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Filtering the linearization of the category of surjections

Geoffrey Powell

Abstract. A filtration of the morphisms of the k-linearization kF'S of the category
F'S of finite sets and surjections is constructed using a natural kKFI°’-module struc-
ture induced by restriction, where FI is the category of finite sets and injections.
In particular, this yields the ‘primitive’ subcategory kFS? ¢ kFS that is of inde-
pendent interest; for example, the category of kFS°-modules is closely related to
the category of kFA-modules, where FA is the category of finite sets and all maps.
Working over a field of characteristic zero, the subquotients of this filtration are iden-
tified as bimodules over kFB, where FB is the category of finite sets and bijections,
also exhibiting and exploiting additional structure. In particular, this describes the
underlying kFB-bimodule of kFSP.
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1 Introduction

The main player of this paper is kF'S, the k-linearization of the category F'S of finite sets
and surjections, where k is a field of characteristic zero. Representations of this category
(known as kF'S-modules here) and of its opposite are of significant interest. For instance,
kFS°P-modules play an important role in the application of Sam and Snowden’s Grobner-
theoretic methods [10]; Tosteson [12] has provided additional interesting information on
kFS°P-modules.

In addition, Pirashvili [3] proved that the category of kF'S-modules is Morita equivalent
to that of kI'-modules, where I is the category of finite pointed sets and pointed maps (this
does not require working over a field of characteristic zero). The category of kI'-modules
occurs in numerous situations; for instance, Pirashvili exhibited kI'-modules as the natural
coefficients for his higher Hochschild homology when working with pointed spaces. For
unpointed spaces, kI' should be replaced by kFA, where FA is the category of finite sets
and all maps. The interplay between these structures was investigated in the joint work
with Vespa [7], motivated by the joint work [8] on higher Hochschild homology evaluated
on wedges of circles. The latter was inspired by the work of Turchin and Willwacher [13].

The purpose of the current paper is to construct a (highly non-trivial) filtration of the
morphism spaces of kF'S and to investigate its properties. This is based upon the embed-
ding F'S C FA and the following observation: for a finite set X, there is a natural kFA°P-
module structure on kFS(—, X) such that the projection kFA(—, X) — kFS(—, X)) that
sends non-surjective maps to zero is a morphism of kFA°"-modules.

It follows that kFS(—, X) has a kFI°’-module structure given by restriction along
kFI® «— KFA°®, where FI C FA is the category of finite sets and injections. General
properties of kFI°?-modules then yield the exhaustive filtration:

0=LkFS™(—, X) C kFS°(—, X) C kFS'(—, X) CkFS*(—, X) C... CkFS(—, X) (1)

(see Corollary 3.14).
As an example, for a finite set U, kFS°(U, X) is the subspace of kFS(U, X) given by
the intersection of the kernels of the k-linear maps

KFS(U, X) — kFS(V, X)

given by the kFI°’-module structure of kFS(—, X), for non-bijective injections V < U.
Whilst elementary to define, determining H{FSO(U, X) as a k-vector space or, better still,
a k(Aut(U)°P x Aut(X))-module (where Aut(—) denotes the automorphism group), is not
easy.

There is more structure, which shows the significance of kFS®:
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Theorem 1.1. (Corollary 3.21.) The following properties hold:
1. XFS° forms a wide k-linear subcategory of kFS;

2. kF'S has the structure of a kFS° @ kFI°°-module and (1) is a filtration by kFS° ®
kFTI°?-modules.

Part of the interest of the k-linear category kFS? is that the category of kFS°-modules
is closely related to that of kFA-modules. The study of this relationship was initiated in [7]
and developed in [5]: a precise relationship with the category of kFA-modules is given
by the Morita equivalence result [5, Theorem 7.10], which is expressed using a k-linear
category that is closely related to kFS°.

Remark 1.2. A conceptual explanation for the relationship between kFS°® and kFA is pro-
vided in [6, Section 19] using relative nonhomogeneous Koszul duality a la Positselski [4].
This is based on the fact that every map between finite sets can be written as the com-
posite of a surjection followed by an injection; this induces an identification of the k-linear
category kFA as kFI ®pp kFS, equipped with composition defined using a distributive
law. Relative non-homogeneous Koszul duality then yields a DG k-linear category which
has underlying complex that identifies with the Koszul complex that is used in [7]. (This
approach is not exploited explicitly here.)

To study the filtration (1), we consider the filtration subquotients kFSY“~1 for each
¢ € N (for £ = 0, this subquotient is simply kFS°). By Theorem 1.1, these subquotients
are kFSY ® kFI°°-modules and the aim is to understand this structure. The first step is
to give a precise relationship between the higher filtration quotients and kFS°.

In Theorem 1.3 below, sgn, denotes the sign representation of the symmetric group &,
and S(,14) the simple representation of &, indexed by the partition (¢,1¢) (considered as
ak&,? -module). Then @, sgn, XS, 10y is considered as a kFB®kFBP-module. More-
over, Opper denotes the Day convolution product for kFB°P-modules (see Definition 3.1)
and triv, is the trivial k&, -representation, considered as a kFB°P-module.

We also use that kF'S is equipped with an augmentation kFS — kFB that sends non-
bijections to zero. Tensoring kFS® — kFB, the restriction of the above augmentation to
kFS°, with kFB®P yields the k-linear functor kFS° ® kFB® — kFB @ kFB°P.

Theorem 1.3 (Theorem 4.4). For { > 0, there is a short ezact sequence of kFS" @ kKFBP-
modules

0 — KFSYD 2 [FS® ©ppos trivg — P sen. B Sieaey = 0,
aeN

where the cokernel is a kFS® @ kFB°-module via restriction along the homomorphism
kFS° @ kFB® — kFB @ kFB.

The way in which the cokernel of #° appears is of interest; to explain this, we use
the skeleton of the category FA (and hence its wide subcategories) provided by the sets
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n={1,...,n}, for n € N. Taking b = £+ a and evaluating §° on (b, a), the map identifies
as a morphism of k(&, x &;”)-modules:

Oa(b) : kFS(b,a) — KFI@P),

The cokernel of this map identifies as sgn, XSy 14), by Theorem 2.8 and Lemma 2.7. Then,
by exploiting the kFS’-module structure, it is shown that, as a varies, this accounts for
all of the cokernel of 6.

Theorem 1.3 gives an explicit relationship between kFS and kFS® ®gges triv, where triv
is the constant kFB°P-module k, which encodes all of the triv,. Working up to isomorphism
in the category of kFB®-modules, — ®gger triv is invertible, which leads to:

Theorem 1.4 (Theorem 5.7). In the Grothendieck group of kFB @ kFB-modules, there
s an equality

IFS] + > (~1)"[sgn, B sgn;] = [KF'S] Orner (3 (~1)fsgn,]).

b>a>0 teN

This result is equivalent to [7, Theorem 3] which was established using different methods
(see Remark 5.1 for a brief explanation of the relationship). The current approach is
designed to give a quick derivation of this, working over a field of characteristic zero, that
also determines the higher filtration quotients.

