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Skew braces, near-rings, skew rings, dirings

Alberto Facchini

Abstract. We introduce a new point of view to present classical notions related to
set-theoretic solutions of the Yang-Baxter equation: left skew braces, dirings, and left
skew rings. The idea is to replace the single multiplication on a left near-ring by two
operations, one associative and the other left distributive. Two algebraic structures
naturally appear: left skew rings and left weak rings, whose categories turn out to
be canonically isomorphic.
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1 Introduction

In this article, we develop, from a new point of view, classical notions connected to set-
theoretic solutions of the Yang-Baxter equation. Our aim is to highlight some properties
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concerning left skew braces, left near-rings, and left skew rings. The basic idea is to replace
an operation on an additive group (G, +) with the difference of two operations on (G, +),
one associative and the other left distributive. This is the same technique by which, given
a module M over a commutative ring k in which 2 is invertible, any k-bilinear operation
on M can be expressed as the sum of two k-bilinear operations, one commutative and the
other anticommutative.

Here, we start from the elementary notions related to left near-rings (Section 2). A left
near-ring is equipped with a multiplication operation that is associative and left distribu-
tive. (In this paper, whenever we say that a binary operation - on a group (G, +) is left dis-
tributive, we mean that the operation - is left distributive over +, that is, a-(b+c) = a-b+a-c
for every a, b, ¢ € G.) Examples of near-rings include the set M (G) of all mappings G — G,
where G is an additive group (these form a right near-ring), and the set B(G) of all binary
operations G x G — @G, again with G an additive group ([16, Theorem 1.2] and [19, Theo-
rem 2.4.5]). In particular, B(G) is a left near-ring with a two-sided identity. The identity is
the operation 7m; on G, where m;: G x G — G is the first projection, that is, the operation
defined by amb = a for every a,b € G (Section 4).

We consider all possible ways of expressing the operation m; as the difference of two
operations o and -, where o is a binary associative operation and - is a left distributive
operation. This naturally gives rise to two structures closely resembling that of a left near-
ring: left skew rings, defined in the same way as left near-rings except for the fact that
left distributivity is replaced by left skew distributivity; and left weak rings, also defined
as left near-rings except that associativity is replaced by left weak associativity. The two
categories of left skew rings and left weak rings turn out to be isomorphic (Theorem 4.5).

When braces appeared in the mathematical literature, they were considered a gener-
alization of (Jacobson) radical rings ([21] and [23]). The radical of any local near-ring is
a skew-brace [20, Section 5], and the skew-rings introduced in [20, Corollary of Proposi-
tion 1] are a common generalization of skew braces and (unital) near-rings in a very natural
way [20, Section 5|. The difference between our left skew rings (R, +, o) and those defined
by Rump is that we do not require the existence of a two-sided identity for the operation
O.

After completing this article, we became aware that a similar idea can also be found
in a recent paper by Bai, Guo, Sheng and Tang, concerning post-groups [1]. However,
the point of view in [1] is quite different from ours, particularly in regard to the idea of
expressing the identity operation 7 as the difference of an associative operation and a left
distributive one. Nevertheless, we chose to retain here the term “left weak associativity”
used by Bai, Guo, Sheng and Tang.

In this note, when we say “algebra” we mean “algebra” in the sense of Universal
Algebra, and we will sometimes denote algebras in an informal way. For instance, an
additive group will be denoted both in the form (G, 4, —, 0¢) as one usually correctly does
in Universal Algebra and in the more common form (G, +). Similarly, a (near-)ring will
be denoted in both forms (N,+,—,0y,) and (N, +,+). Also, when we say that a binary
operation - on an additive group (G,+) is “left distributive”, we mean that - distributes
over addition of the group G, i.e., that a(b+ ¢) = ab + ac for every a,b,c € G.
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2 Basic terminology on near-rings, skew braces and digroups

2.1 Left near-rings
Let N be a left near-ring, that is, an algebra (N, +, —, 0, -) for which

(a) (IV,+,—,0) is a (not-necessarily abelian) group;
(b) the binary operation - is associative; and
(c) left distributivity holds, that is, a(b+ ¢) = ab + ac for every a,b,c € N.

Here and in the following, whenever we have a binary operation -, we will denote the
product of a and b by either a - b or ab.

It is easily seen that an algebra (N, 4, —, 0, -) is a left near-ring if and only if (N, +, —, 0)
is a group, (N, -) is a semigroup and, for every a € N, the mapping p’: N — N, defined by
uN(b) = a-b for every b € N, is a group endomorphism of the group (N, +). Equivalently,
(N, +,—,0) is a group, (NN, -) is a semigroup, and the mapping p™¥: (N,-) = Endgy(N, +),
defined by p: a +— plY, is a semigroup morphism.

