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Quantized collision invariants on the sphere

Benjamin Anwasia and Diogo Arsénio

Abstract. We show that a measurable function g : Sd−1 → R, with d ≥ 3, satisfies
the functional relation

g(ω) + g(ω∗) = g(ω′) + g(ω′
∗),

for all admissible ω, ω∗, ω
′, ω′

∗ ∈ Sd−1 in the sense that

ω + ω∗ = ω′ + ω′
∗,

if and only if it can be written as

g(ω) = A+B · ω,

for some constants A ∈ R and B ∈ Rd.
Such functions form a family of quantized collision invariants which play a fun-

damental role in the study of hydrodynamic regimes of the Boltzmann–Fermi–Dirac
equation near Fermionic condensates, i.e., at low temperatures. In particular, they
characterize the elastic collisional dynamics of Fermions near a statistical equilibrium
where quantum effects are predominant.
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1 Introduction

Our goal is to fully determine the set of all Borel measurable functions

g : ∂B(0, R) → R,

where ∂B(0, R) ⊂ Rd, with d ≥ 2, for some fixed value R > 0, which satisfy the functional
equation

g(ω) + g(ω∗) = g(ω′) + g(ω′
∗), (1)

for all ω, ω∗, ω
′, ω′

∗ ∈ ∂B(0, R) such that

ω + ω∗ = ω′ + ω′
∗. (2)

We assume here that the sphere ∂B(0, R) is equipped with its standard surface measure
on Borel sets.

There are several possible ways of writing the variables ω′ and ω′
∗ in terms of ω and

ω∗; one of which is given by the formulas

ω′ =
ω + ω∗

2
+

|ω − ω∗|
2

n, ω′
∗ =

ω + ω∗

2
− |ω − ω∗|

2
n,

where n is a unit vector which is orthogonal to ω+ω∗

2
, if ω + ω∗ 6= 0.

This problem comes up naturally in the study of hydrodynamic limits of the Boltzmann-
Fermi-Dirac equation at low temperatures, i.e., near a Fermionic condensate, which we
briefly present below. In this context, the function g(ω) is a fluctuation of the distribution
of particles with velocity ω and the functional equation (1) is an expression of the property
that fluctuations have reached a quantized thermodynamic equilibrium.

Specifically, in such a hydrodynamic regime, the particles which are responsible for the
dynamics of the condensate are all at Fermi energy |ω| = R (defined as the difference
between the highest and lowest admissible energy levels). In a collision between two such
particles with ingoing velocities ω, ω∗ ∈ ∂B(0, R) and outgoing velocities ω′, ω′

∗ ∈ ∂B(0, R),
the momentum is conserved, as expressed by (2). Collisions are therefore elastic. However,
they are quantized in the sense that particles remain at the Fermi energy level.

The solution to this problem, which is given in Proposition 5.1 and Theorem 5.3,
below, is therefore of capital importance in the understanding of the macroscopic behavior
of Fermi gases near their absolute zero temperature.
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2 Hydrodynamic regimes of the Boltzmann–Fermi–Dirac equation at

low temperatures

In [1], we initiate the analysis of hydrodynamic limits of the Boltzmann–Fermi–Dirac
equation, in a low-temperature regime, by studying its acoustic limit. More precisely, we
consider solutions fε(t, x, v) ≥ 0, with (t, x, v) ∈ R+ × Rd × Rd, of the Boltzmann–Fermi–
Dirac equation

(∂t + v · ∇x)fε =
1

εκ
QBFD(fε),

where ε > 0 and κ > 0 determine the rate of convergence of the Knudsen number εκ.
For simplicity, we omit discussing the explicit format of the Boltzmann–Fermi–Dirac

operatorQBFD. We will only mention here that it accounts for the elastic collisions between
Fermions in the gas, in consistency with the fact that such particles satisfy Pauli’s exclusion
principle. Furthermore, its structure provides conservation properties of mass, momentum,
energy and entropy (i.e., the solutions satisfy an H-theorem).

