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Normalized solutions for Schrödinger-Bopp-Podolsky sys-

tems in bounded domains

Gaetano Siciliano

Abstract. We consider an elliptic system of Schrödinger-Bopp-Podolsky type in a
bounded and smooth domain of R3 with a non-constant coupling factor. This type
of system has been introduced in the mathematical literature in [17] and in the last
years many contributions appeared. In particular here we present the results in [2]
and [44] which show existence of solutions, under different boundary conditions on
the electrostatic potential. The problem has indeed a variational formulation and by
means of the Critical Point Theory and the Lusternik-Schnirelmann theory, we prove
that the associated energy functional has infinitely many critical points, which then
give solutions of the problem.
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1 Introduction

This paper is a survey presenting results obtained in collaboration with the Brazilian
mathematicians D. G. Afonso and L. Soriano Hernández (see [2] and [44]) on the existence
and multiplicity of solutions of a nonlinear elliptic system arising in the physical sciences.
More specifically, we consider a system arising from the coupling, in the context of the
Abelian Gauge Theories, of the electromagnetic field in the formulation given by Bopp
and Podolsky with the Schrödinger equation, whose main reference is [17] (see also the
references therein). For classical references about Quantum Mechanics, charged particles
and Gauge theory, we refer the interested reader to the classical books [18, 31].

The first paper about this kind of coupling dates back to 1998 where in [6] the authors
consider the Schrödinger equation and the electromagnetic field in the classical formulation
of Maxwell. This line of investigation has attracted then many researchers worldwide and in
the last decades many interesting papers appeared on this matter, involving also quasilinear
and fractional equations. We also made contributions with some Brazilian mathematicians
and the interested reader is referred to [4,5,13,16,19,20,21,26,28,29,43] and the references
therein.

In this paper, we focus on the electromagnetic theory developed by Bopp and Podolsky.
Let us start by presenting briefly some of the reasons which led Bopp and Podolsky to
consider a new electromagnetic theory of second order, which, in many cases, is preferable
to the classical Maxwell one.

The Bopp-Podolsky theory was developed by Bopp and Podolsky independently (see [9,
36]) to overcome the so called infinity problem of the Maxwell theory, which consists in the
following. It is known, by the Gauss law in Physics (or Poisson equation in Mathematics),
that the electrostatic potential φ generated by a charge distribution with density ρ satisfies
the equation

−∆φ = ρ in R
3. (1)

In particular if ρ = δx0
, the Dirac delta function centered in x0 ∈ R3, the solution is

G(x− x0), where

G(x) =
1

4π|x|
,

whose electrostatic energy is

EM(G) =
1

2

∫

R3

|∇G|2 = +∞.

In the Bopp-Podolsky theory the Poisson equation (1) for the electrostatic potential is
replaced by

−∆φ + a2∆2φ = ρ in R
3 (2)

where a 6= 0 is a parameter and ∆2 is the bi-Laplace operator, namely ∆2φ := ∆(∆φ). In
case of a charge particle ρ = δx0

, the solution which is physically admissible is

K(x) :=
1− e−|x|/a

4π|x|
, a > 0.
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Note that it is not singular in x0 since

lim
x→x0

K(x− x0) =
1

4πa
,

and its energy is finite, since, as one easily computes it holds

EBP(K) =
1

2

∫

R3

|∇K|2 +
a2

2

∫

R3

|∆K|2 < +∞.

In practice, in this theory the energy of a particle is finite and its potential finite every-
where. Moreover for large distances, namely |x− x0| >> 1, it is G(x− x0) ≈ K(x− x0) so
the two theories are experimentally indistinguishable.

Observe that the electrostatic equation (2) is still in divergence form since it can be
written as

∇ · V = ρ

with V = ∇(a2∆φ− φ). Moreover classical methods permits to find that the fundamental
solution is exactly the difference between the fundamental solution of the Poisson equation
G (the Coulomb potential) and the fundamental solution of the Helmholtz equation K (the
Yukawa potential).

Indeed it is a general fact. If L is a linear differential operator, and in the sense of
distributions it is Lf = δ and Lg + kg = δ, for k 6= 0, then we have

1

k
L(L+ k)(f − g) =

1

k
L(Lf + kf − Lg − kg)

=
1

k
L(δ + kf − δ)

= δ.

We are not interested in the rigorous deduction of the equations we are going to study,
but of course the obtaining of such equations passes through a modification of the Maxwell
Lagrangian which is used in this new electromagnetic theory. In fact Bopp and Podolsky
deal with the following Lagrangian

LBP =
1

8π

{
|∇φ+

1

c
∂tA|

2 − |∇ ×A|2

+a2

[(
∆φ +

1

c
div ∂tA

)2

−

∣∣∣∣∇×∇×A+
1

c
∂t(∇φ+

1

c
∂tA)

∣∣∣∣
2
]
 ,

instead of the classical

LM =
1

8π

{
|∇φ+

1

c
∂tA|

2 − |∇ ×A|2
}
,

to which it reduces when a = 0. In the expressions above A and φ are the gauge potentials
of the electromagnetic field.

The Euler-Lagrange equations of LBP lead to a modification of the well known Maxwell
equations. For physical and technical details we refer the reader to the papers [7,8,10,11,
14, 15].
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1.1 Statement of the results

In this paper we consider a very particular situation of the Euler-Lagrange equations
with the energy functional derived from the Lagrangian LBP, namely of the coupling be-
tween the matter field (governed by the nonlinear Schrödinger equation) and the elec-
tromagnetic field in the Bopp-Podolsky theory. In fact in the purely electrostatic case
(i.e. independence on time and null magnetic field) looking at standing waves solutions
ψ(x, t) = u(x)eiωt in presence of a suitable nonlinearity, a system of the following type
appears: {

−∆u+ q(x)φu− |u|p−2u = ωu

−∆φ + a2∆2φ = q(x)u2.

The deduction of the equations can be found in [17].
We will study the system above in a bounded and smooth domain Ω ⊂ R3. For

simplicity we consider the case with a = 1; namely the system of equations under study is
{
−∆u+ q(x)φu− |u|p−2u = ωu

−∆φ +∆2φ = q(x)u2.
(3)

Here q ∈ C(Ω) \ {0} is a given datum and represents a non-uniform charge distribution,
p ∈ (2, 10/3) and the unknowns are

u, φ : Ω→ R and ω ∈ R.

Let us make a brief discussion on the unknowns and the conditions they have to satisfy
in order to guarantee the existence of solutions.

About u, we assume
u = 0 on ∂Ω (4)

and ∫

Ω

u2dx = 1. (5)

The homogeneous Dirichlet boundary condition simply reminds the fact that the par-
ticle is constrained to live in Ω: in fact it “disappears” if touching the boundary. The
second condition is justified since u represents the amplitude of the wave function of the
particle confined in Ω. It is then a quite reasonable normalizing condition which has a
physical meaning being related to the probability of finding the particle in the region Ω.
It also has interesting mathematical consequences; indeed, it is a conserved quantity along
the solution of the evolution problem and it appears naturally in the eigenvalue problem.

For what concerns the unknown φ, the electrostatic potential, we consider two different
situations.

(I) We start with the case of a boundary condition on the potential and its Laplacian

φ = 0 on ∂Ω, (6)

∆φ = 0 on ∂Ω, (7)
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namely, homogeneous Dirichlet boundary conditions (with some abuse of notation, as in
contrast to the boundary conditions in the next case). Indeed these are called Navier
boundary condition. Here the reason for which we have chosen homogeneous boundary
conditions is just technical. We could consider non-homogeneous boundary conditions as
well. The usual strategy when dealing with non-homogenous boundary conditions is to
define a suitable auxiliary problem, which incorporates the boundary conditions, and then
make a change of variable in order to reduce the problem to an homogeneous one. In fact
this is what we will do for the problem with the Neumann boundary conditions in (II).
Then to avoid technical details, we consider in case (I) homogeneous boundary conditions.

(II) We consider the case of a boundary condition on the normal derivative of the
potential and its Laplacian

∂
n
φ = h1 on ∂Ω, (8)

∂
n
∆φ = h2 on ∂Ω, (9)

where for simplicity h1, h2 are continuous functions defined on ∂Ω.
The symbol n denotes the unit vector normal to ∂Ω pointing outwards, so we are in

the presence of Neumann boundary conditions on the potential and its Laplacian. These
boundary conditions are related to the flux of the electric field through the boundary.
Observe that in case h1 = h2 = 0, by integrating the second equation in (3) in Ω, we find

0 =

∫

Ω

q(x)u2dx.

