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Abstract. We introduce the special set-theoretic Yang-Baxter algebra and show
that it is a Hopf algebra subject to certain conditions. The associated universal R-
matrix is also obtained via an admissible Drinfel’d twist. The structure of braces
emerges naturally in this context by requiring the special set-theoretic Yang-Baxter
algebra to be a Hopf algebra and a quasi-triangular bialgebra after twisting. The
fundamental representation of the universal R-matrix yields the familiar set-theoretic
(combinatorial) solutions of the Yang-Baxter equation. We then apply the same
Drinfel’d twist to the gl, Yangian after introducing the augmented Yangian. We
show that the augmented Yangian is also a Hopf algebra and we also obtain its
twisted version.
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1 Introduction

The main aim of this study is the use of certain universal Drinfel’d twists [11,12] in
the context of gl Yangians )Y(gl,). We focus on universal twists that are combinatorial
matrices in the fundamental representation [4,8] and generate combinatorial (set-theoretic)
solutions of the Yang-Baxter equation (see, for instance, [2,13,14,16-18,23-25]). In this
manuscript the solutions of the Yang-Baxter equation are expressed as n? x n? matrices
[9,10]. In this spirit, when we say combinatorial solutions we mean that the matrices
that represent the solutions of the Yang-Baxter equation are combinatorial, i.e. they
have only one nonzero element, which takes the value 1, in every row and column. We
consider the linearized version of the set-theoretic Yang-Baxter equation and derive the
quasi-triangular bialgebras associated to set-theoretic solutions. By identifying a suitable
admissible Drinfel’d twist we are able to extract the general set-theoretic universal R-
matrix, which is an element of A ® A and A is the underlying bialgebra.

More specifically, in Section 2 we introduce the special set-theoretic Yang-Baxter alge-
bra and show that it is a Hopf algebra. The associated universal R-matrix is also obtained
via an admissible Drinfel’d twist, making the special set-theoretic Yang-Baxter algebra
a quasi-triangular bialgebra. The fundamental representation of the universal R-matrix
gives typical set-theoretic (combinatorial) solutions of the Yang-Baxter equation. Here we
only obtain reversible universal R matrices, i.e. Ri2Ro1 = laga (and their representa-
tions) as opposed to the general scenario discussed in [8], where rack type solutions of the
Yang-Baxter equation and their Drinfel’d twists were discussed. The key novel outcomes
of Section 2 are summarized in Theorems 2.6, 2.13 and 2.16, where we show that the
algebraic structure of (skew) braces (Definition 2.14) [19,23,24], emerge naturally if the
special set-theoretic Yang-Baxter algebra is required to be a Hopf algebra and a quasi-
triangular bialgebra after twisting. In fact, it turns out that the twisted Hopf algebra is a
quasi-triangular Hopf algebra (Theorem 2.16). The more general new results of the present
investigation are presented in Section 3, where we extend our analysis to the gl, Yangian
and to parametric solutions of the Yang-Baxter equation. Specifically, we introduce the
augmented gl,, Yangian, we show in Theorem 3.5 that it is Hopf algebra and using the
set-theoretic Drinfel’d twist we are able to obtain its twisted version. We basically extend
the results of [4,6], where only fundamental representations of the augmented Yangian and
the twisted R-matrix were presented.

Before we continue with our analysis and the presentation of the main results, we recall
the basic definitions of Hopf and quasi-triangular Hopf algebras, which will be used later
in our analysis.

We first recall the definition of the Hopf algebra (see, for instance, [3,21])

Definition 1.1. A Hopf algebra (A, A, ¢, s) is a unital, associative algebra A over some
field k equipped with the following linear maps:

e multiplication, m : A x A — A, m(a,b) = ab, which is associative (ab)c = a(bc) for
all a,b,c € A
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n: k — A, such that it produces the unit element for A, n(1) = 14.

co-product, A+ A — A® A, Ala) =3, a; ® 8;, which is coassociative,
(ild®A)A(a) = (A®id)A(a), foralla e A.

co-unit, € : A — k, such that (e ® id)A(a) = (id ®€)A(a) = a, for all a € A.

antipode, s : A — A, (bijective map) such that
m(s ®id)A(a) = m(id ®s)A(a) = €(a)ly, forall a € A.

A/ e are algebra homomorphisms and A4 ® A has the structure of a tensor product
algebra: (a ® b)(c ® d) = ac ® bd, for all a,b,c,d € A.

If we do not require the existence of an antipode then (A, A, ¢€) is called a bialgebra.
We also recall the definition of a quasi-triangular Hopf algebra [11,12].

Definition 1.2. Let A be a Hopf algebra over some field k, then A is a quasi-triangular
Hopf algebra if there exists an invertible element R € A ® A (universal R-matrix), such
that:

1. RA(a) = A%(a)R, for all a € A, where A : A - A® A is the co-product on A and
A%?(a) =moAa), T: A®A— AR A, such that 7(a ® b)) = b ® a.

2. (Id®A)R = R13R12, and (A ® id)R = R13Ra3.

