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Introduction

Let n be a positive integer and A a variety of algebras with one n-linear operation

[-,...,]. Consider two n-linear operations [-,...,-]; and [, ..., ]2 on the same vector space
V', such that the algebras (V,[-,...,-]1) and (V,[,...,]2) belong to A. Then [,...,]; and
[-,...,]2 are said to be compatible if (V,[-,... |1 +[...,]2) belongs to A. In this case,
the triple (V) [, ..., ]1,[-,-.-,]2) is called a compatible A-algebra. For example, there are

compatible associative algebras |6, 17|, compatible Lie algebras [12|, compatible pre-Lie
algebras [1], compatible Leibniz algebras [16] and so on. If the signature of a variety A has
several operations (of possibly different types), one can consider the compatibility with
respect to some fixed operation, for example, compatible Poisson brackets [3], compatible
Hom-Lie algebras 8], compatible Hom-Lie triple systems [21] and so on, or with respect
to all the operations at the same time as in |20, Definition A].

The notion of a pair of compatible Poisson or Lie brackets seems to have firstly ap-
peared in mathematical physics [3,15,19] and has been studied in this context for a couple
of decades [4,6,12,13|. A pair of compatible associative products was introduced (under
the name “quantum bi-Hamiltonian system”) and investigated from the purely algebraic
point of view in [6], where some general examples of such products were given. Odesski and
Sokolov observed in [17] that the description of pairs of compatible associative structures
can be an interesting mathematical problem on its own. Thus, they managed to character-
ize in [17] the compatible associative products on the matrix algebra M,,(C) in terms of the
so-called n-dimensional representations of M-algebras, and in the subsequent paper [18]
they used these products to construct a solution to the classical Yang-Baxter equation. Re-
cently, there has appeared an interest in the algebraic classification of nilpotent compatible
algebras of small dimensions |1, 14].

At a more abstract level, compatible operations have been studied by specialists in
operad theory. Dotsenko and Khoroshkin calculated in [10] the dimensions of the graded
components of the operads of a pair of compatible Lie brackets and compatible Poisson
brackets. For the operad of a pair of compatible associative products, the corresponding
dimensions have been calculated by Dotsenko in [9]. Strohmayer [20] gave a general way
to construct the (binary quadratic) operad of two compatible structures from the (binary
quadratic) operad of a single structure. He also pointed out in 20, p. 2525] three other
kinds of compatibilities, the first of which corresponds to the interchangeability of the
structures, the second one is a part of the matching compatibility and the third one is
the total compatibility. Algebras with two matching associative products (called matching
dialgebras) and their connection to other classes of algebras were studied in [26], while
totally compatible associative products and the corresponding operads were investigated
in [25,27]. The notions of compatibility, matching compatibility and total compatibility
were generalized to families of specific algebras (including the associative ones) in [28] and
to families of algebras over an arbitrary (unary binary quadratic/cubic) operad in [24].
Finally, even more general matching compatibilities were introduced and studied in [23].

Observe that, given an associative algebra (A, -), the compatible (with -) products on
A are exactly the associative Hochschild 2-cocycles of A with values in A. However, even
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knowing HH?(A, A), it is difficult to characterize the associativity of the corresponding
2-cocycles in simple terms (for example, see the case HH?*(A, A) = 0in [17]). Nevertheless,
the description of matching and interchangeable products on A seems to be a manageable
task. Moreover, it turns out that for unital associative algebras such structures admit
simple descriptions. In the non-unital case there are still interesting algebras to consider.

In Section 1 we specify the definitions of o-matching (o € S;), interchangeable and
total compatibility to the case of a pair of associative products and give examples showing
the difference between the compatibilities. As often happens, nilpotent algebras are a
good source of such examples. The case of unital products is considered in Section 2
(see Theorems 2.2 and 2.6) as a motivation for Section 3, where we prove some general
results on idempotent algebras (see Theorems 3.1 and 3.2) and proceed to more specific
classes of such algebras: the semigroup algebras of rectangular bands and algebras with
enough idempotents (the latter class includes some algebras of infinite matrices, path
algebras and infinite direct sums of unital algebras). The descriptions of o-matching and
interchangeable products on these algebras are given in Theorems 3.3, 3.8, 3.18 and 3.23.
Section 4 is devoted to free non-unital associative algebras. We first prove a general result
valid for all algebras without zero divisors (Theorem 4.1) and then treat separately the
cases of non-commutative and commutative non-unital free algebras (see Theorems 4.2,
4.6, 4.9 and 4.12).

1 Definitions and preliminaries

All the algebras and vector spaces will be over a field K and all the products will be
binary and bilinear.

1.1 Compatible structures

Given two bilinear binary operations -; and -5 on a vector space V', their sum x = -1 + -5
is defined by

axb=a-1b+a-b.

Recall that two associative products -1 and -5 on V are called compatible, if -1 + -5 is also
associative. This is equivalent to the following equality:

(a-lb)-20+(a~2b)-lc:a-1(b-gc)+a-2(b-1c) (1)

for all a,b,c € V. As it was observed in [6, Remark on p. 4801] and can be seen directly,
-1 and -5 are compatible if and only if -1 is a Hochschild 2-cocycle of (V,-3) with values in
V' (or, symmetrically, -5 is a Hochschild 2-cocycle of (V,-1) with values in V).

Let us consider the following particular cases of (1).

Definition 1.1. Adopting the terminology of [23| we say that two associative products -
and - on V are
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(i) o-matching (where o € Sy = {id, (12)}), if
(a1b)2c=1a-,1)(bsoc)and (a-2b)1¢=a 402 (bwaq)c), (2)

(i) totally compatible, if
(CL'lb) ‘9 C = (CL'Qb) ‘1C=a- (b'QC) = Q-9 (b'10>, (3)

for all a,b,c € V.