In particular the function q has to change sign in order to find solutions (in particular it
cannot be constant). However, as we will see in Theorem 1.2 we need a further condition
which involves the function q.

We point out that having the real number ω as an unknown of the problem (joint
with u) means that the wave function is completely unknown, no a priori frequency is
given. We remark that it is also possible to consider the problem where ω is a priori given:
the approach is a little bit different; in fact solutions can be found also in this case but
there is no a priori control on the L2 norm. However we believe it is more natural from
a physical point of view to look also at the frequency as unknown. This is related with
the normalizing condition since from a variational point of view, ω is just the Lagrange
multiplier of the energy functional restricted to the sphere and related to its critical point
which is exactly the solution u. In some sense the value of the frequency and the L2−norm
are dual one to the other.

Furthermore, the range p ∈ (2, 10/3) guarantees that the energy functional of the
problem is bounded below on the manifold made by the functions with fixed L2−norm.
This is the so-called mass or L2−subcritical case, and an interesting paper concerning the
behaviour of functionals of this type on such a constraint is [43], where the role of the
exponent 10/3 is evident.

Finally observe that the normalizing value of the L2−norm is not essential: the results
are true for any other positive value different from 1, without any relation with the size
of Ω.
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Here are the main results we are able to obtain by using variational methods and
tools in critical point theory. However, in order to state them precisely, we introduce the
functional spaces where the solutions will be found.

As usual, H2(Ω) and H1
0(Ω) denote the Sobolev spaces. In particular H1

0 (Ω) is endowed
with the scalar product

(u, v) =

∫

Ω

∇u∇vdx

and associated norm

‖u‖ :=

(∫

Ω

|∇u|2 dx

)1/2

.

Let H := H1
0 (Ω) ∩H

2 (Ω), whose norm (denoted for simplicity with the same symbol) is

‖φ‖ :=

(∫

Ω

|∆φ|2 dx+

∫

Ω

|∇φ|2 dx

)1/2

,

which of course comes from the scalar product (again denoted with the same symbol as
before)

(φ, ψ) =

∫

Ω

∆φ∆ψdx+

∫

Ω

∇φ∇ψdx.

Throughout this work we denote by

|u|p :=

(∫

Ω

|u|p dx

)1/p

the norm in Lp(Ω). Usually we will not write the variable x ∈ Ω in the functions involved;
except for the function q to emphasize the fact that q is not a constant, in contrast to
many papers dealing with this type of system.

We define the L2−sphere in H1
0 (Ω) by

B :=
{
u ∈ H1

0 (Ω) : |u|2 = 1
}
,

which, in view of the previous discussion about the unknown ω seen as the Lagrange
multiplier, will have a major role.

Here is the first result, taken from [44].

Theorem 1.1 (Existence result with boundary conditions (I)). Let p ∈ (2, 10/3). Then there
exists a sequence of solution {(un, ωn, φn)}n ⊂ B×R×H of problem (3) under conditions
(4)-(5) and (6)-(7), with

ωn → +∞, ‖un‖ → +∞, as n→ +∞.

The second result is from [2].
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Theorem 1.2 (Existence result with boundary conditions (II)). Let p ∈ (2, 10/3) and set

α :=

∫

∂Ω

h2ds−

∫

∂Ω

h1ds. (10)

Assume that
inf
Ω
q < α < sup

Ω
q and |q−1(α)| = 0.

Then there exist infinitely many solutions {(un, ωn, φn)} ⊂ B ×R×H2(Ω) to the problem
(3) under conditions (4)-(5) and (8)-(9), with

∫

Ω

q(x)u2ndx = α, ωn −
α

|Ω|

∫

Ω

φndx→ +∞, ‖un‖ → +∞, as n→ +∞.

Our approach is variational, indeed the solutions will be found as critical points of an
energy functional restricted to a suitable constraint. In this context, by a ground state
solution we mean the solution with minimal energy. As a byproduct of the proof, we
obtain, for both results, that also the energy of these solutions is divergent and that there
exists always a ground state solution that can be assumed positive.

We conclude by referring the reader to [17, 22, 25, 27, 38, 40, 42], and the references
therein, for some recent results concerning the existence of solutions for systems of type
(3). We cite finally the papers [12, 30, 32, 33, 39, 41] about Schrödinger type equations on
bounded domains and prescribed L2−norm.

The paper is organized as follows. We will treat the two problems separately in Sec-
tion 3, for Dirichlet boundary conditions, and in Section 4, for Neumann boundary condi-
tions.

For each of them we will introduce the appropriate variational setting in order to address
the problem. In particular an energy functional has to be defined with the appropriate
geometric and compactness properties. The solution will be found as critical points of the
energy functional on a suitable smooth manifold, whose differential and topological prop-
erties are shown in order to apply the critical point theory and variational methods, more
specifically the Lusternik-Schnirelmann theory. However, in case of Dirichlet boundary
conditions the manifold we will consider is the L2 sphere, which is evidently a (nonempty)
manifold. In contrast, for the Neumann boundary conditions we will restrict the functional
to a subset of the L2 sphere and we need to show it is nonempty and possesses a differen-
tiable structure of a manifold. To this aim the assumptions on α will have a fundamental
role. The problem with Neumann boundary conditions is also more involved since these
conditions are non homogeneous, so a suitable auxiliary problem has to be introduced.

However, we begin with the next Section 2, where we present some useful preliminaries.
As a matter of notations, we use the letters c, c′, . . . to denote positive constant whose

value can change from line to line.

2 Few general facts

We spend a few words on our methods. We use Critical Point Theory in order to
show how the solutions can be associated to a critical point of a functional on a suitable
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manifold in a Hilbert space. In view of the applications of variational methods and to use
topological invariants of the Lusternik-Schnirelmann Theory, some facts like compactness
and geometry of the functional have to be shown.

We recall that in many problems of this type, the frequency ω of the wave function
is fixed. Then the approach in finding solutions is different, in particular the L2 norm
of the solutions u is not given a priori. In our case, the wave function is completely
unknown, so both u and ω are unknowns, and we are looking for solutions with a priori
fixed L2 norm. Let us recall that the L2 norm is constant in time on the solutions of
the evolution problem, so it is constantly equal to the L2 norm of the initial datum. As
a consequence, the unknowns ω related to the solutions will be found as the Lagrange
multipliers associated to the critical points on the manifold made by the unit sphere in
L2, or some submanifold. For these reasons, we think that it is natural to consider the
frequencies of the wave function, ω, as an unknown and the L2 norm of u fixed, since it is
more interesting also from a physical point of view.

Let us start by recalling the definition of genus of Krasnoselskii. Given A a closed
and symmetric subset of some Banach space, with 0 /∈ A, the genus of A is denoted
as γ(A) and defined as the least integer k for which there exists a continuous and odd
map h : A → Rk \ {0}. By definition it is γ(∅) = 0 and if it is not possible to construct
continuous odd maps from A to any R

k \ {0}, set γ(A) = +∞.
We know that the genus is a topological invariant (by odd homeomorphism) and that

the genus of the sphere in Rm is m (see e.g., [37]).
Recalling that B is the L2−sphere in H1

0 (Ω), we have the following.

Lemma 2.1. For any integer m there exists a compact and symmetric subset K of B such
that γ(K) = m. In other words, the genus of B is infinite.

Proof. Let Hm := span {u1, . . . , um} be a m-dimensional subspace of H1
0 (Ω). Define

K := B ∩Hm =
{
u ∈ Hm : |u|2 = 1

}
.

Consider the odd homeomorphism

h : K −→ S
m−1

u 7−→ h(u) =
x

‖x‖
Rm

, where x = (x1, . . . , xm) ∈ R
m.

By the genus invariance via odd homeomorphism (see e.g., [45, Proposition 5.4]), we obtain

γ(K) = γ(Sm−1) = m

concluding the proof.