The existence and uniqueness of weak solutions to this equation was established by
Dolbeault in [5] under simple and natural assumptions. The construction of solutions in
a more general setting was then addressed by Lions in [7]. However, one should note that
the solutions constructed in [5] satisfy more conservation properties than the ones from
[7].

For convenience, the solutions considered in [1] are set in the framework provided by
the results from [5]. Their initial data f in

ε are assumed to satisfy a natural uniform bound
on their relative entropy

1

ε2−τ
H(f in

ε |Mε) =
1

ε2−τ

∫

Rd×Rd

(
f in
ε log

f in
ε

Mε

+ (1− f in
ε ) log

1− f in
ε

1−Mε︸ ︷︷ ︸
≥0

)
dxdv ≤ C in < ∞,

where τ > 0 and Mε is the Fermi–Dirac distribution given by

Mε(v) =
1

1 + exp
(

|v|2−R2

ετ

) .

Note that, in the low temperature regime ε → 0, the density distribution Mε converges
pointwise to the Fermionic condensate

F (v) =





0 if |v| > R,

1

2
if |v| = R,

1 if |v| < R.

Thus, in order to study hydrodynamic regimes near Fermionic condensates, we consider
the density fluctuations gε(t, x, v) given by

fε = Mε + εgε.
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Now, supposing that 0 < τ < 1 and κ > 2τ , and imposing only natural assumptions on
the Boltzmann–Fermi–Dirac operator QBFD, a simplified version of the main results from
[1] contains the statement, under the above uniform bound on the initial relative entropy,
that the fluctuations gε are uniformly bounded in L∞(dt;L1

loc(dx;L
1((1 + |v|2)dv))) and,

up to extraction of a subsequence, converge toward a limit point

µ(t, x, v) = g

(
t, x, R

v

|v|

)
dt⊗ dx⊗ δ∂B(0,R)(v),

in the weak* topology of locally finite Radon measures. In particular, observe that the
fluctuations gε undergo a velocity concentration phenomenon on the sphere ∂B(0, R).
Furthermore, the limiting density g(t, x, ω) belongs to L∞(dt;L2(Rd × ∂B(0, R))) and is a
quantum collision invariant, in the sense that it satisfies the functional equation (1).

This convergence result plays a fundamental role in the study of hydrodynamic regimes
of Fermi gases near absolute zero and it provides the context in which the functional
equation (1) arises. The characterization of all quantum collision invariants is thus a
crucial step toward a complete understanding of the macroscopic behavior of Fermionic
condensates.

3 Classical collision invariants

The classical Boltzmann equation and its hydrodynamic regimes feature an analogous
problem. Thus, we now give a brief overview of the classical version of collision invariants.

In the classical setting, collision invariants are made up of all Borel measurable functions
g : Rd → R, with d ≥ 2, which satisfy the functional equation

g(v) + g(v∗) = g(v′) + g(v′∗),

for all v, v∗, v
′, v′∗ ∈ Rd, such that

v + v∗ = v′ + v′∗,

|v|2 + |v∗|2 = |v′|2 + |v′∗|2.

Here, one of the several possible ways of representing v′ and v′∗ in terms of v and v∗ is
given by the following formulas

v′ =
v + v∗

2
+

|v − v∗|
2

n, v′∗ =
v + v∗

2
− |v − v∗|

2
n,

where n is a unit vector.
It turns out that classical collision invariants comprise the kernel of the linearized

Boltzmann collision operator. Furthermore, they appear naturally in the derivation of hy-
drodynamic limits of the Boltzmann equation where they characterize the thermodynamic
equilibria of limiting density fluctuations. We refer to [9] for a comprehensive survey of
hydrodynamic limits of the Boltzmann equation.
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In that classical case, it is possible to show that g(v) is a collision invariant if and only
if there are A,C ∈ R and B ∈ Rd such that

g(v) = A+B · v + C|v|2,

for all v ∈ Rd.
This complete characterization of classical collision invariants has been known for a long

time, at least in regular settings. Indeed, the first analysis of collision invariants was given
by Boltzmann himself under the assumption that g(v) is twice differentiable. Several other
proofs have subsequently been found. Insightful historical accounts of the mathematical
developments which led to the above result can be found in [2] and [4, Section 3.1].