Usually id-matching -1 and -5 are simply called matching in the literature. Observe that
in this case (V, 1, -3) is a matching dialgebra [26], also known as As® -algebra [29]. We will
consider one more “compatibility-type” condition which makes sense for not necessarily
associative products.

Definition 1.2. We say that two (not necessarily associative) products -; and -2 on V' are
interchangeable if

(@1b)2c=(a2b)1canda- (bgc)=a-(bc). (4)
Remark 1.3. For two associative products -1 and -5 on V the following are equivalent:
(i) -1 and -9 are totally compatible;

(ii) -1 and -9 are interchangeable and at least one of the two equalities (2) holds for some
o € Sy

(ili) -, and -5 are o-matching for some o € S, and at least one of the two equalities (4)

holds;

(iv) -1 and -5 are oj-matching for some o7 € Sy and at least one of the two equalities (2)
holds for o # o1;

If char(K') # 2, then each of the conditions (i)—(iv) is also equivalent to
(v) -1 and -5 are interchangeable and compatible.

Let (A, -) be an associative algebra. By a compatible (resp. o-matching, interchangeable
or totally compatible) structure on A we mean an associative product % on A that is
compatible (resp. o-matching, interchangeable or totally compatible) with -.

The following examples show that the classes of id-matching, (12)-matching and inter-
changeable structures on (A, ) are different and no class is in general contained in another
one (although all of them contain the totally compatible structures).
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Example 1.4. Let A be the 3-dimensional nilpotent associative algebra with a basis
{e;}?_, and the multiplication table e; - e5 = e3.

The product * on A given by e; x e; = e; and ey *x e = ey is clearly associative
(observe that (A, x*) is isomorphic to the direct sum of a 1-dimensional algebra with zero
multiplication and the subalgebra of Ms(K) generated by the matrix units {E, F12}).
Then (e; xe;) e #0 < e;- (ejxex) # 0 < (4,7, k) = (1,1,2), in which case (e; x¢;) - e, =
e; - (ej x ep) = es. Moreover, (A-A)x A = Ax(A-A) = {0}. Thus, the product *
is (12)-matching with -, but it is neither id-matching nor interchangeable with - because
(AxA)-A#{0}.

On the other hand, consider the associative product x on A given by e; x e; = e; and
e1 * ez = e3. Then,

(ei*ej) e #0 ifand only if e; (ej-ex) #0 if and only if (4,5, k) = (1,1,2),

in which case (e;xe;)-e,, = e;%(e;-e;) = e3. Moreover, (A-A)xA = A-(AxA) = {0}. Thus,
the product * is id-matching with -, but it is neither (12)-matching nor interchangeable
with - because (Ax A) - A # {0}.

Example 1.5. Let A be the algebra with a basis {e;}%_; and multiplication table
€162 = €4, €1 - 65 = €6, €4 €3 = €6, €2~ €3 = Cs5.

It is a nilpotent associative algebra isomorphic to the subalgebra of M,(K) generated by
the matrix units {F1s, Eo3, F34}.
The product * on A given by e; x e5 = e5, €1 *x e4 = e is clearly associative because

(AxA)x* A= Ax(AxA) ={0}. Furthermore,
eix(ej-ex) 70 e (ejxer) #0 e (i,5,k) = (1,1,2),

in which case e; * (e - ex) = €; - (€j * e) = eg. Moreover, (Ax A)- A= (A-A)xA={0}.
Thus, * is interchangeable with -, but it is neither id-matching nor (12)-matching with -
because A x (A - A) # {0}.

Given two structures %; and %, on A that are compatible with -, we say that *; and %5
are isomorphic, if there exists an automorphism ¢ of (A4, -) such that

P(a*1b) = ¢(a) *2 4(b)
for all a,b € A (i.e. if (A, %1) and (A, -, *9) are isomorphic).

2 o-matching and interchangeable structures on unital associative
algebras

Although unital associative algebras are a subclass of algebras with enough idempotents
considered in Section 3, we begin with this particular case to motivate the choice of the
context for Section 3. We also introduce here some notions that will be used below.
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For any associative algebra (A,-) and fixed z € A, one defines the mutation [11] of -
by = to be the product -, on A given by a -, b = a-x-0b for all a,b € A. The following
should be well-known (cf. [6, Formula (9)] and |17, Example 2.2|), but we couldn’t find an
explicit proof.

Lemma 2.1. Let (A,-) be an associative algebra. For any x € A the product -, is associa-
tive and id-matching with -.

Proof. For a,b,c € Awehave (a-,b)-c = a-z-b-c = a-,(b-c) and (a-b)-,c = a-b-z-c = a-(b-,¢).
Moreover, (@ b) yc=a-x-b-x-c=a-; (b c). O

For unital associative algebras the converse also holds.

Proposition 2.2. Let (A,-) be a unital associative algebra. Then the id-matching struc-
tures on A are exactly the mutations of -.

Proof. Let 1 be the identity element of (A, -) and * an id-matching associative product on
A. Then, for all a,b € A we have

axb=(a-1)xb=a-(1xb)=a-(1x(1-b)=a-((1x1)-b) =a- 1. b. O

Let (A,-) be a (not necessarily associative) algebra. Recall that the centroid of A is
the space I'(A) of linear maps ¢ : A — A such that

z-p(y) =p@-y) =)y
for all z,y € A.

Lemma 2.3. Let (A,-) be a (not necessarily associative) algebra. Given ¢ € T'(A), the
product

ax*,b:=¢p(a-b) (5)

is interchangeable with -. Moreover, if - is associative, then x, is also associative and
totally compatible with -.

Proof. For all a,b,c € A we have

(a*,b)-c=p(a-b) c=
wrg (b-c) = pla- (b-0))

The second statement follows from [27, Proposition 2.7]. O

o((a-b)-c)=(a-b)x*,cand
=a-pb-c)=a-(bx*,c).