For a left near-ring, a0 = 0 and a(—b) = —(ab) always hold (because each pl' is
a group endomorphism of the group (N,+)), while 0Oa = 0 and (—a)b = —(ab) do not
necessarily hold. More precisely, the endomorphism ) : a € N + 0Oa is an idempotent
group endomorphism of the group (N, +), so that (N,+) decomposes as the semidirect
sum of the kernel ker(ud’) of " and its image ' (N). That is, every near-ring N can be
decomposed as a semidirect sum N = Ny x N, as an additive group, where

Ny :=ker(up))={a€ N|O0a=0}
is the 0-symmetric part of N and
N.:=puy(N)={0a|lae N} ={ae€N|Oa=at={a€ N|ba=aforallbe N}

is the constant part of N. Here, with the notation N = Ny x N,, we mean that N, acts on
Ny via the group morphism ¢: (N, +) — Autey(No, +) defined by ¢4(b) = a + b — a for
every a € N, b € Ny. Notice that (N, -,0) is a semigroup with right zero 0, and 0Oa is also
a right zero for (N, -) for every a € N. That is, N, is the set of all right zeros for (N, -).
Left near-rings form a semi-abelian variety that is pointed and ideal-determined, i.e.,
there is a natural one-to-one correspondence between congruences and ideals. Here:

Definition 2.1. An ideal A of a left near-ring (N, +, —,0,-) is a normal subgroup of the
group (N, +,—,0) such that ma € A and (a + m)n —mn € A for every a € A and every
m,n € N. (Notice that if A is a normal subgroup, then m + A = A +m for every m € N,
and therefore the condition “(a +m)n —mn € A for every a € A and every m,n € N” is
equivalent to “(m + a)n — mn € A for every a € A and every m,n € N”.)
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The subgroups Ny and N, are subnear-rings of NV, but the normal subgroup N of the
additive group N is not necessarily an ideal of the left near-ring N (see Example 2.2). A
left near-ring N is 0-symmetric if 0a = 0 for every a € N. Let us try to be very careful
with the semidirect-sum of left near-rings and the semidirect-sum decomposition of the
additive group N as N = Ny x N.. As we have already said, Ny is a normal subgroup
of the additive group N, not necessarily an ideal of N, and is a subnear-ring of N; and
N, is a subnear-ring of N, not necessarily a normal subgroup. This occurs because the
idempotent endomorphism p: N — N, whose kernel is Ny, and whose image is N, is an
additive group endomorphism, but not a left near-ring endomorphism in general (it need
not respect multiplication).

Example 2.2. Let us give an example of a left near-ring N that shows that Ny is not
necessarily an ideal of N and N, is not necessarily a normal subgroup of (N, +). Let G
be any non-abelian group, written additively, and consider the set M (G) of all mappings
G — G. If we write mappings on the right, then M(G) becomes a left near-ring whose
addition is point-wise addition and whose multiplication is composition. This is the most
standard example of a left near-ring, because every left near-ring is a sub-near-ring of M (G)
for some group G. It is easily seen that the idempotent endomorphism p9: M(G) — M(G)
associates to every mapping f € M(G) the mapping uo(f): G — G constantly equal to
(0)f. The kernel My(G) of pg is the 0-symmetric part of M(G). It consists of all mappings
f € M(G) such that (0)f = 0. The image of o, the constant part of M(G), is the
sub-near-ring M (G) consisting of all constant mappings G — G. Then My(G) is not an
ideal of M(G). For instance, let a be the identity mapping of G, so that a € My(G), and
m € M(G) any mapping G — G constantly equal to a non-zero element g € G. Then
(0)ma = (0)m = g, so ma ¢ My(G). This shows that My(G) is not an ideal of M(G). Let
us prove that M.(G) is not a normal subgroup of the additive group M(G). Since G is not
abelian, there exist two elements g, h € G with g+h # h+g. Let m € M(G) the mapping
G — G constantly equal to g, and a be the identity mapping of G. Then m € M.(G), but
a+m—a ¢ M.(G), because a +m — a is not constant, for instance

(0)(a+m—a) = (0)a+(0)m—(0)a = g and (h)(a+m—a) = (h)a+(h)m—(h)a = h4+g—h # g.
Hence M.(G) is not a normal subgroup of M(G).

We need some further basic notions concerning left near-rings, but since these notions
apply not only to near-rings, but more generally to any (2-group in the sense of Higgins,
in the next subsection we present these facts in the setting of {2-groups.

2.2 (-groups

All the algebras we consider in this paper (left near-rings, skew braces, digroups, left
skew rings, left weak rings, left dirings) are Q-groups (G,+,—,0,p, | a € Q) in the sense
of Higgins [14], that is, they are varieties of algebras which have amongst their operations
and identities those of the variety of groups and are pointed (i.e., they have exactly one
constant, the zero element of the group, which forms a one-element subalgebra; this simply
means that p,(0,0,0,...,0) =0 for every a € Q).

4
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Ideals of an Q-group (G,+,—,0,p, | a € Q) are defined in [14, p. 373] in a rather
technical way, making use of “ideal words”, but one easily sees [14, Theorem 4A] that
ideals of GG are the normal subgroups H of the additive group (G, +) such that

pa(gl;g% <oy 9i-1, h _'_givgi-i-l s 7gn) = pa(gl7927 s 7gn) (I'IlOd H)

for all operations p, of G (a € ), where n is the arity of p,, i = 1,2,...,n, h € H and
91,92, - - -, gn € G. Equivalently, ideals of G are the normal subgroups H of (G, +) for which
the corresponding congruence =g on the group G is compatible with all the operations p,,
a € §2; that is, the normal subgroups H of (G, +) for which the corresponding congruence
=y on the group G is a congruence of the algebra GG. That is, in other words, ideals of G
are the equivalence classes [0],, of the zero of the additive group G modulo some congruence
w of the algebra GG. One sees immediately that:

Lemma 2.3. Let (G,+,—,0,p, | a € Q) be an Q-group. There is a one-to-one corre-
spondence between the set of all congruences of the algebra G and the set of all ideals of

G.

