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Identities for subspaces of the Weyl algebra

Artem Lopatin, Carlos Arturo Rodriguez Palma

Abstract. In this paper we describe the polynomial identities of degree 4 for a certain
subspace of the Weyl algebra over an infinite field of arbitrary characteristic.

1 Introduction

Assume that F is an infinite field of arbitrary characteristic p = charF > 0. All
vector spaces and algebras are over ' and all algebras are unital and associative, unless
stated otherwise. We write F(zy,...,z,) for the free unital F-algebra with free generators
x1,...,%,. In case the set of free generators is infinite and enumerable, and denoted by
X = {x1,x9,...}, the corresponding free algebra is denoted by F({X).

1.1 Witt algebra W,

The Weyl algebra A is the unital associative algebra over [ generated by letters x, y
subject to the defining relation yz = xy+1 (equivalently, [y, z] = 1, where [y, 2] = yx—xy),
ie.,

Ay =F(z,y)/id{yx — zy — 1}.

For s > 0 define by Ag_’s) the F-span of ay® in Ay for all a € F[z]. It is easy to see that
the following two conditions hold:

e the space A§"S) is closed with respect to the Lie bracket |-, - |;
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e the Lie bracket |-, -] is not trivially zero on Ag_’s) if and only if s = 1 (for example,
see Corollary 3.5 of [13]).

Note that in case p = 0 the space Ag_’l) together with the multiplication given by the
Lie bracket is the Witt algebra Wy, which is a simple infinite dimensional Lie algebra.
Similarly, considering n pairs {z;,v;} (1 < i < n) instead of {z,y} we can define the n'
Witt algebra W,,, which is also a simple infinite dimensional Lie algebra.

1.2 Polynomial identities

A polynomial identity for a unital F-algebra A is an element f(xz,...,z,,) of F(X)
such that f(ai,...,a,) = 0in A for all ay,...,a,, € A. The set Idp(A) = Id(A) of
all polynomial identities for A4 is a T-ideal, that is, Id(.A) is an ideal of F(X) such that
»(Id(A)) C Id(A) for every endomorphism ¢ of F(X). An algebra that satisfies a non-
trivial polynomial identity is called a Pl-algebra. A T-ideal I of F(X) generated polyno-
mials f1,..., fr in F(X) is the minimal T-ideal of F(X) that contains fi,..., fx. Denote
I =1d(f1,..., fx). We say that f € F(X) is a consequence of fi,..., fp if f € I. Given
a monomial w in F(x1,...,2,), we write deg, (w) for the number of letters x; in w and
mdeg(w) € N™ for the multidegree (deg, (w),...,deg, (w))ofw, where N={0,1,2,...}.
An element f € F(X) is called (multi)homogeneous if it is a linear combination of monomi-
als of the same (multi)degree. Given f = f(x1,...,2y) of F(X), we write f = > 5 m f5 for
multihomogeneous components f5 of f with multidegree mdeg fs = 0. For 6 = (01,...,0,)
we denote |0] = 01 + -+ + 0. We say that algebras A, B are Pl-equivalent and write
A ~p; B if Id(A) = 1d(B).

Given an F-subspace V C A, we write Idg(V) = Id(V) for the ideal of all polynomial
identities for V. Note that ¢(Id(V)) C Id(V) for every linear endomorphism ¢ of F(X),
but Id(V) is not a T-ideal in general.

Assume that p = 0. It is well-known that the algebra A; does not have nontrivial
polynomial identities. Namely, it follows from Kaplansky’s Theorem [10] and the fact that
A; is simple with Z(A;) = F. Nevertheless, some subspaces of A; satisfy certain polynomial
identities. As an example, Dzhumadil’daev proved that the standard polynomial

StN(xlv s 7']:N) = Z (_1)0x0(1) o 'xU(N)

geSN

is a polynomial identity for Ag_’s) if and only if N > 2s (Theorem 1 of [5]). More results on
polynomial identities for some subspaces of n'® Weyl algebra were obtained in [4,6]. The
polynomial Lie identities for the n'" Witt algebra W,, were studied by Mishchenko [15],
Razmyslov [16] and others. The well-known open conjecture claims that all polynomial
identities for W; follow from the standard Lie identity

Y UMMl 2o)]s Zo@): o) Tow)].

