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Modified double brackets and
a conjecture of S. Arthamonov

Maxime Fairon

Abstract. Around 20 years ago, M. Van den Bergh introduced double Poisson brack-
ets as operations on associative algebras inducing Poisson brackets under the repre-
sentation functor. Weaker versions of these operations, called modified double Pois-
son brackets, were later introduced by S. Arthamonov in order to induce a Poisson
bracket on moduli spaces of representations of the corresponding associative alge-
bras. Moreover, he defined two operations that he conjectured to be modified double
Poisson brackets. The first case of this conjecture was recently proved by M. Gon-
charov and V. Gubarev motivated by the theory of Rota-Baxter operators of nonzero
weight. We settle the conjecture by realising the second case as part of a new family
of modified double Poisson brackets. These are obtained from mixed double Poisson
algebras, a new class of algebraic structures that are introduced and studied in the
present work.
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1 Introduction

A guiding principle for developing noncommutative algebraic geometry was formulated
by Kontsevich and Rosenberg [9]. Their idea consists in introducing new structures on
associative algebras such that, under each representation functor

Repy : Assg — ComAssg, A — K[Rep(A, N)], N €N,

we recover some well-known classical structure. This principle shaped a facet of non-
commutative Poisson geometry following the work of Van den Bergh [13]. Indeed, the
notion of double Poisson brackets (cf. Definition 2.1) on noncommutative algebras was
introduced by Van den Bergh to induce a (usual) Poisson bracket on any representation
scheme Rep(A, N). Interestingly, Rep(A, N) is naturally equipped with a GLx(K) action
that acts by Poisson automorphisms with respect to the Poisson structure induced by a
double Poisson bracket. Hence, Van den Bergh'’s theory also induces a Poisson bracket on
the moduli space of representations Rep(A, N)// GLy(K). This led to a second direction
of research, where one wants to induce a Poisson bracket directly on Rep(A4, N)// GLy(K)
that may not have any special property on Rep(A, N). The weakest such instance is given
by the Hy-Poisson structures of Crawley-Boevey [4] (cf. Definition 2.5). Another instance
is provided by Arthamonov’s modified double Poisson brackets [1,2] (cf. Definition 2.6).
The latter have the advantage of being “computable” since the operation enjoys derivation
rules and, therefore, it only needs to be defined on generators of A. However, extra ax-
ioms are difficult to verify and only a single example could be fully treated [1, §3.4]. Two
additional examples were conjectured to exist, as the following shows.
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Conjecture A ([2]). On A = K(xy, 9, x3), the following operations define modified double
Poisson brackets:

{1, 22} = —zom ® 1, {zo, 21} =12 ®11,
{z2, 23} = —20 @ a3, {as, 22} =20 @ 23, (1)
fog, 2.} = —1® z314, {23} =1® 123,
and
{z1, 2} = —21 ® 2o, {z2, 2} = 21 ® 2o,
{9, 233" = 23 ® 29, {5, 223" = —25 @ 29, (2)

il
{23, 01}" =1 @23 — 23 @ 771,
where the remaining omitted terms involving pairs of generators are assumed to be zero.

The motivation for this manuscript is to establish the following.

Theorem A. Conjecture A holds true.

Proof. The case {—, —}" goes back to Gubarev and Goncharov [7], see Theorem 2.11 or
§ A.3 for an independent proof. The case {—, —} is treated in Theorem 6.6. O

After the first version of this manuscript appeared on arXiv, we were informed by
Vsevolod Gubarev that Andrey Savel’ev independently proved the result under his super-
vision at Novosibirsk State University [12]. Hence, we should emphasize that the present
manuscript settles the conjecture as part of a general classification, not a study of the par-
ticular case {—, —}!. To achieve such a classification, we are led to introduce a new class
of algebraic structures, defined as follows. Consider the free K-algebra A = K(vy, ..., v)
equipped with a linear map {—, -} : A® A — A ® A satisfying the Leibniz rules (7).
Assume that there exists A = (\y,...,\q) € K¢ such that the mapping {—, —} satisfies

forany 1 <14,7 <d,
NP YESY A — A
{{’Ui,Uj}} —|—{{’Uj,1)i}} = 5 ](UZ'@’U]' —’Uj ®UZ) + Tj(l ®’Uﬂ)j — UjUZ'@ 1), (3)

together with the Poisson property given by (24). The pair (A, {—, —}) is called a mized
double Poisson algebra. Our main result is the following.

Theorem B. If (A, {—,—}) is a mized double Poisson algebra of weight A, then {—, —}
18 a modified double Poisson bracket.

Proof. The 3 conditions of Definition 2.6 of a modified double Poisson bracket (viz. Leibniz
rules, Hy-skew-symmetry and Jacobi identity) are satisfied by definition and Corollary 3.5
together with Proposition 4.3. O

The importance of Theorem B is to reduce the complicated task of showing that an
operation is a modified double Poisson bracket to checking a finite number of identities
given by (3) and (24). In particular, we shall deduce Theorem A by showing that both of
Arthamonov’s operations (1) and (2) are mixed double Poisson algebras.
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Layout

In §2, we gather the necessary definitions and properties to make Conjecture A pre-
cise. Of importance, we include the recent notion of A-double Lie algebras of Goncharov-
Gubarev [7], which provided a framework to prove the second case of Conjecture A. In §3
and §4, we work towards generalising the approach of Goncharov-Gubarev. We introduce
mixed double Poisson algebras of some weight valued in K%, and show that the operation
that equips these algebras is a modified double Poisson bracket, thus establishing The-
orem B. In §5, we prove that one can extend a mixed double Poisson algebra structure
on a free algebra to the corresponding algebra of noncommutative Laurent polynomials.
Finally, we present several families of examples in §6 (based on a classification given in
the appendix), which allow us to deduce the validity of Conjecture A.

Notation

Throughout the manuscript, K is an algebraically closed field of characteristic zero.
Algebras are finitely generated associative unital algebras over K. Unadorned tensor prod-
ucts are over K. We only work with K-linear maps, and therefore we shall denote an
element u € A ® A using the Sweedler-type notation u’ ® u”, even if it not a pure tensor.

2 Noncommutative Poisson geometry

2.1 The approaches of Van den Bergh, Crawley-Boevey and Arthamonov

Let us fix an algebra A and endow A ® A with its natural multiplication given by
(@ @ad")(V @b") =db ®a’, b, where a’,a”,b',b" € A. We focus on linear operations of
the form

{— -} A9A—-A®A a®b— {a,b}. (4)

(It is equivalent to bilinear maps with domain A x A, as the notation suggests). These
can be extended to operations A®% — A®3 as follows

fa, b2} ={a, b} ®c, (5a)
fa,b@c}r=b® {a,c}, (5b)
fo®c,a}r ={ba} ® ¢, (5¢)

for any a,b,c € A, where we write (a®b) ®1c=a®c®b=c®; (a®b). Then, we define
the double Jacobiator DJac : A®3 — A®3 by

DJac(a,b,c) = La,{b,c} P — {b, {a,c}}r — {{a, b}, c}r. (6)

Van den Bergh’s notion of double Poisson brackets [13] is given as follows.
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Definition 2.1. A linear map {—,—} : A® A — A® A satisfying for any a,b,c € A the
Leibniz rules

{a,bc} = (0@ D) {a,c} + {a,b}(1®c), (7a)
fab,c} = (1 @a){b,c} + {a,c}b®1), (7b)

is called a double bracket if the following cyclic skew-symmetry rule holds:
fa,b} = —{b,a}°, a,be A. (8)

When a double bracket has vanishing double Jacobiator, i.e. DJac(a,b,c) =0 for (6), we
call it a double Poisson bracket.

Remark 2.2. The above definition is closely related to that given by De Sole, Kac and
Valeri [5], which reformulates [13, §§2.2-2.3]. The Leibniz rules, according to Van den
Bergh, are stated in terms of the A-bimodule structures on A ® A:

- (a®b)-ca=(1®1)(a®@b)(1®ca), (outer bimodule) (9a)
crx(a®@b)xco=(1®c1)(a®b)(ca®1). (inner bimodule) (9b)

Due to cyclic skew-symmetry (8), the form of DJac (6) is equivalent to Van den Bergh’s
original triple bracket, see [5, Rem. 2.2].
Let us point out the following useful property.

