field discriminant. For example, the cyclic
quartic field F' defined by (a,b,c,d) = (1,2,1,5) has WR ideals with norms 484, 2420,
3364, and 3844 which do not divide Ar = 2000. Another remark is that this is the only
case in which a prime ideal above 2 is WR by Proposition 4.29.

Our future research will investigate the above conjecture and WR ideals of other number
fields.
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A Some results related to cyclic cubic fields
Proof of Lemma 3.12. Recall that Tr(a) = a + o(a) + 0%(a) = 0. We have

a(8) = my — mao(a) + (mg — ms)(—a — o(a))

=my + (m3 — mg)a — moo(a).
Thus

6] = 6% + 0(8)* + (07(9))”

= 3m] + 2(m3 + mj — mams)(a® + o(a)* + ac(a))

2m
= 3m} + —(m3 + m3 — mams).

3

The last equality occurs because of the fact that

24 oo+ ao(e) = -an(a) + o+ (o)
= —ao(a) — (e +o(@))o*(a)

=3
]

Proof of Lemma 3.22. Let P = P, --- P,. From Corollary 3.14 and from o? € P2, there
exists integers k, A, B such that o® = k% + Aa + Bo(«). The value of k is 2 since
Tr(a) = Tr(o()) = 0 and Tr(a?) = 2. By using Lemma 3.12, one deduces that

Am? 2
212 = 2% 4 242 _AB 4+ B?).

lo 29 3

It is easy to show that ||a||> = 222, Therefore A> — AB + B> = . O

Proof of Lemma 3.3. By using the coefficients of the defining polynomial of F' in (2), one
has

2 1 1-—
_amt and Tr(ao(a)) = Tm (18)

Note that the set M, can be defined equivalently as M; = {6 € Op : Tr(J) =0 (mod ¢)}.
Let § = aja + aso(a) + azo®(a) € M,. Then a; + as + az = 0 (mod £). By computation,
we obtain

Tr(a) = Tr(o(a)) = 1, Tr(a?)

1—m

Tr(da) = 3

(a1 + as + ag) +am

1
Tr(30(a) = — D ar + as + as) + aym
1—m

Tr(do?()) = 3

(Ch + as + ag) + asm.
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If /| m, then Tr(da) = Tr(do(a)) = Tr(do*(a)) = 0 (mod £). Thus, all of da, do(a) and
dc?(a) are in I. Since {a,o(a),0?(a)} is a basis of O (Lemma 3.1), one has that M, is
an ideal.

Conversely, assume that M, is ideal. Then the element o — o(«) has trace 0 and hence
is in My. Thus a(a — o(a)) € M, since o € Op and M, is an ideal. Therefore, by (18),
Tr(a(a — o(a))) = Tr(a?) — Tr(ao(a)) = m =0 (mod ¢). In other words, ¢|m. O

Proof of Lemma 3.4. By using the fact that p;|m and n; = =37 (mod p;), one can factor
df (z) as df (z) = (a+n;)® (mod p;). On the other hand, Lemma 2.4 says that p; does not
divide the index [Op : Z]a]]. Therefore, one has P; = (p;, & + n;) by using the result on
the decomposition of primes [2, Theorem 4.8.13].

First, —a+o(a) = —(a+n)+(o(a)+n) € P, since we have proved that P, = (p;, a+n;)
and by the fact that o(P;) = P;. The length of this element is easily computed by applying
Lemma 3.2.

Next, we compute the length of a + n,;. By writing

a+n; =a+n(a+o(a)+o*(a)) = (n; + Da+ nio(a) +nio*(a)
and applying Lemma 3.2, the result is obtained. O

Proof of Lemma 3.23. Let ' = Q(&3) and 0 = A + B&;. Then N(f) = N and there exists
an ideal Py, - - - P; such that N(P;) = p; and

GOK =Pi---P :HPZHP]
el el

Since O is a PID, then there exist elements x; +y;&{3 € Ok and x; + y;§3 € Ok such that
zj+y; =1 (mod 3) for all j ¢ I,x; +y;r =1 (mod 3) and P; = (4;), P; = (0;) whereas
0; = x; +y;&3 and 0y = x7 + y;&s. It leads to the equality 00k = (51 HJ¢15 > Ok and

thus there exists € € O} such that fe = ;[ ;4,0;. Let or(d;) be the conjugate of §; over
F. One has 6;0r(d;) = pr and thus

QSO'F 5[ H5 (S[O'F 5[ (H(S)