Z-graded identities for W, were described by Freitas, Koshlukov and Krasilnikov [9]. More-
over, Z-graded identities for the related Lie algebra of the derivations of the algebra of
Laurent polynomials were described in [7,8].
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The situation is drastically different in case p > 0. Namely, A; is Pl-equivalent to the
algebra M, of all p x p matrices over F. Moreover, the Weyl algebra A, over an arbitrary
associative (but possible non-commutative) F-algebra B is Pl-equivalent to the algebra
M,(B) of all p x p matrices over B (see Theorem 4.9 of [12] for more general result).

Over a field of an arbitrary characteristic, minimal polynomials identities for

° Ag_’l) for an arbitrary p,
. Ag_’s) for p = 2,

were described in [13]. Moreover, similar result was obtained in [13] for the so-called
parametric Weyl algebras, which were introduced and studied by Benkart, Lopes, On-
drus [1,2,3].

1.3 Results

In this paper we described all polynomial identities for Ag_’l) of degree 4. Namely,
polynomial identities of multidegree

e (3,1) were considered in Proposition 3.2;

e (2,2) were considered in Proposition 3.4;

(
(2,1,1) were considered in Proposition 3.6;
° (

1,1,1,1) were considered in Propositions 4.3 and 4.4.

It is clear that there is no polynomial identities of multidegree (4). See [11] for the computer
program for Wolfram Mathematica to assist the proofs of Lemma 3.3, 4.2 and Proposi-
tions 4.3, 4.4.

2 Auxiliary notions

2.1 Properties of A;

Given a € F[z], we write a’ for the usual derivative of the polynomial a with respect to
the variable . Using the linearity of derivative and induction on the degree of a € F[z] it

is easy to see that
ly,a] = @’ holds in A; for all a € F[z]. (1)

Thus for all 7, 5 > 0 the associative multiplication and the Lie bracket on Ag_’l) are given
by

i+j i+j—1

dyaly =2y’ + ja' 7y and [2'y, 27y = (j — i)z Ny, (2)

where we use notation that
' = 01in A; in case i € Z is negative.

The following properties are well-known (for example, see [3]):
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Proposition 2.1. (o) {z'y’ | i,j > 0} and {y'z' | i,j > O} are F-bases for A;. In
particular, {z'y | i > 0} is an F-basis for Ag—,l)'

(b) If p =0, then the center Z(Ay) of Ay is F; if p > 0, then Z(A;) = FlaP, y].

(c) If p > 0, then A, is a free module over Z(A;) and the set {z'y? | 0 < 1,7 < p} is a
basis.

(d) The algebra A is simple if and only if p = 0.
Theorem 5.4 of [13] implies the following statement:

Proposition 2.2. (a) A minimal polynomial identity for Ag_’l) has degree 3.

(b) Every homogeneous polynomial identity for Ag_’l) of degree 3 is equal to &Stz for
some & € F.

2.2 Partial linearizations

Assume f € F(X) is multihomogeneous of multidegree § € N™. Given 1 < i < m and
7 € N* for some k > 0 with |y| = d;, the partial linearization ling, (f) of f of multidegree
7 with respect to z; is the multihomogeneous component of

floe, o T, @i Tige—1, Tigy - - Trngk—1)
of multidegree (01,...,0;—1,%1, -+, Yk, Oit1,s---,0m). As an example,
- (1,1 2.3\ __ 3
hn>(<2 )(X1X2X3) = X1 (XoX3 + X3X2)X].

The result of subsequent applications of partial linearizations to f is also called a par-
tial linearization of f. The complete linearization lin(f) of f is the result of subsequent

applications of linﬁl, .. ,linii:n to f, where 1* stands for (1,...,1) (k times).

Assume A is a unital F-algebra and V C A is an F-subspace. Since F is infinite, it is
well-known that if f is a polynomial identity for V), then all partial linearizations of f are
also polynomial identities for V. Note that the above claim does not hold in general for a
finite field (as an example, see [14] for the case of f(z1) = 27 and V = A). The following

lemma is well-known.

Lemma 2.3. Assume that all partial linearizations of a multihomogeneous element f of
F(X) are equal to zero over some basis of V. Then f is a polynomial identity for V.