Lemma 2.3. If the Leibniz rules (7) hold, the operation DJac : A®® — A®3 is a derivation
in the second and third arguments as follows:

DJac(a, b, c1ca) = (1 ® 1 @ 1)DJac(a, b, ca) + DJac(a, b,c1)(1 ® 1 ® ca), (10)
DJac(a, bibs, ¢) = (1 @ 1 ® by)DJac(a, b, ¢) + DJac(a, by, c)(1 R by @ 1),

for the multiplication (¢/ ® a” @ a”)(b' @ V" @ V") = a'V/ @ a"V" @ a""V" in A®3. Moreover,
DJac(ajaz,b,c) = (1 ® a; @ 1)DJac(az, b, ¢) + DJac(ay, b, ¢)(as @ 1 @ 1)
- {{CL?? C}}/ ® ({{bv al}} + {alv b}}o){a% C}}// :

(Recall the Sweedler-type notation {aq, c} = {az, c} @ {aq, c}”’). Hence DJac is a deriva-
tion in the first argument only when cyclic skew-symmetry (8) holds.

(11)

Proof. This is a direct computation. For the first identity, cf. [5, (3.11)] with A = u = 0.
The second case is similar. For (11), we refer to [2, §7.1]. O

A prominent feature of double Poisson algebras is the following result.

Theorem 2.4 ([13], §7.5). If {—, —} is a double Poisson bracket on A, it induces a Poisson
bracket on the N-th representation space Rep(A, N). Furthermore, the natural action of
GLy(K) on Rep(A, N) is by Poisson automorphisms, and the induced Poisson bracket

descends to the GIT quotient Rep(A, N)// GLy(K).

b}



Maxime Fairon

In parallel’ to Van den Bergh’s work, Crawley-Boevey introduced the notion of H,-
Poisson structures [4], which are a family of weaker structures inducing a Poisson bracket
on the moduli space Rep(A, N)// GLy(K) (see [4, Thm. 1.6] for a precise statement). Let
[A, A] be the vector space of commutators in A, and set Hyo(A) := A/[A, A], the zero-th
Hochschild homology of A. Denote by A — Hy(A), a — a, the corresponding linear
quotient map. Remark that any derivation § on A induces a linear map on Hy(A).

Definition 2.5 ([4]). A linear map {—, —}u, : Ho(A) ® Hyo(A) — Ho(A) is a Hy-Poisson
structure on A if it is a Lie bracket on Ho(A) such that for all a € A, the linear map
{a,—}m, : Ho(A) = Ho(A) is induced by a derivation on A.

Any double Poisson bracket leads to a Hy-Poisson structure through the composition
mo{—, —} with the multiplication map m : A ® A — A, before restricting to Hy(A),
cf. [13, Lem. 2.6.2]. The converse is far from being true, as Hy-Poisson structures are
much more general. Nevertheless, Crawley-Boevey’s notion has a big shortcoming: it
is difficult to construct or characterise Hy-Poisson structure. Arthamonov attempted to
rectify this problem by building a class of “computable” Hy-Poisson structures.

Definition 2.6 ([1,2]). A linear map {—,—} : A® A - A® A satisfying the Leibniz
rules (7) for any a,b,c € A is called a modified double bracket if the following Hy-skew-
symmetry rule holds:

{a,b} +{b,a} € [A, 4], (12)

where {—, —} = mo{{—, —} for the multiplication m : A® A — A on A. When a modified
double bracket satisfies the Jacobi identity

{a7 {bv C}} - {bv {a,c}} - {{CL, b},C} = 07 (13)

we call 1t a modified double Poisson bracket.

It is clear that a modified double Poisson bracket induces a Hyp-Poisson structure by
restriction of {—, —} to Hy(A), in analogy with the case of double Poisson brackets. Our
previous discussions entail the following generalisation of Theorem 2.4.

Theorem 2.7 ([2], §3 & [4], §4). Any Hy-Poisson structure on A uniquely induces a Poisson
bracket on the GIT quotient Rep(A, N)// GLy(K). In particular, any modified double
Poisson bracket on A uniquely induces a Poisson bracket on Rep(A, N)// GLy(K).

A modified double (Poisson) bracket has the advantage of only requiring to be de-
fined on generators due to the Leibniz rules. Yet again, such structures are challenging
to find because it is not simple to verify the rules (12) and (13). In fact, if we exclude
Van den Bergh’s double Poisson brackets (easily seen to satisfy Definition 2.6), Artha-
monov only managed to fully check the axioms of a modified double Poisson bracket in

"'While published in 2011 [4], a preprint containing these ideas under the name of “noncommutative
Poisson structures” appeared on the arXiv in 2005. We also draw the attention of the reader to the related
notion of Hamiltonian operators on free algebras by Mikhailov and Sokolov [10].
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a single case [1, §3.4], and he conjectured the existence of the two extras cases featured
in Conjecture A. Therefore, an important open problem consists in building new exam-
ples of modified double Poisson brackets. A breakthrough in that direction has recently
occurred [7], which we describe in the next subsection.

2.2 The approach of Goncharov-Gubarev

The manuscript [7] is based on the following observations. Firstly, for V := &% Kuv;,
consider a double Poisson bracket on the free algebra Ass(V') generated by V' such that
{vi,v;} € V@V forall 1 <i,j <d. Given dual bases (e) and (e*) of End(V') ~ Mat4(K)
under the trace pairing, define

R:End(V) — End(V) (14)

uniquely through the following decomposition:

fuo} = > elw)@RE)W), uwveV. (15)

1<k<d?

One can check [8] that the operation R (14) hence obtained is a skew-symmetric Rota-
Baxter operator on End(V'), meaning that R = —R* (dual for the trace pairing) and

R(e)R(f) = R(R(e)f +eR(f)), e, f € End(V). (16)

Secondly, the theory of Rota-Baxter operators extends to non-zero weight A € K*, where
the right-hand side of (16) contains the extra term +AR(ef). Using this generalised
notion and the A-skew-symmetry R = —R* + A tr(—)lgnav) — AMgnaev)(—), Goncharov and
Gubarev [7] made the following definition still based on (15).

Definition 2.8 ([7], Def. 4). A X-double Lie algebra structure on a vector space V is a
linear map {—, =} : V&V =V ®V such that for any u,v,w €V,

{u, v} + {v,u}’=A(u@v—v®u), (17a)
DJac(u, v, w) = —Av @ {u,w}. (17b)

Remark 2.9. We stress that a A-double Lie algebra is not endowed with an associative mul-
tiplication compatible with {—, =}, as opposed to the (modified) double Poisson brackets
as in §2.1. Up to rescaling, there are two unequivalent cases: A =0 and A =1. The A =0
case corresponds to a double Lie algebra as introduced e.g. in [5].

The main results of Goncharov and Gubarev are the following.
Theorem 2.10 ([7], Thm. 10). Consider a A-double Lie algebra structure {—,—} on a

finite-dimensional vector space V.. Then its extension to A = Ass(V') through the Leibniz
rules (7) is a modified double Poisson bracket.

Theorem 2.11 ([7], Cor. 4). The operation {—, =} (2) on A = K(x1, 12, z3) is a modified
double Poisson bracket.
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In particular, this settled the second case of Conjecture A. Forgetting about the con-
jecture, Goncharov and Gubarev’s work allowed to define a new class of structures that
sits between double Poisson brackets and modified double Poisson brackets. The present
work aims at introducing and studying the new notion of mized double Poisson algebras
of weight A = (\1,...,Aq) € K% (cf. Definition 4.1), which is related to the previous
structures as follows when A := Ass(V) for V = @ Ku;:

{extended double Lie algebras}

restricts to V y case A=0

{double Poisson algebras} {extended A-double Lie algebras}

case A=(0,... N

{mixed double Poisson algebras of weight A}

s‘])(\('iull cases

{modified double Poisson algebras}

/

estricts to V&2  y®2

with A=(A, ..., A)

\

The inclusion on the right of the second line will be explained in Example 4.4. The
upshot is that all these families provide examples of the weakest structure : Hy-Poisson
structures. Indeed, this is a consequence of Theorem B, which can be seen as a generali-
sation of Theorem 2.10.

3 Mixed double algebras

For d > 1, we let A = K(vy,...,v5). We aim at generalising the skew-symmetry rule
(17a) of Goncharov and Gubarev.