Definition 2.4. The product of the form (5) is said to be determined by ¢ € I'(A).

In the associative case any element ¢ of the center C(A) of A defines p € I'(A) by
means of ¢(a) = c¢-a. If, moreover, A is unital, then this gives an isomorphism of K-
spaces C'(A) = I'(A), whose inverse maps ¢ € I'(A) to ¢(1). Thus, we have the following.

6
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Lemma 2.5. Let (A,-) be a unital associative algebra. Then the products x determined by
elements of I'(A) are exactly the mutations of - by elements of C'(A).

Proposition 2.6. Let (A, ) be a unital associative algebra and * be an associative product
on A. Then the following are equivalent:

(i) * is (12)-matching with -;

(ii) * is interchangeable with -;

(iii) * is totally compatible with -;

(iv) * is determined by an element of I'(A) = C(A).
Proof. (i)= (iv). Let * be (12)-matching with -. Then for all a € A we have

lxa=(l%a)-1=1-(ax1l)=axl
It follows that
(I*x1)-a=1-(1xa)=1%xa=axl=(axl)-1=a-(1x1),
so 1% 1 e C(A). Using these equalities, we also have
axb=(axb)-1=a-(bx1)=a-((1x1)-b)=a-1ab

for all a,b € A.
(ii)= (iv). Let * be interchangeable with -. Then for all a« € A we have
l¥xa=(1-1)xa=(1%1)-a, andaxl=ax*(1-1)=a-(1x1).

Now, 1xa=(1%a)-1=(1-a)x1=ax1, whence (1x1)-a=a-(1x1),ie 1x1 e C(A).
Thus,
axb=(a-1)xb=(ax1)-b=a-(1x1)-b=a-1.b

for all a,b € A.
The implications (iv)=- (iii), (iii)= (ii) and (iii)= (i) are obvious. O

Corollary 2.7. Let A be a non-commutative unital associative algebra. Then there exist
products on A that are id-matching with -, but not totally compatible with -.

Proof. Let x be a non-central element of A. Then -, is id-matching with - by Theorem 2.1.
If -, was totally compatible with -, then by Theorem 2.6 there would be ¢ € C(A) such
that -, = -, whencez =1-,1=1-.1= ¢, a contradiction. O

Remark 2.8. Let (A,-) be a unital associative algebra and x,y € A. Then the structures
- and -, are isomorphic if and only if there is ¢ € Aut(A) such that ¢(z) = y.
For, given ¢ € Aut(A), one has

¢(a -5 b) = ¢(a) -y §(b) & ¢(a) - (x) - 4(b) = ¢(a) - y - H(b).
The latter holds for all a,b € A if and only if ¢(z) =y (take a = b =1).

7



Mykola Khrypchenko

Remark 2.9. Whenever ['(A) = K, there are only two non-isomorphic structures of the
form (5): the original product - and the zero product.

For, in this case a x, b = A(a - b) for some A € K, so, if A # 0, the map A 7'id is an
isomorphism between - and .

Remark 2.10. For non-unital algebras the result of Theorem 2.6 may be false. For
example, if A is an algebra with zero multiplication, then any associative product * on A
is totally compatible with - since all the mixed monomials in (3) are zero. However, all
the mutations of - and all the products on A determined by elements of I'(A) are zero.

3 o-matching and interchangeable structures on certain idempo-
tent associative algebras

In this section we are going to see to which extent the results of Section 2 generalize to
several classes of associative algebras that are in some sense close to being unital. Recall
that a (not-necessarily associative) algebra (A, -) is said to be idempotent® if A- A = A.

Proposition 3.1. Let (A,-) be an idempotent associative algebra and x be an associative
product on A. Then the following are equivalent:

(i) * is interchangeable with -;
(i) * is totally compatible with -.

Proof. We only need to prove (i)= (ii). Let * be interchangeable with -. Then, for all
a,b,c € A with b = by - by we have

a-(bxc)=a-((by-bg)xc)=a-((by*xbg)-c)=(a-(byxby))-c=(ax(by-by))-c=(axb)-c.

Since A- A = A, then by linearity a- (bxc) = (a*b)-c for all a,b,c € A. Thus, * is totally
compatible with - by Theorem 1.3 (ii). O

It is natural to ask if one can replace interchangeable products by o-matching ones in
Theorem 3.1. For ¢ = id the answer is “no” even in the case of unital algebras, as we
saw in Theorem 2.7. For 0 = (12) there are classes of idempotent algebras containing the
unital ones for which the answer is positive and those for which it is negative. We first
point out a class admitting the positive answer.

Proposition 3.2. Let (A, -) be an associative algebra with a left or right unit and x be an
associative product on A. Then the following are equivalent:

(i) * is (12)-matching with -;

(i1) * is totally compatible with -.

'In the context of Lie algebras one prefers to use the term “perfect” rather than “idempotent”.
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Proof. We only need to prove (i)= (ii). Assume that A has a left unit e. Let * be
(12)-matching with -. Then for all a,b,c € A we have

(axb)-c

It follows that x is totally compatible with - by Theorem 1.3 (iv). If A has a right unit e,
then we symmetrically have

3.1 The semigroup algebra of a rectangular band

Given arbitrary non-empty sets I and J, one easily sees that S := {e;; | (4,5) € I x J}
is a semigroup under the multiplication

€ij * Crl = €] (6)

for all (4, 7), (k,1) € I xJ. It is called a rectangular band [7], and it is a classical example of
a semigroup in which every element is idempotent. Let (A, -) be the semigroup K-algebra
of S. Thus, A is an associative algebra admitting a basis consisting of the idempotents
eij, (i,7) € I x J. We are going to describe the o-matching structures on (A4, ).