Proof. Let {v;} be a basis for V. Note that f(>_; a1;v;,..., D am;v;) is a linear combi-
nation of partial linearizations of f evaluated on the basis {v;}, where ayj,...,a,; € F
for all 7. Therefore, the required is proven. O
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Example 2.4. Assume that p = 2 and A is the unital associative commutative algebra

generated by ey, ...,e, with the ideal of relations generated by e?,...,e2, where n > 0.

Y )

Denote by V the maximal ideal of A generated by ey, ..., e,. Let us apply Lemma 2.3 to
show that f(z;) = x? is the polynomial identity for V.

All partial linearizations of f(x1) are f(x1) and fi;(x1,22) = 129 + xozy. Since
B={e; e, |1<i <---<ip<n, k>1}1isa basis for V and

fles - -ei) = fule - ey, ej---e)=0

in Aforall 1 <i; <+ <ip,<n, 1 <75 <. <7 <nwith k,r > 0, we obtain that
f(xz1) € 1d(V) by Lemma 2.3. Note that f(z1) is not a polynomial identity for A4, since
f(1) =1, but f;, € Id(A).

)

3 Non-multilinear identities for Ag_’l of degree four

In this section we will denote ¢; = a'y for @ > 0. Note that in the presentation
CicicRC = ZMN} Brexy' in Ay the coefficient §,; € F is unique for all 7, > 0 by part (a)
of Proposition 2.1.

Consider the following multihomogeneous elements of F(X) of degree 4:

2.2 2 2 2.2
(I)Qg = X1Ty — 31’11’25(311’2 + 21’15(321’1 + 21’21’1%’2 — 35(321’11’2331 + Ty,

U = zofzy, 24|23 + 23[21, T4] 22,
Vo = \I’(l'la xy,T3, 932) = Il[fl, 1’2]1'3 + Is[fl, 932]%-
Denote (I)le = hnilz’l)(bgg, (I)lin = lin(q)gg) and

Uiin = lin(Way1) = W(xq, Xo, X4, x3) + W(X2, X1, X4, X3).

Lemma 3.1. Given i,7,k,1 > 0, we denote e =i+ j + k + 1. Then in the presentation of
cicjerer as the linear combination of basis elements {x"y" | r,t > 0} of Ay the coefficient of

(a) zfy* is 1;

(b) ¢ 1y3 is j+ 2k + 31, in case e > 1;

(c) 272y* is (k+20)(j +k+1—1)+1(k+1—1), in case e > 2;
(d) 23y isl(k+1—1)(j+k+1—2), in case e > 3.

The remaining coefficients are zeros. Moreover, we may apply parts (b), (c), (d) for every
e > 0, since in case of negative degree of x the corresponding coefficient is zero.
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Proof. Assume i, 7, k,l > 1. We apply equality (1) to obtain that

cicke = pyzF(zly + 1z )y
— 29 (g )y + 1 (g )y
= 2T (b 2027y (R 1= 1)a7 TRy i AL

Applying the obtained formula to c;cjcre; we conclude the proof. Note that in these
calculations z* with negative k € Z always has zero coefficient. Then these calculation are
valid for 7, j, k,1 > 0 and the required is proven. O

Proposition 3.2. There is no non-trivial multihomogeneous polynomial identities for Ag_’l)
of multidegree (3,1).

Proof. Assume that f(x1,73) = 1231y + Qorizem + Q3217977 + aurox} is a polynomial
identity for Ag_’l), where oy, ..., a4 € F. We will show that f = 0 is the trivial identity. For
all i, j > 1 we have f(c;,¢;) = 01in A;. Applying parts (a)—(d), respectively, of Lemma 3.1,
we obtain that

a1+a2+a3+a420, (3)

(3i + 35) oy + (4 + 25) vy + (5i + 5)evs + Giawy = 0, (4)

(20% + 65 + 352 — i — 3j)ay + (5i® + 5ij + j2 — 3i — j)ag+ (5)
(8% 4 3ij — 41)as + (1132 — 4i)ay = 0,

Gl 47— 1245 — 2oy +i(i+j — 1)(2 + j — 2)as+ ©)
i(2i — 1)(2i +j — 2)avg + (20 — 1)(3i — 2)ayy = 0,

respectively. We can rewrite formula (4) as
(30&1 + 40&2 + 50(3 + 60(4)’i + (30&1 + 20(2 + Oég)j = 0. (7)

We subtract equality (7) with i = j = 1 from equality (7) with i = 1, j = 2 to obtain
that 3y + 2an + a3 = 0. Thus it follows from equality (3) that for an arbitrary p we have
a3 = —3a; — 29 and oy = 20y + . Taking i =1, j =2 and i = 1, j = 3 in equality (6)
we obtain that ap = —4a; = 0. Thus f = 0 in case p # 2.

