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On the asymptotic behaviour of the graded-star-codimen-
sion sequence of upper triangular matrices

Diogo Diniz and Felipe Yasumura

Abstract. We study the algebra of upper triangular matrices endowed with a group
grading and a homogeneous involution over an infinite field. We compute the asymp-
totic behaviour of its (graded) star-codimension sequence. It turns out that the
asymptotic growth of the sequence is independent of the grading and the involution
under consideration, depending solely on the size of the matrix algebra. This inde-
pendence of the group grading also applies to the graded codimension sequence of
the associative algebra of upper triangular matrices.
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1 Introduction

There is a recent interest in the investigation of polynomial identities with additional
structure, in particular, the structure of a graded algebra and an involution. In the present
paper, we investigate the asymptotic behaviour of the (graded)-star-codimension sequence
of the associative algebra of upper triangular matrices UT,,.

It is worth mentioning that the group gradings on UT,, are classified in [12,14]. Their
ordinary involutions were classified in [13], where the *-polynomial identities were com-
puted for n = 2 and n = 3. Considering the mixture of the grading and the involution,
their respective homogeneous involutions were classified in [5]. In contrast, the graded-
involutions were classified in [9] (see [7] as well). The paper [7] computes the x-graded
polynomial identities of UT,,, where the grading is the most fine that admits a graded-
involution. On a similar direction, [6] computes the homogeneous *-polynomial identities
of UT,,, endowed with the unique fine grading of UT, and an arbitrary homogeneous
involution. In both papers, the authors compute the asymptotic behaviour of the graded-
star-codimension sequence and the result is the same in each of the cases. Hence, the
authors of the paper [7] ask if it is possible to compute the asymptotic behaviour of the
graded-star-codimension sequence of any graded-involution on UT,,.

This paper answers the above question in a slightly more general context. We compute
the asymptotic behaviour of UT,,, endowed with a group grading and a homogeneous
involution. We conclude that such behaviour is independent of the grading and of the
involution in consideration. A similar phenomenon happens to the graded-codimension
sequence, where the asymptotic behaviour of the graded-codimension sequence of UT),, is
independent of the group grading (see [10]).

2 Notation and basic results

We denote by F an infinite field and all algebras in consideration will be over F.

2.1 Graded algebra

Let G be any group. We use the multiplicative notation for G' and denote its neutral
element by 1. We say that an algebra A is G-graded if there exists a vector-space decom-
position A = P ,.; Ay such that A;A, C Ay, for all g,h € G. The decomposition is
called a G-grading and we are going to denote it by I'.

A homogeneous involution is defined as follows:

Definition 2.1. Let A = @geG A, be a G-graded algebra and let ¢ : G — G be a map.
An involution * on A is a homogeneous involution with respect to 1 or a -involution if
.A; C Aw(g)v for all g € G.
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2.2 Free graded algebra with homogeneous involution

We shall provide a construction of the free graded algebra endowed with a homogeneous
involution (see, for instance, [6]). This is done using a particular case of the (relatively) free
universal algebra in an adequate variety (see, for instance, [11, Chapter 1] for a general
discussion and [2, 3] as well for a particular graded version). Let G be any group and
X¢ = UQGGX("), where X©@ = {29 29} Let x: G — G be an involution, that is, an
anti-automorphism of order (at most) 2. Let F{X¢, x} denote the absolutely free G-graded
binary algebra endowed with an unary operation (also denoted by *). We define the free
G-graded associative algebra with a homogeneous involution with respect to *, F(X% %),
as the quotient of F{X% %} by the following polynomials

:L,ggl) (zégz)xéw)) _ (:)sggl)xg‘”))xé%)

(a1 2y = (a5
((z9)*)* — 29

degG(:)s(g))* = (degg 29

l,ggl))*

(1)

The first polynomial defines the associativity relation while the second and third indicate
that % acts as an involution in the quotient algebra. The last connects the involution * of
the group and the unary operation * of the algebra.

