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Partial-dual polynomial as a framed weight system

Qingying Deng, Fengming Dong, Xian’an Jin and Qi Yan

Abstract. Recently, Chmutov proved that the partial-dual polynomial considered as
a function on chord diagrams satisfies the four-term relations. In this paper, we show
that this function on framed chord diagrams also satisfies the four-term relations,
i.e., is a framed weight system.

1 Introduction

Chmutov [2] introduced a far-reaching generalisation of geometric duality, called par-
tial duality, and together with other partial dualities, it has received ever-increasing atten-
tion, and their applications span topological graph theory, knot theory, matroids/delta-
matroids, and physics. In analogy with the extensively studied polynomial in topological
graph theory that enumerates by Euler genus all embeddings of a given graph, Gross, Man-
sour and Tucker [6] introduced the partial-dual polynomials for arbitrary ribbon graphs.
Comprehensive surveys of the partial-dual polynomial may be found in [4, 6, 7, 12, 13, 14].

A chord diagram can be interpreted as an orientable ribbon graph with a single vertex.
Chmutov [3] proved that the partial-dual polynomial considered as a function on chord
diagrams satisfies the four-term relations, thus it is a weight system from the theory of
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Vassiliev knot invariants. The main combinatorial object in our study is framed chord
diagrams, i.e., chord diagrams with chords of two types. In this paper, we show that the
partial-dual polynomial considered as a function on framed chord diagrams also satisfies
the four-term relations, i.e., is a framed weight system.

2 Framed chord diagrams

Definition 2.1 ([8, 10]). A chord diagram is a cubic graph consisting of a selected oriented
Hamiltonian cycle (the core circle) and several non-oriented edges (chords) connecting
points on the core circle. A chord diagram is framed if a map (a framing) from the set of
chords to Z/2Z is given, i.e., every chord is endowed with 0 or 1. The chords with framing
0 are said to be orientable, and those with framing 1 are said to be disorienting or twisted.

We consider all framed chord diagrams up to orientation and framing preserving iso-
morphisms of graphs taking one core circle to the other one. We shall usually omit the
orientation of the core circles in chord diagrams, assuming that it is oriented counterclock-
wise. For ease of description, chords having framing 0 are drawn in solid curves, and those
having framing 1 are drawn in dashed ones. An example is given in Figure 2.

In this paper, we will also use framed chord diagrams on several circles. Analogously,
a framed chord diagram on n circles is a cubic graph consisting of n oriented disjoint
circles (the core circles) and several edges (solid or dashed chords) connecting points on
the core circles. Let M f be the free Z-module generated by all framed chord diagrams.
Each element of M f is a finite linear combination of framed chord diagrams with integer
coefficients.

Figure 1: Four-term relations for framed chord diagrams
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Definition 2.2 ([8, 10]). The module Mf of framed chord diagrams is the quotient module
of M f modulo the relations shown in Figure 1, called four-term relations.

Remark 2.3. As usual, in these relations, as shown in Figure 1, it is assumed that, apart
from the chords shown, all framed chord diagrams in the relations may contain some other
chords, which connect points in the dashed parts of the core circle and are the same for
all the four diagrams. For more detailed discussions of the framed chord diagrams and
four-term relations, see [8, 9, 10].

Suppose that each chord consists of two half-chords in a framed chord diagram. A
signed rotation of a framed chord diagram is a cyclic order of the half-chords at the core
circle induced by the orientation at that core circle, and if the chord is orientable, then we
give the same sign (+ or −) to both two half-chords and give the different signs (one +, the
other −) otherwise. The sign + is always omitted. See Figure 2 for an example. Reversing
the signs of both half-chords with a given chord yields an equivalent signed rotation. Note
that the signed rotation of a framed chord diagram is independent of the choice of the
first alphabet. Conversely, given a signed rotation, a framed chord diagram results from
creating a circle, giving the circle a counterclockwise orientation, and labelling the cyclic
order of the half-chords to the circle. We connect a solid curve for the same alphabet and
sign, and a dashed curve for the same alphabet and different signs. Let P = (p1, p2, · · · , pk)
be a string, i.e., a finite sequence of letters from some finite alphabet. The inverse of P is
the string P−1 = (−pk, · · · ,−p2,−p1).

Figure 2: A framed chord diagram for (a, b, c,−a,−b, c, d, d)

3 Ribbon graphs and partial-duals

Definition 3.1 ([1]). A ribbon graph G is a (orientable or non-orientable) surface with
boundary, represented as the union of two sets of topological discs, a set V (G) of vertices,
and a set E(G) of edges, subject to the following restrictions.

(1) the vertices and edges intersect in disjoint line segments, we call them common line
segments as in [11];
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(2) each of such common line segments lies on the boundary of precisely one vertex and
precisely one edge;

(3) Every edge contains exactly two such common line segments.

The genus of a ribbon graph G, denoted by γ(G), is its genus when viewed as a
punctured surface. The Euler genus ε(G) of a ribbon graph G is defined as follows. If G
is a connected, then

ε(G) =

{
2γ(G), if G is orientable,
γ(G), if G is non-orientable.

If G is not connected, then ε(G) is defined as the sum of the values of γ(Gi) of all compo-
nents Gi of G.