3.1 First definition
We fix two matrices A, M € Mat,(KK) where A is symmetric, while M is skew-symmetric.
In terms of the entries (A;;)¢;_; and (s;;)¢;_, of A and M, this means that for 1 < i,j < d
with 7 # j:
Aij = Njis Mg = —Hji; i =0 (18)
Definition 3.1. Given a linear map {—, -} : A® A — A® A satisfying the Leibniz rules
(7), we say that the pair (A, {—, —}) is a mixed double algebra of type (A, M) if, for any
1<i,j<d,
{{’UZ', Uj}} + {{’Uj, Ui}}o = )\ij(vi X (O X UZ') + g 1® ViVj + i V504 ®1. (19)

We make the following observations:

1. The condition (19) is well-defined since it is preserved by applying the permutation
of tensor factors (—)°, which amounts to swapping the indices i, j.

8
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2. The type (A, M) of a mixed double algebra depends on the chosen presentation of
the free algebra. E.g. permuting generators amounts to conjugating the pair (A, M)
by the corresponding permutation matrix. Furthermore, we can always replace A by
A+ D, for D a diagonal matrix.

3. Multiplying {—, —} by a factor v € K changes the type to (vA,vM). This is
analogous to the fact that we can multiply (modified) double (Poisson) brackets,
and that a A-double Lie algebra becomes a vA-double Lie algebra.

4. Taking ¢ = j in (19) yields the cyclic skew-symmetry {ov;, v;}} = —{v;, v; }°. Thus
the case d = 1 just restricts to Van den Bergh’s definition of a double bracket [13],
and we will assume that d > 2 hereafter.

5. If M =04 and if all entries of A are equal to a fixed A € K, we recover the condition
(17a) of Goncharov-Gubarev [7].

Let us introduce some convenient notation. Since A = K(vy,...,v4), any element can
be written as a constant term v € K added to a linear combination of terms of the form

a=uv; v, whereiy, ... i, €{1,...,d}, r>1.
For such a term a € A, we set for any 1 < a, v <r,

,I-}Z ..

[e%

Uiy, A <7,
a >,

h— . .« .. . — - .« . . ~ —
Qo = Viy *Vig_ys Qg = Vi = Vi, Ay o = { 1
Y

(20)

— a—u: at —
so that a = ajv;,af and a = agay af if a <.

Proposition 3.2. Let (A, {—, —}) be a mized double algebra of type (A, M). If the following
conditions are satisfied

)‘ZJ_AM:MZI_M/C]? 1§Z7]7k7l§d7 (21)
then the Hy-skew-symmetry rule (12) holds for any a,b € A.

Proof. By linearity, it suffices to verify (12) for a,b € A of the form a = v;, ---v;, and

b=wvj, ---v;, with indices in {1,...,d} and r, s > 1. Using the Leibniz rules (7), the mixed
double algebra condition (19) and the notation (20), we can write

fa. 0} + {b,a}}° = ZZ o) {vias vig b+ o0 via }° )(ag ®b§)

a=1 B=1
T
_ =i ot o =0 bt b=m. ot & = bt
- Z Z Ninjs (05 Vi @y @ agvj,by — byvj,a, @ a,vi,by)
a=1 =1
s S
+ZZ (Hinjs U5 g ® g3, Vib% + s, b5 0,05, 05 @ agby) .
a=1 =1
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Multiplying the tensor factors, we get modulo commutators

{a,b}+{b,a}° = Z Z )\iajﬁ(viaa;'a;vjﬂbgbg — aza;viabgbg%)

a=1 =1

T S
+ - +7— +, —pt—
+ Z Z (Miajﬁ aza, viavjﬁbﬁ bﬁ + Hjgin Vig Qg Gy bﬁ bﬁ vjﬁ)
a=1 =1

= Z Z ()\iaj[i’ - )\iafljﬂfl + Hiq_1jg + :ujﬁqia)viaa;ta;'ujﬁbgbg mod [A’ A]
a=1 =1

Note that we consider indices modulo 7 or s; this is how we used a}a,vi, = vi,al, a0,
for any 1 < a < r and did the same for b. By skew-symmetry of M, this reads

Z Z (Aiajﬁ - )\iafljﬁfl t Hig_1js — ,uiaj,aq) Vaﬂ =0 mod [A, A], (22)
a=1 =1
for Vo5 := vi,afazv;,bib;. Each summand in (22) is identically zero by (21). O

Remark 3.3. It is clear from (19) that the choice of diagonal entries \;; can be arbitrary
as the first two terms cancel out for i = j. Accordingly, one can prove Proposition 3.2
under weaker assumptions than (21), which omit the cases i = j and k = 1. We shall not
use this more general formalism, and we skip the proof. (The interested reader may find
that general case as Lemma 3.1 in vl of the arXiv version of this manuscript).
3.2 Refining the definition

Assume that (21) is satisfied by (A, M). We can deduce
1 1
§(>\u‘ i), A= §(>\22 + M), 1<i,0<d. (23)

Furthermore, given (11, ..., \a) € K¢, we can define matrices (A, M) through (23) and
the conditions (18),(21) are automatically satisfied. We get the next simpler definition.

Hil =

Definition 3.4. Let A = (A1, ..., \q) € K% Given a linear map {—, -} : A® A — A® A
satisfying the Leibniz rules (7), we say that the pair (A, {—, —}) is a mixed double algebra
of weight A\ if (3) is satisfied for any 1 < 1i,5 <d.

We can interpret Proposition 3.2 as follows.

Corollary 3.5. A mized double algebra of weight A € K? is equipped with a modified double
bracket.

Remark 3.6. As suggested by a referee, a basis-free version of (3) can be given as follows.
Define the subspace Vy = spang{v; | Ay = A\, 1 < i < d} for any A € K. Then, for any
M eK, x eV, andy € Vy, we have

ead oy = oy —yon+ 227

lRry—yr®l).

10
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4 Jacobi identity
Fix d > 2 and A = K(vy, ..., v4). Recall Definition 3.4.

Definition 4.1. A mized double algebra (A, {—,—}) of weight A € K¢ is Poisson when,
Jorany 1 <1i,j,k <d,
i + A
2
We call (24) the Poisson property of {—, —}.
By Lemma 2.3, we get in the Poisson case for any 1 <4, < d and c € A,

DJac(vi, v;,¢) = - ; & v; @1 {i, ¢} + A

< ; A 1@y (v fvi, v })- (24)

DJac(v;, vj, v) = — v; @1 Lo, e} +

1®; (v * {vi,c}) . (25)

Remark 4.2. With the notation of Remark 3.6, an indez-free expression is given for any
MNNpeK, zeVy,yeVy andz €V, by

A+ N A—N

DJac(z,y, z) = — 5 Y @1 {, 2} +

1 & (y * {{SL’, Z}})
We shall prove the following result in §4.2, as a generalisation of [7, Thm. 9].

Proposition 4.3. Fiz (A, {—, —}) a mized double Poisson algebra of weight A € K. Then
the Jacobi identity (13) is satisfied for any a,b,c € A.

Example 4.4. Fiz A € K, and let (A, {—, —}) be a mized double Poisson algebra of weight
(A, ..., A\). The conditions (3) and (24) then read

{vi, v + {vj v = A(vi @ v; —v; @ v;),
DJac(v;, vj, vr) = —Av; @1 Lo, v

By linearity, these identities yield (17a) and (17b) for any u,v,w € V := @le Kuv;. Hence
we have that a mized double Poisson algebra of weight (X, ..., \) that restricts to a map
VeV = VeV (when considered on the K-linear span V' of generators) is the extension
to Ass(V') of a A-double Lie algebra structure on V.

4.1 Preparation

We start by simply assuming that A = K(vq,...,v4) is equipped with a linear map
{—, -} : A®? — A®? gatisfying the Leibniz rules (7). We work with the associated
operation {—, —} :==mo{—, -} : A® A — A. Fix

a = Vi ...V, b:’Ujl...’UjS, 7’,821, 1§i1,...,iT,j1,...,jS§d. (26)

Recall the notation (20). We present formulas that can be found in [7, pp.24-25].