Proposition 3.3. The id-matching structures on (A,-) are exactly the products x of the
form

€ij * €kl = )\jkeiz, (7)
where \ji, € K and (i,7), (k1) € I x J.
Proof. Let * be id-matching with -. Then for all (i, 7), (k,l) € I x J we have
eij * er = (€ij - €ij) * e = €45+ (€45 * en) = €45 - (€ij * (epr - em)) = €ij - (e * en) - e,
which equals i ey for some pi;5 10 € K by (6). Moreover, for any (p,q) € I x J we have
fijki€iq = (€ij * €x1) - epg = €ij * (€xi - €pq) = €ij * €kq = Iij kqCiq:

9
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whence (i1 = [lij kg Similarly,

i ki€pl = €pq * (€ * €1) = (€pq * €ij) * €kl = €pj * €1 = Hpj kICpl,

whence i = fpjk- Thus, pi;r does not depend on ¢ and [, so denoting it by A, we

get (7).
Conversely, let * be given by (7). Then for all (,7), (k,1), (p,q) € I x J we have

(€ij * €x1) * €pg = Ajreir * €pg = AjpApeiq  and e * (ep * €pg) = Nip€ij * €rg = AipAjieiq,
so that * is associative. Since
(€ij * k1) * €pg = AjkCil * €pg = AjkCig = €ij * €hg = €ij * (eh1 - €pg)
and similarly
(€ij * €xt) * €pg = it % €pg = Nip€ig = €ij + Aip€rg = €35 - (€x1 * €pg),
the product * is id-matching with -. [

Remark 3.4. The product (7) is a mutation of - if and only if A\, does not depend on j
and k.

Indeed, given a = Zp’q Apgepg With a,, € K, we have e;; g ey = €5 - a- ey = ey, where

A =2, g Conversely, if A\jp = A for all j and k in (7), then e;; * ey = Aeq = ey -4 -en,
where a = \ep, for some fixed arbitrary (p,q) € I x J.

Lemma 3.5. Let x be an associative product on A. If * is (12)-matching with -, then
€ij * €kl = €4 * €4 (8)
for all (i,7), (k,1) € I x J.
Proof. We have
€ij * €kl = (eij : eij) * €kl

= e;j * (e - ep)

= €ij * €4

= €4 * (ez’l : 62‘1)

= (eij : eil) * €41

= ey * €. O

Denote by Ann(A) the (two-sided) annihilator of A, i.e. the ideal of A consisting of
a€ Asuchthat a-b=0b-a =0 for all b € A.

Lemma 3.6. For arbitrary (i,j) € I x J the centralizer of e;; in A coincides with
spang{e;;} & Ann(A).

10
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Proof. 1t is obvious that spang{e;;} N Ann(A) = {0} and that any element of the sum
spang{e;; } + Ann(A) commutes with e;;, so we only need to prove that the centralizer of
e;; is contained in spang{e;;} + Ann(A). Let a = Ek,l apern € A with ay; € K. Then

a- €y = Zk,l ApiChj = D per (ZZEJ akl) er; and e;; - a = Zk,z apiei = D ey (Zkel akl) €il-
Thus,

> ey ar =0 for all k # i,
a-ej=¢j-as Q> o am=0foralll#j (9)

ZZGJ i = Zke] Qg

Assuming that a - e;; = e;; - a, for all (p,q) € I x J by (9) we have

Q- €pg = Z (Z akl> kg = Aeig

kel \leJ

and

€pg * @ = Z (Z akl) Epl = )‘epj7

leJ \kel
where A = >, aq = D arj. Then (a—Nejj)-epq = a-epg—Aejg = 0 and eyq- (a—Aej;) =
€pg - @ — Aep; = 0, so that a — Ae;; € Ann(A). O

Lemma 3.7. Let % be an associative product on A. If x is (12)-matching with -, then there
exist \ € K and r;; € Ann(A), such that

6ij * eij = )\eij + Tij (].0)
for all (i,5) € I x J.

Proof. Since e;; - (e;; * €;;) = (e;; * €;j) - €;j, by Theorem 3.6 there are )\;; € K and
ri; € Ann(A), such that e;; * e;; = \;je;; + r;;. Now, on the one hand (e;; * e;;) - ey =
(Nijeij +1ij) - eq = Ajjeq, and on the other hand using (8) we have

(eij * eij) c €l = €45 ¢ (@z‘j * 6il) = €5 (@z‘l * eil) = €5 - ()\z‘leil + T’il) = i€,

whence )\ij = )\il for all 4 € I and ],l e J. Sunﬂarly, ekj'(eij*eij) = ekj-(/\ije,;j—i—rij) = )\ijekj
and

erj - (€ij * €ij) = (en; x €55) - €55 = (exj * exj) - € = (Arjerj +7j) - €55 = A

imply A\;; = A for all i,k € I and j € J. Thus, \;; = Ay for all (4,7),(k,[) € I x J,
and (10) follows. O

Proposition 3.8. A bilinear product * on A is a (12)-matching structure on (A,-) if and
only if x is associative and, for all (i,7), (k,1) € I x J,

€ij * €pl = ey + Ty, (11)
where A € K and r; € Ann(A).

11
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Proof. By Theorems 3.5 and 3.7 any (12)-matching structure on (A4, -) has the form (11).
Conversely, let * be a product on A given by (11). Then for all (i, 5), (k,1), (p,q) € I x J
we have (e;; % ex) - €pg = (A +741) - €pg = Aeiq and e - (e * €py) = €45 - (Aekg +Trg) = Ay
Moreover, (e;; - ex) * €pg = €i1 ¥ €pg = Neig+Tig and €55 % (€1 - €pg) = €% €hg = Neig+14g. O

Corollary 3.9. The totally compatible structures on (A,-) are ezxactly the products x of
the form

€ij * e = ey, (12)
where A € K and (i,7), (k,1) € I x J.