Also, the following statements hold:

e The antipode s : A — A satisfies (id®s)R!' =R, (s®id)R = R~L.

e The co-unit € : A — k satisfies (id ®e)R = (e @ id)R = 1 4.

e Due to Definition 1.2 the universal R-matrix satisfies the Yang-Baxter equation
R12R13Re3 = RazRizRiz. (1)

We recall the index notation: let R = . a; ® bj, then Riz = 3, a; ® b; @ 14,
Rgg :Zj 1A®aj®bj and R13 = Zjaj®1A®bj'

Proofs of the above statements can be found, for instance, in [3,21].
Remark 1.3. Consider a representation py : A — End(C™), A € C, such that
(pr @id)R =: L(\) € End(C") ® A,

and (px, ® pr,)R =: R(A, A2) € End(C") ® End(C™), A1 2 € C. Then the Yang-Baxter
equation (1) reduces to (we suppress the index 3 in the following equation)

Rig(A1, A2) (A1) La(A2) = La(A2) Li(A1) Ria( A1, A2) (2)

3
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after acting with (py, ® py, ®id) on (1). Moreover, (1) turns into the Yang-Baxter equation
on (Cn)®3’

Rig(A1, A2) Riz(A1, Az) Raz(A2, Az) = Raz(Ag, Az) Riz( A1, Az) Ria (A1, Ag)
after acting with (py, ® par, ® pas)- An equation similar to (2) holds for
L(\) := (id®py)R € A® End(C"),

and a mixed equation for both L, L also follows from (1).

2 Set-theoretic Hopf algebras

In this section, we introduce the special set-theoretic Yang-Bazter algebra (or special
set-theoretic YB algebra for the sake of brevity) and show that it is a Hopf algebra. Then
by introducing a suitable Drinfel’d twist we derive the universal R-matrix associated to
the special set-theoretic YB algebra (see a general analysis and definitions in [4, 8], see
also [20,25]). We also show that the special set-theoretic Hopf algebra becomes a quasi-
triangular bialgebra after twisting, subject to certain conditions that naturally lead to the
structure of (skew) braces.

2.1 Special set-theoretic YB algebra as a Hopf algebra
We first define the basic set-theoretic YB algebra as follows (see also [8]).

Definition 2.1. Let X be a non-empty set, and for all a,b € X, g,, 7, : X — X. We
say that the unital, associative algebra A over k, generated by indeterminates 14 (unit
element), hy, wy, w;t, for a € X, and relations for all a,b € X :

hohy = Supha, W, w, = waw, ' = 14, Wew, = Wy (0)Wry(a) Waly = Poy(b)Wa, (3)
is a basic set-theoretic YB algebra.
Proposition 2.2. Let A be the basic set-theoretic YB algebra then
o) 0y () (©) = Pa(on(e))-
If, in addition, for all a,b € X, hy = hy = a = b, then for all a,b,c € X,

0a(03(¢)) = Oou ) (Ory(a) (€)) (4)

and o, : X — X 1is an injection.
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Proof. We compute w,wph, using the associativity of the algebra, relations (3) and the
invertibility of w,, for all @ € X we conclude for all a,b,c € X (see also [8])

6 ) (@ay (@) (@) = Noa(on(@)) = Touv) (Try(@)(€)) = Talon(c)).

If in addition for all a,b € X, h, = hy = a = b, then for all a,b,c € X, (4) holds.

Also, assume that o4(b) = 04(c), then hy,pwe = Mo, (cywa and by the last relation in
(3) we obtain wyhy, = wyh,., which due to the invertibility of w, leads to hy, = h. and hence
b=-c. O

Definition 2.3. The basic set-theoretic YB algebra A is called a special set-theoretic Yang-
Baxter algebra if for all a € X, 0, : X — X is a bijection.

Notice that the element ¢ = )" hq, is a central element of the special set-theoretic
YB algebra A. This can be immediately shown by means of the definition of the algebra
A. We consider henceforth, without loss of generality, ¢ = 1 4.

Remark 2.4. Throughout this manuscript we will be considering the following notation.
Let X = {x1,29,...,2,} and consider the vector space V' = CX of dimension equal to
the cardinality of X. Also B = {e,}, © € X is the standard canonical basis of the n-
dimensional vector space C", that is e, is the n-dimensional column vector with 1 in the
j™ row and zeros elsewhere. Let also B* = {el}, x € X (T denotes transposition) be the
dual basis: ele, =4, ,, also e, , := exeg (n x n matrices), z,y € X and they form a basis
of End(C™). That is, to each finite set X we associate a vector space of dimension equal
to the cardinality of X, so that each element of the set is represented by a vector of the

basis and each map within the set is represented as an n x n matrix.

Remark 2.5 (Fundamental representation of the special set-theoretic YB alge-
bra:). Let A be the special set-theoretic YB algebra and p : A — End(C"), such that

ha = €aay  Wq 7 Z €o4(b),b- (5)
beX

Indeed, it can be verified that the above represented elements satisfy the algebraic relations
of the special set-theoretic YB algebra (3) if and only if 0,(03(¢)) = 06, 1) (07,0 (c)) for all
a,b,ce X.

