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Abstract. In this paper, we provide an explicit tableau realization for all simple
subquotients of any relation Gelfand-Tsetlin gl(n)-module.
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1 Introduction

In the context of the representation theory of the Lie algebra gl(n) of all n xn matrices
over C, a remarkable construction, due to I. Gelfand and M. Tsetlin [8], provides a
presentation for every simple finite-dimensional module in terms of certain combinatorial
objects called Gelfand-Tsetlin tableaux, and the explicit action of the generators of the
algebra — the Gelfand—Tsetlin formulas. In [19], it is shown that the Gelfand—Tsetlin basis
is an eigenbasis for the action of a certain maximal commutative subalgebra I' of U(gl(n))
— the Gelfand-Tsetlin subalgebra.

In [1], the authors introduced and studied modules that can be decomposed into
a direct sum of generalized eigenspaces with respect to the action of I' — the Gelfand—
Tsetlin modules. Moreover, the class of generic Gelfand—Tsetlin modules was constructed.
These infinite-dimensional modules have a tableau basis like the simple finite-dimensional
modules, and the action of U(gl(n)) is also given by the Gelfand—Tsetlin formulas.

Relation modules (see [7]) depend on a directed graph and a certain collection of
tableaux related to the graph, and were constructed with the aim of unifying several known
constructions of Gelfand-Tsetlin modules (see [1,8,11-13], among others). The relation
modules approach is based on the construction of explicit bases subject to certain restric-
tions on the entries of Gelfand—Tsetlin tableaux, which prevent the singularities that arise
in the Gelfand—Tsetlin formulas (formulas used to realize simple finite-dimensional gl(n)-
modules [8]). A different approach was proposed in [4], where singularities are handled by
generalizing the Gelfand—Tsetlin formulas themselves. Since then, several purely algebraic
works addressing this problem have appeared (see, for example, [2,5,6,14,18]). Geometric
methods have also been employed to study singular Gelfand-Tsetlin modules [16]. More
recently, a classification of simple Gelfand-Tsetlin modules has been obtained by estab-
lishing a connection between principal Galois orders and Coulomb branches [10,15,17]. In
this paper, we provide an explicit basis for any simple subquotient of a relation module,
generalizing the results obtained in [3] for generic modules.

This paper is divided as follows: in Section 2, we define the Gelfand—Tsetlin modules
and recall the construction of all simple finite-dimensional gl(n)-modules. In Section 3, we
consider relation modules and recall their main properties. In Section 4, we establish the
main results of the paper. Finally, Section 5 is devoted to presenting examples illustrating
the main results discussed in Section 4.

2 Gelfand-Tsetlin modules

In this section, we recall the definitions and main properties of a full subcategory of
the category of gl(n)-modules, the so-called Gelfand—Tsetlin modules. Let us fix n > 2. In
order to define Gelfand—Tsetlin modules, we start by constructing a maximal commutative
subalgebra of U(gl(n)). For m < n, denote by gl,, the Lie subalgebra of gl(n) spanned
by {Ei;|i,j=1,...,m}, and U, := U(gl,,). The strategy for constructing the Gelfand-
Tsetlin subalgebra relies on the chain of inclusions

ghh Cgl, C---gl,_4 Cagl,.
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Definition 2.1. Set U := U, and let Z,, denote the center of U,,.

(i) The standard Gelfand—Tsetlin subalgebra T' of U is the subalgebra generated by
ur Z.

(ii) A Gelfand-Tsetlin module is a U-module M such that M = @®,cp-M(x), where
M(x) ={ve M :Vg €T, 3k € N such that (g — x(g))*v = 0}.
The support of M is the set suppM := {x € IT*: M(x) # 0}.