Proof. It is well known that, for the group (G, +, —, 0), there is a one-to-one correspondence
® of the set Cg 4 of all congruences of the group G onto the set of all normal subgroups
of G. It associates with any congruence ~ of (G, +) the congruence class [0].. of 0 modulo
~. If we restrict this correspondence ® to the set C(g 4 p,) of all congruences of the algebra
(G, 4, —,0,p, | a € Q), we get a bijection of Cg 4 p,) onto its image ®(C(¢,+ p,))- It maps
any congruence w € C(q 4p,) to [0],. But, by definition, the image

P(CiG.1pa) = {[0lw | w € Ca it pa) }
is the set of all ideals of the algebra (G,+,—,0,p, | a € Q). O

The one-to-one correspondence in Lemma 2.3 is clearly order-preserving and order-
reflecting, so that it is a lattice isomorphism. It is easily seen that the sum of two ideals
and the intersection of any family of ideals of an Q-group G are ideals. (For the sum: If
H and K are two ideals of G, then H + K is a normal subgroup of (G, +). In order to
show that H + K is an ideal of the Q-group (G,+,—,0,p, | a € ), we must show that
the group congruence =g, is compatible with all the operations p,. To this end, it
suffices to show that if ¢1,...,9, € G and ¢g; = ¢/ (mod H + K) for some i = 1,...,n
and some g, € G, then p,(g1,...,91) = pa(915---, 9}y, 9n) (mod H + K). From g; = ¢,
(mod H + K), we get that ¢, = ¢g; + h + k for suitable elements h € H and k € K. Then

Palg1s -5 Gis- -1 0n) = Palgrs--- g+ hy o gn)  (mod H)

and
Pa(g1,- -y gi+hyo o 90) =pa(91,-- 9 +h+Ek, ... g,) (mod K),

that is,
pa(.gl?"'agi)“‘?gn)_pa(gla"'agi_l_h')"'agn) EH

b}



Alberto Facchini

and
pa(gla--'>gi+ha"'>gn)_pa(.gb'">gi+h+ka--'>gn) € K.

Summing up, we get that p,(g1,---,9i,---,9n) —DalG1,- -G +h+k,...,9,) € H+ K.)
Therefore in the complete lattice of all the ideals of an 2-group we have that HVK = H+ K
and HANK=HNK.

Let us assume that we have an idempotent endomorphism e of an €2-group given by
(G,+,—,0,pq | a € ), where endomorphism means an algebra endomorphism, that is, a
mapping e: G — G that respects both the addition + and all the operations p, (a € Q).
Then the kernel K of e, that is, the inverse image e~'(0) of 0, is an ideal of G, and the
image H := e(G) of e is a subalgebra of G, that is, a subgroup of (G,0,+, —) closed for
all the operations p,. Since the algebra endomorphism e is, in particular, an idempotent
group endomorphism of the group (G, 4+, —,0), we have that G has an inner semidirect-
product decomposition G = K x H as an additive group. A kind of converse also holds,
as the next proposition shows.

Proposition 2.4. Let (G,+,—,0,p, | a € Q) be an Q-group, e be an idempotent group
endomorphism of (G,+), and K and H be the kernel and the image of e respectively, so
that G = K x H as an additive group. The following two conditions are equivalent:

(a) The kernel K is an ideal of the algebra G and H is a subalgebra of G.

(b) e is an algebra endomorphism of (G,+,—,0,p, | a € Q).
More generally, we have the following result of Universal Algebra:

Proposition 2.5. Let A be an algebra and e: A — A be an idempotent mapping. Let ~. be
the equivalence relation on the set A defined, for every a,a’ € A, by a ~. ' if e(a) = e(d’),
and let B = e(A) be the image of e. The following two conditions are equivalent:

(a) ~ is a congruence of the algebra A, and B is a subalgebra of A.

(b) e is an algebra endomorphism of A.

Proof. (a) = (b) Suppose that (a) holds. In order to prove (b), we must prove that, for
any operation f € F' of the algebra (A, F), we have f(e(ay),...,e(a,)) =e(f(ai,...,a,)).
Here n is the arity of f and ay,...,a, € A. Now e = €2, so that, for each i = 1,2,...,n,
we know that e(a;) = e(e(a;)). Thus a; ~ e(a;). By the compatibility between f and ~.,
we get that f(a,...,a,) ~. f(e(ar),...,e(a,)). But B =e(A) is a subalgebra of A, thus
fle(ay),...,e(a,)) € B, so that e(f(e(ai),...,e(a,))) = fle(ar),...,e(a,)). Therefore
fle(ar), ... e(ay)) =e(f(e(ar),...,e(a,))) =e(f(ay,...,a,)), as desired.

(b) = (a) is trivial. O

Corollary 2.6. The following conditions are equivalent for an Q-group G, an ideal K of G
and a subalgebra H of G:
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(a) G=K+ H and KN H =0.

(b) For every g € G, there is a unique pair (k, h) € K x H such that g = k + h.