Theorem 2.6 (Hopf algebra). Let A be the special set-theoretic YB algebra and
+: X xX—=>X, (ab)—a+b.
If (X, +,0) is a group and for all a,b,x € X,
oz(a) + 0,(b) = o.(a +b), (6)

then, (A, A e, s) is a Hopf algebra with:
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1. Co-product: A: A— AR A,

Aw) =wf @wi' and Alha) =Y hy@he|,, .
b,ceX
2. Co-unit: ¢ : A— k, e(w') =1 and e(h,) = dap

3. Antipode: s: A — A, s(wi') =wF! and s(h,) = h_,, where —a is the inverse of
a€X,in(X,+).

The opposite is also true, i.e. if (A, A€, s) is a Hopf algebra with coproducts given above
(part 1 of the Theorem), then (X, +,0) is a group and (6) holds.

Proof. We first assume that (X, +,0) is a group and (6) holds. To prove that (A, A€, s)
is a Hopf algebra, we show that all the axioms of Definition 1.1 are satisfied (see also [§]

for a general proof).

e The coproduct A is an algebra homomorphism. Indeed, the coproducts satisfy the
algebraic relations (3). Specifically, we show that A(w,)A(hy) = A(hg, @) A(w,) for
all a,b € X, by using (6).

e The coproducts are coassociative: for all a € X, w, is a group-like element, so co-
associativity obviously holds. For h, co-associativity holds, due to the associativity
of +, recall (X, +) is a group.

e It immediately follows for the group-like elements,
(id ®e)A(wE!) = (e @ id)A(wF!) = w.

Also, (€ ®id)A(ha) = D) cex 5b70hc‘b+c:a = hg, similarly (id ®€)A(h,) = hg, for all
a€ X.

e For the group-like elements, m(s ® id)A(wE) = m(id ®s)A(wE!) = 14. Moreover,

m(s ®id)A(h,) = Z h_bhc‘bJrC:a = 0g,0la = €(ha)la,

b,ce X
where we have used that hyh, = 0y chy and Zbe « hy = 14. Similarly,

m(id ®s)A(hy) = €(hg)1 4.

To prove the opposite, i.e. if (A, A e, s) is a Hopf algebra then (X, +,0) is a group and
(6) holds is straightforward; we follow the logic of the proof above backwards. We also
recall that given the coproduct in a Hopf algebra the counit and antipode can be uniquely
derived by the axioms of a Hopf algebra (see for instance [21]). O
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Remark 2.7. From the proof of Theorem 2.6 it follows: by requiring (A, A, €) to be a
bialgebra with coproducts given by (2) in Theorem 2.6, we conclude that (X, +,0) is
a monoid and also o,(a) + 0,(b) = o(a +b), for all a,b,x € X. If we further require
(A, A€, s) to be a Hopf algebra then (X, +,0) is a group.

Note that whenever (X, +) forms an abelian group, the corresponding Hopf algebra
(A, A e, s) is co-commutative, which means that the opposite coproduct coincides with
the coproduct itself, i.e. AlP) = A.

2.2 Set-theoretic Drinfel’d twist

In this subsection we introduce the set-theoretic (or combinatorial) Drinfel’d twist
(see [4,6,8] and a relevant construction in [25]). Using the twist, we will be able to obtain
the universal set-theoretic R-matrix associated with the special set-theoretic YB algebra.

Before we introduce the set-theoretic twist, we recall a general statement [11].

Proposition 2.8 (Drinfel'd). Let A be a unital, associative algebra, F, R € A ® A be
invertible elements, R satisfy the Yang-Bazter equation (1), and Fy 23, Fia3 € A% be such
that

1. ./_"23./_"1’23 :flgflg,g, where recall flg :./_"®1_A O/ﬂdf23 = 1A®f

2. ~7:1,32st = R23f1,23 and ]:21,37—\)/12 = R12f12,3-

That is, F is an admissible Drinfel’d twist. Define also RY := FOPIRF 1, Flr) = n(F)
where w1 AQA — AR A is the flip map. Then R also satisfies the Yang-Baxter equation.

Proof. 1t is convenient to introduce some handy notation that can be used in the following.
First, let Frog := FraF103 = FazF123. Let also 4, j, k € {1,2,3}, then Fj;, = m;;(Fijx) and
Firj = Tk(Fijk), where 7 is the flip map. This notation describes all possible permutations
of the indices 1, 2, 3.

The proof is quite straightforward, [11], we just give a brief outline here. We first prove
that fjikRijfi;,i = R}, indeed via condition (2) of the proposition the definition of R”
and the notation introduced above we have

fjikRijfiﬁ = szsz,kRij-E}/i = ]:jiRijEj,k-Eﬁ = Rf;}—ij}—ij,k}—igli = RZ (7)
Similarly, it is shown that ‘Fi’fj,R’jk'Fi;Ii = RS

Then from the YBE we have (see also [4]),
FsnRi2R1sRas = Fam RosRisRaz = RRRozFias = RyyR3R{5Fias.
But Fio3 is invertible, hence RY indeed satisfies the Yang-Baxter equation. O
Theorem 2.9 (Set-theoretic twist [4,6,8]). Let A be the special set-theoretic YB algebra

and F € A® A, such that F =Y, v hy @ wy ', R = ]:]Z]:Z;l, i,7 € {1,2,3}. We also
define:

Fros = ha@w,'@w,', Fiazi= Y ha® ho,@ @w, w, " (8)

acX a,beX
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Let 04,1 : X = X, be such that o4,1)(Ts(a)) = a for every a,b € X. Then, the following
statements are true:

1. FiaFi23 = FazF123 =: Fros.
2. Fori,j k €{1,2,3}: (i) FijFi = RE, and (ii) FjiFiy = RE.
That is, F is an admissible Drinfel’d tunst.