For a ribbon graph G and a subset A of its edge-ribbons E(G), the partial dual [2]
GA of G concerning A is the ribbon graph obtained from G by glueing a disc to G along
each boundary component of the spanning ribbon subgraph (V (G), A) (such discs will be
the vertex-discs of GA), removing the interiors of all vertex-discs of G and keeping the
edge-ribbons unchanged.

Table 1: The partial dual of an edge of a ribbon graph

The local effect of forming the partial dual with respect to an edge of a ribbon graph
is shown in Table 1 [5]. It is easy to check that (Ge)f = (Gf )e for e, f ∈ E(G) and
(Ge)e = G. Then the non-loop and the orientable loop cases are reciprocal. Furthermore,
for A ⊆ E(G), GA can also be the ribbon graph obtained from G by forming the partial
dual with respect to each edge of A in any order.

Definition 3.2 ([6]). The partial-dual polynomial of any ribbon graph G is defined to be
the generating function

∂εG(z) =
∑

A⊆E(G)

zε(G
A)

that enumerates all partial duals of G by Euler genus.
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In the following, we define analogues of partial duals and partial-dual polynomials
for framed chord diagrams. With each framed chord diagram D on n circles, we can
associate a ribbon graph of D, denoted by R(D), by attaching n discs to the circles of D
and thickening the solid and dashed chords of D to regular bands and half-twist bands,
respectively. Note that the structure of the ribbon graph corresponding to a framed chord
diagram does not depend on the orientation of the circles of the diagram. An example of
framed chord diagrams and their corresponding ribbon graphs are given in Figure 3.

Figure 3: Framed chord diagrams and their corresponding ribbon graphs

Remark 3.3. In general, a framed chord diagram and its mirror reflection are different,
but their corresponding ribbon graphs are equivalent. Because ribbon graphs are consid-
ered up to equivalence under vertex flips, i.e., reversing the cyclic order at a vertex and
simultaneously giving the half-twists on the incident edges (twice in the case of a loop).

Lemma 3.4 ([3]). Sliding one edge-ribbon of a ribbon graph along another one results in a
homeomorphic surface. Thus they have equal genera.

It is not difficult to interpret sliding and flipping operations on a framed chord diagram
D. Some examples are given in Figure 4.

By Lemma 3.4 and Remark 3.3, we see that the following lemma holds:

Lemma 3.5. Let D be a framed chord diagram. A sliding or a flipping operation on D
does not change the Euler genus of the ribbon graph R(D).
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Figure 4: An example of sliding and flipping operations

In order to describe partial duality in the language of framed chord diagrams, we need
to encode multi-vertex ribbon graphs by framed chord diagrams as well. This can be done
using framed chord diagrams on several circles. Since any chord may be connected by a
solid or dashed chord to one or two circles, the local effect of forming the partial dual with
respect to a chord of a framed chord diagram on several circles has four cases as shown in
Figure 5.

Remark 3.6. The partial dual of a chord of a framed chord diagram is illustrated locally
at a chord in Figure 5. Moreover, cases 1 and 3 are reciprocal.

Definition 3.7. The partial-dual polynomial of any framed chord diagram D is defined to
be ∂εR(D)(z).

4 Main Result

Theorem 4.1 ([3]). The partial-dual polynomial as a function on chord diagrams satisfies
equation (T1) of the four-term relations.

Theorem 4.2. The partial-dual polynomial as a function on framed chord diagrams satisfies
the four-term relations.

Proof. The first equation (T1) follows directly from Theorem 4.1. We now verify the second
equation (T2). Each of the four framed chord diagrams of (T2) contains two specific chords.
Forming all possible partial duals relative to these two chords of the four framed chord
diagrams of (T2) gives a set of 16 framed chord diagrams in Figure 6. We partition these
framed chord diagrams into 8 pairs by different coloured frames. For convenience, we
denote by G1;10 the result of partial duality of the first diagram of (T2) relative to the
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Figure 5: The partial dual of a chord of a framed chord diagram

dashed chord, by G2;01 the second diagram of (T2) relative to solid chord, and by G3;11 the
third diagram of (T2) relative to both chords. A similar convention applies to other framed
chord diagrams. Note that the partial duals for the chords not indicated in (T2) are the
same for all four framed chord diagrams. By Lemma 3.5, sliding and flipping operations do
not change the Euler genera of the surfaces corresponding to the framed chord diagrams,
and therefore cancel each other in the partial-dual polynomial. It is sufficient to show that
the framed chord diagrams in each pair can be obtained from one to another by a sequence
of sliding and flipping operations.

For the framed chord diagrams in the pairs (G1;00, G4;00), (G2;00, G3;00) and (G2;11, G3;11)
one can be obtained from another by sliding the dashed chord along the solid chord.
Analogously, G2;10 and G3;10 can be obtained from G1;10 and G4;10 by sliding the solid chord
along the dashed chord, respectively. Here are the sliding operations for the remaining 3
pairs.
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Figure 6: The proof of (T2)

(G1;01, G2;01) :

The sliding in the pair (G3;01, G4;01) is very similar. The last pair (G1;11, G4;11) of the
last column can be done as follows.

(G1;11, G4;11) :
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The same method of proof can therefore be used to establish the equation (T3), as
shown in Figure 7.

Figure 7: The proof of (T3)
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