(c) For every g € G, there is a unique pair (', h) € K x H such that g =h+ k.

(d) There is an idempotent algebra endomorphism of G with kernel K and image H.
(e) There is an algebra morphism of G onto H that is the identity on H and has kernel K.

Proof. The equivalence of (a), (b) and (c¢) holds not only for Q-groups, but more generally
for all groups GG, normal subgroups K of GG, and subgroups H of G.

(a) = (d) follows from Proposition 2.4.

(d) = (e) = (a) are now trivial. O

If the equivalent conditions of Corollary 2.6 are satisfied, we say that the Q-group G is
the inner semidirect product of its ideal K and its subalgebra H.

Let (G, 4, —,0,p, | @ € Q) be an Q-group. It is well known that, for the group (G, +),
there is a one-to-one correspondence between the set of all group endomorphisms of G and
the set of all pairs (K, H) with K a normal subgroup of G, H a subgroup of G, K+ H =G
and K N H = 0. Restricting this correspondence to the set of all algebra endomorphisms
of G, one sees from Proposition 2.4, that there is a one-to-one correspondence between the
set of all algebra endomorphisms of G' and the set of all pairs (K, H) with K an ideal of
G, H a subalgebra of G, K+ H=G,and KN H =0.

Remark 2.7. T am grateful to Professor George Janelidze who has remarked that the results
in this subsection are true for any variety of Q2-groups, and not only for left near-rings, as I
had proved in a previous version of this paper. Let me stress here that, as far as semidirect
products are concerned, our terminology here and in our previous articles is different from
the terminology introduced by Bourn and Janelidze in [8]. In order to construct semidirect
products, they define actions of an object of a semi-abelian category on another object [8].
A more systematic theory of internal object actions was developed in [3].

We construct inner semidirect-product decompositions of any algebra A (in the sense of
Universal Algebra), making use of any subalgebra B of A and any congruence w on A such
that the intersection of B with any congruence class modulo w is a singleton [12]. Inner
semidirect-product decompositions A = B X w of an algebra A turn out to be in one-to-
one correspondence with the idempotent endomorphisms of the algebra A. In the case of
-groups, in which congruences correspond to ideals, the condition that the intersection
of B with any congruence class modulo w is a singleton is equivalent to BN K = 0 and
B + K = A, where K is the equivalence class of 0 modulo the congruence w. (The
equivalence class of any element g € G modulo w is the coset g + K.)

Outer semidirect products (or, better, semidirect-product extensions of B) are con-
structed from and parametrized by functors F': Cp — Set, from a suitable category Cp
containing B, called the enveloping category of B or the term category of B, to the category
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Set,. of pointed sets [12]. The objects of Cp are the n-tuples (by,...,b,) of elements of B,

with n > 1 and by,...,b, € B. A morphism (by,...,b,) = (c1,...,¢pn) in Cp is any m-
tuple (p1, ..., pm) of n-ary terms [9, Definitions 10.1 and 10.2] such that p;(by,...,b,) = ¢;
for every j = 1,2,...,m. The composition of morphisms is defined by

(qh cee 7%) o (plv cee 7pm> = (ql(ph s 7pm)7q2(p17 s 7pm)7 e '7q7‘(p17 s 7pm))

See [12, Section 4].

2.3 Left skew braces

Left skew braces are algebraic structures that have received considerable attention in
the past decade because of their relation with set-theoretic solutions of the Yang-Baxter
equation. A left skew brace [13] is a triple (A, +,0), where (A, +) and (A, o) are groups
(not necessarily abelian) such that

(left skew distributivity) ao(b+c)=(aob)—a+ (aoc)

for every a,b,c € A. Here —a denotes the inverse (opposite) of a in the group (A, +). The
inverse of a in the group (A4, o) will be denoted by a~!. It is easy to prove that in a left
skew brace the identities 1(4 4y and 1(4 ) of the two groups (A4, +) and (A, o) coincide.

Clearly, left skew braces (A, +,0) can be considered {2-groups in two possible ways,
using either (A, +) or (A, o) as “basic group structure”, but it is easy to convince oneself
that the most convenient way to view (A, +, o) as an Q-group is to use its additive structure
(A, +) as basic group structure.

A set-theoretic solution of the Yang-Bazter equation (Drinfeld [10]) is a pair (X, ),
where X is a set, r: X x X — X x X is a bijection, and the two mappings

(rxad)(id xr)(rxid): X x X x X - X x X x X

and
(idxr)(rxid)(idxr): X x X x X - X x X x X

coincide. It is convenient to write r(x,y) as (0,(y), 7,(x)) with o, 7,: X — X. A solution
(X, r) is non-degenerate if the mappings o, and 7, are bijective for every x € X. For every
left skew brace (A, +,0), the pair (A,r4), where 74 is the mapping

rat Ax A= Ax A, ra(ry)=(-z+(zoy),(—z+ (zoy)) loxoy)

is a non-degenerate set-theoretic solution of the Yang-Baxter equation. Conversely, if
(X, r) is a non-degenerate solution of the Yang-Baxter equation and G(X,r) denotes the
structure group of (X,r), defined as the group generated by the set {e, | z € X } and
relations e,e, = e,e, whenever r(z,y) = (u,v), there exists a unique skew left brace
structure on G(X, r) such that rgx (¢ x ) = (v x ¢)r. See [17, Theorem 9], [22, Theorem
2.7] and [21, Theorems 3.1 and 3.5].
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2.4 Digroups