Proof. The proof is straightforward based on the underlying algebra A (the detailed proof
can also be found in [4, 8]).

1. Indeed, this is proven by a direct computation and use of the special set-theoretic
YB algebra. In fact, Fioz = 3, e fa ® hyw; ! @ wy w; L.

a

2. Given the notation introduced before in the proof of Proposition 2.8 it suffices to
show that FizF oy = RE, and FoizFray = RE,.

We first show that Fj 23 = F 32, which is straightforward from the definition in (8);
notice that Fj o3 = (id ®A)F. Also,

F12,3 - Z h’a & h’aa(b) wawb Z h & haa(b (waa w'rb(a)) !
aviX abEX
= Z B,y ® ha © (wawy) ™ = For g, (9)
abex

where we have set in the equation above & := 0,(b) and b := 7,(a) which leads to
a = 04(b) due to o4, 1) (Ts(a)) = a.

It then immediately follows (see also Proposition 2.8):
Fo3Fiy = ]:21]:21,3]:1_2?3]:1_21 = ForFis' = Riy.

Due to Proposition 2.8, we also deduce that RY is a solution of the Yang-Baxter equation.
]

Remark 2.10 (Twisted universal R-matrix). We derive explicit expressions of the twisted
universal R-matrix and the twisted coproducts of the algebra. We recall the admissible
twist F =, ho @ wy '

e The twisted R-matrix:

RE = Flov) p=1 — Z hbwa_l ® hoWe, (b)

a,beX
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e The twisted coproducts: Ap(y) = FA(y)F !, y € A and recall from Theorem 2.6,
that (X, +) is a group and for all a € X,

A(wg) = we @ we,  A(hg) = Z hy @ hc‘b—l—c:a'

b,ceX
Then, the twisted coproducts read as:
= Z wflhb ® Wry(a)> AF Z hb ® h ‘b—l—ob(c =a’ (10)
beX beeX

and recall 7(a) := 0., (a), hence R{,R3) = 1ag.a. It also follows that

REAR(Y) = AP YRF Y € A
if (X,+) is an abelian group (see a detailed proof in Theorem 2.16).

Remark 2.11 (Fundamental representation & the set-theoretic solution:). Let A
be the special set-theoretic algebra and p : A — End(C™), such that

ha > €aay  Wa 7 Z €04 (b),b- (11)

beX

Moreover, F +— F' := Ea,beX Ca,a @ €by(b) aNd RE — RF =37, bex Eboa(®) @ €an(a), Where
we recall that for all a,b,¢c € X, 0,,1)(0+,)(c)) = 04(op(c)) (see also Pl"OpOSlthIl 2.2),
(a) = a;al(b)(a) and RI,RE = 1,2, where 1,2 is the n? dimensional identity matrix.
Then, F is a combinatorial twist and R” is a combinatorial (set-theoretic) solution of the

Yang-Baxter equation.

We present below the n-fold twist (see also [4,5]).

Lemma 2.12 (The n-fold twist). Let A be the special set-theoretic YB algebra and let
F e A® A be such that F =",y ha @ w;'. Define also,

Fioz.m = Zh ® A" (yw Zh Qw,'w,'®...0w, ",
aeX aeX
le...n—l,n = Z h’al & haal (a2) & h’aal (0ay(as)) ...
a1,a9,...,ap—1€X
® h (Fay ( ( Quw t w o w
0a1(ag(--Tap,_g(an-1))-.) an—1 " an—2 a1

Then,
1. fz...nfl,z...n = -7:12...n—1-7:12...n—1,n =: Fl2. n-
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2. The explicit expression of the n-fold twist is given as

Fio.n = E Ray @ hoywy! @ hogwywy! @ ... @
a1,a2,....,an—1€X
~1 ~1 | ~1
Pa_ Wo - Wy @ Wy We W, (12)

3. Fios.j+1jon = Fio3.jji+1m, N —1 2> 7 > 1 Fio jiijmin = Fio. jj+l.n—1n
n—1>j52>21, Fio jt1j.n= Rfjﬂflz...jjﬂ...n, n—1>75>1.

Proof. These statements are proven by iteration and direct computation using the A al-
gebra relations. Part (2) of Theorem 2.9 is also used in proving (3) (see also [4,5]). O
2.3 The twisted Hopf algebra

Motivated by Theorem 2.6 on the conditions that make the special set-theoretic YB
algebra a Hopf algebra and by the twisted coproducts (10) in Remark 2.10 we prove the
following Theorem (see also [7] for relevant results). Notice in particular the condition for
all a,b,¢c € X, b+ oy(c) = a that appears in Ap(ha) = > .cx o ® he ‘b+ . It is thus

natural to introduce a new binary operation, o : X x X — X, such that ao b =a+0,(b),
for all a,b € X.