A useful tool in Critical Point Theory to obtain the compactness is the well known
Palais-Smale condition that we recall now. We say that a C1 functional J on a Hilbert
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space H , satisfies the Palais-Smale condition on the differentiable manifoldM⊂ H if any
sequence {wn} ⊂ M such that

{J(wn)} is bounded and J ′(wn)→ 0 in Twn
M,

called also a Palais-Smale sequence, has a convergent subsequence in the H norm. Of
course Twn

M is the tangent space in wn to the manifoldM.
Let us recall now a classical result in critical point theory. We give the proof for the

reader convenience, see also [6].

Lemma 2.2. Let J be a C1 functional defined on a smooth manifoldM in a Hilbert space
H which is bounded from below and satisfies the Palais-Smale condition. For any b ∈ R

the sublevel
J b =

{
u ∈M : J(u) ≤ b

}

has finite genus.

Proof. Suppose by contradiction that there exists a real number c such that γ(Jc) = +∞;
this means that

D :=
{
b ∈ R : γ(J b) =∞

}
6= ∅.

We know that J is bounded from below onM, hence

−∞ < b∗ := infD < +∞.

We claim that b∗ /∈ D. Indeed, since J satisfies the Palais-Smale condition onM the set

Kb∗ :=
{
u ∈M : J(u) = b∗, J ′(u) = 0

}

is compact. By the property of the genus (see e.g. [45, Proposition 5.4]), there exists a
closed symmetric neighborhood Z of Kb∗ such that γ(Z) < +∞, then b∗ /∈ D.

By the deformation lemma (see e.g. [45, Theorem 3.11]), there exist ε > 0 and an odd
homeomorphism η such that η(1, J b∗+ε \ Z) ⊂ J b∗−ε. Using properties (2), (3) and (5)
of [45, Proposition 5.4], we get

γ(J b∗+ε) ≤ γ(J b∗+ε \ Z) + γ(Z) ≤ γ(J b∗−ε) + γ(Z) < +∞,

which goes against the fact that b∗ is equals to infD. Therefore for all c ∈ R it has to be
γ(Jc) < +∞.

The solutions will be obtained as critical points of a suitable energy functional. Rigor-
ously this gives rise to what are called weak solutions, in the sense that just integral (and
not point-wise) equalities are satisfied. However, standard boot-strap arguments show
that they are classical and that the equations are satisfied point-wise in Ω. Let us see
the proof for the solutions given in Theorem 1.1. The same happens for the solutions in
Theorem 1.2.

We use the classical notation for Hölder spaces Cj,λ(Ω), 0 < λ ≤ 1.
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Let (ω, u, φ) ∈ R× B ×H be a weak solution of (3), then ψ := −a2∆φ + φ is a weak
solution of the Dirichlet problem

{
−∆ψ = q(x)u2 in Ω,

ψ = 0 on ∂Ω.

Now, if u ∈ H1
0 (Ω), then u ∈ L6 (Ω) and u2 belongs to L3 (Ω). Thus, by [24, Theo-

rem 9.9] we have
−a2∆φ+ φ = ψ ∈ W 2,3 (Ω) . (11)

Recall that Ω is a bounded set. If φ ∈ H is a solution of (11) with ψ ∈ W 2,2 (Ω), the
interior regularity increases because [24, Theorem 8.10] implies that φ ∈ W 4,2 (Ω) and so
φ ∈ C2,λ(Ω) with λ ∈ (0, 1

2
] by the Sobolev embedding [1, Theorem 5.4].

Now, we consider the first equation in (3)

−∆u + q(x)φu+ |u|p−2u = ωu in Ω.

We have that u ∈ H1
0 (Ω) is the unique solution of ∆u = (q(x)φ − ω)u + |u|p−2u ∈ L2(Ω)

because φ ∈ C2,λ(Ω). Then, by [24, Theorem 9.9] it holds

∆u = (q(x)φ− ω)u+ |u|p−2u ∈ H2
0 (Ω).

Therefore [24, Theorem 8.10] implies that φ ∈ H4
0 (Ω) which leads us to the fact that

u ∈ C2,λ(Ω) with λ ∈
(
0, 1/2

]
by [1, Theorem 5.4, Part II]. Since u ∈ H1

0 (Ω) and

u ∈ C2,λ(Ω), λ ∈
(
0, 1/2

]
, we obtain

−∆ψ = q(x)u2 ∈ H2(Ω).

By [24, Theorem 8.10] it follows that

−a2∆φ+ φ = ψ ∈ H4(Ω),

and then the interior regularity of φ increases by the same Theorem, i.e. φ ∈ H6(Ω).
Finally again by the Sobolev embedding [1, Theorem 5.4, Part II]

φ ∈ H6(Ω) →֒ C4,λ(Ω),

where λ ∈
(
0, 1/2

]
, which shows the regularity of φ.

3 Dirichlet boundary conditions

We say that the triple (u, ω, φ) ∈ B×R×H is a weak solution of (3) under conditions
(4)-(5) and (6)-(7), if

∫

Ω

∇u∇vdx+

∫

Ω

q(x)φuvdx−

∫

Ω

|u|p−2uvdx = ω

∫

Ω

uvdx, ∀v ∈ H1
0 (Ω) (12)

and ∫

Ω

∆φ∆ξdx+

∫

Ω

∇φ∇ξdx =

∫

Ω

q(x)u2ξdx, ∀ξ ∈ H. (13)
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3.1 The variational setting

Let us set also in this case the variational framework. Define the (natural) functional
on H1

0 (Ω)×H given by

F (u, φ) =
1

2

∫

Ω

|∇u|2 dx+
1

2

∫

Ω

q(x)φu2dx

−
1

p

∫

Ω

|u|pdx−
1

4

∫

Ω

|∆φ|2 dx−
1

4

∫

Ω

|∇φ|2 dx. (14)

Straightforward computations show that F is C1 with derivatives given by

∂uF (u, φ) [v] =

∫

Ω

∇u∇vdx+

∫

Ω

q(x)uvφdx−

∫

Ω

|u|p−2uvdx, ∀v ∈ H1
0(Ω) (15)

∂φF (u, φ) [ξ] =
1

2

∫

Ω

q(x)u2ξdx−
1

2

∫

Ω

∆φ∆ξdx−
1

2

∫

Ω

∇φ∇ξdx, ∀ξ ∈ H. (16)

We have a first variational principle on the differentiable manifold B where the func-
tional is restricted.

Theorem 3.1. The triple (u, ω, φ) ∈ H1
0 (Ω) × R × H is a weak solution of (3) under

conditions (4)-(5) and (6)-(7), if, and only if, (u, φ) is a critical point of F restricted to
B ×H having ω as a Lagrange multiplier.

Proof. The pair (u, φ) ∈ H1
0 (Ω) × H is a critical point of F constrained to B × H if and

only if there exists a Lagrange multiplier ω ∈ R such that

∂uF (u, φ) = ωu and ∂φF (u,φ) = 0

Taking into account the expressions of the partial derivatives in (15) and (16) they are
equivalent to (12) and (13), namely to say that (ω, u, φ) ∈ R×H1

0 (Ω)×H is a weak solution
we were looking for.

The functional F in (14) is unbounded both from above and below. Then the usual
methods of Critical Point Theory cannot be directly applied. In order to deal with this
issue, we shall reduce the functional in (14) to the study of another functional depending
on the single variable u, following a procedure introduced by V. Benci and D. Fortunato
in [6] for these type of problems.

Proposition 3.2. For any u ∈ B the problem
{
−∆φ+∆2φ = q(x)u2 in Ω

∆φ = φ = 0 on ∂Ω
(17)

has a unique (and nontrivial) weak solution Φ(u) ∈ H. Moreover it minimizes the func-
tional

E(φ) =
1

2

∫

Ω

|∇φ|2dx+
1

2

∫

Ω

|∆φ|2dx−

∫

Ω

q(x)u2φdx

and E(Φ(u)) < 0.
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Proof. Given any u ∈ B, we define the linear functional

Lu : v ∈ H 7−→

∫

Ω

q(x)u2vdx ∈ R

which is also continuous since by the Hölder inequality and the Sobolev embedding we
have for v ∈ H, and suitable constants c, c′ > 0

∣∣∣∣
∫

Ω

q(x)u2vdx

∣∣∣∣ ≤ |q|∞|u|
2
4|v|2 ≤ c′|u|24|∇v|2 ≤ c ‖u‖2 ‖v‖ . (18)

Then, the functional Lu is continuous, and by Riesz Representation Theorem, there exists
a unique element, that we denote with Φ(u) ∈ H such that

Lu [v] =
(
Φ(u), v

)
=

∫

Ω

∇Φ(u)∇vdx+

∫

Ω

∆Φ(u)∆vdx, ∀v ∈ H.