As already indicated, the work of [7] was motivated in part by the study of the relation-
ship between kFS°-modules and the category of kFA-modules. The subtlety arises from
the exceptional behaviour of the simple kFA-modules indexed by the partitions of the form
(1*). This is behind the appearance of the terms sgn, in the statements of Theorems 1.3
and 1.4.

This exceptional behaviour is already apparent in the classification of the simple kFA-
modules given by Wiltshire-Gordon in [14]. (This classification is outlined very briefly in
Section 2.3 and is revisited in [5].) Moreover, Sam, Snowden and Tosteson [11] observed
that the classification is related to that of certain simple representations of the Witt Lie
algebra by Feigin and Shoikhet [1], where this exceptional behaviour is also apparent (see
Remark 2.9 for slightly more detail).

Remark 1.5. Throughout this paper, k is taken to be a field of characteristic zero. Given
that many of the results of [7] hold over an arbitrary commutative ring, it is natural to
seek to generalize the current results. Indeed, the construction of the filtration (1) can be
carried out over any such ring and Theorem 1.1 should also hold in this generality.

However, the proof of Theorem 1.3 depends upon k being a field of characteristic zero,
since it is based upon Theorem 2.8, the given proof of which exploits the behaviour of the
simple kFA-modules over a field of characteristic zero. It would be of considerable interest
to have a characteristic-free version of Theorem 2.8.
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2 Background

This section presents some background and introduces the main characters, namely
some familiar wide subcategories of the category of finite sets. The main objective is to
state and sketch the proof of Theorem 2.8 (which is proved in detail in [5, Section 6]); this
is the initial input for the proofs of the main theoretical results of the paper in Section 4.

Throughout k is a field of characteristic zero. Tensor products of k-vector spaces are
denoted simply by ®.

2.1 Basics

The symmetric group on b letters is denoted by &;. The hypothesis upon k allows us
to invoke the (semi-simple) representation theory of the symmetric groups in characteristic
zero. (Basics of the representation theory of the symmetric groups in characteristic zero
are covered, for example, in [2, Chapter 4].) The simple representations of &, are indexed
by the partitions A F b, with the corresponding simple module denoted by Sy. We use the
convention that the partition (b) indexes the trivial representation, triv, = Sp).

For a category C, the morphism sets are denoted either home(—, —) or C(—, —). The
k-linearization of C is denoted by kC; this has the same objects as C and morphisms
given by homye(—, —) := khome(—, —), also written kC(—, —). For f a morphism of C,
the corresponding morphism of kC is denoted [f]; such elements provide k-bases for the
morphism spaces. Moreover, this defines a faithful functor C < kC that is the identity on
objects.

If C is essentially small, one can consider the category of functors from C to Mody, the
category of k-vector spaces; this is sometimes denoted F(C). This is equivalent to the
category of k-linear functors from kC to k-vector spaces, which will be referred to here as
the category of kC-modules (rather than C-modules, as is common in the literature, since
we also consider k-linear categories that are not of the form kC).

The category F(C) is abelian and comes equipped with the tensor product induced
by that on k-vector spaces; namely, for functors F, G, their tensor product is defined by
(F®G)(X):=F(X)®G(X). Vector space duality induces D : F(C)°® — F(C°P) given
by DF(X) := homy(F(X), k). This restricts to an equivalence between the respective full
subcategories of functors taking finite-dimensional values.

The tensor product ®¢ : F(C?) x F(C) — Mody is defined as the composite of the
external tensor product X : F(C?) x F(C) — F(C°® x C) (which is simply given by
(FRG)(X xY)=F(X)®G(Y)) and the coend F(C° x C) — Mody.

A subcategory C’ of C is wide if it contains all the objects of C; a wide subcategory is
determined by specifying the morphisms that it contains.

2.2 The cast

The category FA of finite sets and all maps has skeleton {n | n € N}, where n is the
set {1,...,n} (understood to be () for n = 0). An obvious but useful fact is that, for finite
sets X and Y, FA(X,Y) is a finite set.
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The wide subcategories FS, FI, FB of FA are our main players, specified by their
classes of morphisms: surjections, injections, bijections respectively. These fit into the
commutative diagram of inclusions of wide subcategories:

FB——FI

FS——=FA.

Any map of FA factors (uniquely up to a morphism of FB) as the composite of a map of
F'S followed by one of FI.

Remark 2.1. Since FB is a groupoid, it is isomorphic to its opposite, FB®?. Thus the
category of kFB-modules is isomorphic to the category of kFB°P-modules. This is a global
form of the fact that, for b € N, the category of k&,-modules is isomorphic to the category
of k&;P-modules. This will be used to adjust variance, when necessary, without further
comment.

If f: X — Y is amap between finite sets that is not surjective, for any map g : U — X,
precomposing with g gives f o g that is not surjective. Likewise, if f is not injective, then
postcomposing with any map h : Y — Z gives h o f that is not injective. This implies the
following;:

Proposition 2.2. Let X be a finite set.

1. There is a unique kKFA-module structure on KFI(X, —) extending the canonical kKFI-
module structure such that the projection

kFA(X,—) — kFI(X, —)
sending non-injective maps to zero is a morphism of kKFA-modules.

2. There is a unique KEA°P-module structure on kFS(—, X)) extending the canonical
kFS°P-module structure such that the projection

kFA(—, X) —» kFS(—, X)
sending non-surjective maps to zero is a morphism of kKFA°P-modules.
3. Ewvaluating on X, these both yield the surjective morphism of k-algebras
kFA (X, X) — kAut(X)

induced by sending non-bijective maps to zero. This is split by the canonical inclusion
of k-algebras kAut(X) — kFA (X, X).
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For finite sets X, U,Y, the surjection kFA(—, X) — kFS(—, X) yields the following
commutative diagram corresponding to the kFA°P-module structures:

KFA(U, X) ® KFA(Y,U) —= kFA(Y, X)

: i

kFS(U, X) @ kKFA(Y,U) —=KkFS(Y, X).
Taking X =Y, this refines to
kFA(U, X) @ kKFA(X,U) —= kFA (X, X)

i i

KFS(U, X) ® KFI(X, U) —= kAut(X),

using the projection kFA (X, U) — kFI(X,U) to yield the left hand vertical arrow.
The lower horizontal map is compatible with the kFA-actions on kFS(—, X) and
KkFI(X, —) respectively, yielding the following:

Proposition 2.3. For a finite set X, composition in FA induces the morphism of kAut(X)-
bimodules:

kFS(—, X) ®@pa kFI(X, —) — kAut(X). (2)
Proof. Associativity of composition implies that, for a finite set U, the morphism
kFS(U, X) @ kFI(X,U) — kAut(X)

induced by composition and projection to kAut(X) is a morphism of kAut(X)-bimodules
for the obvious bimodule structures.