Proof. Let * be totally compatible with -. In particular, * is (12)-matching with -. Then for
all (4,7) € IxJ by (11) we have (e;jxe;;)-€;; = Ae;j, while e;;x(€;5-€;5) = e;%e;; = Nej;+7ij.
Thus, r;; = 0 for all (4,5) € I x J in (11), and we get (12). Conversely, the product (12)
is *,, where ¢ = A\id € I'(A), so * is totally compatible with - by Theorem 2.3. O

Corollary 3.10. We have I'(A) = K.

Proof. Let ¢ € I'(A) and consider the totally compatible product %, on A as in Theo-

for all (z,7) € I x J. By linearity, ¢ = Aid. O
We summarize the results on totally compatible structures on A in the following.

Proposition 3.11. Let x be an associative product on A. Then the following are equiva-
lent:

(i) * is interchangeable with -;
(ii) * is totally compatible with -;
(11i) = is determined by some ¢ € I'(A).
Proof. This is a consequence of Theorems 2.3, 3.1 and 3.9. O

In general, the annihilator part of (11) may be non-trivial, which makes it difficult
to characterize explicitly the associativity of (11) in terms of A and r;. So, we just give
an example of such an associative product below, which also provides a (12)-matching
structure on A that is not totally compatible with -, showing that one cannot replace
interchangeable structures by (12)-matching ones in Theorem 3.1.

Example 3.12. Let [ = J = {1,2} and A be the semigroup algebra of the rectangular
band I x J. Then Ann(A) = spang{e;; — e12 — €91 + exn}. Indeed, if a = E” a;j€ij
with a;; € K belongs to Ann(A), then 0 = a - ey; = (@11 + ai2)err + (a1 + agze)ez and
0 = €11 - a = (CLH + CL21)611 + ((112 + a22>612, whence aj; = —Q12 = —Q91 = QA29, SO
that a € spang{ej;; — €12 — a1 + ean}. Conversely, e;; — €12 — €91 + €29 € Ann(A) by a
straightforward calculation.

12
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Consider the product * on A given by

% en — e — e12 — €1 +eaa, (i,1) = (1,2),
A 0, otherwise.

Then (Ax A)x A= Ax(AxA) = {0}, so that (A, *) is associative. Observe that * is of
the form (11) for A = 0 and ry = e11 — €12 — €21 + €22 € Ann(A) for (i,1) = (1,2) and
ry = 0 otherwise. Thus, * is (12)-matching with -, but it is not totally compatible with -
by Theorem 3.9.

However, in some cases Ann(A) = {0} and we have the following result.

Proposition 3.13. Let |I| =1 or|J| =1 (so that S is a right zero or a left zero semigroup,
respectively). For an associative product x on A the following are equivalent:

(i) * is (12)-matching with -;
(ii) * is interchangeable with -;
(1ii) * is totally compatible with -;
(iv) * is determined by some ¢ € T'(A).

Proof. In view of Theorems 3.1 and 3.11 we only need to show (i)< (iii). If 7 = {io}, then
€ioj * Ciok = €iok for all j, k € J, whence ¢;,; - a = a for all a € A, so that each e, ; is a left
unit of A, and the result follows by Theorem 3.2 (or from Theorem 3.9, since the existence
of a left unit implies Ann(A) = {0}). Whenever J = {jo}, each e;;, is a right unit of A,
and we apply Theorem 3.2 again. O

3.2 Algebras with enough idempotents

An associative algebra A is said to have enough idempotents [22] if there is a family
E of orthogonal idempotents {e;}ic; € A such that A = @, ;e;A = @,.; Ae;. It follows
that A = @l jer €iAej. Observe that A is an idempotent algebra, and it is unital if and
only if |I| < oo, in which case ), ; ¢; is the unit of A.
Example 3.14. The following non-unital associative K-algebras have enough idempo-
tents.

(i) The algebra of infinite matrices over K with a finite number of nonzero entries. The
corresponding idempotents are the matrix units FEj;.

(ii) The path algebra of a quiver with infinite number of vertices. The corresponding
idempotents are the trivial paths e,, where x is a vertex.

(iii) The direct sum of an infinite family of unital algebras. The corresponding idempo-
tents are the units of the direct summands. Any algebra with enough idempotents

such that £ C C(A) is of this form.

13
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Let (A, -) be an algebra with enough idempotents. Given a € A, we write a = Zmel Qij,
where a;; = e;ae; € e;Ae;. Define M to be the K-space Hijel e;Aej whose elements will
be denoted by m = [T, ;c; mi; with m;; € e;Ae;. We will identify A with the subspace of
M consisting of m € M with finite supp(m) := {(i, ) € I* | m;; # 0}.

Proposition 3.15. The algebra structure on A extends to an A-bimodule structure on M
by means of

am =[] (Z aikmkj) and ma = [ (Z mikakj> (13)

ijel \kel ijel \ kel
foralla € A and m € M. Moreover, AMA = A.

Proof. The operations (13) are clearly well-defined and bilinear. For all a,b € A and

m € M we have
Z a;r(bm)g Z Z i brimy;

kel kel lel
= Z Z aibramy; = Z(ab)ilmlj = ((ab)m)ij’
lel kel lel

and similarly one proves that ((ma)b);; = (m(ab));;. Finally,
=) awmuby =YY agmpby = ((am)b);. (14)
kel lel lel kel

Since 1 ;={i €l |3k el: ay #0tand L :={je |3 €l b;#0} are finite,
then supp(amb) is finite as a subset of I} X I by (14). Thus, AMA C A. The converse
inclusion is obvious because a; = e;-¢;-a; for all a; € ¢;A, sothat A= A-A-AC AMA. [

Lemma 3.16. Let x be an associative product on A. If x is id-matching with -, then
e; xej € e;Aej for alli,jel.