In other words, Φ(u) ∈ H is the unique weak solution of (17) and satisfies
∫

Ω

q(x)u2vdx =

∫

Ω

∆Φ(u)∆vdx+

∫

Ω

∇Φ(u)∇vdx, ∀v ∈ H. (19)

Finally it is standard to see that Φ(u) is the unique minimizer of E and is nontrivial since
the functional E achieves strictly negative values near the origin and E(0) = 0.

By taking v = Φ(u) in (19) we obtain
∫

Ω

q(x)u2Φ(u)dx =

∫

Ω

|∆Φ(u)|2dx+

∫

Ω

|∇Φ(u)|2dx = ‖Φ(u)‖2. (20)

Due to (18), we have ∫

Ω

q(x)u2Φ(u)dx ≤ c‖u‖2‖Φ(u)‖. (21)

As a consequence of (20) and (21)we have the estimate

‖Φ(u)‖ ≤ c‖u‖2. (22)

Set now
Γ :=

{
(u, φ) ∈ H1

0 (Ω)×H : ∂φF (u, φ) = 0
}
.

Take the level set B =
{
u ∈ H1

0 (Ω) : |u|2 = 1
}
and define the map

Φ : u ∈ B 7−→ Φ(u) ∈ H

where Φ(u) is the unique solution given in Proposition 3.2. Actually

Φ(u) = (−∆+∆2)−1(q(x)u2),

where (−∆+∆2)−1 : H′ → H is the Riesz isomorphism.

12
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Proposition 3.3. The map Φ is C1 and Γ is its graph.

Proof. By the Sobolev embedding, H1
0 (Ω) →֒ L6 (Ω) is continuous and it is easy to see

that the map u 7→ u2 is C1 from H1
0 (Ω) into L

3 (Ω) which is continuously embedded into
H′. Since the operator (−∆ + ∆2)−1 is the Riesz isomorphism, it is also C1. Therefore,
the map Φ is also C1, since is a composition of C1 maps.

Finally, the graph of Φ is

Gr(Φ) :=
{
(u, φ) ∈M : (−∆+∆2)−1(q(x)u2) = φ

}
.

Note that (u, φ) ∈ Gr(Φ) means that (−∆+∆2)φ = q(x)u2 which is equivalent to say that
∂φF (u, φ) = 0, which in turn is also equivalent to have (u, φ) ∈ Γ.

Then we can define the reduced functional J as follows

J(u) := F
(
u,Φ(u)

)
.

From (20) we deduce

1

4

∫

Ω

∣∣∆Φ(u)
∣∣2 dx+ 1

2

∫

Ω

∣∣∇Φ(u)
∣∣2 dx =

1

2

∫

Ω

q(x)u2Φ(u)dx−
1

4

∫

Ω

∣∣∆Φ(u)
∣∣2 dx

and hence the functional J can be written as

J(u) =
1

2

∫

Ω

|∇u|2 dx−
1

p
|u|pp +

1

4

∫

Ω

∣∣∆Φ(u)
∣∣2 dx+ 1

2

∫

Ω

∣∣∇Φ(u)
∣∣2 dx− 1

4

∫

Ω

∣∣∇Φ(u)
∣∣2 dx

=
1

2

∫

Ω

|∇u|2 dx−
1

p
|u|pp +

1

4

∫

Ω

∣∣∆Φ(u)
∣∣2 dx+ 1

4

∫

Ω

∣∣∇Φ(u)
∣∣2 dx. (23)

The functional J is then bounded from below, even and, by Proposition 3.3, C1. Then,
the Fréchet derivative of J at u is given by

J ′(u) = ∂uF (u,Φ(u)) + ∂φF (u,Φ(u))Φ
′(u) = ∂uF (u,Φ(u)) (24)

as a linear and continuous operator on H1
0 (Ω). Taking into account (15), we get

J ′(u)[v] =

∫

Ω

∇u∇vdx+

∫

Ω

q(x)uvΦ(u)dx−

∫

Ω

|u|p−2uvdx, ∀v ∈ H1
0 (Ω). (25)

From Theorem 3.1, we are reduced to finding critical points (u, φ) of F on B × H

with the associated Lagrange multiplier ω. The following is a second variational principle
and describes the relation between critical points of F on B × H and critical points of J
restricted to B.

Proposition 3.4. Let (u, φ) ∈ B ×H and ω ∈ R. The following statements are equivalent.

1. The pair (u, φ) is a critical point of F constrained to B × H having ω as Lagrange
multiplier.

13
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2. The function u is a critical point of J constrained to B having ω as Lagrange multi-
plier and φ = Φ(u).

Proof. Condition (1) means that

∂uF (u, φ) = ωu and ∂φF (u, φ) = 0.

It follows from Proposition 3.3 that φ = Φ(u) and by (24), J ′(u) = ωu. This is exactly (2).
On the other hand, (2) implies

J ′(u) = ωu and (u,Φ(u)) ∈ Gr(Φ)

and then ∂φF (u, φ) = 0. Consequently, again by (24), we infer

ωu = J ′(u) = ∂uF (u,Φ(u))

so (1) is proved.

In particular the above result says that all the solutions are of type (u, ω,Φ(u)).
In view of the previous result, for brevity we may refer just to the unknown u as a

solution of the system (ω and φ are then univocally determined), and J to its energy.
The compactness condition is satisfied as we show now.

Lemma 3.5. The functional J constrained to B satisfies the Palais-Smale condition.

Proof. Let {wn} ⊂ B be a Palais-Smale sequence for J . Then, there exist two sequences
{λn} ⊂ R and {εn} ⊂ H−1(Ω), where H−1(Ω) is the dual space of H1

0 (Ω), such that εn → 0
and, see (23),

J ′(wn) = λnwn + εn, (26)

J(wn) =
1

2
‖wn‖

2 +
1

4
‖Φ(wn)‖

2 −
1

p

∫

Ω

|wn|
pdx −→ c.

In particular {wn} and {Φ(wn)} are bounded respectively in H1
0 (Ω) (being p < 10/3)

and H.
By (25) and (26), after the usual integration by parts, we get

∫

Ω

|∇wn|
2 dx+

∫

Ω

q(x)w2
nΦ(wn)dx−

∫

Ω

|wn|
pdx = λn + 〈εn, wn〉.

Using the boundedness of {wn}, (21) and the fact that εn → 0, we see that also {λn} has
to be bounded.

The equation (26) is rewritten as −∆wn + q(x)wnΦ(wn)− |wn|
p−2wn − λnwn = εn and

applying the inverse Riesz isomorphism ∆−1 : H−1(Ω)→ H1
0 (Ω), we obtain that

wn = ∆−1
(
q(x)wnΦ(wn)

)
−∆−1(|wn|

p−2wn)− λn∆
−1wn −∆−1εn, (27)

14
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and {∆−1εn} is a convergent sequence. Now {q(x)wnΦ(wn)} is bounded in L2(Ω) due to
the estimates

∫

Ω

|qwnΦ(wn)|
2dx ≤ |q|2∞|Φ(wn)|

2
4|wn|

2
4 ≤ c′‖Φ(wn)‖

2|wn|
2
4,

as well as {|wn|
p−2wn}, being 2(p− 1) ∈ (2, 14/3). Then these sequences are also bounded

in H−1(Ω). Actually since ∆−1 is compact, we deduce that (up to subsequences)

{
∆−1

(
q(x)wnΦ(wn)

)}
,

{
∆−1

(
|wn|

p−2wn

)}
,

{
λn∆

−1wn

}
are convergent.

Coming back to (27), we infer that {wn} is convergent (up to subsequences) in H1
0 (Ω), and

the limit is of course in B.

3.2 Proof of the main result

We show that the functional J restricted to B has infinitely many critical points. Let
n be a positive integer. By Lemma 2.2, there exists a positive integer k = k(n) such that

γ (Jn) = k.

Now, consider the collection

Ak+1 :=
{
A ⊂ B : A is symmetric and closed with γ (A) ≥ k + 1

}
.