Assume p = 2. We have as = a4 = 0 and a3 = «a3. Considering i = 1, j = 2 in
equality (5) we can see that cr; = 0. The required is proven. O

Lemma 3.3. The elements ®oy, Po11, Pun are polynomial identities for Ag_’l).

p =2 the elements a1y, U, and [[x1, 5], [w3,24]] are polynomial identities for AT,

In case

Proof. Using Lemma 3.1 and straightforward calculations (by means of a computer pro-
gram) we can see that ®9 and its partial linearizations lingll’l)(q)gg), Dy = linglz’l)((bgg)
and the complete linearization @y, = lin(Py) are equal to zero over the set {c¢;|i > 0}.
Since {c¢; |7 > 0} is a basis of Ag_’l), Lemma 2.3 concludes the proof for @9y, ®o11, Dyjp.
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Assume p = 2. Since Wyyq, ¥, Uy, and [[z1, 23], [23, 4]] are zero over the set {¢; |i > 0},
Lemma 2.3 concludes the proof for oy, ¥, and [[x1, 23], [73, 24]].
O

Proposition 3.4. Assume f is a multihomogeneous polynomial identity for Ag_’l) of mul-
tidegree (2,2). Then f = a ®yy for some a € F.

Proof. Assume that
_ 2,2 2 2 2.2
f(z1,9) = 25 + QX1 Tox1 T + A3T1T5X1 + LT To + A5ToX1 Loy + ATHTT

is a polynomial identity for Ag_’l), where oq,..., a6 € F. Hence f(c;,¢;) = 0in A; for all
i,7 > 0. Applying parts (a)—(d), respectively, of Lemma 3.1, we obtain that

041+042+Oé3+044+045+046:0, (8>

(i 4+ 57)aq + (20 + 45) g + (3i + 37)az+
(Bi+35)as + (4 +2j)as + (5i+j)ag =0, if i+j>1,

(9)

(3ij + 8% — 4j)aq + (i* + 5ij + 5j% — i — 3j)aa+
(342 + 6ij + 25% — 3i — j)a + (262 + 6i5 + 352 — i — 35) ot (10)
(542 4 5ij + j* — 3i — j)as + (8i* + 3ij — 4i)ag =0, if i+j>1,

Jj2i—1)(i4+2j—2)ar +j(i+7—1)(i+2j —2)as+
i(i+j—1)(4+2]—2)as+j(i+7—1)(2i+ 7 —2)as+ (11)
i+ —1)(2+7—2as+i(2i —1)(2i+j—2)ag =0, if i+j>2.

Taking ¢ = 0, j = 1 in equality (9) we obtain
Saq + 4o + 3az + 3oy + 205 + ag = 0.
Considering t =0, j =1 and i = 1, j = 0 in equality (10) we obtain that
4oy + 200 + a3 =0 and oy + 205 + dag = 0, (12)

respectively.

Let p # 2. Considering i =0, j =2 and ¢ = 2, j = 0 in equality (11) we obtain that
3aq + as = 0 and aj + 3ag = 0, respectively. It it easy to see that the above five equalities
imply that

s = a5 = —3aq, a3 = a4 =20; and ag = Q. (13)
Hence, f = a1Pos.

Let p = 2. Equality (9) implies that (aq + a3 + a4 + ag)(i +7) = 0 for all 4,5 > 0
with 7 + 7 > 1. Considering i = 1, 7 = 0 we obtain that a; + a3 + a4 + ag = 0. Similarly,
equality (10) implies that ij(a; +as+as+ag) +jas+icay = 0 for all 4,j > 0 with i+5 > 1.
Equalities (12) imply that ag = oy = 0. Applying equality (8) we can see that

a3 =a4 =0, as =y and ag = a;. (14)
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In other words, f = ay[z?, 23] + ag(z1227179 + 29112971 ). By Lemma 3.1 we can see that

0= hngclél)(f)(cb c1,0) = (a1 + ag)a?y. (15)
Thus a1 = ay and the proof is completed. O