A digroup [7] is a triple (D, +,0), where (D, +) and (D, o) are groups for which the
identities 1(p 1) and 1(p,) of the two groups (D, +) and (D, o) coincide. Hence, left skew
braces are digroups. For digroups, it is possible to define, for every element a of D, the
mapping A\?: D — D setting

MP(b) = —a+ (aob)

for every b € D. Then every AP is a bijection that sends 1 to 1, that is, every AL is an
automorphism of (D, 1) in the category Set, of pointed sets. The mapping

AP D — Autse, (D, 1), NP AP

is a morphism AP: (D, 1) — (Autse, (D, 1),Idp) in the category Set, of all pointed sets,
of (D, 1) into the automorphism group Autse, (D, 1) of all automorphisms of the pointed
set (D, 1). The digroup (D, +,0) turns out to be a left skew brace if and only if AP is a
group morphism of (D, o) into the group Autg,(D, +) or, equivalently, when A2 is a group
automorphism of the group (D, +) for all a € D.

The term “digroup” to indicate these algebraic structures was first used by Bourn
in [4], but digroups were noticed for the first time in 1997, when George Janelidze, in
joint work with Dominique Bourn, observed that the variety of digroups has the Huq
commutator different from the Smith commutator (see the Introduction to the paper [4],
or the Introduction to the paper [7], or [2, p. 356], or [5, p. 36]). In Categorical Algebra,
the notions of Huq commutator, Smith commutator, abelian object and Bourn’s strong
protomodularity are strictly related, in particular in the setting of semi-abelian categories.
It is well known that the (Huq=Smith) condition is satisfied for groups, non-unital rings
and Lie algebras, whereas the Huq and the Smith commutators need not coincide in the
varieties of digroups (Janelidze 1997), near-rings [15], and loops [18].

3 Left skew rings

Looking at the definitions of near-rings and skew braces above, one sees that a very
natural related structure is the following: A left skew ring is an algebra (R,+, —, 0, o),
where (R, +, —,0g) is a group, o is a binary operation on R, and the following two axioms
are satisfied:

(associativity of the operation o) ao(boc)=(aob)oc,

and

(left skew distributivity) ao(b+c)=(aob)—a+ (aoc) (1)

for every a,b,c € R. Our left skew rings are the analog of the skew rings introduced
in [20, Corollary of Proposition 1], but without requiring the existence of a two-sided
identity for the multiplication o.
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Proposition 3.1. If (R, +,0) is a left skew ring, then:
(a) The identity Or of the group (R,+) is a right identity for the semigroup (R, o).

(b) For every a € R, the mapping \E: R — R, defined by \E(b) = —a+ (aob) for every
b€ R, is a group endomorphism of the group (R,+).

(¢) The mapping A\%: (R,0) — Endg,(R,+), defined by \: a — A\E

2, is a semigroup
morphism.

Conversely, if (R, +) is a group, o is a binary operation on R relatively to which (R, o)
is a semigroup, and (b) holds, then (R,+,0) is a left skew ring.

Proof. (a) follows from Identity (1) replacing ¢ with the identity O of the group (R, +).
(b) is equivalent to A2(b+ c) = A\E(b) + A\E(c) for every a,b,c € R, and this is trivially
equivalent to Identity (1).
As far as (c) is concerned, we have that A\, o \y = A\0p, because for every ¢ € R,

(A0 0 2)(0) = AaAs() = Aal(—b+ b0 &) = —Aa(b) + Aa(bo )
=—(—a4+aob)—a+aoboc=—(aob)+a—a+aoboc
=—(aob)+aocboc= Aop(C).

This completes the proof of (¢). The converse is easy, similar to the proof of (b). [

Clearly, left skew braces are exactly the left skew rings that are digroups.

As always in Universal Algebra, left skew ring homomorphisms are defined to be the
mappings that preserve addition 4+ and multiplication o. As we have already said, all
the algebraic structures considered in Sections 2 and 3, that is near-rings, skew braces,
digroups, and skew rings, form varieties in the sense of Universal Algebra. They are
varieties of (2-groups, they are semi-abelian categories.

For every left skew ring (R, +,0), we can define the 0-symmetric part

Ry:={a€R|0oca=0}

of R and the constant part
R.:={a€eR|0oca=a}.

Every left skew ring R decomposes as a semidirect sum R = Ry X R, as an additive
group, because \¥ is an idempotent group endomorphism of (R, +) (Proposition 3.1(b)).
Let (R,+,0) be a left skew ring. An ideal of the left skew ring (R, +,0) is a normal
subgroup I of the additive group (R, +) such that roi—r €l and (i+7r)os—rosel
for every r,;s € R and i € I. (Notice that, for a normal subgroup I of the additive group
R, (r+i)os—roselforeveryie [ ifandonlyif (i+7r)os—ros el foreveryiecI.)

Proposition 3.2. Let (R, +,0) be a left skew ring. There is a one-to-one correspondence
between the set of all ideals of R and the set of all congruences of the left skew ring R.