By Lemma 2.1, there exists a compact set K ⊂ B such that K ∈ Ak+1, then Ak+1 6= ∅.
Since by the definitions

γ (A) > γ (Jn) , for all A ∈ Ak+1,

by the monotonicity property of genus A 6⊂ Jn, thus

sup J (A) > n, for all A ∈ Ak+1.

Consequently
bn := inf

{
sup J(A) : A ∈ Ak+1

}
≥ n.

We know by Lemma 3.5 that J satisfies the Palais-Smale condition on B and it is an even
functional. Then it follows from [45, Theorem 5.7] that

bn is a critical value of J on B

achieved on some un ∈ B. By the Lagrange Multipliers Theorem, for any n ∈ N there
exist ωn ∈ R such that

J ′ (un) = ωnun with J (un) = bn ≥ n.

15
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Now evaluating J ′ (un) = ωnun on the same un we find

1

2

∫

Ω

|∇un|
2 dx+

1

2

∫

Ω

q(x)Φ(un)u
2
ndx =

1

2
ωn. (28)

In particular ωn > 0. Replacing the above equation in the functional, which is given by

J(un) =
1

2

∫

Ω

|∇un|
2dx+

1

4

∫

Ω

|∆Φ(un)|
2dx+

1

4

∫

Ω

|∇Φ(un)|
2dx, (29)

we have

bn = J (un) =
1

2
ωn −

1

4

∫

Ω

∣∣∆Φ(un)
∣∣2 dx− 1

4

∫

Ω

∣∣∇Φ(un)
∣∣2 dx

or

ωn = 2bn +
1

2

∫

Ω

∣∣∆Φ(un)
∣∣2 dx+ 1

2

∫

Ω

∣∣∇Φ(un)
∣∣2 dx > 2n (30)

which shows that ωn →∞ as n→∞. We note that (30) implies also that

ωn ≥
1

2
‖Φ(un)‖

2.

Recalling (22), we rewrite (28) as

ωn =

∫

Ω

|∇un|
2 dx+

∫

Ω

∣∣∆Φ(un)
∣∣2 dx+

∫

Ω

∣∣∇Φ(un)
∣∣2 dx

= ‖un‖
2 + ‖Φ(un)‖

2

≤ ‖un‖
2 + C‖un‖

4

and then ‖un‖ → +∞ as n→ +∞.
Summing up, we have found for any n ∈ N:

un ∈ B ⊂ H1
0 (Ω), φn := Φ(un) ∈ H, ωn ∈ R

solutions as stated in Theorem 1.1. Furthermore the above computations provide the
additional information and estimates on the norm of the solutions and the energy levels of
the functional:

1. J(un) =
1
2
‖un‖

2 + 1
4
‖φn‖

2 ≥ n,

2. ωn = ‖un‖
2 + ‖φn‖

2 > 2n,

3. ‖φn‖
2 ≤ 2ωn,

4. ‖φn‖ ≤ C‖un‖
2.

It is well known that u1 is the minimum of J , for this reason we say that (ω1, u1, φ1) is a
ground state solution. Correspondingly, b1 is the ground state level. Observe that since
J(|u|) = J(u), the ground state u1 can be assumed positive. The proof of Theorem 1.1 is
thereby complete.
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4 Neumann boundary conditions

4.1 An auxiliary problem

In order to deal with homogeneous boundary conditions, that will permit to write the
functional in a simpler form, we make a change of variables.

Consider the following auxiliary problem (where α is defined in (10))





−∆χ +∆2χ = α/|Ω| in Ω,

∂
n
χ = h1, ∂

n
∆χ = h2 on ∂Ω,∫

Ω

χdx = 0.

It is easy to see it has a solution, see e.g., [47]. The unicity is guaranteed due to the
null-average condition.

Indeed, let χ1, χ2 be two solutions of the above system. Then w = χ1 − χ2 satisfies

−∆w +∆2w = 0 in Ω, ∂
n
w = ∂

n
∆w = 0 on ∂Ω.

By multiplying by w and integrating by parts we have
∫

Ω

|∇w|2dx+

∫

Ω

|∆w|2dx = 0

hence ∇w = 0 and thus w is a constant. Hence, there is uniqueness up to a constant but
only one of them has null integral; this implies χ1 = χ2.

The change of variables we make is

ϕ = φ− χ− µ, where µ =
1

|Ω|

∫

Ω

φ dx.

In the new variables (u, ω, ϕ, µ) our problem (3) with conditions (4)-(5) and (8)-(9), can
be rewritten as





−∆u + q(x)(χ+ ϕ)u− |u|p−2u = ωu− µq(x)u in Ω,

−∆ϕ +∆2ϕ = q(x)u2 − α/|Ω| in Ω,

u = 0 on ∂Ω,∫

Ω

u2dx = 1,

∂
n
ϕ = ∂

n
∆ϕ = 0 on ∂Ω,∫

Ω

ϕdx = 0

(31)

and the compatibility condition between the second equation in the system and the bound-
ary conditions on ϕ reads as ∫

Ω

q(x)u2dx = α.

In order to formulate the variational problem it is necessary to introduce the set where
the functional will be defined. As we will see, in this case it is not simply the L2 sphere B.
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4.2 The manifold M

We introduce the following sets

B :=

{
u ∈ H1

0 (Ω) :

∫

Ω

u2dx = 1

}
,

N :=

{
u ∈ H1

0 (Ω) :

∫

Ω

q(x)u2dx = α

}
,

M := B ∩N

and observe that if the problem has a solution, then, by definition, M 6= ∅. Hence we
easily have

qmin ≤ α ≤ qmax (32)

where
qmin = inf

Ω
q and qmax = sup

Ω
q.

Indeed, if α < qmin, then

α =

∫

Ω

q(x)u2dx ≥ qmin > α,

which is a contradiction. Analogously for the case α > qmax. Moreover from (32) we
deduce that q−1(α) is not empty, and indeed what is important is its Lebesgue measure.
Let us see this in some details.

Suppose α = qmin and |q−1(α)| = 0. Then
∫

Ω

q(x)u2dx =

∫

{x∈Ω:q(x)>α}

q(x)u2dx > α,

so M = ∅. If α = qmax and |q−1(α)| = 0 we proceed in an analogous manner to conclude
thatM is empty and so the problem has no solutions. Therefore, we arrive at the following
necessary condition for the existence of solutions: either

qmin < α < qmax (33)

or
|q−1(α)| 6= 0. (34)

We now state some properties of the set M , referring the reader to [35] for the omitted
proofs.

First note that M is symmetric with respect to the origin: if u ∈ M , then −u ∈ M .
This follows trivially from the definition of M . We also note that M is weakly closed in
H1

0 (Ω); this is due to the compact embedding of H1
0 (Ω) into L

2(Ω) being Ω bounded.
However we have the problem to show that this set is not empty. We want to show

that condition (33) will guarantee this fact. For this, we introduce the following notation.
Let A ⊂ Ω be an open subset and define

BA :==

{
u ∈ H1

0 (A) :

∫

A

u2dx = 1

}

18
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and

gA : u ∈ BA 7→

∫

A

q(x)u2dx ∈ R.

It is immediately seen that

gA(BA) ⊂ [inf
A
q, sup

A
q].

Lemma 4.1. The following inclusion holds:

(inf
A
q, sup

A
q) ⊂ gA(BA).

Proof. See [35, Lemma 2.1].

Then we can conclude the following:

Proposition 4.2. Let A ⊂ Ω be an open subset. If α ∈ (infA q, supA q) then there exists
u ∈ H1

0 (A) such that

∫

A

u2dx = 1 and

∫

A

q(x)u2dx = α.

In particular by taking A = Ω we get

Proposition 4.3. Assume that infΩ q < α < supΩ q. Then M is not empty.

Proof. See [35, Proposition 2.2].

We state an important topological property of M : it has subsets of arbitrarily large
genus.

Proposition 4.4. Let u1, . . . , uk ∈M be functions with disjoint supports and let

Vk = 〈u1, . . . , uk〉

be the space spanned by u1, . . . , uk. Then M ∩ Vk is the (k − 1)-dimensional sphere, hence
γ(M ∩ Vk) = k.

The proof is given in [34, Theorem 2.1]. However we write it here for the reader
convenience.