The realization of simple finite-dimensional gl(n)-modules given in [8] is the main
inspiration for the construction of relation modules. Moreover, this realization provides
an eigenbasis for the action of I' [19]. Namely, each basis vector is uniquely identified
by the tuple of eigenvalues it produces when acted upon by the generators of I'. These
eigenvalues are traditionally arranged in a triangular array, known as a Gelfand—Tsetlin
tableau, which respects the branching rules of the chain of subalgebras. Let us recall the
result.

Definition 2.2. A configuration of complex numbers

ln1 In2 ce ln,nfl lnn

lnfl,l ttt In—1,n—1

l11

is called a Gelfand-Tsetlin tableau. A Gelfand—Tsetlin tableau is called standard if its
entries satisfy
i —lk—1: € Zzo and  lp—1; — lkiv1 € Zxo

for all possible pairs of indices.

Theorem 2.3 (Gelfand-Tsetlin-1950). Let A = (Aq,..., \,) be an integral dominant gl(n)-
weight (i.e., \i — Nix1 € Z>o, for all 1 < i < n—1). The simple finite-dimensional
module L(\) has a realization of tableauz, where the vector space consists of all standard
tableauz T (L) with top row l,; = X\j + j — 1, and the gl(n)-module structure is given by
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the Gelfand—Tsetlin formulas:

b k+1 lkz - lk-l—l,j) ki
Bran(T(L) = =) T(L + 6",

i=1 j;ﬁz(lkl l’f])

k

Yl — leery) |
Brai(T(L) =) < = ) T(L — §*), (1)
= j;éz(lkl lk])

i=1
B (T ( _1+Zlk2 Zlk 11) )

where T(L 4 6%) is the tableau obtained from T(L) by adding &1 to the (k,i)’s position
of T(L) (if the new tableau is not standard, then the result of the action is zero).

It is important to note that the denominators in the formulas (1) involve differences of
tableau entries. In the finite-dimensional case, the standardness conditions ensure these
denominators never vanish. However, for the more general classes of modules we wish to
study, where the standard constraints are relaxed, these denominators may become zero,
leading to singularities. The relation modules introduced in the next section provide a
framework to handle such cases by imposing specific relations on the tableau entries.

3 Relation Gelfand-Tsetlin modules

In [7], the class of relation Gelfand-Tsetlin modules was introduced as an attempt to
unify several known constructions of Gelfand—Tsetlin modules with diagonalizable action
of T (see [9,11-13]). This section is devoted to describing the construction and main
properties of relation Gelfand—Tsetlin modules.

3.1 Relation graphs

To unify the various constructions of Gelfand—Tsetlin modules, we require a combi-
natorial device that encodes which tableau entries are constrained by integer differences
and which are free. We achieve this by associating a directed graph G with the set of
tableau coordinates. The edges of G will dictate specific integrality conditions on the
entries, effectively determining the skeleton of the resulting module.

Denote by U the set {(i,7) | 1 < j <i < n} arranged in a triangular configuration
with n rows, where the k-th row is written as ((k,1),...,(k, k)), and top row given by the
n-th row. From now on, we consider only directed graphs G' with set of vertices . As we
will see later in this section, we will consider certain Gelfand—Tsetlin tableaux associated
with a given graph G, and the following definition contains all the necessary conditions
for those tableaux to define a Gelfand-Tsetlin module.

Definition 3.1. For any 1 <i < j <k <n—1, we call ((k,7),(k,j)) an adjoining pair of
vertices in G if there is a directed path from (k,7) to (k,j) and whenever i < ¢t < j, there
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(4,1) (4,2) (4,3) (4,4)
CRY) (3:2) (3,3)
(2,1) (2,2)

(1,1)
Figure 1: Configuration of the set of vertices U for n =4

are no directed paths from (k,i) to (k,t) or from (k,t) to (k,j). G is called a relation
graph if the following conditions are satisfied:

(i) The only possible arrows in G are the ones connecting vertices in consecutive rows
or vertices in the n-th row.

(ii) For any 1 < k <m and 1 < i < j <k, there are no directed paths from (k,j) to
(k, ).