Proof. Since e; - e; = e;, then e; xe; = (e; - €;) xe; = ;- (e; * ¢;). Similarly, e; - e; = ¢
yields e; xe; = e; % (e - €;) = (e; % €;) - ej. Hence e; xej =¢; - (e; x ;) - e; € e;Ae;. O

We thus define
v=[[(eixe;) € M. (15)

1,5€l

Lemma 3.17. Let x be an associative product on A. If x is id-matching with -, then for
all a;; € e;Aej and ay € epAe; we have a;j x ay = ajray.

Proof. By (14) and (15)

ai; * ag = (a;; - €j) % a = a;j - (e x ag) = aij - (e; * (ex - agy))

= Q5 - ((ej * 6k) : akl) = Q5 * Tjk * Q] = Aj;TAL]. ]

14
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Proposition 3.18. The id-matching structures on (A,-) are ezxactly the products x on A
of the form

ax*b=axb (16)
for all a,b € A.

Proof. The fact that any id-matching with - product * on A has form (16) is a consequence
of Theorem 3.17. Conversely, let % be given by (16). Then

(axb)-c=(axb)-c=azx(b-c)=ax(b-c)

and similarly
a-(bxc)=a- (bxc)=(a-b)xc=(a-b)*c. O

Lemma 3.19. Let ¢ : A — A be a linear map. Then ¢ € T'(A) if and only if there exists
m € M such that

p(a) = ma =am (17)
for all a € A.

Proof. Let ¢ € T'(A). Then ¢(e;) = p(e; - ;) = eip(e;) = @(e;)e;, so that p(e;) € e;Ae;.
Define m = [],.; ¢(e;) € M. For any a;; € e;Ae; we have

plaij) = plei - aij) = p(ei)ai; = mia; = mag;.
On the other hand,
plai;) = plaij - €5) = aijple;) = aymy; = am.

Thus, (17) holds for all a € A.

Conversely, assume (17). Then
ola)-b=(ma)-b=m(a-b)=¢(a-b) and a-pb)=a-bm = (a-b)m = p(a-b),
for all a,b € A, so ¢ € T'(A). O

Lemma 3.20. Let % be an associative product on A. If x is (12)-matching with -, then
eixe; =0 foralli# j and e; x e; € e;Ae; for alli € I.

Proof. Let @ # j. Then e; xe; = (e; - €;) xe; = € * (e; - e;) = 0. It follows that
(eixe;)-ej=e;-(e;xe;) =0and e;-(e;xe;) = (e;xe;)-e; =0, so that e; xe; € e;Ae;. [

We thus define as in (15)

x:H(ei*ei) € M. (18)

el

15
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Lemma 3.21. Let * be an associative product on A. If x is (12)-matching with -, then
ra = azx (19)
for all a € A.

Proof. We have ey-(e;xa;;) = (ep*e;)-a;; = 0 for all a;; € e;Ae;j and k # ¢ by Theorem 3.20,
so that

€; * Q5 = €; - (ei * aij) = (e,» * 61') c Ay = TjiQiy = Ty (20)
Similarly, (a;; * €;) - ex = a;j - (e * e;) = 0 for all a;; € e;Ae; and k # j, so that

aij * €j = (aij % €5) - €j = aij - (€ % €;) = aijirj; = @i, (21)
But e; % a;; = €; % (a;; - €j) = (€; - a;;) * e; = a;j * e;, whence (19) by (20) and (21). O

Lemma 3.22. Let % be an associative product on A. If x is (12)-matching with -, then
there exists p € I'(A) such that for all a;; € e;Ae; and ay € ey Ae; we have

a;j * ag = p(aij - ag)- (22)

Proof. Let p(a) = xa, where x is given by (18). By Theorems 3.19 and 3.21 we have
¢ € T'(A). We are left to prove (22). If j # k, then

a;j * agp = (a;; - €j) *x ag = a;j * (€ - ag) = 0= p(aij - ag).
Now, by (19) and (21) we conclude that
aj % ap = g x (agk - ex) = (aij - ajr) * ex = (aij - ajp)z = p(ag; - ajp). O

Proposition 3.23. Let x be an associative product on A. Then the following are equiva-
lent:

(i) * is (12)-matching with -;
(ii) * is interchangeable with -;
(iii) * is totally compatible with -;
(iv) * is determined by some ¢ € T'(A).

Proof. The implications (iv)=- (iii) and (iii)= (i) are obvious. The implication (i)= (iv)
is a consequence of Theorem 3.22 and the equivalence (ii)<> (iii) is Theorem 3.1. O

16
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4 o-matching and interchangeable structures on free non-unital
associative algebras

We begin with a general result.

Proposition 4.1. Let (A,-) be an associative algebra without zero divisors. Then for an
associative product x on A the following are equivalent:

(i) * is (12)-matching with -;
(ii) * is interchangeable with -;
(#i) * is totally compatible with -.
Proof. (i)= (iii). Let % be (12)-matching with -. Then for all a,b,c € A we have
a-(ax(b-c))=(axa)-(b-c)=((axa)-b)-c=(a-(axb))-c=a-((axb)-c).

Since (A, -) has no zero divisors, a- (a* (b-c)) = a-((a*b)-c) implies a* (b-c) = (a*b) - c.
Thus, * is totally compatible with - by Theorem 1.3 (iv).
(ii)= (iii). Let % be interchangeable with -. Then for all a,b,c € A we have

a-((a-b)yxc)=ax((a-b)-c)=ax(a-(b-c)=a-(ax(b-c)).

As above, a- ((a-b) xc) =a-(ax(b-c)) yields (a-b) xc=ax*(b-c), because (A,-) has no
zero divisors. Thus, * is totally compatible with - by Theorem 1.3 (ii).
The implications (iii)= (i) and (iii)=- (ii) are trivial. O

Clearly, id-matching structures on an algebra without zero divisors are not in general
totally compatible: as a counterexample it is enough to take a non-commutative associative
unital division algebra (see Theorem 2.7).

Free algebras are a classical example of algebras with no zero divisors. In view of
Theorem 2.6, we will only be interested in the non-unital case.