Proof. Since the functions u1, . . . , uk are linearly independent, the space Vk has dimension
k. Since B is the L2−sphere in H1

0 (Ω), it is immediately seen that B ∩ Vk is just the unit
sphere in Vk with respect to the L2−norm (see Lemma 2.1). Let us prove that

M ∩ Vk = B ∩ Vk.
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It is obvious that M ∩ Vk ⊂ B ∩ Vk. On the other hand, if u =
∑k

i=1 diui ∈ B ∩ Vk,
then

1 = |u|22 =
k∑

i=1

d2i .

Therefore

∫

Ω

q(x)u2dx =

∫

Ω

q(x)

k∑

i=1

d2iu
2
idx =

k∑

i=1

d2i

∫

Ω

q(x)u2idx = α

k∑

i=1

d2i = α,

that is u ∈M .

Now, it is natural if one raises the question if whether there exists such functions with
disjoint supports for arbitrary k. The answer is affirmative under the assumption on α
given in Theorem 1.2.

Proposition 4.5. If (33) holds then for every k ≥ 2 there exist k functions u1, . . . , uk ∈M
with disjoint supports. Hence γ(M) = +∞.

Proof. By (33), the subsets

Ω+ = {x ∈ Ω : q(x) > α} , Ω− = {x ∈ Ω : q(x) < α}

are open and not empty. We can choose 2k disjoint balls, {Y1, Y2, . . . , Yk} ⊂ Ω− and
{Z1, Z2 . . . , Zk} ⊂ Ω+, then we set

Ai = Yi ∪ Zi , i = 1, ..., k.

It follows by construction that

inf q(Ai) < α < sup q(Ai).

Therefore by the previous Proposition 4.4 we find ui ∈ H
1
0 (Ai) such that

∫

Ω

u2i dx =

∫

Ai

u2i dx = 1 and

∫

Ω

qu2i dx =

∫

Ai

qu2i dx = α

(of course we identify every function in H1
0 (Ai) with its trivial extension). All these func-

tions u1, u2, ..., uk ∈M have disjoint supports.

In order to use classical variational methods, we explore the differential structure of
M . Let

G1 : u ∈ H
1
0 (Ω) 7→

∫

Ω

u2dx− 1 ∈ R,

G2 : u ∈ H
1
0 (Ω) 7→

∫

Ω

q(x)u2dx− α ∈ R
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and
G := (G1, G2)

which is of class C1. Then

M =
{
u ∈ H1

0 (Ω) : G1(u) = G2(u) = 0
}
= G−1(0).

Let us show, for the reader convenience, that G′
1(u) and G

′
2(u) are linearly independent,

so G will be a submersion and M a submanifold of codimension 2.

Proposition 4.6. Assume that M is not empty. If

|q−1(α)| = 0, (35)

then the differentials G′
1(u) and G

′
2(u) are linearly independent for every u ∈M .

Proof. Suppose that there are a, b ∈ R such that

aG′
1(u) + bG′

2(u) = 0 in H−1(Ω)

for some u ∈M . Evaluating this expression in u, we find that a+ bα = 0. Then

aG′
1(u)[v] + bG′

2(u)[v] = b

(
−α

∫

Ω

uvdx+

∫

Ω

q(x)uvdx

)
= 0 ∀v ∈ H1

0 (Ω),

that is,

b

∫

Ω

(q(x)− α)uvdx = 0 ∀v ∈ H1
0 (Ω).

If b 6= 0 then we would have (q(x) − α)u = 0 a.e., and hence, in view of (35), u = 0, a
contradiction. Thus G′

1(u) and G
′
2(u) are linearly independent for all u ∈M .

4.3 The variational setting

We now proceed to study the variational framework of the problem. Our aim is to
construct a functional whose critical points onM will be the weak solutions of the problem.

Following [23], let
V =

{
ξ ∈ H2(Ω) : ∂

n
ξ = 0 on ∂Ω

}

which is a closed subspace of H2(Ω). Indeed, let {vn} ⊂ V such that vn → v in V . Then
0 = γ1(vn) → γ1(v) and hence γ1(v) = 0, where γ1 denotes the trace operator which for
smooth functions gives the directional derivative in the direction of the exterior normal on
the boundary. Being a closed subspace, V inherits the Hilbert space structure of H2(Ω).

Recall that the change of variables was

ϕ = φ− χ− µ

where

µ =
1

|Ω|

∫

Ω

φdx.
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In this way, we have ϕ = 0, where from now on, we denote the average of f with f .
Consider then the following natural decomposition of V :

V = Ṽ ⊕ R (36)

where
Ṽ = {η ∈ V : η = 0} .

On Ṽ (which is an Hilbert space being closed) we have the equivalent (squared) norm

‖η‖2
Ṽ
=

(
|∇η|22 + |∆η|

2
2

)
.

Consider the functional F : H1
0 (Ω)×H

2(Ω) defined as follows:

F (u, ϕ) =
1

2

∫

Ω

|∇u|2dx+
1

2

∫

Ω

q(x)(ϕ+ χ)u2dx−
1

p

∫

Ω

|u|pdx

−
1

4

∫

Ω

(∆ϕ)2dx−
1

4

∫

Ω

|∇ϕ|2dx−
α

2|Ω|

∫

Ω

ϕdx

which is easily seen to be of class C1. For every u ∈ H1
0 (Ω) and ϕ ∈ H

2(Ω) we have the
following partial derivatives:

F ′
u(u, ϕ)[v] =

∫

Ω

∇u∇vdx+

∫

Ω

q(x)(ϕ+ χ)uvdx−

∫

Ω

|u|p−2uvdx,

F ′
ϕ(u, ϕ)[ξ] =

1

2

∫

Ω

q(x)ξu2dx−
1

2

∫

Ω

∆ϕ∆ξdx−
1

2

∫

Ω

∇ϕ∇ξdx−
α

2|Ω|

∫

Ω

ξdx

for every v ∈ H1
0 (Ω) and ξ ∈ H

2(Ω).
Hence, (u, ϕ, ω, µ) ∈ H1

0(Ω)×H
2(Ω)× R× R is a weak solution of (31) if and only if

(u, ϕ) ∈M × Ṽ ,

∀v ∈ H1
0 (Ω) : F

′
u(u, ϕ)[v] = ω

∫

Ω

uvdx− µ

∫

Ω

q(x)uvdx,

∀ξ ∈ V : F ′
ϕ(u, ϕ)[ξ] = 0.

(37)

Theorem 4.7. Let (u, ϕ) ∈ H1
0 (Ω)×H

2(Ω). Then there exist ω, µ ∈ R such that (u, ϕ, ω, µ)

is a solution of (31) if and only if (u, ϕ) is a critical point of F constrained on M × Ṽ ,
and in this case the real constants ω, µ are the two Lagrange multipliers with respect to F ′

u.

Proof. Note that the tangent space to Ṽ at ϕ is Ṽ itself. Now, (u, ϕ) is a critical point of

F constrained on M × Ṽ if, and only if

∀v ∈ TuM : F ′
u(u, ϕ)[v] = 0,

∀ξ ∈ Ṽ : F ′
ϕ(u, ϕ)[ξ] = 0.
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Then (u, ϕ) is a weak solution of (31) according to (37) and the Lagrange multipliers rule.
So it is a constrained critical point for the functional F .

Suppose on the contrary that (u, ϕ) is a constrained critical point. Then, again by the
Lagrange multipliers rule, we have that there exist ω, µ ∈ R such that

∀v ∈ H1
0 (Ω) : F

′
u(u, ϕ)[v] = ω

∫

Ω

uvdx− µ

∫

Ω

q(x)uvdx.

It remains to prove that F ′
ϕ(u, ϕ)[ξ] = 0 for all ξ ∈ V . But this follows by the decomposition

(36), noticing that F ′
ϕ(u, ϕ)[r] = 0 for every constant r ∈ R. Then (37) is satisfied and

this concludes the proof.

The functional F constrained on M × Ṽ is unbounded from above and from below.
This issue has been addressed for the first time in [6] for a similar problem, and solved by
following the steps below:

(i) for every fixed u ∈ H1
0 (Ω) there exists a unique Φ(u) such that F ′

ϕ(u,Φ(u)) = 0;

(ii) the map u 7→ Φ(u) is of class C1;

(iii) the graph of Φ is a manifold, and we are reduced to study the functional J(u) =
F (u,Φ(u)), possibly constrained.