It remains to check that these induce a morphism kFS(—, X) ®@ga kFI(X,—) —
kAut(X) as claimed. This follows from the associativity of the composition in kFA to-
gether with the fact that the factorization observed above across the surjection of kFA-
modules kFA (X, —) — kFI(X, —) is canonical.

It is worth spelling this out. For composable morphisms f € FS(U, X), g € FA(V,U)
and h € FI(X,V), we require to prove that the images of ¢*[f] ® [h] and [f] ® g.[h]
in kAut(X) are the same, writing ¢* and g, to indicate the kFA°® and kFA-actions
respectively. Now, ¢*[f] = [f o g] if fog € FA(V,X) is surjective and zero otherwise;
likewise g.[h] = [go h] if go h € FA(X,U) is injective and zero otherwise. Similarly
fogoh € FA(X, X) has image [f o go h] in kAut(X) if f o g o h is a bijection and zero
otherwise. Now, the condition that fogoh is a bijection implies that fog is surjective and
that g o h is injective. It follows that the images of ¢*[f] ® [h] and [f] ® g.[h] in kAut(X)
are both equal to [f o goh] if fogoh is a bijection and both zero otherwise. O

We use this Proposition to construct the natural transformation ©x of equation (4).
This is used in Section 4, where it is essential input in the proof of Theorem 4.4, via
Theorem 2.8, the main result of this section, which identifies its cokernel.
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Corollary 2.4. For a finite set X,
1. by adjunction, (2) yields the morphism of kKFA°? @ kAut(X)-modules:
KFS(—, X) = homyaue(xyer (KFI(X, —), kAut(X)); (3)

2. the codomain of this morphism is isomorphic to DKFI(X, —) equipped with its canon-
ical KFA®P @ kAut(X)-module structure, hence (3) identifies as the morphism

Ox : kFS(—, X) — DKFI(X, —) = KFIX-) (4)
of kKFA°? @ kAut(X)-modules.
3. For a finite set U, ©Ox(U) identifies as
kFS(U, X) — KFI&U)

[f] = s,
seSec(f)

where Sec(f) C FI(X,U) is the set of sections of f € FS(U, X) and n;, is the dual
basis element to [s] € kFI(X,U).

Proof. The first statement is given by the standard adjunction, taking into account the
tensor product ®pa and the kAut(X)-bimodule structure.

The second statement follows from the general fact that, for a finite group G and a
right kG-module M, postcomposing with the k-linear map kG — k that sends [e] — 1
and [g] — 0 for g # e yields an isomorphism of left kG-modules:

homyger (M, kG) — homy (M, k),

where kG is considered as a kG-bimodule with respect to the left and right regular actions.
The inverse sends a linear map ¢ € homy (M, k) to the linear map M — kG defined by
T Y eq@(zg) @ [g71]. Since this is natural with respect to M, the second assertion
follows.

The explicit identification of O x follows immediately from this. O

Example 2.5. In the case U = X, O x(X) is the linear map kAut(X) — k() given by
[a] = ng-1. This is an isomorphism.

One can restrict the kFA°P-module structure of kFS(—, X) to give a kFI°’-module
structure, with structure morphism of kAut(X) ® kAut(Y)°P-modules:

kFS(U, X) ® kFI(Y,U) — kFS(Y, X).
Moreover, these factors across

The following is a counterpart of Corollary 2.4:
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Proposition 2.6. For finite sets U, X, Y, (5) yields the morphism of kAut(U)® @kAut(X)-
modules, by adjunction:

KFS(U, X) — homyauyyer (KFI(Y, U), KFS(Y, X)).

When X =Y, this identifies with (3) evaluated on U, with the inherited kAut(U)°P-
action.

2.3 The cokernel of ©®

For compatibility with later notation, here we take X to be a (for some a € N) and
consider the natural transformation (4)

Oa : kFS(—,a) — DkFI(a, —)

of kFA? ® k&, ,-modules.

The kFA°P-module structure is useful here. Simple kFA-modules are understood by
the work of Wiltshire-Gordon [14], in particular his classification [14, Theorem 5.5]. (This
theory has been revisited in [5, Section 6], with the classification stated as [5, Theorem 6.6].)
By dualizing, one obtains the classification of the simple kFA°P-modules. We require a
few details, as sketched below (for more details, see [5, Section 6]).

The standard projective kFA-module P; := kFA(1,—) identifies with the functor
X — kX. There is a natural transformation P; — k to the constant functor with value
kring induced by the canonical map X — % to the final object of FA. The kernel is
denoted P, which lives in the short exact sequence

0—=P—P —-k—0,

where k C k is the subfunctor supported on non-empty sets. This short exact sequence
does not split: both P and k are simple kFA-modules, whereas neither are projective.
For each t € N, one can form the kFA-module A*(P) by post-composing with the tth
exterior power functor; by convention, A°(P) is taken to be k. For each ¢, A*(P) is a simple
kFA-module.
The inclusion P — P; induces A*(P) < A'(Py) which (for ¢ > 0) fits into the short
exact sequence

0 — AY(P) <= AY(P) — A™Y(P) — 0.

Lemma 2.7. For a € N, the underlying kS,-module of A*(P)(b) is isomorphic to S(p—q 10)
if b > a and 0 otherwise.

Proof. The case a = 0 is immediate, using the convention A°(P) = k. Hence, suppose
that a > 0.

First consider A“(Py)(b) = A*(kb). This is zero if a > b. Otherwise one checks that
it identifies with the k&,-module (sgn, X triv,_,) Tgix&yﬂg S—a,19) D S(p—at1,10-1), Where
the identification follows from the Pieri formula. (The Pieri formula is a special case of
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the Littlewood-Richardson rule; an equivalent version in terms of the associated Schur
functors is stated in [9, Section 1.1], for example.)

The result then follows from an obvious induction on a using the above short exact
sequence. [

The following result is the dual of [5, Proposition 6.11]. The proof is sketched here, for
completeness.

Theorem 2.8. For a € N, the natural transformation O, fits into an exact sequence of
kFA°? @ k&, ,-modules:

kFS(—,a) =% DKkFI(a, —) — DA%(P) Ksgn, — 0.
In particular, the cokernel of O is a simple KFA°? @ k&, ,-module.

Proof. The key point of the proof is the identification of kFI(a, —) as a kFA ® k&SoP-
module.

Consider the surjection kFA(a, —) — kFI(a,—) of kFA-modules given by Proposi-
tion 2.2. As a kFA-module, kFA (a, —) is isomorphic to PP, hence the inclusion P C P,

induces P~ C kFA (a,—). Composing these gives the morphism of kFA ® k&°P-modules:
P = kFI(a, —).

One shows (see [5, Proposition 6.1]) that the image of this map is semisimple and is
isomorphic to
P (Fl(a,-) e, SRS, @ AY(P)Rsgn,.
A-a
A#(19)
The cokernel of the map is the simple object A®~1(P) X sgn,.