It is to be emphasized that all existing proofs in the classical setting rely on the vector
structure of the Euclidean space Rd and fail to carry over to the quantum setting. Never-
theless, some classical proofs are based on a reduction of the problem at hand to the study
of Cauchy’s functional equation, which will also be useful in the quantum case. Therefore,
in the next section, we recall and discuss the main results concerning the resolution of
Cauchy’s functional equation.

4 Cauchy’s functional equation

The problem of finding all continuous additive functions on the real line was first
considered by Cauchy. A useful version of Cauchy’s result is phrased in the following
theorem.

Theorem 4.1 (Cauchy’s functional equation). Let h : [−a, a] → R, for some a > 0, be such

that

h(x+ y) = h(x) + h(y),

for all x, y ∈ [−a, a], with x + y ∈ [−a, a]. If h is continuous at one point x0 ∈ [−a, a],
then there exists a constant c ∈ R such that h(x) = cx, for all x ∈ [−a, a].

The proof of the above result is by now a standard exercise often featured in modern
courses on mathematical analysis. It consists in establishing first that h is Q-linear, in the
sense that h(αx) = αh(x), for all α ∈ Q and x ∈ [−a, a] such that αx ∈ [−a, a], and then
extending this property to all α ∈ R by exploiting the continuity of h at one point.

This result is essential in the characterization of collision invariants. However, in order
to reach results which are more broadly applicable, it is now important to extend it to all
measurable functions. Historically, such extensions have attracted considerable interest,
as illustrated by the articles [3], [10] and [11], and are a consequence of the automatic
continuity of homomorphisms. We refer to [8] for a modern survey of results on automatic
continuity.

For the sake of completeness, we give now a brief presentation of Steinhaus’s approach
to automatic continuity. We begin by recalling an important lemma on the topology of
measurable sets known as Steinhaus’s Theorem.
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Lemma 4.2 (Steinhaus’s Theorem, [11]). Let A ⊂ Rd, with d ≥ 1, be a Borel measurable

set of positive measure. Then, the set

A−A = {x− y ∈ Rd : x, y ∈ A}

is a neighborhood of the origin.

We give here a simple justification of this result. This modern elementary proof is
standard and is part of mathematical folklore. Unfortunately, we do not know who should
be credited for its original idea. Another short and insightful justification of Steinhaus’s
Theorem can be found in [6] and in the proof of Theorem 2.3 in [8].

Proof. We consider the convolution

f(x) = 1A ∗ 1−A(x) =

∫

Rd

1A(y)1A(x+ y)dy,

which is a continuous function. It is readily seen that, if f(x) > 0, there must exist y ∈ A
such that x + y ∈ A, thereby implying that x = (x + y)− y ∈ A − A. In other words, if
x /∈ A− A, then f(x) = 0.

In particular, noticing that f(0) = |A| > 0, we deduce that {f(x) > |A|
2
} is an open

neighborhood of the origin which is contained in A − A. This completes the proof of the
lemma.

An application of Steinhaus’s Theorem leads to the automatic continuity of homomor-
phisms. This is the content of the next lemma.

Lemma 4.3 (Automatic continuity of homomorphisms). Let h : [−a, a] → R, for some a > 0,
be Borel measurable and such that

h(x+ y) = h(x) + h(y),

for all x, y ∈ [−a, a], with x+ y ∈ [−a, a]. Then, it is continuous at the origin.

We give a brief justification of this lemma based on an adaptation of the proof of
Theorem 1 from [6] (see also the proof of Theorem 2.2 in [8]). As pointed out in [6], this
lemma remains valid if the measurability assumption on h is weakened by only requiring
that h be bounded on a set of positive measure.