However in our case we cannot argue exactly in the same way since the method sketched
above fails. First of all, we see that F ′

ϕ(u, ϕ) = 0 with ϕ ∈ Ṽ is equivalent to





∆2ϕ−∆ϕ− q(x)u2 + α/|Ω| = 0 in Ω,

∂
n
ϕ = ∂

n
∆ϕ = 0 on ∂Ω,∫

Ω

ϕdx = 0

and such a problem does not always have a unique solution. In fact this happens if and
only if u ∈ N , due to the compatibility condition. Secondly, since N is not a manifold
(unless α 6= 0) we cannot require the map Φ : u 7→ Φ(u) to be of class C1 in N . The idea
is then to extend such a map Φ, possible in view of the next two results.

Proposition 4.8. For every w ∈ L6/5(Ω) there exists a unique L(w) ∈ Ṽ solution of





−∆ϕ +∆2ϕ− q(x)w + w = 0 in Ω,

∂
n
ϕ = ∂

n
∆ϕ = 0 on ∂Ω,∫

Ω

ϕdx = 0

and the map L : L6/5(Ω) −→ Ṽ is linear and continuous, hence of class C∞.
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Proof. The weak solutions to the problem are functions ϕ in the Hilbert space Ṽ such that

∫

Ω

∆ϕ∆vdx+

∫

Ω

∇ϕ∇vdx−

∫

Ω

q(x)wvdx = 0 ∀v ∈ Ṽ ,

so the result follows by applying the Riesz Theorem, in fact the bilinear form b : Ṽ ×Ṽ → R

given by

b(ϕ, v) =

∫

Ω

∆ϕ∆vdx+

∫

Ω

∇ϕ∇vdx.

is nothing but the scalar product in Ṽ .

From well-known properties of Nemytsky operators (see e.g., [3]) the following propo-
sition holds.

Proposition 4.9. The map

u ∈ L6(Ω) 7→ q(x)u2 ∈ L6/5(Ω)

is of class C1.

As a consequence the map

Φ : u ∈ H1
0 (Ω) 7→ L(q(x)u2) ∈ Ṽ

is well defined and Φ(u) = Φ(−u) = Φ(|u|). Moreover, for every (u, ϕ) ∈ H1
0 (Ω) × Ṽ we

have that ϕ = Φ(u) if and only if for every η ∈ Ṽ

∫

Ω

∆ϕ∆ηdx+

∫

Ω

∇ϕ∇ηdx =

∫

Ω

q(x)u2ηdx.

By choosing in particular η = Φ(u) we have

∫

Ω

(∆Φ(u))2dx+

∫

Ω

|∇Φ(u)|2dx =

∫

Ω

q(x)u2Φ(u)dx. (38)

Consequently,

‖Φ(u)‖2
Ṽ
≤ |q|∞

∫

Ω

u2Φ(u)dx ≤ c|u|24|Φ(u)|2 ≤ c|∇u|22|∇Φ(u)|2 ≤ c|∇u|22‖Φ(u)‖Ṽ

so that
‖Φ(u)‖Ṽ ≤ c|∇u|22. (39)

This means that Φ is a bounded nonlinear map, namely it sends bounded sets on bounded
sets. A further property is given here.
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Lemma 4.10. If un ⇀ u in H1
0 (Ω), then

∫

Ω

q(x)u2nΦ(un)dx→

∫

Ω

q(x)u2Φ(u)dx.

Moreover, the map Φ is compact.

Proof. Let un ⇀ u in H1
0 (Ω) and define the operators Bn, B : Ṽ −→ R by

Bn(η) :==

∫

Ω

q(x)u2nηdx, B(η) =:=

∫

Ω

q(x)u2ηdx.

In virtue of the Hölder inequality it is easily seen they are continuous; in fact
∣∣∣∣
∫

Ω

q(x)u2ηdx

∣∣∣∣ ≤ |q|∞|u|
2
4|η|2 ≤ c|∇η|2 ≤ c‖η‖Ṽ

where c just depends on u. Analogously it can be verified the continuity of Bn.
Due to the compact embedding of H1

0 (Ω) into L
p(Ω) for p ∈ [1, 6), we get u2n → u2 in

L6/5(Ω). Recall that H1
0 (Ω) →֒ Lr(Ω) for r ∈ [1, 6], with compact embedding if r < 6.

Hence un ⇀ u in Lr(Ω) for all r ∈ [1, 6], hence {un}, and consequently {un + u} are
bounded. So u2n → u2 in L6/5(Ω). Indeed:

∫

Ω

(u2n − u
2)6/5dx =

∫

Ω

(un − u)
6/5(un + u)6/5dx

≤ |(un − u)
6/5|2|(un + u)6/5|2

≤ c

∫

Ω

(un − u)
12/5dx→ 0.

Then

|Bn(η)− B(η)| ≤ |q|∞|u
2
n − u

2|6/5|η|6 ≤ c|q|∞|u
2
n − u

2|6/5‖η‖Ṽ .

This implies that

‖Bn − B‖ ≤ sup
η 6=0

c|u2n − u
2|6/5‖η‖Ṽ
‖η‖Ṽ

→ 0,

namely Bn → B as operators in Ṽ .
On the other hand, we have that Φ(un) ⇀ Φ(u) in Ṽ . Indeed, let g ∈ Ṽ

′

. Then there

is some vg ∈ Ṽ such that

(g,Φ(un)) =

∫

Ω

∇Φ(un)∇vgdx+

∫

Ω

∆Φ(u)∆vgdx =

∫

Ω

q(x)u2nvgdx.

But then

(g,Φ(un))− (g,Φ(u)) =

∫

Ω

q(x)(u2n − u
2)vgdx ≤ |q|∞|u

2
n − u

2|2|vg|2 → 0,
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since u2n → u2 in L2(Ω) as well. We then conclude that
∫

Ω

q(x)u2nΦ(un)dx→

∫

Ω

q(x)u2Φ(u)dx

and by (38) that ‖Φ(un)‖Ṽ → ‖Φ(u)‖Ṽ . As a consequence Φ(un)→ Φ(u) in Ṽ .

Note that for every u ∈ N we have that F ′
ϕ(u,Φ(u)) = 0. Indeed, Φ(u) is the unique

solution to the problem in Proposition 4.8 with w = q(x)u2.
At this point we are in position to define the reduced functional of a single variable:

J : H1
0 (Ω)→ R, u 7→ F (u,Φ(u)).

With the notation ϕu = Φ(u) the functionl J is explicitly given by (recall (38))

J(u) =
1

2

∫

Ω

|∇u|2dx+
1

2

∫

Ω

q(x)(ϕu + χ)u2dx−
1

p

∫

Ω

|u|pdx

−
1

4

∫

Ω

(∆ϕu)
2dx−

1

4

∫

Ω

|∇ϕu|
2dx−

α

2|Ω|

∫

Ω

ϕudx

=
1

2

∫

Ω

|∇u|2dx+
1

4

∫

Ω

q(x)(ϕu + χ)u2dx−
1

p

∫

Ω

|u|pdx.

The functional J is of class C1 on H1
0 (Ω) and even. Moreover, for every u ∈ M we

have that

J ′(u)[v] = F ′
u(u, ϕu)[v] + F ′

ϕ(u, ϕu)[Φ
′(u)[v]] = F ′

u(u, ϕu)[v] ∀v ∈ H
1
0 (Ω)

and hence we deduce the following variational principle.

Theorem 4.11. The pair (u, ϕ) ∈M × Ṽ is a critical point of F constrained on M × Ṽ if
and only if u is a critical point of J |M and ϕ = Φ(u).

4.4 Proof of the main result

We recall the following useful result.

Lemma 4.12 ([34, Lemma 3.1]). Let D be a regular domain of RN and

1 ≤ s ≤ N,

s < p < s∗ =
Ns

N − s

and

0 < r ≤ N

(
1−

p

s∗

)
.

Then there exists a constant C > 0 such that for every u ∈ W 1,s(D) it holds that

|u|pp ≤ C‖u‖p−r
W 1,s|u|

r
s.

26



Normalized solutions for Schrödinger-Bopp-Podolsky systems in bounded domains

Remark 4.13. If D is bounded, then the conclusion of the lemma is true also in the case
p ∈ [1, s] with r < p. Furthermore, if D is bounded and u ∈ W 1,p

0 (D), then, by Poincaré
inequality,

|u|pp ≤ C|∇u|p−r
s |u|

r
s.