10
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4 Subtraction of operations, and left dirings

4.1 The left near-ring structure on the set of operations on a group

It is well known that for any (not-necessarily abelian) group (G, +), the set M (G) of all
mappings from G to G is a right near-ring. Something similar occurs for binary operations
on GG. More precisely, if S is any set, the set B(S) of all binary operations on S is a
monoid with identity the projection map onto the first component, that is 7 : S xS — S,
m1(a,b) = a for all a,b € S [16, Theorem 1.2]. If (G, +) is a group, then the set B(G) of
all binary operations on G is a left near-ring with two-sided identity the first projection
m [19, Theorem 2.4.5]. Here, if o; and oy are two operations on G, their sum is defined by
a(oy + 09)b = (a oy b) + (a 0y b) and their product is a(0102)b = (a 01 b) 05 (a 01 b) for every
a,b € G. This is the addition on B(V'), for V' any module over a commutative ring &k in
which 2 is invertible, when one notices that every k-bilinear operation on V' is the sum of
a k-bilinear commutative operation and an anticommutative one.

In the next subsection, we will write the identity m; of the left near-ring B(G) as the
difference of an associative operation and a left distributive operation. That is, for a
group (G, +), we will look for the pairs of operations (o,-) on G with o associative, - left
distributive, and m; = o — - in B(G).

4.2 Left dirings

To this end, we now present a variation of the notion of left near-ring. Essentially, the
multiplication of a left near-ring, and its properties, are now “distributed” between two
multiplications o and -.

Definition 4.1. A left diring is an algebra (G,+,—,0,0,-), where +, o and - are three
binary operations, — is unary, and 0 is nullary, satisfying the following conditions:

(a) (G,+,—,0) is a group, not-necessarily abelian; and
(b) the difference in B(G) of the two operations o and - is the operation ;.
Condition (b) simply says that
aob—a-b=a (2)

for every a,b € G.

Proposition 4.2. Let (G, +,—,0,0,-) be a left diring. Then:
(a) 0-b=00b for every b € G.

(b) The operation - is left distributive, that is, a-(b+c¢) = a-b+a-c for all a,b,c € G, if
and only if the operation o is left skew distributive, that is, ao(b+c¢) = aob—a+aoc
for all a,b,c € G.

11
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Proof. (a) follows immediately from Identity (2).
(b) One has
a-(b+c¢)=a-b+a-c

if and only if
—a+ao(b+c)=—-a+aob—a+aoc,

that is, if and only if
ao(b+c¢)=aob—a+aoc,

as desired. O

Proposition 4.3. Let (G,+,—,0,0,-) be a left diring and suppose that the equivalent con-
ditions of Proposition 4.2(b) hold, that is, assume that the operation - is left distributive.
Then:

(a) For every a € G, the mapping \S: G — G, defined by \¢(b) = a - b for every b € G,
is a group endomorphism of the group (G,+).

(b) a-0=0,a-(=b)=—(a-b), and ao 0 = a for every a,b € G.

(¢) The operation o is associative, that is, (a ob)oc =ao (boc) for all a,b,c € G, if
and only if the operation - is left weakly associative, that is, (a+a-b)-c=a-(b-c)
for all a,b,c € G.

Proof. (a) is just a restatement of the hypothesis that the operation - is left distributive.

(b) follows from (a) and Identity (2).

(c) (aob)oc=ao(boc)if and only if (a+a-b)+(a+a-b)-c=a+a-(b+b-c),
that is, if and only if a+a-b+ (a+a-b)-c=a+a-b+a- (b-c). This is equivalent to
(a+a-b)-c=a-(b-c).

U

By Proposition 4.3(b), the identity 0 of the additive group G, is a right zero for the
magma (G, -), and is a right identity for the magma (G, o), provided that left distributivity
of - holds.

Notice that weak associativity (a + ab) - ¢ = a - (b- ¢) can be equivalently written as
(aob)c = a(bc) (and is this form the name weak associativity is justified), for all a, b, ¢ € G.
Equivalently, the two equivalent statements in Proposition 4.3(c) say that the mapping A
is a semigroup morphism of the semigroup (G, o) into the semigroup Endg,(G,+) (with
composition of endomorphisms). We include this fact as statement (a) in the following
proposition.

Proposition 4.4. Let (G,+,—,0,0,-) be a left diring and suppose that o is associative and
- 15 left distributive. Then:

a) The mapping \9: (G,0) — Endg,(G,+), defined by \9: a — A&, is a semigroup
P
b *

morphism. That is, (aob)-c=a- (b-c) for every a,b,c € G.

12
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(b) The group endomorphism \§ of the group (G, +,—,0) is an idempotent group endo-
morphism.

Proof. (a) The position a + A defines a mapping of G into Endg,(G, +) by Proposi-
tion 4.3(a). It is a semigroup morphism (G, o) — Endg,(G, +) by Proposition 4.3(c).