Recall that for iy,...,k,j1,-- .,k € Z, two multisets {i1, ..., 0 }m and {J1,. .., jk}m
are equal if for every | € Z we have [{1 <t <k |, =1} =|{1<t<Ek]|j =1}

Lemma 3.5. Assume A is an associative algebra and V C A is an F-subspace. Suppose
(a) any polynomial identity of V of multidegree (3, 1) is trivial;
(b) any polynomial identity of V of multidegree (2,2) is equal to EPoy for some £ € F.
Then every polynomial identity f of V of multidegree (2,1,1) is equal to
ax1Sts(z1, T2, x3) — B [[21, T2], [1, 23]] + 7 Sta(x1, 22, 3) 21 + ER(21, T2, 73)
for some o, 5,7, € F and h(xq,x9,x3) is given as
h(x1, Tg, T3) = T203T9 + 2237200 + T3ToTT — T ToT3T1 + 3T T3ToT| — 3T, T3T1 Ty — V3T Loy

Proof. First, we have that f(x,%s,3) = Y qji®;x;T,x;, where the sum ranges over all
1<i4,j5,k, 1 <3with {3, j, k, [}, = {1,1,2,3},, and ;i € F. For short, we write o293 for
aq193, etc. Applying part (a) to f(z1, 21, z2) = 0 we obtain that

Q1293 + Qop23 + 013 = 0,
Q312 + Q312 + (g1 = 0,
Q3129 + Qigo12 + iz = 0.

Similarly, applying part (b) to f(x1,xs,z2) = 0 we obtain that

Q203 + Q239 = &,
Qo312 + Qg2 = &,
ap213 + g3z = —3¢,
Qo131 + Qg = —3¢,
Q931 + gz = 26,
Qo123 + Q329 = 26,

These equations imply the required equality for f for o = 293, 8 = Q9123, ¥ = Qag12. [

Proposition 3.6. The following set is an F-basis of the space of all polynomial identities
for Ag_’l) of multidegree (2,1,1):

(a) x1St3(x1, 22, 23), St3(x1, T2, x3)T1, Po11, in case p # 2;

(b) $18t3($1ax27$3)7 Stg(l'l,l'g,l’g)l’l, lI]2117 [[1'1,1'2], [l’laxi’)]]} in case p = 2.
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Proof. By Proposition 2.2 and Lemma 3.3 all elements from the formulation of the propo-
sition are identities for Ag_’l).

1. At first, we will show that any polynomial identity f € F(X) for Ag_’l) of multide-
gree (2,1,1) is an F-linear combination of elements from the formulation of the propo-

sition. Since x1St3(z1, e, x3) and Sts(xq, o, x3)x are polynomial identities for Ag_’l) by
Lemma 2.2, Lemma 3.5 implies that it is enough to complete the proof for

f(x1, 29, 23) = =B [[21, 2], [T1, T3]] + EN(T1, 22, 3),

where ,¢ € F.
Assume p # 2. Since 0 = f(c3,¢2,¢1) = 2(8 — €)a% by Lemma 3.1, we obtain that
¢ = (. By straightforward calculations we can see that

1
[[z1, z2], [z1, z3]] — h(x1, 22, 23) = 3 (1St3(x1, T2, x3) + Stg(x1, T2, x3)x1 — Por1) .

The required is proven.
Assume that p = 2. By straightforward calculations we can see that

h(xq, g, x3) = 215t3(21, T2, T3) + Var1 (21, 2, 73).

Note that
D11 = 21St3(21, T2, ¥3) + Sta(w1, T2, 73)71 .
The required is proven.
2. To show that elements from the formulation of the lemma are linearly independent in
case p # 2, we consider

a x1St3(21, g, x3) + B Sta(21, X, x3)T1 + ¥ Por1 (21, 22, 23) =0

for some a, 8,7 € F. Taking the coefficients of x3wyx3 and z?x3wy we therefore obtain
a+v=—a+~v=0. Thus a =~ = 0 and the required is proven.
Similarly, for p = 2 we consider

a x1St3(21, 22, x3) + B Sts(21, 22, x3)T1 + ¥ Varq + d[[21, 22], [21,23]] =0

for some «, 3,7,6 € F. Taking the coefficients of x3x3wy, Tow32?, T1237901 We obtain
—a=pf=—-a—F+6=0. Thus a = = = 0 and the required is proven.
U