Theorem 2.13. Let A be the special set-theoretic YB algebra, (X,4,0) a group and for
all a,b € X, 04,1 : X = X, such that 0., (7(a)) = a. Let also for all a,b € X,
aob:=a+o,b).

1. Then for all a,b € X, 0,(b)om(a) = —a+aob+a.

2. If in addition (X, o) is a semigroup and for all a,b,c € X, o,(b+¢) = 0,(b) + 04(c),
then for all a,b,c € X,

(a) 0a(03(c)) = Tacs(C).

(b) (X,0,0) is a group.

(c) ao(b+c¢)=aob—a+aoc.

(d) 0,(0) =0, 19(a) = a and oo(a) = a, 7,(0) = 0.

Proof.
1. Recall 05, (m(a)) = a, and
aob =a+o0,b) and 0,(b) o 7(a) = 04(b) + 04, (Te(a)) = 0a(b) + a.
The two equations above lead to —a +aob+ a = 0,(b) o 7(a).

2. We now assume that (X, o) is a semigroup and o, is a (X, +) group homomorphism
for all a € X.

10
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From associativity in (X, o):
(aob)oc=aob+ o,p(c) and
ao(boc)=a+oa.(boc)=a+o,b+ op(c)) =
a+ 04(b) + 04(op(c)) = ao b+ a,(op(c)).

From the two equations above we conclude that o,(0y(c)) = oa0p(c).

From o,(0y(c)) = 0405(c) we obtain for all a,b,c € X

—a+aooy(c)=—aob+aoboc=
ao(—=b+boc)=a—aob+aoboc.

That is for all a,b,c € X,
ao(—=b+c)=a—aob+aoc. (13)
There is a right neutral element. From the distributivity condition above,
ao(—=0+b)=aob=>a—ao0+aob=aob=aoc0=a.
Also, from the bijectivity of o, for all a € X :
0q.(b) = 0op(c) =b=rc
which leads to
aob=aoc=0b=c,

i.e. left cancellation holds.
There is a unique right inverse in (X, o), indeed, a™! := 0 *(—a) for all a € X,
then

aoat=a+ 0,0, (~a))=a—a=0,
which is also a left inverse. Indeed, from the definition of the inverse, a=! € X,
so there is a unique right inverse element for a=! denoted as (™')™, then

1

alto(a )™t =0=(@") "' '=ac0=a =altoa=0.

Also,

1

aoloa " =0=ao0=0oa,

i.e. 0 is also a left neutral element in (X, 0). And we conclude that (X, o) is a
group.
From the distributivity condition (13),

ao(—=b+0)=ao(-b)=a—aob+a=ao(-b). (14)
Then, from (13), (14):
ao(b+c)=a—ao(=b)+aoc=aob—a+aoc.

11
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(d) These equalities follow from expressions
0a(b) = —a+aob,—a+aob+a=o0,b)oma)
and the fact that both (X, +,0), (X, 0,0) are groups. O

Notice that if (X, +) is an abelian group, then a o b = 0,(b) o 7,(a).

Algebraic structures as the one derived in Theorem 2.13, where X is a non-empty set
equipped with two group operation +, o, such that ao (b+c¢) =aob—a+ boc, for all
a,b,c € X are known as skew left braces [19,23,24]. If (X, +) is abelian then the structure
is called a left brace. Braces were introduced by Rump [2,23,24] in the context of finding
involutive set-theoretic solutions of the Yang-Baxter equation. The precise definition of
(skew) braces is given below.

Definition 2.14. A skew left brace is a set X together with two group operations
+,0: X x X = X.
The + operation is called addition and o is called multiplication, such that for all a, b, c € B,
ao(b+c)=aob—a+aoc. (15)

If (X,+) is an abelian group, then (X, +,0) is called a left brace. In this paper,
whenever we say (skew) brace, we mean a (skew) left brace. Recall also that for every
(skew) brace 0 = 1, where 0 is the neutral element in (X, +) and 1 is the neutral element
in (X, o).

Lemma 2.15. Let A be the special set-theoretic YB algebra. Let also (X, +,0) be a skew
brace and for all a,b € X, o,,7 : X — X, such that

oa(b) =—a+aob,  o,,m(n(a))=a. (16)
Then wy is a central element in A, where 0 is the neutral element in (X, +) and (X, o).
Proof. Note that o¢(b) = b, 7,(0) = 0, then from (3) for all b € X
Wy = Wery (h)Wry(0) = Wewo and wohy = hgyymywo = hywo. O

Theorem 2.16. Let A be the special set-theoretic YB algebra. If (X, +,0) is a brace and
forall a,b € X, 04, 7, : X = X, such that 0,(b) = —a+aob and 0,,)(7(a)) = a, then
(A, AF,€,38) is a Hopf algebra, where the twisted coproducts are given in Remark 2.10, € is
given in Theorem 2.6 and 5 : A — A, such that for all a € X,

§(ha) = ha-t, 3(wa) =D hsw.' o), (17)

a~! is the inverse of a € X, in the group (X, o). If in addition for all a,b € X, w,wy = Waop
and RY is given in Remark 2.10, then (A, Ap, €, 5, RY) is a quasi-triangular Hopf algebra.