4.1 The free non-unital associative algebra

Fix a set of variables X with |X| > 1. Let X* (resp. X ™) be the free monoid (resp. free
semigroup) over X. The elements of X* (resp. X ) are all the words (resp. non-empty
words) over X, where the product of any two words w; and ws is their concatenation wyws.
Let (K(X),-) (resp. (K(X)™,)) be the free associative (resp. free non-unital associative)
K-algebra over X. Observe that K (X) (resp. K(X)") is the semigroup K-algebra of X*
(resp. XT). Recall from [5, 6.1] that K(X) is a domain. Clearly, K(X)* is an ideal in
K(X) and

KE(X)" =Pz KX)=PK(X) = (23)

zeX rzeX
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Proposition 4.2. The id-matching structures on (K(X)T,-) are in a one-to-one corre-
spondence with maps x : X x X — K(X)*,

(ZL‘, y) = Tky = Z u- R:ay,u = Z Lx7y,v v, (24)
ueX veX
where Ry, Ly € K(X) and
Z Lyyow- (vkz)= Z(w *xu) - Ry .y (25)
veX ueX

forall x,y,z € X.

Proof. Let * be an id-matching structure on (K (X)*,-).
Given z,y € X, write xxy = Y v u-Ryyu = D, cx Lay.o-v according to (23). Then

(xxy)*z= Z(vay,v ‘v)kz = ZLC’?»W (v 2)
veX veX

and

rx(yxz)= Zx* (u-Ry.u) = Z(m*u)~Ry,z,u

ueX ueX

for all z,y,2z € X. Thus, defining *x to be the restriction of x to X x X, we get (24)
and (25) by the associativity of x*.

Conversely, let * : X x X — K(X)* satisfying (24) and (25). Given a,b € X, there
are unique x,y € X and ay,b; € X*, such that a = a;x and b = yb;. Then define

axb=ay- (x*xy)-b. (26)

In particular, zxy = z*y for all x,y € X. The product (26) uniquely extends to a bilinear
product * on the whole K(X)". Taking additionally ¢ € X, since be = ybic, by (26) we
have

(axb)-c=(a;-(x*xy)-b))-c=ar- - (xxy)- (bic) =ax* (bc). (27)
Moreover, if b = bou and ¢ = z¢; with u, z € X and by, c; € X*, then
(ab) * ¢ = (abgu) * (zc1) = (abg) - (u*xz2) - ¢y =a-(by- (uxz)-c;)=a-(bxc). (28)

Thus, we are left to prove that x is associative. Observe from (24), (27) and (28)
that (25) is equivalent to

(xxy)xz=x%(y*2) (29)

for all x,y,z € X. Let a = a1z, b = yb; and ¢ = z¢y with z,y, 2z € X and aq,b1,¢1 € X*.
Then by (27) and (28) we have

(axb)yxc=(a;-(xxy)-b1)*xc=a; - (((x*xy)- b)) *2)-c. (30)

18
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Case 1. by is empty. Then using (26) and (28)—(30) we have
(axb)xc=a; - ((xxy)*x2)-cp=a1 - (x*x(yx2)) -1 = (a1z)* ((yxz)-c1) =ax*(bxc).
Case 2. by = byu for some u € X and by € X*. Then using (26)—(28) and (30) we have
(axb)xc=ua; - (((x*xy) -bou)xz)-c1 =a;-((x*xy) -ba-(ux2))
= (ar-(@xy)) - (ba- (uxz) 1) = (axy)-(bxc)
=ax*(y-(byxc))=ax((yb))*c)=ax* (bxc). O

Remark 4.3. We are unable to describe the maps x : X x X — K(X)* satisfying (24)
and (25) in simpler terms, so let us just give some natural examples. Any associative
product x : X x X — X i.e. a semigroup structure on X, is of this form. On the other
hand, any mutation z xy = z -, y, where p € K(X), is also of this form. We suspect that
there also exist examples of more complicated maps *.

Lemma 4.4. Let x be a totally compatible structure on (K(X)*, -). Then there exists
A € K such that x xy = ANz - y) for all z,y € X.

Proof. For all x # y in X we have

r-(xxy)=(rx*xx)- Y, (31)
soxxy € K(X)- -yand zxx € x- K(X). Similarly,

v (yxy)=(@xy)-y (32)
implies zxy € x- K(X) and v xx € K(X) - x. Thus, there exist p,, € K(X), x # y, such
that

x*y:x'pz,y'ya (33)
and p., ¢, € K(X) such that

THT =Dy T =20 (. (34)

It follows from (z % x) - = x - (z * x) that p, = ¢, which commutes with z by (34).
By Bergman’s centralizer theorem [2] (or directly by induction on the degree of p,) one
concludes that p, € K(z). Now, (31) gives

T Pry = 4z (35)
and (32) gives

Day - Y = Dy, (36)

so that p,, € K(z) N K(y) = K. It also follows from (35) that p,, = p., for all
y,v # x. Similarly, (36) gives py, = puy for all z,u # y. Let uw # v and © # y. If
u # y, then py, = puy = Puy- If v # x, then pyy = pry = Poy. If (u,v) = (y,z), then
(xxy) -z =z (u*xv) yields pyy -y = Y - puy, Whence p,, = p,, because p,,, puo € K.
Thus, p,, is a scalar A € K that does not depend on x and y, so the result follows by
(33)—(35). O
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The result of the next corollary is probably well-known, but we couldn’t find a reference.
Corollary 4.5. We have T'(K(X)") = K.