4 Multilinear identities for Ag_’l) of degree four

As in Section 3 we denote ¢; = a'y for ¢ > 0. Consider the following multilinear
elements of F(X) of degree 4:

I'= —T1X9T3T4 + 21’11’21’41’3 + T1X304T2 — 21’11’41’21’3
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+2£L’21’1£L’3ZE4 — 21’21’11’41’3 — 21’21’31’11’4 + XoX3X4X1 + T2X4T1X3

+l’3l’11’21’4 — 21’31’11’41’2 + T3L4T1T9 + TApX1ToX3 — TaL2X3T1,

A= —31’125'25(,’32['4 + 32515(7225425’3 + 225'1{1732['2.1’4 - 225‘15(742525(73
+3!L’2£L’11’3!L’4 — 31’21’11’41’3 — 21’21’31’11’4 + 21’21’41’11’3

—XI3X1T4T2 + T3LoT4T1 + TAX1X3T9 — T4ToX3T7,

A = Xox1T3T4 + ToTyX1X3 + T3X 1Ty + T3T4T1 X + T4T1 XT3 + T4T1T3Ts.

A monomial from F(X) of multidegree (1,1, 1,1) is called reduced if it does not belong
to the following list:

T1X4X3T2, TaX4T3T1, X3X2X 1Ty, L3T4L2L1, T4LaX1X3, T4L3L1L2, T4T3T2T]. (16)

An element from F(X) of multidegree (1,1, 1, 1) is called reduced if it is a linear combination
of reduced monomials. Note that I, A, A are reduced.

Lemma 4.1. For every homogeneous f € F(X) of multidegree (1,1,1,1) there exist multi-
linear fi1, fo € F(X) of degree 4 such that f = f1 + fa,

o f1 is reduced;

o fyis a linear combination of polynomials of the form x;Sts(x;, g, 1), Sts(x;, x5, xx) )
where {1, j,k, 1} = {1,2,3,4}.

Proof. Consider the usual lexicographical order on the set of all monomials from F(X) of
multidegree (1,1,1,1). Denote by L the subspace of F(X) generated by x;Sts(z;, x, 21),
Sts(zi, zj, vg)x; for {i, 7, k, 1} = {1,2,3,4}. Given a monomial w € F(X) of multidegree
(1,1,1,1), we write w = 0, if w — h € L for some h € F(X) such that all monomials of
h are less than w. Since x1St3(za, x3,24) € L, we obtain that xjxyxsz9 = 0. Similarly,
considering woSts (1, X3, r4) € L, x35t3(x1, x0,24) € L, x4St3(x1, 9, x3) € L, respectively,
we obtain that
LoXgA3T1 = 0, 3L 41 = 0, LpT3AoT1 = 0,

respectively. Moreover, considering Sts(z1,x3,z4)xe € L, St3(zq,x2,23)x3 € L and also
Sts(x1, T2, x3)xy € L, respectively, we can see that

TpT3T1 Ty = 0, TpToXl1 T3 = 0, T3ToX 1Ty = 0,

respectively. Consequently, applying the obtained equivalences to f, it is easy to see that
the claim holds. O

Lemma 4.2. The elements I', A are polynomial identities for Ag_’l). If p =2, then A is
also a polynomial identity for Ag_’l).
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Proof. Using Lemma 3.1 and straightforward calculations (by means of a computer pro-
gram) we can see that I', A are equal to zero over the set {c;|7 > 0}. Since the set
{c¢;]i > 0} is a basis of Ag_’l), Lemma 2.3 concludes the proof. Similarly, we prove
Lemma 4.2 for A in case p = 2. O

The following remark can be verified by straightforward calculations.

Remark 4.1. The following equalities hold in F(X):
1.

41 — 2A = (I)lin + l’lstg(l’g,xg, .f(74) + l’gStg(Il, xs3, 1’4) + 2$38t3($1,$2, 1’4)

+ Stg(l’g, 3, 1'4)113'1 + Stg(l’l, X3, 1'4)1’2 + 2 Stg(l’l, T2, 1'4)1’3.

l’lstg(l'g, Zs3, 1’4) — l’gStg(!L’l, Zs3, 1’4) + l’gstg(l'l, T, 1'4) — ZL’4St3(ZL’1, 9, 1'3)

+ Sts(xg, x3, 14) 21 — St3(1, 3, T4)xe + St3(z1, T2, 4)x3 — Sta(x1, T2, x3)x4 = 0.