12
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Proof. This is a consequence of Theorem 2.6, Remark 2.10 and Lemma 2.15.
We first prove the coassociativity of the twisted coproducts; indeed, due to the asso-
ciativity in (X, o), for all a € X,

(Ap ®id)Ap(ha) = ([ @AR)Ap(ha) = > 7y ® he ® halyocad—a-
b,c,de X

Also, due to 1,(a) = a;al(b)(a) and 0,(b) = —a+aob,

(AF & ld)AF(wa) (ld ®AF)AF wa Z wah'b ® Wry(a h ® Wryoe(a)-
b,ceX

Moreover, we observe that (¢ ® id)F = wy, recall from Lemma 2.15 that wy is central in
A; also (id ®e)F = 14, which lead to:

(e®id)Ap(z) = (Id®e)Ap(x) =2, xe€ A

This concludes our proof that (A, Ag,€) is a bialgebra. Moreover, from the form of the
antipode § (17), we show that

m(5 ®id)Ap(z) = m(id ®35)Ap(x) = €e(x)ly, z€ A

And this concludes that proof that (A, Ag, €, §) is a Hopf algebra.

To show that (A, Ap, €, 5, R is a quasi-triangular Hopf algebra we also need to show
conditions (1) and (2) of Definition 1.2. The Hopf algebra (A, A€, s), is cocommutative
due the fact that (X, +) is an abelian group, i.e. for z € A, AlP)(z) = A(x) and for F
being the admissible twist of Theorem 2.9:

FEDACP) () (Flr) =L Fen) -t = FOn FLFEA () FL = AP (2)RF = RFAp(2).
From the algebraic relations of the special set-theoretic YB algebra and recalling that

= Z hbwt:l ® hawaa(b)a aob= Ua(b) o Tb(a')a Ua(b) =—-a+tao ba

a,beX

and wawy, = Weep, we deduce

RERE, = > hw,'® hew, {4 © hate, gy, ., (¢)
a,b,ceX
= D hw,' ® hawy ) @ hats, o) = (Ap @ )R
a,b,ceX
Similarly,
R{%Rf; = Z h,b'UJ w ® h w oa (b)) & hawaa(b)
a,b,a,bex
= Y hywg, @ hawg,, 1) @ hate, ). (18)

a,a,beX

13
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Also,

([dRAFHR" = Y hyw,' @ Alhgws, )

a,beX

=Y By ® hay e ) ® hayr(oao)|

ajoaz=a,b,ce X

(19)

a1=05,)(c)’

From the condition a; = 0,,4)(c) we deduce ¢ = U;al(b)(@l) = O(.)-1 (a1), we also recall
aob=0,(b) om(a), and 0,(b) = —a+aob and a; oay = a (19), which lead to

7e(0a(0)) = (00,0)(¢) " 0 aa(b) 0 ¢ = a7t 0 54 (b) © Oy (b))t (1)
a;to(ou(b) +ar)) =a;t oou(b) —ayt = —ag +az0b = 0,,(b). (20)

From equations (19) and (20) we conclude,

(dRARRT = Y Aty g, @ hay Wy 00y ) @ Wy - (21)

ai,a2,be X

Comparing equation (21) with (18) we arrive at RIZRE, = (id ® Ap)RF. And this con-
cludes the second part of our proof that (A, Ar, €, 3, RY) is a quasi-triangular Hopf alge-
bra. O

Remark 2.17. Following the proof of Theorem 2.16 we also conclude:

1. Assuming (A, A ¢, s) is a Hopf algebra and requiring (A, Ar,€) to be a bialgebra
with coproducts given in Remark 2.10, we deduce that (X, o) is a semigroup. And
via Theorem 2.13 we obtain that (X, +,0) is a skew brace. Hence, we can define an
antipode (17) and (A, Ap, €, 5) is a Hopf algebra.

2. Requiring also (A, Ap,e, RY) to be a quasi-triangular bialgebra we deduce that
(X, 4+, 0) is a brace.

Lemma 2.18. Let A be the special set-theoretic YB algebra and Fio. ., € A®" be the n-fold
twist (12) and Fia pn-1n € A®" is given in Lemma 2.12. Let also (X,+,0) be a brace,
00Ty : X — X, such that o4(b) = —a +aob, 0,,0)(7(a)) = a and wewy = Waep, for all
a,b € X. Then the following statements are true:

1. Fioopein = (A"V @1d)F.

2. The n-fold twist is given as

— E -1 -1 -1
f12...n - hal ® hagwal ® e ® han,1waloago___oan,2 ® waloago___oanfl'

14
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Proof. 1. Recall the definition of Fj o3 (8), then
Fiog= Y ha®hot) ® Wara)) ' = Y Alhe) ® w;' = (A®id)F

a,beX ceX
and due to co-associativity Fio. n—1, = (A("_l) ® id).F.