J¢l J#i
It means o (d;) € prOk. Moreover,
QO'F((SI) = ASL’[ + By[ — Ay[ + (BLE[ — Ay[)fg

and thus Bx; — Ay;, Ax; + Byr — Ay; are multiples of p;. O

Proof of Lemma 3.24. Let v = zja + yro(a). Remark that % = A% — AB + B? and
o = 22+ Aa+Bo(a). Since Tr(ao(a)) = —%, then we can write ao (o) = 22 +Ca+ Do
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for some integers C, D. One has o = =+ 42 and ad = QmTa + Ao + Baoa. This implies
that

ma  am 2m 2mA  mB
— +—=(AB+ BD 4+ A+ BC _—
5 57 (AB + )a(a)—l—(9+ + )a+<9 9>
and thus AB+ BD =0, %m + A2+ BC = T e = % — mTB. Since B must be nonzero,
A = —D and it is easy to prove C' = B — A.
One can easily verify that

m
=g (227 —yr) + (Az; + Byr — Ayr) a+ (Bxy — Ayr) o(a),
m
yo(a) = 0 (—xr 4+ 2y;) + (Bxy — Ay; — Byy) a + (—Ax; + Ay; — By;) oa.
0 (2 —yr) 5 (=21 +2y1)
Let M’Y: Xr A.QT]—By[—Ay[ BZB[—AyI—ByI
yr Bz — Ayr —Ax; + Ayr — By
Since all the entries in the second and third columns are multiples of p;, one has that
det (M) is a multiple of p7. Hence, p? | Ng,g(v) as Ng/g(y) = det(M,) by [23]. O

B Some results related to cyclic quartic fields

Proof of Lemma 4.8. First, we prove that that Q1;, Qo; are ideals. By Remark 2.6.(i), it is
sufficient to show (2 + v/d)f € Qy;. Indeed, one has

(2 + Vd)B = 218 + Vdps
= 28 + co(8) — bf
= (2 —b) B+ co(B) € Qi
for £ = 1,2. Hence )15, ()2; are ideals of Op. These two ideals have norm ¢; and thus they

are prime ideals. Moreover, one has Q < K = Q(v/d) < F and Qr; N Ok = qi;. Hence
Q1j, Q2 are distinct. By Lemma 2.10, these ideals are the only prime ideals above ¢;. [

Proof of Lemma 4.9. To prove @15, ()2; are ideals, it is sufficient to prove wﬁ € Quj
and wa(ﬁ) € Qy; for k =1,2. By using Lemma 2.8, we have

wﬁ:(%k—l)ﬁ-i-—ﬁ_‘_f\/a
_ (2tk—1)5+ﬁ+ca(26)_bﬁ
— <2tk — 1+ %b) B+ ga(ﬁ) € Quj,
e =1V 6 (ot — 1)o(p) + LAV

2 2

= (th—l—i-lT_‘_b) 0'(5)4-%56@@',
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for £ = 1,2. Hence 1, ()2; are ideals and thus they are prime as their norms are g;.
Moreover, Qr; N Ok = qi;. Hence these ideals are distinct. By Lemma 2.10, @, Q2; are

two only prime ideals of O above g;.

]

The proof of Lemma 4.10 is similar to Lemma 4.9.

Proof of Lemma 4.11. Let v1,7%, 74,74 as in Remark 2.6,iv. Let py; =

4t —14+Vd—B—o(B)
1 and

Urj = 2qj+4t’“712\/a+’370(’3). First, we prove that Qy; are ideals for all £k = 1,2. To do that,

it is sufficient to prove that g;7,, Aty —

1+\f /

k = 1,2. It is obvious that g;7}; Aty —
One has

1+«f /

iy PriVis ki € Qg for all i = 1,2,3,4 and

Yiy Prj, Vkj € Qij, for all k = 1,2 and ¢ = 1,2.