Proof. Let O ⊂ R be an open set containing the origin and take another open set U ⊂ O
containing the origin such that U − U ⊂ O. Since ∪q∈Qh

−1(q + U) = [−a, a], there must
exist q0 ∈ Q such that V = h−1(q0 + U) is of positive measure. Therefore, by Steinhaus’s
Theorem, the measurable set W = (V − V ) ∩ [−a, a] is a neighborhood of the origin.
Moreover, since h is additive, we notice that h(W ) ⊂ h(V ) − h(V ) ⊂ U − U ⊂ O. It
therefore follows that h is continuous at the origin.
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It is readily seen that the combination of the preceding results yields Cauchy’s result for
measurable functions, as stated in the next corollary. We will make use of this fundamental
result in the proof of Theorem 5.3, below.

Corollary 4.4 (Cauchy’s functional equation for measurable functions). Let h : [−a, a] → R,

for some a > 0, be Borel measurable and such that

h(x+ y) = h(x) + h(y),

for all x, y ∈ [−a, a], with x + y ∈ [−a, a]. Then, there exists a constant c ∈ R such that

h(x) = cx, for all x ∈ [−a, a].

5 Quantum collision invariants

As previously mentioned, there are several available proofs of the characterization of
collision invariants in the classical Euclidean setting Rd. However, these methods depend
crucially on the vector structure of the Euclidean space Rd and, therefore, cannot be
directly adapted to the spherical setting of quantum collision invariants. We present now
a new approach which allows us to take into account the spherical geometry of quantized
collisions and give a complete description of the associated collision invariants.

5.1 In two dimensions

It turns out that the resolution of the functional equation (1) in the two-dimensional
setting differs from the higher-dimensional case. Therefore, we treat these settings sepa-
rately and start by providing a complete description of the case d = 2.

Proposition 5.1. Let d = 2 and consider a Borel measurable function g : ∂B(0, R) → R,

for some fixed R > 0. Suppose that g is a collision invariant in the sense that it solves

(1), for all admissible ω, ω∗, ω
′, ω′

∗ ∈ ∂B(0, R) such that (2) holds true.
Then, there is A ∈ R such that

g(ω) + g(−ω) = A,

for all ω ∈ ∂B(0, R).

Proof. We begin by determining which velocities are admissible. To that end, suppose first
that ω∗ 6= −ω. In that case, it is readily seen that (ω′, ω′

∗) = (ω, ω∗) or (ω
′, ω′

∗) = (ω∗, ω),
whereby (1) is automatically satisfied for any function g. There is therefore no helpful
information to extract from that case.

The case ω∗ = −ω is more interesting. It yields that

g(ω) + g(−ω) = g(ω′) + g(−ω′),

for all velocities ω and ω′ on the circle ∂B(0, R). This establishes that the even part of g
is constant, which concludes the proof.
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Remark 5.2. Notice that, in the two-dimensional case, any function with a constant even
part is a quantum collision invariant. In particular, two-dimensional collision invariants
have no constraint on their odd part.

5.2 In three and higher dimensions

We give now a complete characterization of solutions to the functional equation (1) in
dimensions d ≥ 3.

Theorem 5.3. Let d ≥ 3 and consider a Borel measurable function g : ∂B(0, R) → R, for

some fixed R > 0. Suppose that g is a collision invariant in the sense that it solves (1),
for all admissible ω, ω∗, ω

′, ω′
∗ ∈ ∂B(0, R) such that (2) holds true.

Then, there are A ∈ R and B ∈ Rd such that

g(ω) = A+B · ω,

for all ω ∈ ∂B(0, R).

Remark 5.4. Note that any function on the sphere ∂B(0, R) of the form g(ω) = A+B · ω
solves the functional equation (1). Therefore, the preceding theorem gives a full description
of quantum collision invariants.

Proof. By considering g(Rω), with ω ∈ Sd−1, instead of g(ω), with ω ∈ ∂B(0, R), we
first reduce the problem to the case R = 1, which will allow for a more convenient use of
notation.

Now, for any set of quantized velocities ω, ω∗, ω
′, ω′

∗ ∈ Sd−1, which are admissible in
the sense that they satisfy (2), we observe that fixing i ∈ {1, . . . , d} and changing the sign
of the ith coordinate of each vector produces a new set of admissible quantized vectors.
Indeed, this follows from the elementary facts that (2) is a coordinatewise relation and
that the norm of a vector does not detect a change of sign in any coordinate.