2. This is a consequence of the form of the n-twist (12), relation w,wy, = wyep for all
a,b € X and the associativity in (X, o). O

3 Twisting the gl, Yangian

3.1 Preliminaries: a review on the gl,, Yangian

We first recall the derivation of quantum groups (or quantum algebras) associated
with any given solution R : V ® V. — V ® V of the (parametric) Yang-Baxter equation
(YBE) [1,26] (in this manuscript V' = C")

Ria(A1, A2) Rig( A1, Ag) Ras(Aa, A3) = Rasg( A, Ag) Rig(A1, Ag) Ria(A1, A2), (22)
where A\, Ay € C. Let R=)__a, ®b,, a,;,b, € End(C"), then in the "index notation”:

Riy=> 2,@b,®1y, Riy=1y® Y a,@b,, and Rz =Y a,® 1y @b,.

For the derivation of a quantum algebra associated with a given R-matrix we employ
the FRT (Faddeev-Reshetikhin-Takhtajan) construction [15]. We recall the standard n xn
matrices e, ,, with entries (€;.4) 2w = 0s,20yw, 2, Y, 2z, w € X, and recall X = {x1,29,...,2,}
(see also Remark 2.4).

Definition 3.1. Let R(A1, A2) € End(V ® V) be a solution of the Yang-Baxter equation
(22), M\, A € C, (V =C"). Let also

L(A) = > eny @ Lay(N) € End(V) @2,

z,yeX

where A € C and L, ,(\) = > °_, AL € 2. The quantum algebra %A, associated
to R, is defined as the quotient of the free unital, associative C-algebra, generated by

{ng)u,y e X, me{0,1,2,.. }}, and relations
Ri2(A1, A2) Li(A1) La(XA2) = La(A2) Li(A1) Ria(Ar, M), (23)

where Rip = R®@ lgrand Ly =), v €ry @1y @ L.,' Ly = D eyex Lv ® ey ® Lyy,.

We note that if equation (23) holds, then R is a solution of the Yang-Baxter equation
(22) (see, e.g., [21] for a proof; see also relevant Remark 1.3). Definition 22 states that
different choices of solutions of the Yang-Baxter equation yield distinct quantum algebras.

Notice that in L in addition to the indices 1 and 2 in (23) there is also an implicit “quantum index”
3 associated to 2, which for now is omitted, i.e. one writes Li3, Las.

15
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3.2 The Yangian Y(gl,,)

We give a brief review of a special example of a quantum algebra, the gl, Yangian
Y(gl,) (or sometimes ) in this manuscript for brevity; for a more detailed exposition,
the interested reader is referred for instance to [3,22]). We consider the FRT point of
view (Definition 3.1). Specifically, in the case of the Yangian, the R-matrix is given by
R, X2) = lygy + (A1 — Xo) 7P, where P = Zmex e; j ®e;; is the permutation operator,
such that P(a ® b)) =b® a, a,b € V and

L) =1+ ALt LM = 3" e, @ L.
m=1

z,yeX

Then, by the fundamental relation (23) the algebraic relations among the generators ng)
of the gl, Yangian are deduced and are given in the following definition (the interested
reader is referred to [22] for a more detailed discussion on Yangians).

Definition 3.2. Let X be some finite set of cardinality n € Z*. The gl, Yangian )(gl,)
(or Y for brevity) is a unital, associative algebra generated by indeterminates 1y (unit
element) and L™ ijeX me {0,1,2,...} (LZ(-f)j) = 0; ;1y) and relations:

Z7-7 ?

1,57 k,l

L8, L] - [0, 1| = L) - L, (24)

where [ , ]: YV(gl,) x V(gl,,) — V(gl,), such that [a,b] = ab — ba, for all a,b € ).

Let us focus on the first few explicit exchange relations from (24)
0
Lp=0,m=1 (LY =06)):

(LY, L)) = 5,.JL§€1,;. — & L)

27] ’

the latter are the familiar g/,, exchange relations.

2.p=2,m=0:
2 1 2 2
(L), L] = 6 LiZ) — 0 L7
3.p=2,m=1:
3 1 2 2 1) 72 1
(L), L] = (L), L) = L L) — L LY
4. p=3,m=0

(L8, L)) = 5,~71L,(f”;. — & LYY

Z7-7 ’

Remark 3.3. The Yangian is a quasi-triangular Hopf algebra on C [11] equipped with
(recall Definitions 1.1, 1.2 and Remark 1.3):

1. A co-product A : Y(gl,) — V(gl,) ® V(gl,) such that (id @A)L(A) = L13(\) Lia(N).
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2. A counit € : Y(gl,) — C, such that (id ®e)L(\) = 1y.
3. An antipode s : Y(gl,) — Y(gl,) : (id®s)L™H(\) = L(\).