11
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Lemma 4.5. The following holds:

{aa {b> C}} = Z Z{{Uion {{ng7 C}},}/CL;—CL; {{,Uia’ {{'Uj/a’ C}}/}}”b—ﬁi_bg{{vjw C}}” (27&)

a=1 =1

_'_ Z Z {{/Uj67 C}}/bg-‘rl,E—l {{/Uioﬂ Uje }}/a;a; {{/Uioﬂ Uje }}//b:—bggvjﬁ7 ¢ }// (27b>
a=1 B,e=1
B<e

+ E § {Ujgv C}}/bgbe_ {{/Uioﬂ Uje}}/a;-ag {Uiav Uje}}//b;-l,ﬁ—l{{vjﬁv C}}// (27C)
a=1 fe=1
e<p

3> fvg. W50 v, Lvjps Y atag {vi, §vin Y (27d)

a=1 =1

Proof. For the reader’s convenience, we prove this case. It suffices to use the Leibniz rules
(7) for {—, —} before applying the multiplication map. Thus,

{b,c} = Z m({{vjﬁ, c}}'b;r ® bg{%, ) = Z{{Ujﬁ’ c}}’bgbgﬁvjﬁ, c}”.
B B
Hence, we get
{aa {b> C}} = Z [{CL, {{Uj,m C}},}bgbg{{vjw C}}” + {{'Ujm C}},{aa bg}bg{{vﬂaa C}}”
B

+ fvis, e} 05 {a, b H{vi,, e} + g, c} 0505 {a, {vj,, 3}

and these four terms will give (27a)—(27d), respectively. To see this, note for example that
in the second term we can use the following expansion:

{03} = Y fon bW adan fo, BF = 30 0ol v Vadas fon, v 10

a e>f

since by = b3, ;b7 O

€

12
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Exchanging the roles of a and b in the previous lemma, we find:

{b7 {CL, C}} = Z Z{{Uj/ﬁ {{Uiav C}}/}/bgbg {{Uj/;‘v {{/Uioﬂ C}}/} //CL:CL; {{Uion ¢ }//

a=1 =1

+ Z Z{{Uim e} ay 1 1 {vss, v, B 0505 fvs,, vi, 30l ag foi,,, e}’

a<y

r S
+ Z Z{{'Uia’ C}}/al_a;{{vjw Vi, }/bgbg {{ij Vi, }}”a':—i-l,oc—l {{Uia? C}}”
a,y=1 =1
a>y

+ 30 {oi, eV atag §vjs, {vin. 3 Y0505 {vs, Lo, cFD
a=1 B=1

Lemma 4.6. The following holds:

{{aa b}> C} = Z Z {{Uj€7 C}},b:—i-l,ﬁ—l{{via’ Ujg }},al_a; {{Uion Ujg }}”bgbe_ {,Ujs’ C}}”

a=1 B,e=1
e<f

+ Z Z{{{Uiav Ujig }}/7 ¢ }/al_a; {{Uiav Yjg }}//b—gbgﬁ{{vim Ujig }}/7 ¢ }//

a=1 =1

S S
+ Z Z{{'in C}},aja; {{Uion Uiig }}”bgbg{{via’ Ujig }},ag—l—l,w—l{{viw C}}”

a,y=1 =1
>

S S
+ Z Z{{'in C}},a:-i-l,a—l{{viw Ujs }}”bgbg{{viaa Ujg },aza;‘{{viy> C}}”
a,z:l p=1
<«

+ Z Z{{{Uiav Ujg }}//7 C}}/bgbg {{Uiav Ujg }}/a:a;{{{vim Uj/;‘} //7 C}}//

a=1 =1

+ 30> v W0 b v vi Y adag {vi vy 3 5 v e}
a=1 fe=1
Be>6
Proof. Direct computation using {a, b} = >_, 5 b5 {vi., v, } agag {vi,, vj, }bg.

The next result requires further assumptions.

(28a)

(28b)

(28c¢)

(28d)

(29a)

(29b)

(29¢)

(29d)

(29¢)

(29f)

Lemma 4.7. Assume that (A, {—, —}) is a mized double Poisson algebra of weight A € K¢,

For1<4,7<d andcé€ A, we have

— fvj o, B b+ {vi, g b Br — {fviv; 30 b
:Aj —2i_ A v; @1 fvi, e} + A ; A 1@ (Lvi, e} xv;).

13
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Proof. We can write the left-hand side of (30) as

Aj —l—)\ A — N
— DJac(vj, v;, ¢) — fv; @vi —v; @vj, e} + =2 5 fviv; @1, ¢}
A+ A A+ N
= — DJac(vj, v, c) — ;_ v; @1 {uj, e} + 2 ;_ v; @1 {vs, c}

A= A A= A
]2 1@ (v; * {vj, c}) + ]2 1@y (fvs, el xv;),

where we used (3) to obtain the first line, and then the Leibniz rules (7). Due to (25), the
first, second and fourth term cancel out. O

+

4.2 Proof of Proposition 4.3

We adapt the proof of [7, Thm. 9] to our more general setting. For a,b,c € A, we want
to check that (13) holds. By linearity, we can assume that a, b are of the form (26). Then,
the Jacobi identity (13) amounts to checking

(27) — (28) — (29) = 0.
We directly see that (27b) — (29a) = 0 and (27c) — (29f) = 0. Next, by introducing
my: ARARA— A, a1 ®ay®az+— ajasas,

and recalling (5), we can write

(27a) = szg 1®afa; @biby) {vie, §vjs 3 3e)

a=1 p=1

(28d) = sz?» (1 ®ata; ®b505) v, {vin. c}hr) .
a=1 p=1

(29b) Zng (1®afa; @b5b5) {fvie,vi, ) -
a=1 g=1

Thus, (6) and the condition (25) yield

(27a) — (28d) — (29b) ZZW (1®afay @ bby) Dlac(vi,, vj,,c))

a=1 =1
TG i+ A,
- Z Z s (T@atay @b5b5){vi,, e} ®@vj, @ {ui,, c}"))
a=1 =1
r S )\ia _ )\ B - /
+3 N Tﬂﬂ my (1 ® afag @ b505)({vi, o} ® 1@ v;, {oi, c}")
a=1 =1
Y,
= _ Z Z JB+1 fvi,, c}al bgbg% fv,, ) (31)
a=1 =1

14
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To obtain the last equality, we used
Ujﬁb;irbg - bg—lbg—lvﬂ'ﬁfl ’ (32)

to sum over 8 — 1 in the first sum. Here and below, the index 3 is understood modulo s,
and the identity (32) holds with 8 = 1 since v;,b] = b = by v;,; we do the same with the
indices o,y modulo . With the same reasoning, we can write

270) = 33 e (L0 b5 @ afas) fun fonchba)

a=1 =1

(28a) szg 1@ bib; @ atay) v, {via, c}he)
a=1 =1

(29e) Zng (Te@bib; ®@afay) {{vin, v} chr) -
a=1 =1

Therefore, we obtain from (30) that

(27d) — (28a) — (29¢)

S

Ny + A
Sy A (et @ ate) (el © v, © fric))

a=1 =1
+ s (1@ biby ® atay) (fvi,, v, @1 fo,, c}")
a=1 B=1
T S )\ —I— )\
= Z Z ]6+1 Za’ C}/bgbgvjﬁa;tag {Uia7 c }// Y (33)
a=1 =1

where we used (32). Thus, our aim reduces to checking
(31) + (33) — (28b) — (28¢) — (29¢) — (29d) = 0.

Lemma 4.8. The following holds:

—(28b) — (29d) = ZZ 2p X v, c}oFbz05,at ag {vi,, e} (34a)

a=1 B=1

LI + X\ . , _ _ /
+ZZ% {vias e} agbzbyvssaq fvia, e} (34b)

a=1 =1

15
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Proof. Notice that (3) entails

(28b) + (29d) = Z Z{{%,c}} N ({{vm,%}} b0 05,001}

a,y=1 =1
a<ly

o v 0, 18505 v v o ag v )
N, + >\Z
Z Z - {{Ulon C}} a’a-l—l Y= 1,UJﬁb bs ,Ul'ya'y aa {{Ulon C}} (353“)

a,y=1 =1
a<“/

)\ —i—)\,,y _ /
- Z Z {vi, Y ag o yvi bibsv,atag {vi,, ) (35b)

a,y=1 =1
a<’y

+ Z Z Aip — Ay fvin, Y ag 105050500 atag {ui,, ) (35¢)

a,y=1 =1
a<’y

_ Z Z ]B ZW {{Uzaa C}} aa-l—l Y— 1'UZ’YUJ,8 b+b5 a’Y aa {{Uza’ C}} (35d)

a,y=1 =1
a<ly

We can write thanks to (32)

T S

(35a) + (35¢) Z s X {vin, e} a1, 105 b505,0; a7 ag {vi,, c}”
a1

1 8=1

Ajs + A
= Z Z SRR ISR S G bsbgvj,akag {vi,, e}’
a=1 =1

r—1 r—1 s

DI DI DT (NS U It (S 13

a=1vy=a+1 =1

where we separated the case v = o + 1 from the rest (which is then summed over v — 1)
to get the second equality. Similarly,