This simple observation allows us to uniquely decompose g into a sum of collision
invariants

g =
d∑

n=0

∑

I={i1,i2,...,in}
1≤i1<i2<...<in≤d

gI , (3)

where gI(ω) is odd in each coordinate ωi, if i ∈ I, and even in ωi, if i ∈ {1, . . . , d} \ I.
(Note that it is implied that I = ∅ when n = 0.) This is achieved by applying successive
decompositions of g into its odd and even components, in each coordinate.

To be more precise, one can also give the explicit formula

gI(ω) = 2−d
∑

σ∈{1,−1}d

σi1σi2 · · ·σing(σ1ω1, σ2ω2, . . . , σdωd),

which clearly expresses gI as a linear combination of collision invariants, thereby showing
that gI is itself a collision invariant. In particular, it is then readily seen that gI has the
required symmetry properties in each coordinate.
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We are now going to characterize each gI for different values of n ∈ {0, 1, . . . , d}. First
of all, if n ≥ 2, we claim that gI = 0. To see this, suppose, without loss of generality and
for mere convenience of notation, that {1, 2} ⊂ I. Then, since gI is odd in each coordinate
ω1 and ω2, we deduce that it is even in (ω1, ω2), i.e.,

gI(−ω1,−ω2, ω̃) = gI(ω1, ω2, ω̃),

where ω̃ = (ω3, . . . , ωd) denotes the remaining coordinates. Therefore, since gI is a collision
invariant, we find that

2gI(ω1, ω2, ω̃) = gI(ω1, ω2, ω̃) + gI(−ω1,−ω2, ω̃)

= gI(−ω1, ω2, ω̃) + gI(ω1,−ω2, ω̃) = −2gI(ω1, ω2, ω̃),

which necessarily implies that gI(ω) = 0, for all ω ∈ Sd−1.
This allows us to reduce (3) to the simpler decomposition

g = g0 +
d∑

i=1

gi, (4)

where we denote g0 = g∅, which corresponds to the case n = 0, and gi = g{i}, which
corresponds to the case n = 1.

Next, since g0 is a collision invariant which is even in each coordinate, we see, by
considering antipodal points on the sphere, that

2g0(ω) = g0(ω) + g0(−ω) = g0(ξ) + g0(−ξ) = 2g0(ξ),

for all ω, ξ ∈ Sd−1. This establishes that g0 is a constant function g0 ≡ A, for some A ∈ R.
We now move on to the characterization of gi, for each i ∈ {1, . . . , d}. Recall that gi(ω)

is odd in ωi and even in all other coordinates. We claim that there exists Bi ∈ R such that

gi(ω) = Biωi, (5)

for all ω ∈ Sd−1.
For simplicity, we focus on the case i = 1 and write ω = (ω1, ω̃), with ω̃ = (ω2, . . . , ωd),

for any ω ∈ Sd−1. Thus, since g1 is a collision invariant which is odd in ω1 and even in ω̃,
we deduce that

2g1(ω1, ω̃) = g1(ω1, ω̃) + g1(ω1,−ω̃)

= g1(ω1, ξ̃) + g1(ω1,−ξ̃) = 2g1(ω1, ξ̃),

for all (ω1, ω̃), (ω1, ξ̃) ∈ Sd−1. It follows that g1(ω) is independent of ω̃ and, therefore, one
can write g1(ω) = h1(ω1), where h1 : [−1, 1] → R is an odd measurable function.

Next, we consider any s, t, u, v ∈ [−1, 1] such that s+ t = u+ v. We want to show that

h1(s) + h1(t) = h1(u) + h1(v). (6)
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To that end, without loss of generality, we can assume that s ≤ u ≤ v ≤ t and s 6= t. We
are now going to construct σ, τ, µ, ν ∈ Rd−1 such that (s, σ), (t, τ), (u, µ) and (v, ν) belong
to Sd−1, and σ + τ = µ + ν. Since d ≥ 3, a simple geometric argument readily shows
that such values always exist. However, for clarity, we also provide now explicit analytical
expressions for each value σ, τ , µ and ν, in terms of s, t, u and v. This construction is not
unique.