Proposition 4.3. The following set is an F-basis of the space of all polynomial identities
for Ag_’l) of multidegree (1,1,1,1) in case p # 2:

I, Oy, 215t3(wa, 23, 24), x2St3(21, T3, T4a), T3St3(x1, Ta, 24), T4St3(21, T2, 3),
Sts(wa, 23, 24)21, Sta(21, X3, T4)T2, Sta(z1, T2, x4)xs.

Proof. By Proposition 2.2 and Lemmas 3.3, 4.2 all elements from the formulation of the
proposition are identities for Ag_’l). By part 1 of Remark 4.1 we can consider A instead of
®y;, in the formulation of the proposition.

Assume that f € F(X) is a polynomial identity for Ag_’l) of multidegree (1,1,1,1). By
Lemma 4.1 and part 2 of Remark 4.1 we can assume that f is reduced, i.e.,

f = ] T1T2X3T4 + g T1T2X4 X3 + A3 T1X3T2X4 + Qg T1T3L4T2 + 5 T1T4T2L3
+ Qg ToX1T3T4 + Q7 ToT1X 4T3 + Qg ToX3T1 L4 + Qg ToX3L4T1 + 19 LoL4L1T3
+Q1 T3T1 X924 + Q12 T3L1X4T2 + Q13 T3L2T4L] + (V14 T3L4T1 Lo
Q5 T4T102T3 + Qe TaT1T3T2 + Q17 T4T2T3T1,

(17)

where oy, ...,ay7 € F. Note that
I'= hl — T4ToT3T1 and A = hg + T4T1X3T2 — TpT2X3T1,

where hq, ho are linear combinations of reduced monomials different from z zix3712 and
xyxow3zy. Then h = f + (aye + a17)I" — aggA does not contain monomials z42123%9,
r4xox371. Hence, considering polynomial identity h instead of f, we can assume that
1 — 17 = 0.
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To obtain equations on «q, ..., ay; we consider f(c;,¢j, ¢k, ¢;) = 0 and take the coethi-
cient of x"y* for certain i, j, k, [, r, s. The resulting linear equation y,aq + - - - + Y5005 = 0
for some 7y,...,715 € F we write down as the line (7y1,...,715) in the matrix A below.
Here is the list of parameters i, j, k, [, r, s which we consider:

e f(ci,co,co,c0), Tyt @ flcr,co,co,c0), ¥2; @ f(co,c1,co, o), Y3
b f(COaCO>01’CO)> y3; b f(c2aCO>CO’CO)> y2; L f(COaC2>CO’CO)a y2;
b f(COaCO>C2’CO)> y2; b f(clacl>00’00)> y2; L f(Cl,C(),Cl,C()), y2;
o f(c1,c1,¢1,00), U; o f(ci,c1,c0,c1), y; @ f(er,co,c1501), 45
o f(ca,c1,c0,00), ¥ o f(co,co,c1,¢0), ;@ f(co,c2,¢1,00), Y

The resulting matrix is

111111111111 1T11
0000011232113 21
1 1232000002313 2
23113 23113002003
000O0O0OO0OO2¢%6 200620
0026 2000002¢620¢6 2
26 006 2600600006
A=1 000 0 00 O0OO0O0OO0OT1Z2241
0000O0OT121240000 2
000O0OO0OO0OODOOOOO0OSQO0OTG 0?1
0000O0OO0OO0OO0OO0OOTTI1TT1TT1OPO0
0O000O0OO0OT1TT1TT1TT1TT1TO0O0OO0OO0ODO0
0000O0OO0OO0ODO0OO0OOODTO0DZ22°020
000O0O0OO0OO0ODO0OZ22O0O0O0O0O0
0002200O0O0O0O0O0O0O02
Since det(A) = —64 is non-zero, we obtain that a; = --- = ay5 = 0, i.e, f = 0. Thus any

polynomial identity f € F(X) for Ag_’l) of multidegree (1,1, 1, 1) is an F-linear combination
of polynomial identities from the formulation of the proposition.