(35b) + (35d) Z Z)\ o+ g {vin, e} ag 1, bsbgv.a7 ag {vi,, c}”
a,y=1 g=1
a<y
_ —ZZ )\ —|—)\J,B+1 {{Ula’c}}/ +b+b 05,0 a{{vla’c}}//
a=1 B=1
r—1 r—1 s

-y Dy N N g Y b atag Qe e}

a=1 y=a+1 =1

16
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Gathering these expressions, we get after cancellations

r—1 s
A, + A
— (28b) — (29d) = — Z Z DIs s 5 L fos,, B0 bz v5,atan {i,, e}
a=1 B=1

r—1 s

+ Z s X {oi, Y aibib5 0,05 {oi, e}

a=1 8

We find precisely (34a)—(34b) if we can add o = r in the above sums. This is true since
at = 1 entails bybzv;,afa,; = afbsbgv;,a; . O

Lemma 4.9. The following holds:

Ajs + A
—(28¢) — (29c¢) Z Z Joi gy, e} agbibgvian {vi,, e}’ (36a)
a=1 =1
- - >\]5 + )\jﬁ+1 !+ _b+b_ " b
+sz i, e} atai b5, fvi, ). (36D)
a=1 =1
Proof. Direct computation similar to Lemma 4.8. O

We can now conclude since the remaining terms cancel out as follows:

(34b) + (36a) = 0, (31) + (36b) =0, (33) + (34a) = 0.

5 Localisation

In this section, A is arbitrary. This means for us that A comes equipped with a
projection
T Kvy, ... ,uq) — A

which provides d generators for A. Of course, there may be relations given by elements in
ker . Assuming from now on that such a choice of generators is fixed and that we have a
linear map {—, —J}} : A%? — A®? we can talk about the pair (A, {—, —}) being a mixed
double (Poisson) algebra of some weight A € K¢, by considering Definitions 3.4 and 4.1
with the ordered generators vy, ..., vs provided by .

Remark that the proofs of Propositions 3.2 and 4.3 only require the existence of gener-
ators vy, ..., vg for A such that (3) and (24) hold. In particular, these statements are valid
for an arbitrary K-algebra A. Hence Theorem B still holds, i.e. a mixed double Poisson
algebra (A, {—, —}) is naturally equipped with a modified double bracket.

The next result allows to construct examples on algebras of noncommutative Laurent
polynomials by localisation. It relies on the fact that the Leibniz rules (7) allow to define
{—, -} on inverses: for a € A and for b € A invertible, we must have

fa, 07} = b1 fa, b} -0, b a}=—-b"xfba}xb", (37)

because {a, 1} = 0= {1,a}} by K-linearity. (We use the notation (9)).

17
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Theorem 5.1. Fiz [ = (i1,...,i,) a sequence of distinct indices in {1,...,d}, such that
1<r<d. Let A=K(vy,... ,vd,v{ll, e ,vi_rl> be given by the projection

’Uj jgd,
vt j=d+a, 1<a<r,

la

m:K(vr, .o 0, Vagts - oy Vagr) = A, w(vy) = { (38)

whose kernel is the two-sided ideal (v;, Vgra — 1, Varavi, — 1|1 < a <7r).
If {—, =} is a mized double (Poisson) algebra structure of weight A = (A1, ..., \q) € K¢
on K(vy,...,vq), then it uniquely extends to A into such a structure of weight

YT VR VRS i IS -G
Proof. We use the presentation given by (38) for the proof, so that
Adta = —Nig, 1<a<r.
The operation {—, —} uniquely extends to A by the Leibniz rules (7) as (cf. (37))

{a,va10} = —vara -, vi } - Vara, {Vira, a} = —Vara * {Uin, aff * Vira - (39)

First, we need to check that (3) holds; this is clear if 1 < 4,5 < d by assumption. If
t=d+ a and 1 < j < d, one has

{vara, v;} + {5, V010’ = —vara * ({vin, v} + {05, 00, B°) * Vara

i+ N Aia = A
= 2 L(1 ® Vgralj — VjVgra @ 1) — * (Vita ® V) — 0 ® Vira)

Adra + A Adta = Aj
- % (Vaga ®V; — V; ® Vaya) + %(1 ® Vita¥j = Vjlita @ 1)

where we used (39) and that (3) holds for the pair (v, ,v;). If 1 <i < dand j =d+ a,
this holds by applying (—)° to the previous case. For the last case, we obtain using (39),
and (3) in the same way

{aras varsl + {vass, vara ) = Vara * (Vars - (i, %}} + {{%, Vio }°) * Vayp) * Vata

Aio + N ia i
ITB(W% ® Vita — Vita @ Vaig) + Tﬂ (VaspVdta @ 1 — 1 ® VgyaVais)
Adta + A Adta — A
Iw (Vita @ Viyp — Varp @ Vaya) + W(l ® VdtaVdsp — VdtpVdta @ 1),

which completes the verification.
In the Poisson case, we need to check (24). This is clear if 1 < 4, j, k < d by assumption.
Let us then consider 1 <4,7 < d and k = d + . By Lemma 2.3 and K-linearity,

DJac(vi, vj, Vita) = —(Vita ® 1 ® 1) DJac(v;, v, vi,) (1 © 1 ® Vg4a) -

18
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Since (24) holds in the case 1 <4, j,i, < d, we find by (39)

N+ A
DJac(vi, v, Vita) = T

92 Uj X1 (Ud—i-a : {{'Uia Uz'a}} : 'Ud-i-a)
Y
2

1 @1 (V) * Vara - {oi vin - Vara)
X + A A — A
2 2

Therefore (24) holds for 1 < i4,j < d and any 1 < k < d+ r. In turn, we get that (24)
holds for 1 <¢ < d and any 1 < j,k < d + r by analogous computations using the second
derivation rule mentioned in Lemma 2.3.

It remains to check (24) when i = d 4+ «. By (11), note that we can write

v; @1 {{’Ui, Ud.g.a}} + 1® ('Uj * {{'Uia Ud—i—a}}) .

DJac(Vata, vj, vk) = —(1 ® vg4a @ 1)DJac(vi,, v, k) (Vata @ 1 @ 1)
+ (1@ (fvj, varad + {vara, vi 1)) ({via, v} vira @ 1® fui, v d”) .

Write the two terms appearing on the right-hand side of (40) as Ty and Ty. Using (24)
(with the first index in {1,...,d}), we rewrite T; as

(40)

1= Ao ;L A (Va+aj) @1 ({Vig, v} * Vata) — @ Vara @1 (V) * {0iy, vk} * Vaya)

- _w (Varavj) @1 ({vin, v} * Vara) + W Vata ®1 (U5 * {via, Ur} * Vata).
As we already noticed that (3) holds, we also get

2 = % V; @1 (Vara * {0in, Ve Jf * Vara) — % Vata @1 (v % {vi,, v} * vata)
+—)\j _2)\d+_a 1 ®1 (vjVata * {Via, U} * Vata) — w (Va+av;) @1 (§via, vr} * vara).

Summing T; and Ty, we obtain

>\j + )‘d—l—a

DJac(Vasa, v5, Ug) = 5

V; @1 (Vara * LVia, Uk} * Vata)

A — Nia
+ % 1 ®1 (VjVara * Lins V& J} * Vata)
Adia +A; Adia — Aj
=- % v; @1 {Vata, vk f + % 1 @1 (v * {Vata ve }),

where the second equality holds by (39). O
Corollary 5.2. If {—, —} defines a mized double Poisson algebra structure (of some weight)
on K(vy, ..., vq), then it uniquely extends to such a structure on the algebra of noncom-
mutative Laurent polynomials A = K{vE!, ... ,vdﬂ). In particular, this defines a modified

double Poisson bracket on A.
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Example 5.3. Tuke A = 1 in Proposition A.2. The case p = —\ with a« =0, § = X reads

{v, v} =0, {w,w}=0 {v,u}p=—-wr®l, {wv}=rwxl, (41)

which defines a mized double Poisson algebra structure of weight (1,1) on K(v,w). Hence
(41) also defines a mized double Poisson algebra structure on K(vEl, w*') by localisa-
tion, and therefore a modified double Poisson bracket, cf. Corollary 5.2. The weight is
(1,1,—1,—1) with respect to the generators v, w,v=', w=t. This is Arthamonov’s first ex-
ample [1, §3.4] (with v, w respectively standing for u,v) of modified double Poisson bracket,

constructed in relation to the Kontsevich system [6].