By [5, Theorem 6.6], the simple kFA-modules kFI(a, —)®g, Sy (A # (1%)) and A*~(P)
vanish on evaluation on n with n < a and are detected by evaluation on a. Likewise
AY(P)(n) = 0 for n < a and A%(P)(a+ 1) # 0. On dualizing, one obtains the structure
of DkFI(a,—) (cf. [5, Corollary 6.7]) with composition factors satisfying the analogous
vanishing and detection properties.

By Example 2.5, ©, is an isomorphism when evaluated on a. Hence, by the above
discussion, to prove the result, it suffices to show that it is not an isomorphism evaluated
on a + 1. This is a straightforward calculation. O

Remark 2.9. The structure of kFI(n, —), for n € N, can also be deduced from the work of
Feigin and Shoikhet [1], in which they consider certain simple representations of the Witt
Lie algebra. To do this, one uses the relationship between polynomial representations of the
Witt Lie algebra and kFA°P-modules that was established by Sam, Snowden and Tosteson
in [11], where the relationship with the results of [14] is indicated in [11, Section 1.7].
Now, in [1, Section 3.1], Feigin and Shoikhet consider representations of the Lie alge-
bra W,, of polynomial vector fields on an n-dimensional vector and its sub Lie algebra W?
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of vector fields vanishing at the origin, which is equipped with a surjection W? — gl .
The proof of their classification theorem [1, Section 3.1] gives the structure of the coin-
duced module homyy,)(U(W?), gl,,). We claim that this corresponds to the structure of
kFI(n, —) via the results of [11].

Example 2.10. When a = 0, one identifies kKFS(—, 0) = ko, the kFA°P-module with value
k supported on 0. Likewise, DKFI(0, —) identifies as the constant kFA°°-module with
value k. The morphism B fits into the short exact sequence of kFA°-modules:

0>k Bk k-0,

where k is k supported on non-empty finite sets. (We stress that this is in kFA°P-modules,
as opposed to kFA-modules; to be consistent with previous notation, these modules should
be denoted Dk, Dk, and Dk respectively.) Now, k identifies as DA°(P) (by our conven-
tion) and is simple; evaluated on b with b > 0, the corresponding k&, -representation is
the trivial representation trivy, = Sp).

3 Filtering kFI°’-modules

The purpose of this section is to introduce the natural filtration of the morphisms of
KkFS that interests us, by exploiting the kFI°*-module structure introduced in Section 2.
This allows us to introduce the wide k-linear subcategory kFS® of kFS in Corollary 3.21,
the main result of the section.

3.1 Defining the filtration

In this section, we show that a kKFI°’-module has a natural filtration.
We start by recalling the Day convolution product on kFB®P-modules:

Definition 3.1. Let Ogpger be the Day convolution product on kFB°P-modules that is given
by
M Oppr N: S € M(S) @ N(S,),
S111S5=S
where the sum is indexed by ordered decompositions of the finite set .S into two subsets

(S1,52).

This defines a symmetric monoidal structure on kFB°P-modules, with unit kg, the
module supported on 0 with value k.

Remark 3.2. It is well known that the category of kFI-modules can be described as a
category of modules in the category of kFB-modules equipped with the corresponding
Day convolution product. For example, via the Schur correspondence (as explained in [9]),
this description of kFI-modules is given by [9, Proposition 1.3.5].

There is an analogous description of kFI°?-modules as a category of comodules, working
in the symmetric monoidal category (F(FB), ©pper, ko). Write triv for the constant

11
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kFB°P-module with value k. This has the structure of a bicommutative Hopf algebra in
kFB°P-modules; in particular, triv has an underlying coaugmented coalgebra structure.
One can thus consider the category of triv-comodules. Objects are kFB°?-modules M
equipped with a structure morphism M — M GOgpger triv that satisfies the appropriate
axioms.

The filtration of a kFI°’-module that we construct below can be identified with the
primitive filtration associated to this comodule structure.

For a kFI°°-module M and a pair of finite sets (X,Y’), one has the structure map
M(Y) ®auwy) KFI(X,Y) — M(X) and this is kAut(X)°P-equivariant. By adjunction,
this gives the kAut(Y')°P-equivariant morphism

M(Y') = homyaus(x)er (KFI(X,Y), M(X)). (6)
We first define the filtration at the level of sections:

Definition 3.3. For a kFI°*-module M, an integer t € NU {—1}, and a finite set Y, let
MY Y) € M(Y) be the largest sub k-vector space such that the composite

MYy c M) ™Y M(x)

is zero for each (X, i), where X is a finite set with |Y| —|X|=¢+ 1 and i € FI(X,Y).

Since FA has a skeleton with objects indexed by their cardinality, one has the following
identification:

Lemma 3.4. For a kFI®®-module M, t € NU{—1}, and a finite set Y :
1 if [Y| <t, then MY(Y) = M(Y);
2. if |Y| > t, then
MY(Y) = ker (M(Y) — homypu(xye (KFI(X,Y), M(X))),

where X is some object with |Y| — | X| =1t + 1.
In particular, M'(Y) is a sub kAut(Y")°P-module of M(Y').
This provides the desired filtration, by the following:
Proposition 3.5. Let M be a KFI°?-module.
1. Fort e NU{-1}, Y = MY (Y) yields a sub KFI°*-module of M.
2. The subobjects Mt form a natural, increasing filtration of M by sub kFI°®-modules:
O=M'CM'CM'CM*C...CM

and this filtration is exhaustive.

12
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Proof. Tt is clear from the definition that the construction of M*(Y) C M(Y) is natural
with respect to M.

We next establish that, if ¢ < £, then M*(Y) C M*(Y). Let i : X < Y be any injection
with |Y] — |X| = ¢+ 1. Since t < ¢ by hypothesis, there exists a factorization of i of the

form X <5 X' &% Y with Y| —|X'|=t+ 1. Thus M(i) = M(i") o M (i), from which one
deduces that M (Y) lies in M*(Y).

To prove that the construction M* yields a submodule of M, we require to show that,
for any j : U < Y the image of M'(Y) € M(Y) & M(U) lies in M*(U). If |U| < t, by
Lemma 3.4, M'(U) = M(U) and there is nothing to show. In the case |U| > t, consider
any i : V — U with |U| — [V| =t + 1; the composite V <> U < Y has Y|—=|V|=¢+1
for some ¢ > t. It follows that the composite

MYy < MUY € My) MY vy MY avy

is zero, by the definition of M‘(Y), where the first inclusion is given by the previous
argument. This holds for any such 4; thus, by the definition of M*(U), the image of M*(Y)
in M(U) lies in M*(U).