(b) We must show that A§ o \§ = AS, that is, that 0-(0-a) = 0-a. But we have already
remarked that 0-a = Ooa for all a, so that 0-(0-a) = 0-a is equivalent to 0o (0oa) = Ooa.
Now o is associative, hence A§ o \§ = \§ is equivalent to (0 0 0) o a = 0 o a, which holds
by Proposition 4.3(b). O

Hence, suppose that (G, +,—,0,0,-) is a left diring with o associative and - left dis-
tributive. Then A is an idempotent group endomorphism of the additive group of G,
hence it corresponds to a semidirect-sum decomposition of the group (G, +). Now

Go:=ker(\)={acG|0-a=0}={acG|0oa=0}
is a normal subgroup of (G, +),
Ge=M(G)={acG|0-a=a}={acG|0oa=a}

is a subgroup of (G,+), and G is the semidirect sum G = Gy x G, as an additive group.
We say that Gg is the 0-symmetric part of the left diring (G, 4+, —,0,0,), and G, is its
constant part. Both Gy and G, are subdirings of (G, +,—,0,0,-), in the sense that they
are additive subgroup of (G,+) and are closed for both operations o and -. Notice that 0
is a two-sided identity for the left skew ring (G.,+,—,0,0), and 0 is a two-sided zero for
the magma (G, -).

A left weak ring is an algebra (W, 4+, —,0,) in which

(a) (W,+,—,0) is a (not-necessarily abelian) group;

(b) the binary operation - is weakly associative, that is (a+ab)c = a(bc) for all a, b, c € W;
and

(c) left distributivity holds, that is, a(b+ ¢) = ab + ac for every a,b,c € W.

Left weak rings are very similar to the post-groups defined in [1, Definition 2.1], except
for the fact that in our left weak rings the mappings A, defined by A,(b) = a - b for every
b, need not to be group automorphisms of (W, +), but only endomorphisms of (W, +).

Theorem 4.5. The category of left skew rings and the category of the left weak rings are
canonically isomorphic. The canonical isomorphism associates to every left skew ring
(R,+,0) the left weak ring (R,+,-), where - is the binary operation on R defined setting
a-b=—a+aob foralla,b € R, and associates to each left skew ring morphism f: R — S
the same mapping f.

13
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Proof. Let (R, +,0) be a left skew ring. Let - be the binary operation on R defined setting
a-b=—a+aob= \,(b) for all a,b € R, so that (R, +,0,-) is a left diring in which o is
associative and - is left distributive. Then (R, +, -) is a left weak ring by Propositions 4.2(b)
and 4.3(c). Notice that a mapping f: R — S, S a left skew ring, respects + and o if and
only if it respects + and -. Thus, we have a canonical functor (R, +,0) — (R, +,-) of the
category of left skew rings into the category of left weak rings.

Now let (W, +,-) be a left weak ring, and let o be the binary operation on W defined
setting aob = a+ab for every a,b € W. The operation o is associative by Proposition 4.3(c)
and left skew distributive by Propositions 4.2(b). Therefore (W, +,0) is a left skew ring,
and we get a canonical functor (W, +,-) — (W, +, o) of the category of left weak rings into
the category of left skew rings, which is clearly an inverse of the functor described in the
previous paragraph. O

Corollary 4.6. (cf. [1, Subsection 3.3]) The category of left skew braces is isomorphic to the
category of the left weak rings (R,+,-) that have local right identities, that is, for every
element a in the left weak ring R, there exists an element e (which may depend on a) such
that a - e = a.

Proof. 1t is well known that a semigroup (R, o) is a group if and only if (R, o) has a right
identity and every element of (R, o) has a right inverse. By Proposition 3.1(a), a left skew
ring (R, +,0) is a left skew brace if and only if every element of (R, o) has a right inverse,
that is, if and only if for every a € R there exists b € R such that a o b = 0, i.e. if and
only if for every a € R there exists b € R such that a + ab = 0, or, equivalently, —ab = a.
Replacing b with its opposite —b := e, we get that (R, +,0) is a left skew brace if and only
if, in the corresponding left weak ring (R, +,-), for every element a € R there exists an
element e such that ae = a. O

Summing up, we have seen that, in a left diring (G, +, —, 0, o, -), essentially:

(a) The operation o is left skew distributive if and only if the operation - is left distribu-
tive (Proposition 4.2(b)).

(b) The operation o is associative if and only if the operation - is left weakly associative
(Proposition 4.3(c)).

(¢) (G,+,—,0,0) is a left skew brace if and only every element has a local right identity
with respect to - (Corollary 4.6).

This justifies the strange axiom of “left skew distributivity,” which at first sight strikes
us so strongly when we encounter it the first time we see the definition of a left skew
brace: it is nothing other than the usual distributivity of the other operation -. Left
skew braces turn out, moreover, to be a particularly rich non-additive algebraic structure
from a categorical point of view—on par with groups and rings (they form a strongly
protomodular category [6, Theorem 4.3])—and therefore much better behaved than many
other algebraic structures one usually encounters.
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Example 4.7. Let (G, +) be a group. Let us go back to the pairs of operations (o,-) on G
with o associative, - left distributive, and m; = o — - in B(G) (Subsection 4.1). We already
know that this implies that o must be necessarily left skew distributive and - must be
weakly associative (Propositions 4.2(b) and 4.3(c)). Some of the most natural operations
on a non-trivial group (G, +), in my opinion, are the following:

(a.1) The null operation oy defined by a oy b = Og for every a,b € G. It is the zero
in the left near-ring B(G). The operation oy is associative, left weakly associative,
commutative, (left and right) distributive, but not skew distributive. Thus (G, +, og)
is a commutative near-ring and a weak ring.