6 Examples and Arthamonov’s conjecture

Recall the notion of a mixed double Poisson algebra of weight A € K¢ as in Definition
4.1 with A = K(vy,...,v4). We will focus on quadratic mixed double Poisson algebras,
ie. forany 1 <i,j <d, {v;,v;}} € A® A has degree +2, where the degree is such that
|fgl = |f| +lg| for f,g € A® A homogeneous and |v ® 1| = |1 @ v| = 1 for all k.

For the trivial weight (0,...,0), we get back Van den Bergh’s cyclic skew-symmetry
(8) and the vanishing of DJac (6); this means that we are in the case of a quadratic double
Poisson bracket [13] on a free algebra. These were classified by Odesskii, Rubtsov and
Sokolov [11].

Next, consider a homogeneous weight (A,..., ), A € K*. If {—, —} restricts to a map
VeV VeV, V =adl_ Ku, we explained in Example 4.4 that this is an extension of a
A-double Lie algebra. Explicit examples can be found in [7]. To get new interesting cases,
we need to assume that some of the weights ();) are distinct. We shall investigate their
classification in the Appendix. Below, we report on consequences of this classification, and
we deduce that Arthamonov’s conjecture is true.

6.1 Families of mixed double Poisson algebras

Example 6.1. The algebra K{v,w) is a mized double Poisson algebra of weight (1,—1) if
it is equipped with the operation {—, —} satisfying one of the following four conditions

{v,w} =0, fw, v} =—-1@wv+ vw 1; (42a)
{fv,w} = 1®vw, {fw,v} =—-1® wu; (42D)
{fv,w} =—-wo1, {fw,v} = vw®1,; (42¢)
{fvr,w}=10w— wv®1l, {w, v} =0. (42d)

This follows from the first part of Proposition A.2.
Write Ay = K(vy,...,vq), d > 3.
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Example 6.2. We can view Az as a mized double algebra of weight (1,1, —1) by considering
the operation {—, —} uniquely defined by

Lo, v =0, v, } =0, {ovs,v3}} =0,

{1,023 = G301 ®v2 — By v ® 1y,

foo, v} = (14 Bs) v ®va + (1 — @) 12 @ vy,

{vr, 03 = a2 1 @ v1v3 — By v3v1 @ 1, (43)

{os, v = (=14 B2) 1 @vgv1 + (1 — az) vjv3 @ 1,

{v2,v3} = a1 1 @ vav3 — Brvsv, @ 1,

{os,va = (=14 51) 1 @ vgv9 + (1 — 1) vov3 @ 1.
for aq, aa, &3, B1, Ba, B € K. Furthermore, {—, -} is Poisson when the triples (o, 0@,53)
and (B1, P, a3) take one of the following 6 values

(0,0,0), (1,0,0), (0,0,1), (1,1,0), (0,1,1), (1,1,1). (44)
These cases follow from the classification of Proposition A.9.
Next, assume that d > 3. We introduce for 0 < ¢ < d,
Lsg:=(1,...,1,-1,....,—1). (45)
5 d—3s
The next two results will be proved in § A.2.1 and §A.2.2.

Proposition 6.3. Fiz d >4 and 0 < § < d. The following defines a mized double Poisson
algebra structure on Ay of weight 154:
foivi} =0, forl<i<d,
fvi,v;} = vi®@v; —v;@v;, v, v} =0, forl<i<j<i,
fvi,e} = 1@vvp —vev; @1, o, v} =0, for1<i<di<k<d,
{for, v} =—n@u+uy v, fu,v} =0, foréd<k<li<d.
In particular, (46) defines a modified double Poisson bracket on A,.

(46)

Proposition 6.4. Fiz d >4 and 0 < § < d. The following defines a mized double Poisson
algebra structure on Ay of weight 154:
{vi, v, =0, forl<i<d,
fvi,v;} = viwv;,, {v,ul}=—-vi®u, forl<i<j<y$,
fvi,e} = —vpv; @1, o, v = v @1, for1<i<di<k<d,
{for, v} = —ve@u, v, un}=wvv, foréi<k<l<d.

(47)

In particular, (47) defines a modified double Poisson bracket on Ay.

Remark 6.5. The case 6 = d in Propositions 6.3 and 6./ can be found, respectively, as
Ezamples 1 and 2 in [7, §4].
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6.2 The second instance of Arthamonov’s conjecture
If we look at the operation {—, —}! defined in (1), we see that

{2} 4+ ({z0, 21 })° = 1 @ 2119 — 2011 ® 1,
fao, 23} 4+ (a5, 22})° = — (22 @ 13 — 23 @ 1),
fas, 21} + (fa1, 23})° = ~(1 @ 232, — w23 ® 1),

This defines a mixed double algebra of type

M 00 0 11
AMM=10 X -1, M= -10 0 |. (48)
0 —1 X -1.0 0

Furthermore, it is easily seen to be of weight (1, —1, —1) as (23) holds.

Theorem 6.6. The operation {—, —} (1) on K(xzy, o, x3) is a modified double Poisson
bracket.

Proof. Up to multiplying {—, —}! by —1 and setting vy := x3, vy := To, v3 := z, We get
a mixed double algebra structure of weight (1,1, —1) that reads:

{vr, 2} = —v2 ® vy, {v2, 1} = v ® vy,
fv1, 03} =1 ®@ vy0s, {vs, v} = =1 @ vsv1, (49)
oo, 13} = —v3ve ® 1, fvs, v2}} = vov3 ® 1,

where zero brackets are omitted. If we take in (43) the constants

(o1, 02, B3) = (0,1,1), (B, B2, 63) = (1,0,0),

we reproduce (49). By Proposition A.9, this is a mixed double Poisson algebra; hence
{—, -} is a modified double Poisson bracket by Theorem B. O

6.3 Open problems

Based on the constructions carried out in the previous subsections, let us list some
questions that require further investigation.

Problem 1. Put Ay = K(vq,...,v4).

(a) Does there exist a mized double Poisson algebra structure on Ay of weight (X, p) with
A # £p?

(b) Does there exist a mized double Poisson algebra structure on Aq of some weight A
where the self-brackets of generators can be nonzero? (lLe. find examples where
{vi,vi}} # 0 forv; a generator of Ay in the considered presentation).
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(c) Ford>2 and any A € K%, does there exist a mived double Poisson algebra structure
on Ay of that weight?

Problem 2. Find examples of mized double Poisson algebras that are not simply obtained
by localisation/quotient of such a structure on a free algebra.

Problem 3. Can one define analogous structures yielding modified double Poisson brackets
where the failure to satisfy the cyclic skew-symmetry, cf. (19), is homogeneous but not
quadratic?

Problem 4. Reformulate the conditions (19) and (24) in terms of an operator R (cf. (14))
in such a way that, for the case (X, ..., \), R is a A-skew-symmetric Rota-Baxter operator
of weight X.

A Some classification results

A.l Cased =2
Fix A\, p € K and Ay = K(v,w). A mixed double algebra of weight (), p) must satisfy
{v, v} = —{v,v}°, {w,w} = —fw,w}°, and

Ap
2

(v®w—w®v)+u(1®vw—wv®l). (50)

{v,w} + {w,v}° = 5

Furthermore, it is Poisson when the following Poisson conditions hold:

DJac(v,v,v) = =X v ®; {v,v}, DJac(w, w,w) = —p w @ {w,w}, (5la)
DJac(v,v,w) = =X v ®; {v,w}, DJac(w,w,v) = —p w @1 {w, v}, (51Db)
DJac(v, w,v) = —# w® v, v} + % 1®1 (w*f{v,v}), (51c)
DJac(v, w,w) = —# w @ {v,w} + % 1@ (w* fv,w}), (51d)
DJac(w, v, w) = At v @ {w,w} — ? 1@ (v fw,w}), (51e)
DJac(w,v,v) = A —2|— Py @1 {w, v} — % 1®1 (v fw,v}). (51f)

To get interesting new examples, we assume that (A, p) # (0,0).
A first classification on A, is possible when

{v, v} =0, {fw,w} =0, (52)

so that (51a) holds directly. We shall make the additional assumption that the mixed
term {v, w} is a linear combination of the 4 quadratic expressions appearing in (50). This

23



Maxime Fairon

yields by (50),

{v,w}}:—%v®w+%w®v—%l®vw+%wv®l, (53a)
A A
A — A—
—#1@@004—#010@1, (53b)

for some I' = (7,...,74) € K%

Lemma A.1. Assume that {—, =} is nonzero and satisfies (52) and (53). Then the Pois-
son condition (51b) holds if and only if we are in one of the following cases:

1. p=—XandD = (0,0,—2X,—2)\), or (0,0, —2X,0), or (0,0,0,—2)), or (0,0,0,0);
2. p=+4Xand ' = (=2X, —2X,0,0), or (—2X,0,0,0), or (0, —2X,0,0), or (0,0,0,0);
3. p==EXand T’ = (0, =2\, —=2X,0) or (=2X,0,0, —2)).