The identification of M~ is immediate, since any i : X < Y with |Y| = | X]| is neces-
sarily a bijection. The fact that the filtration is exhaustive follows from the identification
MY Y)=M(Y)if t > |Y| given in Lemma 3.4. O

There is an augmentation kFI — kFB that sends all non-bijective maps to zero.
Restriction along the (opposite of the) augmentation gives an exact functor from kFBP-
modules to kFI°’-modules with essential image the full subcategory of kFI°’-modules on
which all non-bijective injections act by zero.

We have the following interpretation of M — M on kFI°*-modules.

Proposition 3.6. The association M +— M° defines a functor from KFI°-modules to
kFB°?-modules. It is a right adjoint to the above restriction functor.
The adjunction counit identifies as the natural inclusion M° < M of kFI°®-modules.

Proof. By definition, for a kFI°°-module M, M? is the largest submodule of M with the
property that M?°(i) is zero for every non-bijective injection i. Thus M — MY induces a
functor from kFI°’-modules to kFB°P. Moreover, it is immediate that this is right adjoint
to the restriction functor and that the adjunction counit corresponds to the canonical
inclusion M — M. O

Remark 3.7. The submodule M? corresponds to the primitives of M when considered as
a comodule in kFB°P-modules (see Remark 3.2).

3.2 Relating terms of the filtration

In this section, we use the kFI°’-module structure of M to provide further relations
between the terms M? of its filtration. For this, we introduce the following:

13



Geoffrey Powell

Notation 3.8. For n € N, set

FI(X,Y) |Y]-|X|=n

[n] -
FI™(X,Y) = { 0 otherwise.

Remark 3.9. Forgetting structure, we may consider kFI as a kFB-bimodule. By con-
struction kFI™ is a sub kFB-bimodule and there is an isomorphism of kFB-bimodules

kFI =, KFIM™. Observe that kFI identifies as kFB. This provides an N-grading
of the morphisms of the k-linear category kFI.

We can form homjpger (]kFI["}, M) for any kFB°?-module M. The following is imme-
diate:

Lemma 3.10. For M a kFB®?-module and n € N, the underlying KEFB-module structure
of KFI™ induces a natural kKFB°P-module structure on homkFBop(]kFI[”], M).
Fvaluated on Y, if |Y| < n, this is zero; otherwise it is isomorphic to

hom]kAut(X)OP (]kFI(Xv Y)v M(X))7
where X is a set of cardinality |Y| — n.

We identify hom]kFBop(]kFI["], —) using the Day convolution product @pger that was
recalled in Definition 3.1.

For n € N, we consider the trivial k&,,-module triv,, as a kFB°?-module supported on
sets of cardinality n. Hence, for any kFB°’-module M one can form the kFB°’-module
M Opper triv,,.

Lemma 3.11. For M o kFB°P-module, there is a natural isomorphism of kFB°P-modules
homypger (KFI™, M) 2 M Gpges triv,,.

Proof. If b < n, then homygger (KFIM (= b), M) and (M @gger triv, )(b) are clearly zero.
It remains to treat the case b > n; set a := b —n.
By Lemma 3.10, there is an isomorphism of k&;”-modules:

homygger (KFIM(— b), M) 2 homyger (KFI(a, b), M(a)).

Consider the Young subgroup &, x &,, C &, corresponding to the canonical inclusion
a C b, using that b\a = n. The k&% ® k&,-module kFI(a,b) identifies as the permu-
tation module k(S,/6,,), where kS, acts on the right via the inclusion &, C &;. From
this one deduces the isomorphism:

homyger (kFI(a, b), M(a)) = homys, xe,)or (kSp, M(a) M triv,)).

Since, for finite groups, induction is isomorphic to coinduction, this provides the natural
isomorphism:

homyeer (KFI(a, b), M(a)) = (M(a) K triv,) Que,xs.) kS

The right hand side is naturally isomorphic to (M Opper triv,,)(b), as required. O

14
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Remark 3.12. Suppose that M is a kKFI°’-module. Fixing the difference of the cardinalities

Y| — |X| = n, for some n € N, the structure maps (6) assemble to define a natural
transformation of kFB®’-modules
M — homygger (KFI™, M) (7)

using the restricted kKFB°P-module structure of M in the codomain.
By Lemma 3.11, this morphism can be rewritten as the morphism of kFB°’-modules
M — M Gpger triv,,. Since triv = @neN triv,, as kFB°’-modules, these assemble to the
structure morphism
M— M OFBer triv.

This is the structure morphism of the triv-comodule structure of Remark 3.2. The coasso-
ciativity and counit properties of this follow from the associativity and unit properties of
the kFI°?-module structure. This leads to the equivalence of Remark 3.2.

If M is a kFI°?-module, then, by Lemma 3.4, for t € NU{—1}, the underlying kFB°’-
module of M" is the kernel of the structure map (7) with n = ¢+ 1:

M — homygges (KFTH M.

Then Proposition 3.5 refines to:

Proposition 3.13. For M a kFI°-module and n € N, the structure map (7) restricts for
t € N to the natural map

M? — homypger (KFI™, M),

where M is taken to be zero if t —n < 0.
In particular, this yields the natural injection of KFB°P-modules:

M" /M™ ! < homypger (KFIM, M) 22 MO Opgor triv,. (8)

Proof. The first statement is proved by refining the proof of Proposition 3.5, taking into
account the cardinalities.
Since M is the kernel of M — homygger (KFI™, M), the transformation (7) factors
across the injection
M/M™ ' < homygger (KFIM, M).

Upon restriction to M™/M™! this yields the required injection; this takes values in
homygger (KFI™, M), by the first statement.
Naturality with respect to M is clear. O

3.3 Filtering kFS

By Proposition 2.2, for a fixed finite set X, kFS(—, X) has a kAut(X ) ® kFA°’-module
structure. Restricting along kFI C kFA, it follows that kFS(—, X) is a kAut(X) @ kFI°P-
module. The structure maps of this module, in the sense of the previous subsection, are
given by Proposition 2.6; these are used in defining the filtration in Corollary 3.14 below.

Proposition 3.5 together with Proposition 3.13 yield:

15
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Corollary 3.14. For a finite set X, the filtration of Proposition 3.5 gives an increasing,
ezhaustive filtration by sub kAut(X) @ kFI°®-modules:

0= KkFS(—, X) ! CKkFS(—, X)? C kFS(—, X)! CkFS(—, X)*C ... C kFS(—, X).
Moreover, the kFI°®-module structure induces an injection of

kFS(—, X)'/kFS(—, X)'™' < homygper (KFIY(—, —) kFS(—, X))
>~ kFS(—, X)" Opper triv.

We introduce the following notation (which is extended and refined in Notation 4.1):

Notation 3.15. Write kF'S° for kFS(—, —)°, so that kFS°(X,Y) = kFS(—,Y)°(X) for
finite sets X, Y.