The following lemma gives the existence of solutions to our modified problem.

Lemma 4.14. The functional J on M is weakly lower semicontinuous and coercive. In
particular, it has a minimizer u ∈M and it can be assumed positive.

Proof. We have

J(u) =
1

2

∫

Ω

|∇u|2dx+
1

4

∫

Ω

(∆ϕu)
2dx+

1

4

∫

Ω

|∇ϕu|
2dx+

∫

Ω

q(x)χu2dx−
1

p

∫

Ω

|u|pdx

≥
1

2

∫

Ω

|∇u|2dx− |qχ|∞ −
1

p

∫

Ω

|u|pdx.

Finally, we apply Lemma 4.12 with s = 2 and N = 3. Since p ∈ (2, 10/3) it holds that

p− 2 < 3

(
1−

p

6

)
< 2

and we can choose

p− 2 < r < 3

(
1−

p

6

)
,

so that by Lemma 4.12 it follows that

1

p

∫

Ω

|u|pdx ≤ c|∇u|p−r
2 .

Hence,

J(u) ≥
1

2

∫

Ω

|∇u|2dx− |qχ|∞ − c
′|∇u|p−r

2

and thus J is coercive and bounded from below on M .
Now, let {un} ⊂ M such that un ⇀ u. Since M is weakly closed, u ∈ M . By

Lemma 4.10 we know that

1

4

∫

Ω

(∆ϕun
)2dx+

1

4

∫

Ω

|∇ϕun
|2dx→

1

4

∫

Ω

(∆ϕu)
2dx+

1

4

∫

Ω

|∇ϕu|
2dx.

We also know that u2n → u2 in L6/5(Ω) so
∫

Ω

q(x)χ(u2n − u
2)dx ≤ c

∫

Ω

|u2n − u
2|dx ≤ c|un − u|6/5 → 0.

Finally, the first and last terms are the norms of u in H1
0 (Ω) and L

p(Ω) (up to constants),
so they are weakly lower semicontinuous.

Thus J is weakly lower semicontinuous and the existence of the minimum follows by
standard results. Note that J(u) = J(|u|), the minimum can be assumed to be positive.
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For the existence of other critical points beside the minimum, we need the following.

Proposition 4.15. The functional J satisfies the Palais-Smale condition on M .

Proof. Let {un} ⊂M be a sequence such that

{J(un)} is bounded

and
J |′M(un)→ 0. (40)

By (40) there exist two sequences of real numbers {λn}, {βn} and a sequence {vn} ⊂ H−1

such that vn → 0 and

−∆un + q(x)(ϕn + χ)un − |un|
p−2un = λnun + βnq(x)un + vn (41)

where ϕn := ϕun
.

Since J is coercive and {J(un)} is bounded, we deduce that {un} is bounded in H1
0 (Ω).

Hence there exists u ∈ H1
0 (Ω) such that un ⇀ u, up to a subsequence. By the compact

embeddings and Lemma 4.10 we know that

un → u in Lp(Ω), ϕn → ϕu in H2(Ω). (42)

Moreover by the compact embedding of H1
0 (Ω) into L

2(Ω), M is weakly closed, and then
u ∈M . It only remains to show that un → u in H1

0 (Ω).
By (41) we have that

1

2

∫

Ω

|∇un|
2dx+

1

2

∫

Ω

q(x)(ϕn + χ)u2ndx−
1

p

∫

Ω

|un|
pdx− 〈vn, un〉 = λn + αβn. (43)

Now the left hand side above is bounded. We just check the second term: by (42) we infer

∣∣∣∣
∫

Ω

(
q(x)(ϕn + χ)u2n − q(ϕu + χ)u2

)
dx

∣∣∣∣ ≤ c

∫

Ω

|ϕn + χ| |u2n − u
2|dx+

∫

Ω

u2 |ϕn − ϕ| dx

= on(1),

where we are denoting with on(1) a vanishing sequence. Then the right-hand side of (43)
is bounded and we can assume that

λn + αβn = ξ + on(1)

with ξ ∈ R.
Then (41) becomes

−∆un + q(x)(ϕn + χ)un − |un|
p−2un − vn = (ξ + on(1))un − βn(q(x)− α)un. (44)
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Now, since u ∈ M we know that |u|2 = 1. This, together with the assumption
|q−1(α)| = 0 implies that (q(x) − α)u is not identically zero. Then we can choose a
test function w ∈ C∞

0 (Ω) such that

∫

Ω

(q(x)− α)uwdx 6= 0.

Multiplying (44) by w and integrating by parts we get

∫

Ω

∇un∇wdx+

∫

Ω

q(x)(ϕn + χ)unwdx−

∫

Ω

|un|
p−2unwdx

− 〈vn, w〉 − (λ+ on(1))

∫

Ω

unwdx = βn

∫

Ω

(q(x)− α)unwdx (45)

and using again (42) we see that every term in the left-hand side converges. Also, by the
weak convergence of {un},

∫

Ω

(q(x)− α)unwdx→

∫

Ω

(q(x)− α)uwdx.

This implies, coming back to (45), that {βn} is bounded, which in turn implies that {λn}
is bounded as well.

Applying (44) to un − u we get

∫

Ω

∇un∇(un − u)dx+

∫

Ω

q(x)(ϕn + χ)un(un − u)dx−

∫

Ω

|un|
p−2un(un − u)dx

− 〈vn, un − u〉 = (λ+ o(1))

∫

Ω

un(un − u)dx+ βn

∫

Ω

(q(x)− α)un(un − u)dx. (46)

Since (again by (42)) we have
∫

Ω

q(x)(ϕn + χ)un(un − u)dx→ 0, 〈vn, un − u〉 → 0,
∫

Ω

|un|
p−2un(un − u)dx→ 0, (λ+ o(1))

∫

Ω

un(un − u)dx→ 0

and

βn

∫

Ω

(q(x)− α)un(un − u)dx→ 0,

we conclude by (46) that |∇un|2 → |∇u|2 and so un → u in H1
0 (Ω).

Now we can give the proof of Theorem 1.2. By Proposition 4.4, M has compact,
symmetric subsets of genus k for every k ∈ N. Let n ∈ N. By Lemma 2.2 there exists
some k ∈ N depending on n such that

γ(Jn) = k.
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Let
Ak+1 =

{
A ⊂M : A = −A,A = A, γ(A) = k + 1

}

that we know is not empty by Proposition 4.4.
By the monotonicity property of the genus, any A ∈ Ak+1 is not contained in Jn, then

supA J > n and therefore
cn = inf

A∈Ak+1

sup
u∈A

J(u) ≥ n.

It is well known (see e.g., Szulkin [46]) that cn are critical levels for J |M and then there is
a sequence {un} of critical points such that

J(un) =
1

2
|∇un|

2
2 +

1

4

∫

Ω

q(x)(ϕn + χ)u2ndx−
1

p
|un|

p
pdx = cn → +∞. (47)

The critical points give rise to Lagrange multipliers ωn, µn and then, recalling the
decomposition ϕ = φ−χ−µ, to solutions (un, ωn, φn) ∈ H

1
0 (Ω)×R×H2(Ω) of the original

problem.
We show that it is also ‖un‖ → +∞, meaning that the solutions are more and more

“oscillating” in some sense. Since
∫

Ω

q(x)χu2ndx ≤ |qχ|∞,

and by (39) it is

‖ϕn‖Ṽ =

∫

Ω

(∆ϕn)
2dx+

∫

Ω

|∇ϕn|
2dx ≤ c|∇un|

2
2,

we infer that
|J(un)| ≤ (1 + c)|∇un|

2
2 + c′|∇un|

p
2 + |qχ|∞

and then {un} can not be bounded in H1
0 (Ω).

Note also that from J ′(un) = ωnun − µnq(x)un we get

|∇un|
2
2 +

∫

Ω

q(x)(ϕn + χ)u2ndx− |un|
p
p = ωn − µnα, (48)

that joint with (47) gives

+∞← cn < |∇un|
2
2 +

∫

Ω

q(x)(ϕn + χ)u2ndx− |un|
p
p = ωn − µnα.

In this way the proof of Theorem 1.2 is concluded.
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