Proof. Let us examine the first equality in (51b). To write the left-hand side, we compute
thanks to (5), (52) and (53a):

2

{{v,{{v,w}}}L:—%v@w@vjt%w@v@v—%l@vw@v%—%wv@l@v
- %v@wv@l%—%w@vz@l—%1®vwv®l+§wv®v®l,

{{v,{{v,w}}}R:%%vébv@w—%v@w@vjt%v@l@vw—%v@wv@l
+%1®v2®w—%1®vw®v+%§l®v®vw—%1@1&0@@1,

and {{v,v}, w} =0. So (6) gives for the right-hand side

]DJac(v,v,w):+%§w®v®v+%(wv®l®v+w®vz®1)+§wv®v®1
—%%v@v@w—%(v@l@vw—i—l@zﬂ@w)—§1®v®vw.
By (53a), we get for the right-hand side
—)\v®1{{v,w}:%v@v@w—%w@v@v%—%l@v@vw—%wv@v@l.

Matching coefficients, the first equality in (51b) holds if and only if
/71/73:07 7274:07 72<)\+%>:O,1§Z§4,
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which holds if and only if I' is one of the following quadruples:

(0,0,0,0), (=2X,0,0,0), (0,—2X,0,0), (0,0,—2X,0), (0,0,0,—2)),

54
(—2X, —2X,0,0), (=2X,0,0,—2)), (0,—2X,—2X,0), (0,0, -2\, —2\). (54)

(So far, there is no condition on A, p). Analogous computations entail that the second
equality in (51b) holds if and only if

A+p+7)A—p+73)=0, A+p+7)A—p+1)=0, (55)
0,

A+p+7)A=—p+7) =0, 1<i<4.

As ~; € {0, —2)}, the last condition yields \> — p?> = 0. To conclude, it remains to check
when p = A or p = —\ which of the cases from (54) satisfy the first two equalities in (55);
we end up with the different cases (1)-(3) from the statement. O

Proposition A.2. Let (As, {—,—}) be a mized double algebra of weight (X, p) such that
(52) and (53) hold. It is Poisson in the following situations:

1. p=—X and (53) reads for some «, € {0, \}

{fvr,u}=al@vw—-PFuwrel, {wr}=(A+p)1wv+(A—a)vw®l; (56)

2. p =4\ and (53) reads for some &, € {0, \}
f{v,up=avew-Ffwev, {wo}=EFA+RHvew+A-—a)wev. (57)

Proof. Note that (56) and (57) correspond respectively to cases (1) and (2) in Lemma A.1.
Let us verify that (51c) is satisfied in those two cases, but that case (8) must be discarded.

The right-hand side of (51c) identically vanishes as {v,v} = 0. The left-hand side of
(51c) becomes by (5), (52) and (53a):

A A
]D)Jac(v,w,v):—( +pzvl)%v®w®v—( +p2_%)731®vw®v
A — A —
—( p+73)%v2®w®1—( p+%)%v®vw®1
A+ i ) A+ f ) (58)
i P4 V2V2v®v®w+ p4 7274v2®1®w
A — A —
+( pzw‘)%l@v@wv%—( '0174)741)@1@101}.

If p = — A\, vanishing of (58) amounts to:

7 =0,7%=0717=0, 727 =0,
73(73 + 2)\) = Oa 74(74 + 2)\) = Oa 71(73 + 2)‘) = 07 72(74 + 2)‘) = 07
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This is satisfied when v, = 75 = 0 and 73,74 € {0, —2A} (i.e. case (1) in Lemma A.1) but
this fails for I' = (0, —2X, —2X,0), (—2X, 0,0, —2X) (i.e. case (3) in Lemma A.1).
If p = 4\, vanishing of (58) amounts to:

7?% =0, 73 =0, 1173 =0, Y24 = 0,
Y1(71 +2X0) =0, 12(r2 +2X) =0, y3(71 +2A) =0, Y4(y2 +2A) =0,
This is satisfied when 73 = 74 = 0 and 1,72 € {0, —2A} (i.e. case (2) in Lemma A.1) but
this fails for I' = (0, —2X, —2X,0), (—2X, 0,0, —2X) (i.e. case (3) in Lemma A.1).
We leave to the reader the standard but tedious task of checking that (51d)—(51f) also
hold for cases (1) and (2) from Lemma A.1. O

Corollary A.3. The 8 operations considered in Proposition A.2 define modified double Pois-
son brackets.

Proof. This follows from Theorem B. O

Remark A.4. The 8 operations considered in Proposition A.2 are members of a (conjec-
tural) classification by Arthamonov [3] of 12 modified double Poisson brackets on K(v, w)
stable under the (K*)2-action by automorphisms

(€1, ) - (v,w) = (Gv, Gw), (1,6 € KX, (59)

The remaining 4 structures defined by Arthamonov are mized double algebras, hence they
define mixed double brackets by Corollary 3.5. However, they do not satisfy our double
Jacobi identity (24), hence we can not prove that the Jacobi identity (13) always hold for
these modified double brackets.

A2 Cased >3
For d > 3, fix \j,..., A\¢ € Kand A; = K(vy,...,v4).

Lemma A.5. Let (Aq, {—, —}) be a mized double algebra of weight (M1, ..., \q). If

{{Uiavi}} :Oa {{Ujavj}} :Oa
{{vi,vj}}:—ﬁvi®vj+ﬁvj®v,-—ﬁ1®v,~vj+ﬁvjvi®1,

2 2 2 2

Ai A A+ 60
{{Uj>'Ui}}:_ +2j7+%vi®vj+7+;+%vj®vi ( )

A=\ A=\

for some distincti,j € {1,...,d} andT' = (y1,...,7) € K*, then \} = X2 = 0, and we are
in one of the following two situations:

1. i =7%=0,7,7 € {07 _2>\i} and )‘j = —\i;
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2. V3= Y4 = 0; V1,72 € {07 _2)\7,} and )‘j = )\z
Proof. This is a reformulation of Proposition A.2 with v :=v; and w = v;. O

If we assume that (60) holds for all 1 <7 < j < d, we are either in the case of a double
Poisson bracket (when \; = 0 for some j, hence for all), or the weight is of the form

A(Leg, ... 60), AEKX €,...,eq==%1.

Combining Observations (3) and (4) after Definition 3.1, up to rescaling and permutations
of generators, the weight must be of the form 15,4 (45) with 1 <6 < |d/2] + 1. For d = 3,
we therefore have 2 distinct cases to analyze: the weights (1,1,1) and (1,1, —1).

d = 3, weight (1,1,1)

Proposition A.6. Let (A3, {—, —}) be a mized double algebra of weight (1,1,1) such that
(60) holds for any 1 <i < j < 3. Then it is Poisson when it is given by

Lo, v} =0, {vo,»u} =0, {us,v3}} =0,

for, v} = d3v1 ®@v2 — Bz v @ vy,

fvo, 01} = (=14 B3) v @ va + (1 — ) v2 ® vy,

for,vs} = davi ®vs — Bavs @ vy, (61)
fvs, o} = (=14 Bo) v @ vg + (1 — G2) v3 @ vy,

fv2,v3} = @112 ® v3 — B1v3 ® vs,

fos, v} = (—1+B) v @ vz + (1 — &) v3 @ vy,
for &, B; € {0, 1} subject to the following 2 conditions:
dldg + O~é20~é3 - dldg - O~é2 = 0, (62&)
B1Bs + Bafs — P13 — B = 0. (62b)

Remark A.7. As we should expect from the second observation made after Definition 3.1,
the conditions (62a)—(62b) are invariant under permutations of the 3 generators vy, vy and
v3. Indeed, swapping vy with vy or vy with vy (which generate any permutation) amounts
to changing constants according to