Remark 3.16. The definition of kFS° can be made explicit as follows. For a,b € N, we
have

kFS’(b,a) := ker (kFS(b,a) » P LkFS(X,a)), (9)
XCb
|X|=b—1

where the map is defined by the kFI°’-module structure of kFS(—, a).
This coincides with H°(C(b, a)) that is studied in [7, Section 6], where C(b, a) is defined
in terms of the Koszul complex associated to the kFI°’-module kFS(—, a).

Forgetting structure, kF'S can be considered as a kFB-bimodule and kFS° is a sub
kFB-bimodule. The following is immediate:

Lemma 3.17. The inclusion kFB — KFS factorizes across kFS® to give the inclusion
kFB — kFS° of kFB-bimodules. This is an isomorphism when evaluated on (n,n), for
any n € N.

Remark 3.18. The structure of the kFB°P-bimodule kFS® is much richer than that of
kFB: the above inclusion is far from being a bijection, as is shown by the results of [7,
Section 6] (and can also be deduced from Theorem 5.7 below).

As stated in Remark 3.16, kFS°(b, a) identifies with H°(C(b, a)) of [7, Section 6]. The
latter is shown to be highly non-trivial by [7, Proposition 6.18], which gives a recursive
expression for the dimension of this vector space. Moreover, for positive integers b > a, [7,
Theorem 6.20] identifies the isomorphism class of this k(&;” x &,)-module.

Example 3.19. The following results are contained in [7, Section 6.
1. For a = 1, kFS°(b, 1) is isomorphic to k for b = 1 and is zero for b > 1.

2. For a = 2, kFS’(b, 2) is isomorphic (as a k(&;” x &y)-module) to k&, (with the
regular bimodule structure) for b = 2 and, for b > 2, to trivy, X sgn, if b is odd and
trivy X trivy if b is even.
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This can be seen as follows. If b > 2, a surjection f : b — 2 is uniquely determined by
the fibre f~!(1), which must be a subset ) C U C b; write fi; for the corresponding
surjection. Then, for b > 2, ]kFSO(b, 2) is one-dimensional, and a generator is given

by
> (=) f).

§CUCb

Indeed, it is straightforward to show that the vector space is at most one dimensional
and that the exhibited element lies in the kernel of (9). The identification of the
representation also follows from this.

The following result is the key input to Corollary 3.21:

Proposition 3.20. For finite sets X, Y, composition in KFS induces a morphism of KFIP-
modules:
kFS°(X,Y) ® kFS(—, X) — kFS(—,Y).

For ¢ € N, this restricts to a morphism of KFI°°-modules:
kFS°(X,Y) ® kFS(—, X)* — kFS(—,Y)".

Proof. Recall that the kKFI°?-module structure on kFS(—, X) (respectively with Y in place
for X)) is the restriction of the kFA°P-module structure provided by Proposition 2.2, so
that the quotient map kFA(—, X) — kFS(—, X) is a morphism of kFA°’-modules and
hence, by restriction, of kKFI°’-modules (resp. for Y).

Now, using the inclusions kFS — kFA and kFI — kFA of wide k-linear subcate-
gories, for any finite sets A, B, associativity of composition in kFA yields the following
commutative diagram:

kFS(X,Y) ® kFS(B, X) ® kFI(A, B) —~ kFS(B,Y) ® kFI(A, B)

| |

KFS(X,Y) ® kKFA(A, X) kFA(A,Y),

In which the maps are given by the appropriate compositions, passing to the larger category
kFA where required.

The subtlety comes from the fact that the ‘action’ of kFS(X,Y") is not in general
compatible with the projections kFA(—, X) — kFS(—, X) and kFA(—,Y) - kFS(—,Y).
Namely, in general, the following diagram does not commute:

kFS(X,Y) ® kFA(A, X) — kFA(A,Y)

p e

KFS(X,Y) ® kFS(A, X) —= kFS(4,Y),

since a non-surjective map A — X may become surjective after composing with a surjection
X =Y.
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Restricting to kFS°(X,Y) c kFS(X,Y) resolves this issue. Namely, we claim that
the restricted diagram

kFS°(X,Y) ® kFA(A, X) —=KkFA(A,Y)

| i

kFS°(X,Y) @ kFS(A4, X) ——=KkFS(A,Y)

always commutes.

This is seen as follows. Write kFI for the kernel of the augmentation kFI — kFB that
is induced by sending the non-bijective maps to zero. One checks that the map induced
by composition in kFA

KFI(—, X) ®pp KFA(A, —) — KFA(A, X)

surjects to the k-linear span of the non-surjective maps from A to X.
Now, for any finite set U, the map induced by composition in kFA

kFS’(X,Y) @ kFI(U, X) — kFA(U,Y)

maps to the k-linear span of the non-surjective maps from U to Y, since the composite
with kFA(U,Y) — kFS(U,Y) is zero, by definition of kFS". The claimed commutativity
follows by putting these ingredients together, using associativity of composition in kFA.

Thus, after restricting to kFS°, one can paste the two commutative diagrams together
to obtain the commutative diagram

kFS°(X,Y) ® kFS(B, X) ® kFI(A, B) — kFS(B,Y) ® kFI(A, B) (10)
kFS’(X,Y) ® kFS(A, X) kFS(4,Y),

in which the vertical maps are given by the kFI°P-structure maps and the horizontal maps
correspond to the action of KFS"(X,Y). This establishes the first statement.

The second statement then follows from the naturality of the filtration of kFI°P-
modules, as stated in Proposition 3.5. O

This gives the following fundamental properties of the filtration of morphisms of kF'S,
in particular, highlighting the structure of kFS°.

Corollary 3.21.

1. The k-linear category kFS® is a wide k-linear subcategory of kF'S that contains kFB
as a wide Kk-linear subcategory;

2. kFS is a kFS® @ kFI°®-module.
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3. The filtration KFS(—, —)" is a filtration by kFS® ® kFI°°-modules.
4. The induced inclusion
KkFS(—, —)!/kFS(—, —)*' < homygper (KFI(—, —) kKFS°)
is a morphism of kFS® ® kFB°P-modules.

Proof. The first point follows by taking ¢ = 0 in the second statement of Proposition 3.20.
Then, knowing that kFS is a k-linear subcategory of kF'S, the commutative diagram (10)
implies that kFS is a kFS° @ kFI°P-module, using associativity of composition.

The remaining points follow from the naturality of the filtration of Proposition 3.5. [

4 The subquotients of the filtration of kF'S

The purpose of this section is to identify the subquotients kFS(—, —)¢/kFS(—, —)*!
of the filtration introduced in Section 3 as kFS° @ kFB°’-modules.

The main result is Theorem 4.4, which determines these subquotients in terms of kFS®.
This then leads to Corollary 4.6, which gives the explicit relationship between kFS° and
KkF'S that is exploited in Section 5 to calculate the underlying kFB-bimodule of kFS°.

4.1 Preliminaries
To simplify the notation, we introduce the following.
Notation 4.1. For / € N, denote by
1. kFS’ the kFS® ® kFB°-module kFS(—, —)* (by convention, set kFS™ := 0);
2. kFSY“V the quotient kFS‘/kFS‘!:
3. 0’ the morphism kFSY(1 homkFBop(]kFIm, kFS?) of Corollary 3.21.