We recall that L(A) = >0 A LM =Y D abex )\_mea,b®LSZ), then the coproducts

m=0

of the Yangian generators Lfl"b) are given as (Lflol)) = 0aply)

=2 > Lyeri (25)
ceX k=0
For instance, the first couple of generators of the Yangian are given for a,b € X, as

ALY = L) @1y +1ye Ll

ALEZ) = LB ely+1y® L] b+Zch®Lac,

ceX
ALY = LY@y +1ye LD+ L@ L&+ > LY« L), ... (26)
ceX ceX

The Yangian as a Hopf algebra is co-associative, and the n-coproducts can be derived by
iteration via A = (id @ AM)A = (AM @ id)A.
Moreover, the counit exists € : )(gl,,) — C, such that

(e®id)A(LYY) = (id®e)A(LYY) = LY,

and hence we obtain by iteration that e(LEIZ)) = 0, for all a,b € X and m € Z*. The
antipode s : Y(gl,) — Y(gl,,) exists, such that

m(s ® id)A(Lg";}) m(id ®s)A(L(f’;)) — e(Lg’j;>)1y

and recalling that e(LE:Z)) = 0, we obtain the antipode for each generator via:

m

SN s@)Lim ZZLS?S = 0. (27)

ceX k=0 ceX k=0

For example, the antipode for the first couple of generators is given as:

1 1
oy =
) = 18+ )
ceX
(L L(3 +ZL(1 L(z +ZL(2 a Z ngLSC)ngg, (28)
cex ceX c,deX
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3.3 Twisting the Yangian

Before we present the main findings regarding the twisting of the gl,, Yangian we give
the definition of the augmented gl,, Yangian.

Definition 3.4. Let X be a finite non-empty set and for alla € X, 0,, 7, : X — X, such that
0, is bijecitve. The augmented gl,, Yangian, denoted as Y7, is a unital, associative algebra

generated by indeterminates 1y, ng), wE, hy, a,b€ X, me {0,1,2,...} (L((IOZ = daply)
and relations

[ 2] - [, 2] = E s - e,

—1 —1
hohy = a,bh'aa W, Wq = W W, = 1y> WqWh = Wq, (b)Wry(a) wahy = haa(b)waa

waLI()I,)c) = Lgi)(b),aa(c)waa tht(zljlz = Lfffiha, thi’fi = Lé’,’ihc =0 if c#a,b. (29)

Theorem 3.5. Let VI be the augmented gl,, Yangian and + : X x X — X, such that
(a,b) — a+b. If (X,4,0) is a group and for all a,b,x € X,

oz(a) + 0,(b) = o(a+b), (30)

then Y is a Hopf algebra, with co-product A : Y7 — YT @ VI, such that

Awr) =w @wi', Alhy) = Y W®h|,, .

b,ceX

and

for alla,b € X and m € Z*.

Proof. The proof is based on the fact that V(gl,) is a Hopf algebra (see Remark 3.3) and
on Theorem 2.6. Co-associativity holds (Theorem 2.6) and it is straightforward to show
that A : Y — Y+ ® Yt is an algebra homomorphism. The counits and antipodes of the
algebra generators are uniquely defined from the basic axioms of the Hopf algebra (see also

Theorem 2.6 and Remark 3.3). O
Proposition 3.6. Consider the representation p : Y;F — End(C"), such that for alla,b € X,
m e Z*
p(Ll(ZZ)> = €p,a, p(wa) = Z eaa(c),cv p(h'a> = €q,a- (31)
ceX

Let also the Yangian R-matriz, R(\) € End(C" ® C"), R(\) = 1+ P, where X\ € C,
P = apex Cab @ eya is the permutation operator and L(\) = 1+ 377 AL where

L(m) = Za,bEX ea,b & L((Z,;)? L[(:;) € y(g[n) Then’

18
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1. For all f € Y,
((p@ p)AP())R(A) = RN ((p @ p)A(S)),

((p@id)ACP(f))L(A) = L) ((p @ id)A(f)).

2. Let also F = Zan he @ w, and Fias, Fi23, F1,23 are defined in Theorem 2.9. More-
over, F := (p®p)F, F = (p®id)F, RF(\) = FP R\ F~, LF(\) = FOP L(\)F~L,
(F(OP) = (p & ld)F(OP)) and F123 = (p X P X id)flgg, then

Riy(A1 = A2) Ly (M) Ly (Ae) = Ly (A2) Ly (M) Ry (A1 — o). (32)
Proof. 1. The proof is based on the algebraic relations of Y.t and the expressions of the
co-products of the algebra generators are given in Theorem 3.5.

2. In the proof of the second part we use part one of the proposition as well as Theorem
2.9. Specifically, we start from equation (23) for the Yangian and as in the proof of
Theorem 2.9 and using the fundamental representation (31):

F321R12()\1 )\2)L13()\ )L23()\2) - F321L23()\2)L13()\1)R12()\1 - )\2) =
RE(A\ — M) LE () LE (M) Flras = LE(\) LEs (M) RE, (A — Ao)Fias,

which leads to (32), due to that fact that Fia3 is invertible. O

Remark 3.7. According to Proposition 3.6 RF = r+ %77, where P =3, x €ap®ep, and
T=uhex Coa(s) @ €amya)- Moreover, LF(X) = L' 437 A=m LM where

L,(O) = Z €b,04(b) ® h’awaa(b)a ’(m Z €a,b ® he L bwb

a,beX a,b,ceX

Moreover, the twisted coproducts for the augmented gl,, Yangian are Ap(x) = FA(z)F !,
x € YI. Recall first the twisted coproducts of the special set-theoretic YB algebra, for
a € X, (X,+) is a group,

AF(wa) - Z Wahy ® Wry(a), AF(ha) - Z hy @ hc‘b+0b(6)=a
beX beX
(recall Remark 2.10). Also, for a,b € X,
Ap(LY) Z Y Lihe @ wy L
k=1 ceX
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