Note that we have proven that any element f € F(X) of multidegree (1,1,1,1) can
be written as a linear combination of 15 monomials, modulo the subspace generated by
elements from the formulation of the proposition. Comparing the dimensions, we obtain
that elements from the formulation of the proposition are linearly independent. O

Proposition 4.4. The following set is an F-basis of the space of all polynomial identities
for Aﬁ"” of multidegree (1,1,1,1) in case p = 2:

I, U, A, A, 21Sts(@g, 23, 24), 225t3(21, 3, 24), £3St3(21, T2, 4), x4St3(21, T2, 3),

Sts(xa, 23, 24)21, Sta(21, 23, £4)T2, Sta(z1, T2, x4)xs,

[z1, 23], [2, 24]].
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Proof. By Proposition 2.2 and Lemmas 3.3, 4.2 all elements from the formulation of the
proposition are identities for Ag_’l).

Assume that f € F(X) is a polynomial identity for A{™" of multidegree (1,1,1,1). By
Lemma 4.1 and part 2 of Remark 4.1 we can assume that f is reduced, i.e., can be written
as in formula (17). Note that

g = [[@1, 23], [w2, 24]] + 22St3(21, T3, 14) + Sts(z1, 22, T4) 73
= T1X274X3 + T1T3T2T4 + L1347 + 147273
+ ToX1XT3T4 + ToX3T 1Ty + ToX3T4X] + ToLyT1T3

+ T3T1T9%4 + T3X1X4T2 + T4T1ToX3 + T4X2T3T 7.

is reduced. Thus

I' = hl + X3T4XT1 T2 + T4T2X3T1,
v = hg + T3T4X1T2
A = hg + T3T41T0 + T4T1T3T9, (18)
A = h4 + X1X9X4X3 + T3X2X4X1 + T4T1T3T2 + T4T2T321,
g = h5 + T1T2X4T3 + T4T2X3T1,
where hq, ..., hs are linear combinations of reduced monomials which do not lie in the set

S:

S = {I1I2SC4$37 T3TaTyX1, T3T4T1T2, I4SL’1I336’2,SL’4I2$C3$1}-

Consider (18) as a system of liner equations on elements of S. Since the corresponding
matrix

-0 O O
_ o O O
O = = =
_ =0 O

=0 O =

000

is invertible, the elements from the set S are linear combinations of I', ¥, A, A, ¢g and
reduced monomials which do not lie in the set S. Hence, without loss of generality we can
assume that as = a3 = a4 = a6 = a7 = 0.

To obtain equations on i, s, ay, s, . .., 2, 5 we consider f(c;, ¢j, e, ¢) = 0 and
take the coefficient of x"y*® for certain i, j, k, [, r, s. The resulting linear equation

Y1aq + Y33 + -+ Y2 + Yisans = 0

for some ~; € F we write down as the line (1,73, V4,75, - - -, Y12, Y15) in the matrix A below.
Here is the list of parameters i, j, k, [, r, s which we consider:

f(clchchvCO)v Z/3§
f(Cl,Cl,CO,CO), Z/2;

fler,er,e1,00), xy?;
I )

C1,Co,C1,C1), Y,

(c1, co, Co, o), xy4; hd
(co,co,C1500), Y25 @
(c1,¢1,¢1,¢0), Y5 b
(c1,c1,¢0,C1), 1792; d

o f
o f
o f
o f
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The resulting matrix is

DO OO OO0 O RO
DO OO OO0 OO
_— O O OO oo o M+~ O
SO R OO OO OO
— R OO R ORFROOO R~
—= == O OO0 00O
R R, OO R O, ORFR OO+
— —m O OO OO O kO
_ 00 OO oo o Rr oo
SO HRF P OO, OO
—_ O = = O OO0 O = =
OO R O FHFOFRFE O

Since det(A) = 1, we obtain that oy = a3 =as =a5 =+ = a;ps = ag5 = 0, i.e, f = 0.
Thus any polynomial identity f € F(X) for Ag_’l) of multidegree (1,1,1,1) is an F-linear
combination of polynomial identities from the formulation of the proposition.

Note that we have proven that any element f € F(X) of multidegree (1,1,1,1) can
be written as a linear combination of 12 monomials, modulo the subspace generated by
elements from the from formulation of the proposition. Comparing the dimensions, we
obtain that elements from the formulation of the proposition are linearly independent. [J
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