For ¢,b € N, from the definition of kFI' one has that kFI¥/(—, b) is zero if ¢ > b and
otherwise is supported on c, where ¢ = b — £. Thus, evaluating 6° on (b,a), for a,b € N,
gives

kFS/“ (b, a) < homyeer (KF1¥(c, b), kFS’(c, a))

where c = b — /.
We first check the behaviour of the domain and codomain of #(b, a) for £ > b — a:

Lemma 4.2. Forl,a <beN,
1. if £ =b— a, then, as kS, ® k&,P-modules,
kFS*~(b,a) = kFS(b, a)

and
homygper (KFIP~9 kFS®)(b, a) = hom, (kFI(a, b), k).
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2. if £ > b—a, then KFSY“V(b,a) and hompger (KFI¥, kFS®) (b, a) are both zero.

Proof. For any n € N, kFS(n,a) vanishes if n < a. This implies the vanishing of
kFS‘(n,a), kFSY“ Y (n,a) and of kFS°(n, a) for any n.

The equality kFS"*(b,a) = kFS(b, a) follows directly from these observations (com-
pare Lemma 3.4 (1)). For the second isomorphism, using the identification of the support
of kFI=%(— b) given before the statement of the Lemma, we have

homypger (KFT™ kFS")(b, a) 2 homyger (kFI(a, b), kKFS’(a, a))

and kFS°(a,a) = kFS(a,a) = k&, by Lemma 3.17. The isomorphism in the statement
then follows, as in Corollary 2.4 (see the argument given in the proof of that result).

The equality kFS*~%(b,a) = kFS(b, a) implies that kFS“/“ (b a) = 0if £ > b — a.
Finally, hompger (KFI) kFS®)(b, a) identifies as homyger (KFT(c, b), kFS’(c,a)) with
c=b—{. If £ >b—a, then ¢ < a, hence kFS°(c,a) = 0, which gives

homygper (KFI¥, kFS®)(b,a) = 0,
as required. O

For a <b € N, taking ¢ = b — a, we may therefore form the composite

kFS(b, a) = kFS"%(b, a) — kFSC~-0/¢=a=1 (b 2y 7% pom, (KFI(a, b), k),  (11)
using the identification from Lemma 4.2 for the codomain.
Proposition 4.3. The composite (11) identifies with the natural transformation
O, : kFS(—,a) - DkFI(a,—)
of Corollary 2./ evaluated on b.
Proof. This is essentially tautological: both maps are defined by the same construction. [

4.2 The main result
Recall that 6° is the morphism of kFS® ® kFB°P-modules

KFSY“Y < homypge (KFIY, KFS?).

Using Lemma 3.11, the codomain identifies as KFS® ®ppor trivy. This has the structure
of a kFS" ® kFB°P-module: evaluating on a (considered as an object of kFS") gives the
kFB°P-module kFS°(—, a) ©pper trivy; a morphism of kFS?(a,a’) induces a morphism of
kFB-modules

kFS°(—, a) Opper trive — kFS’(—, &) Opper triv

by naturality of the convolution product.
Using this structure, #° identifies as a monomorphism of kFS® @ kFB°’-modules

0¢ : KFSY 1) s KFS® Opgor trivy.
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Theorem 4.4. For { > 0, there is a short ezact sequence of kFS® @ kFB°P-modules

0 — KFSY") 2 KFS Opgen trive — ED sgn, B S0y — 0,

aeN

where the cokernel is a kKFS® @ kKFB-module by restriction of its KFB ® kFB-module
structure using the augmentation kFS® c kFS — kFB.

Proof. To identify the underlying kFB-bimodule of the cokernel of §*, it suffices to consider
behaviour when evaluated on b € Ob kFB°?, for each b € N.
For fixed b, one has the morphism 6(b, —) of kFS°’ ® k&;P-modules

KFSY/(“"V(b, —) — (KFS” Opper trive) (b, —).

Evaluated on d € ObkFS°, by Lemma 4.2, for d > b—¢, both terms are zero and this is an
isomorphism. Thus, there can only be a non-zero contribution to the cokernel if b — ¢ > 0,
which we suppose henceforth.

Set a := b — (. Evaluated on (b,a), by Proposition 4.3 the cokernel of #‘(b,a) is
isomorphic to the cokernel of ©,(b). By Theorem 2.8 together with Lemma 2.7, this is
isomorphic to sgn, X S 1a) as a k&, ® k&, -module. As b varies, this will account for the
entire cokernel of 0, as shown below.

Namely, to conclude it suffices to show that §(b,d) is an isomorphism if d < b—/ (i.e.,
d < a for a as given). This is proved by using that 6 is a morphism of kFS®-modules, as
explained below.

One has the isomorphism of kFS°-modules

(KFS°® Opger trivg)(b, —) =2 kFS°(a, —) ®s, DkFI(a, b).

The right hand side (and hence the left) is clearly generated as a kFS’-module by its
values on a.

Since k has characteristic zero, the inclusion Image(©,(b)) — DkFI(a, b) induces the
inclusion of kF'S° ® k&;P-modules:

kFS’(a, —) ®g, Image(O,(b)) — kFS’(a, —) ®s, DkFI(a,b). (12)

Since @’ is a morphism of kF'S®-modules, it follows that kFS°(a, —) ®¢, Image(Oa(b)) lies
in the image of #‘(b, —), since this is true when evaluated on a. Thus, it suffices to show
that (12) is an isomorphism when evaluated on d for d < a.

By Theorem 2.8 and Lemma 2.7 (as above), the morphism (12) has cokernel

]kFSO(a, —) Rs, (sgna X S(Z,la)) = (]kFSO(a, —) Rs, sgna) X S(&la)

considered as a kFS” ® k&, -module.
Now, kFS? < kFS induces kFS%(a, —) ®g, sgn, — kFS(a, —) ®g, sgn,. A standard
and straightforward calculation shows that, for d < a, one has kFS(a,d) ®g, sgn, = 0.
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This implies that the cokernel of (12) is zero when evaluated on d for d < a, hence (12) is
an isomorphism for such d, as required.

The above shows that the underlying kFB-bimodule of the cokernel is isomorphic to
D.cnsen, X S 14y, which arises as @agN coker ©,(b), where b =a + {.

It remains to shows that the kFS"-module structure arises from the kFB-module
structure by restriction along the augmentation kFS® — KkFB; equivalently, that the
augmentation ideal of kFS" acts trivially.