Given a G-graded algebra (A,I') with a homogeneous involution *, we denote by
Id(A, T, ) the set of all of its graded polynomial identities with involution. If I" = Iy, is
the trivial grading, then we recover the notion of *-polynomial identity. In this case, we
denote by Id(A, *) the set of all x-polynomial identities of (A, x).

2.3 Codimension sequence

We recall some definitions concerning codimension sequence. Let G be a group and
consider a G-grading I" on an algebra A. We assume that * is a homogeneous involution
on (A,T'). We denote

s Om
P = span { (a2)" -+ (a2))

where §,, is the symmetric group on the set of m elements.
We define the (G, x)-codimension sequence by

UESmagla--'>gm €G>5€€{®a*}}>

em( AT, %) = dim P /PY N Id(A, T, *).

For the particular case where I' = I'y;, is the trivial grading, then we recover the notion
of x-codimension sequence. In this case, we denote

Cm(Aa *) = Cm(A> Ftriva *)
Two maps f, g : N — N are said to be asymptotically equal if lim,,_, % = 1. In this
case, we denote f ~ g.

N
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2.4 Gradings and homogeneous involutions on UT,,

The group gradings on UT,, are classified in two papers. Every group grading is isomor-
phic to an elementary grading [12] and isomorphism classes of elementary group gradings
are known [14, Theorem 2.3].

The involutions of the first kind on UT;, were described in [13] over fields of characteris-
tic not 2. If n is odd each involution on UT,, is equivalent to a single involution 7, which we
will call the orthogonal involution. It is given by reflection along the secondary diagonal,
that is, for each ¢ < j, €;; = €n—jtln—itl- If n = 2m is even, any involution on UT, is
equivalent either to the orthogonal involution or to the symplectic involution. If we denote

it by s then it is given by A* = DA"D~!, where D = diag(1,1,...,1,—1,—1,...,—1).
3 t‘i:nos 3 ;;nos

The homogeneous involutions on UT,, are classified in [5] (and the graded involutions
in [9], see [7] as well). It turns out that each homogeneous involution is equivalent to
either the orthogonal or the symplectic involution (where the symplectic case can occur
only if the size of the matrices is even). A homogeneous involution exists if and only if the
grading satisfies certain conditions.

2.5 Basis of the relatively free algebra of UT,,
The following result is needed:

Lemma 2.2 (part of [8, Theorem 5.2.1]). Let F be an infinite field. Then, a basis of the
relatively free algebra generated by UT,, consists of all polynomials of the form

:L'Iljl ...:L{z”"cl...cs’

where py,...,pr >0, 0 < s <n and each ¢; is a commutator of the kind ¢; = [x;,, ..., x;,]
and the indices satisfy t > 2, 71 > jo and jo < jg < -+ < g

From Definition 2.2, for a fixed integer m > 2(n — 1), the set of multilinear ordinary
polynomials in m variables

Liy * "Ly CL " Cpt,
where i} < -+ < iy, ¢; = [a:j@),:)sju), . l"ju)], G s 8 << g linearly independent
1 2 Sq

modulo Id(UT,). Let g,, denote the number of such polynomials.

n—1, m—n+1

Lemma 2.3. ¢, ~ ¢,,(UT,) ~m" " 'n

Proof. One has that ¢,,(UT,,) = ¢+ ¢ (UT, 1), from a basis of the relatively free algebra
of UT,,. It is known that (see [4, Theorem 1.4])

cm(UT,) ~ m" Ipmntl,

The result follows, since lim,,_ o % =0. [
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3 Main result

We let * be an involution for UT,,. It is known that we may assume that = is either
the orthogonal or the symplectic involution [13, Proposition 2.5].
We shall obtain a suitable lower bound for the *-codimension sequence of UT,,.