(5&1,6&2,6&3) — (5[2,5[1,1 — 6&3) under V1 <> U9,

(dl, O~é2, O~é3) — (1 — O~é1, dg, O~é2) under Vg <7 Us;
these are transformations preserving (62a). (The same holds for (62b) if one uses B; in

place of &;). In particular, the triples (&q, aa, &3) and (5, Pa, B3) satisfying (62a)—(62b)
can be given explicitly as in (44).
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Proof of Proposition A.6. By the second case in Proposition A.2, (24) is satisfied when
i, J, k range over a subset of 2 indices provided that (61) holds for any &;, 5; € {0,1}. It
remains to check that (24) (with all \; = 1) holds under the conditions (62a)—(62b) when
the 3 indices are distinct; there are 6 cases.
Let us compute (24) for (i, j, k) = (1,2, 3), the other cases being completely analogous.
To write the left-hand side, we use (5) and (61):
{1, {vz, v} Jr = Gz v1 @ vy ® V3 — @1 f3 V2 @ V1 ® 3
— a3 v1 @ Uz @ Vg + G182 v3 Qv B v,
—fvo, {vr, v} pr = — A1 vI @ vy @ Uz + A1 V1 ® V3 @ vy
+ Ba(—=1+ f3) v3 ® V1 @ Vg + Bo(1 — a3) V3 @ V2 @ vy,
—{{{{Ul,vzﬁ, Us}}L = — Q03 V] ® Uy ® U3 + a3 V3 ® Uy ® Vg
+a1f3 v @ur ®u3 — P13 v3 QU1 ® V2,

which yield

DJac(vy, va, v3) = — (c:tlo:zg + ?72513 —~d1~o~z3) v~1 R Vs @ U3 + f2 U3 @ V2 @ 1y (63)
+ (8182 + Bafls — B1B3 — B2) v3 ® 11 ® vy
Meanwhile, the right-hand side reads:
—vg @1 {u1, 03}t =— o U1®02®U3+B2 V3 QU ® V1. (64)
The expressions (63) and (64) coincide precisely when (62a)—(62b) hold. O

Corollary A.8. Under the conditions (62a)—(62b), the operation (61) defines:
1. a 1-double Lie algebra structure on V := Kuv; & Kvy & Kuvs,
2. a modified double Poisson bracket on As.

Proof. The first part follows from Definition 2.8 and Proposition A.6 (cf. Example 4.4).
The second part follows from Proposition A.6 and Theorem B. O

d = 3, weight (1,1, —1)

Proposition A.9. Let (As,{—,—}) be a mized double algebra of weight (1,1,—1) such
that (60) holds for any 1 < i < j < 3. Then it is Poisson when it is given by (43) for
a1, Qa, iz, B, Ba, Bs € {0,1} subject to the following 2 conditions:

a1 + 04253 - 04153 —ay =0, (65a)
B1P2 + P2tz — Praz — f2 = 0. (65b)

Remark A.10. Conditions (65a)—(65b) are invariant under the permutation vy < vy which
preserves the weight (1,1, —1). In particular, we deduce from (65a)—(65b) that the triples
(1, g, fB3) and (B, P, @3) can only take the 6 values collected in (44).
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Proof of Proposition A.9. This is an explicit computation similar to Proposition A.6. For
the reader’s convenience, let us nevertheless check (24) for (i,7,k) = (1,3,2) (recall the
weight (1,1, —1)). To write the left-hand side, we use (5), (7) and (43):

{1, fvs, 233 = (1 — ay)ds v @ uov3 @1 — (1 — ay)f3 V2 @ V103 ® 1
+(1-a)v@v3®@1 —(1—a)f v @11,
—{fvs, {vr, v fr=—as(=14 1) 11 ® 1 @ v3v2 — a3(1 — 1) v1 @ Vv @ 1
+ By(—1+ Bo) 12 ® 1 @ w301 + B3(l — ) 12 @13 ® 1,
—{{v1, 02}, v} = Bois 11 ® 1 @ v3v2 — BafB3 v ® 1 ® V30
+ Ba(=1+ 1) 11 ® 1 @ v3vy + fa(l — 1) vovgv; @1 R 1,

which yield

DJac(vy,v2,v3) = — (12 + o fls — ay fig — Q2) Vg @ 11Uz ® 1 — Bs vy ® 1 ® vsvy

+ (B1B2 + Bais — iy — B2+ G3) 11 © 1 @ v3vs . (66)

Meanwhile, the right-hand side reads:
1 ®1 (v3* {v1,02}) =a3 11 ® 1 ® V309 — By v2 @1 ® v0; . (67)
The expressions (66) and (67) coincide precisely when (65a)—(65b) hold. O

Corollary A.11. Under the conditions (65a)—(65b), the operation (43) defines a modified
double Poisson bracket on As.

Combining Propositions A.6 and A.9, we can construct many new modified double
Poisson brackets. This is how we found Propositions 6.3 and 6.4, which are proved now.

A.2.1 Proof of Proposition 6.3

By checking (3) for any 1 <i < j < d, it is clear that (46) defines a mixed double algebra
of weight 15,4. Hence it remains to verify (24).

Pick 1 <a<b<ec<d If ¢ <§, the mixed double brackets involving v,, vy, v corre-
spond to taking all constants equal to +1 in (61) with (v,, vs, v.) relabelled as (vq, ve, v3).
Thus (24) is satisfied by Proposition A.6 whenever v;, v;, v, € {v,, Uy, v}

Similarly, if b < 6 and ¢ > ¢, the mixed double brackets involving v, vy, v. are of
weight (1,1, —1) and correspond to taking all constants equal to +1 in (43) (with (vg, vy, v.)
relabelled as (v, vg,v3)), hence (24) is satisfied on these generators by Proposition A.9.

If a < 6 and b > 0, the mixed double brackets involving v,, vy, v. are of weight
(1,—1,—1). Up to multiplying {—, —} by —1, the weight is (—1,1,1) and they corre-
spond to .

(a1, 02,a3) = (0,0,1), (B, B2, 8) = (0,0,1),

in (43) after relabelling (v,, vp, vc) as (vs, v, v2). Hence (24) is satisfied on these generators
by Proposition A.9.
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Finally, if a > 9, the mixed double brackets involving v,,v, and v. are of weight
(—=1,—1,—1). Up to multiplying {—, —} by —1, these are of weight (1, 1, 1) and correspond
to taking all constants equal to 4+1 in (61) (with (vg, vy, v.) relabelled as (v, vs, v3)), hence
(24) is satisfied on these generators by Proposition A.6.

The last part follows from Theorem B. O

A.2.2 Proof of Proposition 6.4
This is similar to the proof of Proposition 6.3. The only changes are as follows:

e If ¢ < §, we use the constants (G, ds,ds) = (1,1,1) and (31,32,33) = (0,0,0). If
a > 0, we take the same constants.

e If b < § and ¢ > 4, we use the following constants (aq, s, 83) = (0,0,0) and
(B1, B2,a3) = (1,1,1). If a < ¢ and b > J, we use the same constants (recalling
that we need a different relabelling in that case). O

A.3 Proof of the first instance of Arthamonov’s conjecture (Theorem 2.11)

If we look at the operation {—, —}¥ defined in (2) on K(x1, z, x3), we see that

{{113'1, ZL’Q}}H + ({{ZL’Q, ZL’l}}H)O = —(1’1 R X9 — Ty X [L’l),

{{ZL’Q, 1’3}}"[ + ({{1'3, ZL’Q}}H)O = —(1’2 R xr3 — T3 X [L’g),

{{113'3, 1’1}}*[[ + ({{1'1, l’g}}II)O = —(1’3 & r1 — X1 X [L’g).
This defines a mixed double algebra of weight (—1,—1, —1).

Up to multiplying {—, — 3% by —1 and setting v; := x;, we get a mixed double algebra
structure of weight (1,1, 1) that reads:

v, v2f} = v1 @ v, {va, 01} = —v1 ® 0o,
fvo,v3} = —v3 ® o, {vs, v2} = v3 ® vo, (68)
{{1)3,1)1}} = —U ®Ug —|-’Ug ®’U1,

where zero brackets are omitted. If we take in (61) the constants
(&17&27&3> = (07071>7 (BlvBQvB3) = (17070)7

we reproduce (68). By Proposition A.6, this is a mixed double Poisson algebra, hence
{—, -} is a modified double Poisson bracket by Corollary A.8.
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