For this, consider the contribution from @ € N and the action of a morphism of
kFS°(a,d) for d < a. Take b := a -+ {; naturality of §‘(b,—) gives the commutative
diagram:

¢ a
]kFSg/(Z_l)(b, a) o (ba) (]kFSO Opper trive)(b, a)

| |

kFSY D (b, d) (KFS° Opger trive) (b, d),

6%(b,d)

where the vertical maps are given by the kFS°-naturality. As established above, the lower
horizontal map is an isomorphism. Hence the induced map on the cokernel is zero. This
shows that the augmentation ideal acts trivially, as required. O

Remark 4.5. The case ¢ = 0 corresponds to the isomorphism kFS® 22 kFS° Opgor trivo.
It has not been included in the statement of Theorem 4.4 to avoid complicating the proof.
To treat the case ¢ = 0 requires modifying the argument to include the case b = a, for

which A*(P)(b) = 0 by Lemma 2.7.

If one forgets structure, by restricting from kFS° ® kFB°P-modules to kFB-bimodules,
one has the isomorphism kFS = @, KkFS*“~1_ Recall that triv is the constant kKFBP-
module k, which identifies as @, trivy. Using this, one has the isomorphism

kFS° GOppes triv & @ KkFS° GOpgor trivy.
eN

Theorem 4.4 thus has the following immediate consequence, showing how KkF'S is built
from kFS° as a kFB-bimodule (aka. kFB ® kFB°-module):

Corollary 4.6. There is an isomorphism of kFB @ kFB°P-modules
kFS°? Opper triv > kFS @ @ (sgna DX S(ma)).

aeN
0</leN

5 Calculating kFS° as a kFB-bimodule

In this section, we use Corollary 4.6 to calculate the underlying kFB-bimodule of kF'S°
in terms of kF'S (see Theorem 5.7). This then feeds back into Theorem 4.4 so as to yield
Corollary 5.8, which determines the underlying kFB-bimodule of all the subquotients of
the filtration of kF'S.
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Remark 5.1. Theorem 5.7 recovers [7, Theorem 3], which was established by using different
methods. Some explanation is necessary: by [7, Corollary 5.2 and Theorem 5.4], the
result [7, Theorem 3] corresponds to the calculation of H°(C(b,a)), which identifies with
kFS°(b, a), as observed in Remark 3.16.

The approach in [7] relies on calculating the cohomology of the complex C(b, a); this
complex is constructed using the kFI°’-module structure of kFS(—,a). The positive
degree cohomology of C(b, a) is sufficiently sparse and calculable that an Euler-Poincaré
characteristic argument allows H°(C(b,a)) to be calculated. Most of this argument can
be carried out working over an arbitrary commutative ring.

5.1 Recovering information from M ©gger triv

The proof of Theorem 5.7 is based on the fact that one can recover the isomorphism
class of a kFB°P-module M from M ®gpger triv, as stated explicitly in Proposition 5.5.
(This technique is also used in [5] (see [5, Section 8]); the details are outlined below so as
to keep the exposition self-contained.)

We work with isomorphism classes of objects and with virtual objects; to do so, we
pass to the Grothendieck group of kFBP-modules.

Remark 5.2. We only work with kFB°?-modules that take finite-dimensional values. Thus,
after evaluation on some finite set, all calculations reduce to studying finite objects. For
simplicity of exposition, such details have been suppressed.

Notation 5.3.
1. For a kFB°-module M, its class in the Grothendieck group is denoted [M].

2. For kFB®P-modules M, N, write [M] ®gper [N] for the element of the Grothendieck
group [M Opper NJ; this only depends on the classes [M], [V].

The following observation ensures that the infinite sum appearing in Proposition 5.5
only has finitely-many non-zero terms when evaluated on any n, hence is well-defined.

Lemma 5.4. For N a kFB®P-module and t € N, (N Opper sgn,)(n) =0 fort > n.

The following result shows how to recover [M] from [M Gppor triv]:
Proposition 5.5. For M o kFB®P-module, one has the equality:

(M) = 3" (~1)'[M Orger triv] Orpes [sgn] = [M Opper triv] Opger (Z(—l)t[sgntD .
teN teN
Proof. By associativity of ®pger, one reduces to the case M = k supported on 0.
The equality [k] = >, (—1)"[triv] ©pper [sgn,] is seen as follows. Evaluated on 0 one
recovers [k| from the right hand side. Thus, to conclude, for any n > 0, we require to show
that

n

> (=1)![triv,—] Opper [sgn,] = 0. (13)

t=0
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This can be checked by using the Pieri formula to calculate the k&¢P-representations
triv,_; Opper sgn, (cf. the proof of Lemma 2.7). O

Remark 5.6. Proposition 5.5 can be paraphrased as stating that the functor — ®gger triv
is invertible.

5.2 Recovering kFS°

Proposition 5.5 applies using Corollary 4.6 to calculate the isomorphism class of the
underlying kFB-bimodule of kFS°:

Theorem 5.7. In the Grothendieck group of kFB ® kFB°P-modules, one has the equality

LS|+ > (~1)" “[sgn, W sgny] = [KFS] o (Y (~1'lsen]).  (14)

b>a>0 teN

Proof. By Corollary 4.6, one has the equality in the Grothendieck group of kFB-bimodules:

[KFS® Opper triv] = [kFS] + Z [sgn, X .S(g,10)).

aeN
0</leN

Since Oppger is symmetric, Proposition 5.5 gives the equality

[KFS] Opper (Z(—l)t[sgntD Opge [triv] = [KFS).

teN

To conclude, we require to show that

Z [sgn, B.S(g,10)] + Z (—1)""%[sgn, X sgn,] ©pper [triv] = 0.
a€eN b>a>0
0<ZeN

Equivalently, for each ¢ > 0 and a € N, we require to show that

V(l, a) = [Sua)] + Z(—l)b_“[sgnb OFBer trive, p),

b>a

is zero, since we can neglect the common factor of sgn, & —.

This is proved by increasing induction upon a > 0, starting from the case a = 0, for
which V(¢,0) = 0 by (13). One has the identity sgn, ; Opper trivpe_1 = S(g10) © S(p—1,1041)
(where, for £ = 1, the second term is understood to be zero) by Pieri’s formula (cf. the
proof of Lemma 2.7), which gives the equality V(¢,a) = =V (¢,a+1). It follows inductively
that V(¢, a) vanishes for all a. O
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5.3 Identifying the higher subquotients of the filtration of kF'S

Theorem 4.4 yields the equality in the Grothendieck group of kFB ® kFB°P-modules
for £ >0

[KFS"“D] = [KFS°] Oppor [trive] — Y [sgn, K S(e,10)]. (15)

aeN
Hence, using Theorem 5.7, one can identify []kFSZ/ (5_1)] in terms of kFS:

Corollary 5.8. For 0 < ¢ € N, in the Grothendieck group of KFB ® kFB°P-modules, there
s an equality

[KFSY¢“V] = [KFS]® (Z(—l)t[trivz ® sgnt]> — Z (—1)""%[sgn, X (sgn, @ trivy)]
teN b>a>0
— Z[sgna X S(e,10)],
aeN

i which ©® denotes Opper.
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