Lemma 3.1. [f m > 2(n — 1), then the set of polynomials in P,

Ly » T3, C1 " " - Cp—1, (2)

where iy < -+ < iy, ¢; = [xj(i),xjéi), . ,zj(z-)], jf) > jél) c< 05 € {0, %} and 6, = 0
1 Si

for all ¢ > | 2211, is linearly independent modulo 1d(UT,,, *).

Proof. Denote the polynomials (2) by f; 75> Where 0=(6,...,6n0_1), I ={i1,...,i.} and
J={G", .. i) i=1,...,n—1}. Let
f= Z Arg5fr5 € 1A(UT,, ).
1,7,6

Between the elements of the summand with a possibly nonzero \; ;5, choose a maximal
set Iy = {i1,...,%.}. We evaluate z;, = --- = x;, = 1 (the identity matrix). Then, all
f1.;5 annihilate but the ones with Iy C I ie., Iy = I since Ip is maximal. We fix a
Jo= (G, ... li=1,... . n—1).

We fix a set §, and we evaluate:

n
zjéi) = E €is) l > 2,

j=i+1
ifzi) = €ii41-
Without loss of generality, we may assume that oo = (0, ...,0). If a polynomial I ;5 gives

a non-zero evaluation, then I = I, and J coincides with Jy, except possibly in the first
entry of each of their sequences. Therefore, we may write

J= (k" 5,0 [i=1,...,n—1).

To obtain a nonzero evaluation, we would need

le) = €4,i+1, for i = 1,2,...,71—1,
where 3 = (01,...,0,_1). Thus, for each i, either 0] = () and k%l = jfi), or §; = % and
kD = 5001 kD = 7Y and ) = «, then necessarily "7V = ;! and 8 =
However, from definition, &, = () for all £ > |21], a contradiction. Hence, kY = jf and
= (). An inductive argument shows that J = J, and § = d,. Therefore, for such choice,
there is a unique f; ;5 that gives a non-zero evaluation. The result is proved. O

b}
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n—1

As a consequence, we obtain that c,,(UT,, *) > 21"z 1q,,, for all m > 2(n —1). On the
other hand, let G' be any group, I' a G-grading on UT,, and * a homogeneous involution on
(UT,,I"). We may assume, up to an automorphism, that every matrix unit is homogeneous
with respect to I and * is either the symplectic or orthogonal involution. Now, let A be
the unique fine grading on UT,,. It means that A is an F-grading, where F' is the free
group freely generated by {r,...,r,—1} and we impose degn €;;,+1 = r;. Then, * is a
homogeneous involution on (UT,,, A) as well. The group homomorphism « : F' — G, where
a(r;) = degpe;;+1 induces a G-grading *A on UT,, so that (UT,,*A,x) = (UT,, T, ).
Hence, a similar argument of [1, Lemma 3.1] (see [10] as well) shows that

Cm(UTy, #) < e (UT,, T %) < ¢, (UT,, A, *).

1
Furthermore, [6, Theorem 20] proves that c¢,,(UT,, A, ) ~ 2;:rljm”‘1nm. Hence, we
proved

Theorem 3.2. Let G be a group, F be an infinite field, I' a G-grading on UT,, and * a
homogeneous involution on (UT,,T"). Then

nflj

2\_7 n—1

nn—l

Cm(UT,,, T, %) ~

In particular, exp(UT,, T, ) = n. O
In particular, we answer a question posed by D. Diniz et al in [7]:

Corollary 3.3. Let G be a group, F be an infinite field, I' a G-grading on UT,, and x a

graded-involution on (UT,,T"). Then

9l"5]

nn—l

n—lnm'

Cm(UT,,, T, %) ~
O
As a particular case, we obtain the asymptotic behaviour of the *-codimension sequence

of UT,,.

Corollary 3.4. Let F be an infinite field and % a involution on UT,,. Then
9l%54]

n—lnm.

Cm(UT,, %) ~

nn—l
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