(b.1) The identity m; of the left near-ring B(G), defined by amb = a for every a,b € G.
The operation m; is associative, right distributive, and left skew distributive, but
neither left weakly associative nor left distributive. Therefore, (G, +,m) is a left
skew ring.

(c.1) The operation 7y defined by ameb = b for every a,b € G. The operation 7 is asso-
ciative, left weakly associative, and left distributive, but not left skew distributive.
Hence (G, +, ) is a left weak ring and a left near-ring.

(d.1) The operation + = 7+ on the group G. It is associative and left skew distributive,
but not left weakly associative, and not left distributive. Notice that (G,+,+) is a
left skew brace, hence a left skew ring.

(e.1) The operation +°° = my +m; on the group G. It is associative and left skew distribu-
tive, but not left weakly associative, and not left distributive. Again, (G, +,+°P) is
a left skew brace, hence a left skew ring.

(f1) - = —m + m + m (conjugation) for (G, +) nonabelian, because if G is abelian then
- is my, which we have already studied in (3). It is not associative, but it is left
distributive and left weakly associative.

Correspondingly, we have three natural ways of writing m; as the difference of an
associative operation o and a left distributive operation - (of course, there are many more!):

(a.2) m = m —op. Here we find the the left skew ring is (G, +, m;) and the left weak ring is
(G, +,00) with aoygb = 0 for every a,b € G. The diring (G, +, 71, 0g) is 0-symmetric.

(b.2) m = + — m. In this case, we have that the left skew ring is (G, 4+, +), which is a
left skew brace, and the left weak ring is (G, +, ) with ameb = b for every a,b € G.
The diring (G, +, +, ™) is equal to its constant part.

(c.2) m =+ —m — My +m = +°° — (=7 + m + m). Here we find that the left skew
ring is (G, +, +°P), which is a left skew brace, and the corresponding left weak ring
is (G,+,-) with a - b= —a+ b+ a for every a,b € G (the conjugate of b via a).
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Example 4.8. (a) Let (G,+,0,-) be a 0-symmetric diring with o associative and - dis-
tributive. Then 0-a = 0 for every a € G. But - is weakly associative, so that
(a4 a-0)c=a(0-c) for all a,c € G, from which ac = 0. Therefore, we are in the
case of Example 4.7(a.2).

We have thus proved that Example 4.7(a.2) is the unique example of 0-symmetric
diring with o associative and - distributive.

(b) If (G, +,0,-) is a diring with o associative, - distributive and G = G, so that 0oca = a
for every a € G, then (G, 0,0) is a monoid. Therefore, (G, +,0) is a left skew ring
with identity, the case considered by Rump in [20, Corollary of Proposition 1].

Example 4.9. Let (G,+) be any group and e an idempotent endomorphism of (G, +).
Equivalently, suppose that (G,+) has a semidirect-sum decomposition G = K x H (the
correspondence is such that K = ker(e) and H = e(G)). Define an operation - on G setting
ab = e(b) for every a,b € G. Then it is easily checked that - is left weakly associative and
left distributive, so that (G, +,-) is a left weak ring. It is easily seen that Gy = K and
G.=H.

Remark 4.10. All the Q-groups (G,+,—,0,p, | a € Q) considered in this paper are -
groups in the sense of Higgins [14]. Sometimes, in the literature, another, more restrictive
notion of 2-group is studied. It further requires that the additional algebraic operations p,
distribute over the group operations. These are called distributive Q-groups by Higgins [14,
p. 377]. The Q-groups considered in this article (left near-rings, left skew rings, etc.) are
not distributive )-groups in general, because distributivity holds at most on the left and
not necessarily on the right.

For example, let (G, +,0) be a digroup. Then (G, +,0) is an Q-group in the sense of
Higgins. Moreover, if we define the multiplication - on G setting zy := —x + x o y, then
(G, +,0) is a left skew brace if and only if - is left distributive. Thus (G, +,0) and (G, +, )
are {)-groups, but they are not distributive Q-groups. Of course, for (G, +,0) a left skew
brace, one could replace the operation - with all the unary operations \,, a € G, where
Xa(y) = a-y. Then (G,+,—,0,\, | @ € G) turns out to be a distributive Q-group. It is
also a group with operators, that is, a distributive Q-group (G, +, —,0,p, | a € ) in which
all the operations p, are unary.

Let me conclude this paper by indicating some possible directions for further research.
One possible direction is to try to apply the ideas of this article to other algebraic struc-
tures. I have begun to investigate this in [11]. I am very grateful to the referees of this
paper, who have suggested some other possible interesting lines of investigation. One is
the following. Since one of the motivations for the study of skew braces is the Yang-Baxter
equation, it would be interesting to know whether the left-diring perspective suggests new
ways of constructing or classifying set-theoretic solutions, beyond the class already cap-
tured by skew braces. For instance, do certain classes of left weak rings (not coming
from groups via local right identities) give rise to generalized or “weak” solutions in an
appropriate sense? Another idea is the following. The examples built from idempotent
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endomorphisms (Example 4.9) hint at a connection with decompositions of groups and
modules. Are there potential applications to the representation theory of groups or to
module categories, for example, by interpreting Gy and G, in terms of fixed points and
orbits under certain actions, or to the study of radical and semisimple parts of near-rings
and related objects?
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