g +1— 2t Aty — 1+/d
4y = JT% + G5 4 Vr;
057 = ;= 4Pk
A —1+Vd , d— (A —1)°—2g(c+1—4t)  b—c—1+8tdt, —1+d
b C—1—4tk
BT e w— (o
Ay —14+Vd ,  2bgj—d+ (4t —1)*  btec+ 14t —1+Vd
2 L 8¢; ! 4 2
—c+1—4t b
9 ij—il/)kj
A= (4t —1)"+2bg;  —b—c+dt— 14t —1+d
Pkj72 8(]j 4; 4 9
c+1
+ 92 pk]+ ¢kj
d— (4t — 1)° +2q; (c + 1 — 4ty
Uiy = ( )8 5 ( )qj
4
—b+c—1+2q]+4tk4tk—1+\/_+ l—cw
4 92 2pkj kj
,d— (4ky —1)* — 2ab+ 8abt —2q (b + ¢+ 1 + 8t)
PkjV3 = 4q;j
16g;
+4t—ab—c—14tk—|—1+\/3 c—b+1 +b+c+1—4tw
4 2 T 1 ki
, (Aty — 1) —d—2a(c+d—4ct) 4 4bq b+ c—acdt,+1—+/d
PrkjYa = 16Qj d; 4 9
1—C—2tk b
+—2 kj_éwkj
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2a (¢ — d — 4cty) +4q7 + d — (4t — 1)

. / — .
YrjVs 16q; 4
ac+2q; + 4ty — L4t —1+Vd  —q; — 2t + 1
+ + Yi;j
4 2 2
, (4t — 1) —d —2ab (1 — 4t;) + 2q; (b— c — 1 + 4ty)
1/ka74 = 16 qj
j
ab—baty —1++vd b+c+2q — 4t + 1
4 2 4 Phs
—b+c+1
¥

It is not hard to prove all the coefficients of the above expressions are integers. Thus

Q15,Q2; are ideals. Moreover, Qi; N Ok = qi; and thus Q1; # ()2; and they are all prime
ideals of Op above g;. O]

To prove Lemma 4.17.(ii), we again consider two cases, namely a = —c (mod 4) and
a = ¢ (mod 4). The proofs of both cases use the same technique, thus we only prove the
first case here. The notations 7,745,745, 74 are as defined in Remark 2.6. One has

v =7, fori=1,2,3,4

d—1
7322-—;;—71%-7é

, , —2b+d-1, b+c+1, 1—c, b,
T2 V3= 3 7t 1 Y2 T+ 9 73"‘574
, , —d—2c—-1, —b4+c+1, b, c+1,
Y2 V4= 3 7t 4 72+§V3+TV4
o —4b+2ac+2ad+d—-1, b+c—ac , —c+1, b,
T3 = 16 7t 1 T2 5 73+§’Y4
, , —2ab+2b—2c—d—-1, ab—-0b, b4+c+1, —b4+c+1,
V3 V4= 16 "t 1 72+773+T74
o —2ac+4c+2ad+d—-1, b+ac—c, b, 1—c,

Let 0 = 217] + 2272 + 2375 + 2477y and ¢ = t17y] + taya + t375 + tay, be arbitrary elements
of Op. Then

§ -1 = Sy + Sovh + S3vh + Suh
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where
—2b4+d—-1 —2b4+d—1 —d—2c—1 —b+d—-1
51 = Z1t1 + ZQtQT + ZthT + th4T + thQT
N t—4b+2ac+2ad+d—1+ t—2ab+2b—20—d—1+ t—d—QC—l
Z zZ Zplg————
303 16 304 16 402 3
—2ab+2b—2c—d—1 —2ac+4c+2ad+d—1
+ 24t3 + 24l4
16 16
b+c+1 —b+c+1 b+c+1 b+c—ac
SQ = thz + thl + thg + Zzth + 22t4T + thgT + thgT
ab—b —b+c+1 ab—10 b+ ac—c
+ 2384 + 2ytyg————— + 2413 + pyty———m
4 4 4
1—c b 1—c
Sg = thg + thg + 22t4§ + thl + thg
1—c¢ b+c+1 b b+c+1 —b
+ thg + 23t4— + Z4f}2— + Z4t3— + Z4t4—
4 2 4 2
b c+1 b
S4 = th4 + 22t3§ + Zzt4 5 + 23t2§
b —b+c+1 c+1 —b+c+1 1—c¢
+ 23t3§ + 23t4T + Z4t1 + Z4t2 9 + Z4t3T + Z4t4

Proof of Lemma 4.17.(ii). To prove 20 is prime, we claim that 6 - ¢ ¢ 20p wherever
d ¢ 20p and ¢ ¢ 20p. It is sufficient to claim that if the two tuples (¢y,ts,%3,14)
and (21, 22, 23, 24) are not simultaneously equal to (0,0,0,0) modulo 2, then Si,Ss,S3
and Sy are also not simultaneously equal to 0 (mod 2). Since the largest denominator
of Sy,9,,53,54 is 16, one can prove this by considering the integers a, b, ¢, d modulo 32
and verify whether S7, 55, 53,54 are all zero modulo 2 or not. It is done by using any
programming language. [
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