Specifically, we first set
σ = (

√
1− s2, 0, . . . , 0),

τ = (
√
1− t2, 0, . . . , 0),

and introduce the parameter

λ =
1

2

(
1 +

v − u

t− s

)
.

Note that 1
2
≤ λ ≤ 1 and

λs+ (1− λ)t = u,

(1− λ)s+ λt = v.

In particular, by concavity of the function z 7→
√
1− z2, it holds that

λ
√
1− s2 + (1− λ)

√
1− t2 ≤

√
1− u2,

(1− λ)
√
1− s2 + λ

√
1− t2 ≤

√
1− v2.

This allows us to define the vectors

µ =

(
λ
√
1− s2 + (1− λ)

√
1− t2,−

√
1− u2 −

(
λ
√
1− s2 + (1− λ)

√
1− t2

)2
, 0, . . . , 0

)
,

ν =

(
(1− λ)

√
1− s2 + λ

√
1− t2,

√
1− v2 −

(
(1− λ)

√
1− s2 + λ

√
1− t2

)2
, 0, . . . , 0

)
.

Observe that the assumption that the dimension is at least three is essential in this step.
It is then straightforward to verify that

s2 + |σ|2 = t2 + |τ |2 = u2 + |µ|2 = v2 + |ν|2 = 1.

Moreover, exploiting that s+ t = u+ v, another simple computation establishes that

1− u2 −
(
λ
√
1− s2 + (1− λ)

√
1− t2

)2
= 1− v2 −

(
(1− λ)

√
1− s2 + λ

√
1− t2

)2
,

which then easily leads to the relation σ + τ = µ+ ν.
All in all, since g1 is a collision invariant and the vectors (s, σ), (t, τ), (u, µ) and (v, ν)

on the sphere satisfy the conservation of momentum (2), we conclude that (6) holds true.
Therefore, further noticing that h1(0) = 0, for h1 is odd, we infer that

h1(x) + h1(y) = h1(x+ y),



Quantized collision invariants on the sphere 239

for all x, y ∈ [−1, 1] such that x + y ∈ [−1, 1]. This is the well-known Cauchy functional
equation, which, by Corollary 4.4, implies that h1 is a linear function, thereby establishing
(5).

We have now completed the characterization of each term in the decomposition (4). In
particular, introducing the vector B = (B1, . . . , Bd) ∈ Rd shows that g(ω) = A + B · ω,
which completes the proof of the theorem.

References

[1] B. Anwasia and D. Arsénio. The acoustic limit of Fermionic condensates. In preparation.

[2] L. Arkeryd and C. Cercignani. On a functional equation arising in the kinetic theory of gases.
Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl., 1(2):139–149,
1990.

[3] S. Banach. Sur l’équation fonctionnelle f(x + y) = f(x) + f(y). Fund. Math., 1:123–124,
1920.

[4] C. Cercignani, R. Illner, and M. Pulvirenti. The mathematical theory of dilute gases, volume
106 of Applied Mathematical Sciences. Springer-Verlag, New York, 1994.

[5] J. Dolbeault. Kinetic models and quantum effects: a modified Boltzmann equation for
Fermi-Dirac particles. Arch. Rational Mech. Anal., 127(2):101–131, 1994.

[6] H. Kestelman. On the functional equation f(x+y) = f(x)+f(y). Fund. Math., 34:144–147,
1947.

[7] P.-L. Lions. Compactness in Boltzmann’s equation via Fourier integral operators and appli-
cations. III. J. Math. Kyoto Univ., 34(3):539–584, 1994.

[8] C. Rosendal. Automatic continuity of group homomorphisms. Bull. Symbolic Logic,
15(2):184–214, 2009.

[9] L. Saint-Raymond. Hydrodynamic limits of the Boltzmann equation, volume 1971 of Lecture
Notes in Mathematics. Springer-Verlag, Berlin, 2009.
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