Proof. Let ¢ € T'(K(X)T) and *, be the corresponding totally compatible product as in
Theorem 2.3. Then there exists A € K such that p(z-y) = x*,y = ANz y) forall z,y € X
by Theorem 4.4. On the other hand, ¢(z - y) = ¢(z) - y, whence p(z) = Az for all z € X.
Let now a = za; € X+, where v € X and a; € X*. Then ¢(a) = p(zar) = p(z) - ay =
Ax - a; = Aa. By linearity, ¢ = Aid. O

Proposition 4.6. Let * be an associative product on K(X)*. Then the following are
equivalent:

(i) * is (12)-matching with -;
(ii) * is interchangeable with -;
(1ii) * is totally compatible with -;
(i) * is determined by some ¢ € T'(K(X)™).

Proof. In view of Theorems 2.3 and 4.1 we only need to prove (iii)= (iv). Let % be
totally compatible with -. By Theorem 4.4 there exists ¢ = A\id € T'(K(X)™), such that
xxy = @(x-y) for all z;y € X. Then, given a = a;x and b = yb; with z,y € X and
ai, by € X*, we have

a*xb=ax*yb
=ay-(zxy) b
—a1-Ma-y) b
= Aaix - yby)
= Ma - b)
=p(a-b). O

4.2 The free non-unital commutative associative algebra

Fix a non-empty set of variables X. Let (K[X],:) (resp. (K[X]T,:)) be the free
commutative (resp. free non-unital commutative) associative K-algebra over X. Observe
that K[X] is the algebra of polynomials in z € X over K and K[X]" is its ideal of
polynomials with zero constant term. It is clear that K[X] is an integral domain and

KXt =3 ¢ zK[X] (the sum is not direct for [X| > 1).

Lemma 4.7. Let ¢ : K[X]" — K[X]|T be a linear map. Then ¢ € T(K[X]|") if and only
if there exists p € K[X] such that

p(a) = pa (37)

for all a € K[X]".
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Proof. 1t is obvious that a map of the form (37) belongs to I'(K[X]"). Conversely, let
p € T(K[X]T).
Case 1. X = {x}. Then defining p := @ € K[X] we have

n—1

p(a") =a""lp(x) ="t ap=ap

for all n € Z,, whence (37) by linearity.
Case 2. |X| > 1. Then choosing x # y in X we have

ro(y) = p(ry) = yo(z). (38)

Since = # y, it follows that () is divisible by z (in K[X]), i.e. there exists p, € K[X]
such that ¢(z) = zp,. Then (38) gives zyp, = xYp,, S0 p, = p,, which will be denoted by
p. We thus obtain (37) for a being a variable. Now, for any x € X and a; € K[X]* we
have p(za1) = p(r)a; = pray, so (37) holds for monomials of higher degree and thus for
all a € K[X]|* by linearity. O

Lemma 4.8. Let x be an id-matching structure on (K[X|T,-). Then for all z,y € X and
ai, by € K[X] we have

(zar) * (yb1) = (z * y)arbs.
Proof. We have (xay)*(yby) = (a12)*(yby) = a1-(xx(yby)) = a1-(zxy)-by = (zxy)arby. O

Proposition 4.9. Let X = {x} and x be an associative product on K[X]*. Then the
following are equivalent:

(i) * is id-matching with -;
(ii) * is (12)-matching with -;
(7i) * is interchangeable with -;
(iv) * is totally compatible with -;
(v) there exists p € K[X] such that

-b
a*b:a—Q-p (39)

T
for all a,b € K[X]*.

Proof. ()= (v). Let % be id-matching with -. Then by Theorem 4.8 we have

m

T *$n — (.CE % x)xm+n—2 —

Denoting p := x * x, we get (39) by bilinearity of * and -.
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(v)= (iv). Suppose that x is given by (39). Then (a*b)*c = a* (b*c) = %% p? and

x4
a-b-c
(axb)-c=ax(b-c)=(a-b)xc=a-(bxc)= D
for all a,b,c € K[X]*.
(iv)= (i) is trivial. The remaining equivalences are Theorem 4.1. O

Remark 4.10. Observe by Theorem 4.7 that the product (39) from Theorem 4.9 (v) is
determined by some ¢ € I'(K[X]*1) if and only if deg(p) > 2.

Lemma 4.11. Let |X| > 1 and * be an id-matching structure on (K[X]|",-). Then there
exists p € T(K[X]1) such that for all x,y € X :

rxy=p(x-y). (40)

Proof. For all z # y in X we have z - (y xy) = (xy) xy = y - (x x y). It follows that = *xy
is divisible by x and y * y is divisible by y (in K[X]). Similarly, changing the brackets in
x* (yr) = x x (xy), we get

(xy) o= (exz)-y, (41)

which shows that x x y is divisible by y (in K[X]). Thus, for all x € X there is p, € K[X]
and for all z,y € X, x # y, there is p,, € K[X] such that

T*x = TP, and T * Y = TYPy -
Choosing another pair u # v in X, we have
(zu) * (yv) =x - (ux (yv)) =z - (U*V) - Y = TYUVDy
and similarly
({L‘u) * (yv) =u- (:L’ * y) U= TYUUDay-
Thus,
Pzy = Pup =: D,

and (40) holds for z # y and ¢(z) = pr. Moreover, (41) shows that zyp, = x?yp, whence
Pz = TP,
and (40) holds for z = y and the same ¢ too. O

Proposition 4.12. Let |X| > 1 and * be an associative product on K[X]*. Then the
following are equivalent:

(i) * is id-matching with -;
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(ii) * is (12)-matching with -;
(7ii) * is interchangeable with -;

(iv) * is totally compatible with -;

(v) * is determined by some ¢ € I'(K[X]").

Proof. (i)= (v). Let * be id-matching with -. In view of Theorems 4.8 and 4.11 there
exists ¢ € I'(K[X]") such that

(way) * (yby) = (z * y)arby = o(z - y) - arby = p(zay - yb1)

for all z,y € X and ay,b; € K[X]. Then (v) follows by bilinearity.
The implications (v)=> (iv) and (iv)=- (i) hold in any associative algebra.
The remaining equivalences are Theorem 4.1. ]
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