(ili) G does not contain oriented cycles or multiple arrows.

(iv) For any two vertices in the same row k£ < n and the same connected component (of
the unoriented graph associated to G), there exists an oriented path in G from one
vertex to the other.

(v) G does not contain a subgraph of the form:

(k+1,r) (k+1,5)
e
/\

(k,1) (k.3)

withl <r<s<k+1l,and1<i<j<k.

(vi) For every adjoining pair of vertices ((k, 1), (k, 7)), one of the following is a subgraph

of G:
(k+1,p) (k+1,s) (k+1,t)
/7 e N
Gi= (k) (k.9); Ga= (k) (k,3)
N
(k—1,q)

forsome 1 <¢g<k—1,1<p<k+1l,orl1<s<t<k+1.
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We write vectors in C™5 as ordered tuples L = (Ly1,- -+, bon| - - - [l22, l21]111) indexed

by elements in U, and by T'(L) we denote the Gelfand-Tsetlin tableau with [;; in the
position of the vertex (i, j) of 0.

With the graph structure established, we can now define the class of tableaux associ-
ated with it. A tableau will be considered a realization of the graph G if its entries satisfy
integer difference conditions corresponding to the edges of G. These conditions ensure
that the resulting module avoids singularities while preserving the necessary relations for
the Gelfand—Tsetlin action.

Definition 3.2. Let G be any graph, T'(L) any Gelfand-Tsetlin tableau, and

M n(n+1)
2

Zy 2 ={wel : wy,; =0 for any 1 <i <n}.

(i) We say that T'(L) satisfies G if
(a) lij — l,s € Z>o whenever (i, j) and (r,s) are connected by a horizontal arrow,
or an arrow pointing down.
(b) l;j — ls € Z~o whenever (7,j) and (r,s) are connected by an arrow pointing
up.
(ii) We say that T'(L) is a G-realization if
(a) T(L) satisfies G.
(b) For any 1 <k <n —1, we have l; — l; € Z only if (k,i) and (k, j) are in the

same connected component of the unoriented graph associated to G.

(iii) If T(L) is a G-realization, by Bg (T (L)) we denote the set of all G-realizations of
n(n+1)

the form T'(L + z), with z € Z,

Example 3.3. Consider the following Gelfand—Tsetlin tableaux:

T 2 1 s 2 1
T = 2 2 T = V2 2
0 0
and the graphs:
(3,1) (3,2) (3,3) (3,1) (3,2) (3,3)
(2,1) (2,2) (2,1) (2,2)

(1,1) (1,1)
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In this case, T} satisfies both graphs, but is not a realization of either graph. On the other
hand, T is a realization of both graphs.

Theorem 3.4 (Theorem 4.33, and Theorem 5.8 [7]). For any relation graph G, and any
G-realization T(L), the vector space Vg(T(L)) has the structure of a gl(n)-module, with
the action of gl(n) given by the Gelfand-Tsetlin formulas (1). Moreover, Va(T(L)) is a
Gelfand—Tsetlin module with diagonalizable action of the generators of I', and the dimen-
sion of Va(T(L))(x) is equal to 1 for any x € I'* in the support of Vo(T'(L)).

Definition 3.5. Modules isomorphic to Vs (7T'(L)) for some relation graph G will be called
relation modules.

Example 3.6. Below, we consider the graph associated with some families of relation
modules that were constructed in previous works. Let us fix n = 4.

(4,1) (4,2) (4,3) (4,4) (4,1) (4,2) (4,3) (4,4)
(3,1) (3:3) (3,1) (3,2) (3:3)
(2,1) (2,1) (2,2)
(1,1) (1,1)
(1) finite-dimensional modules [§] (2) Generic modules [1]
(4,1) (4,2) (4,3) (4,4) (4,1) (4,2) (4,3) (4,4)
(3,1) (3,2) (3:3) (3,1) (3,2) (3.3)
(2,1) (2,2) (2,1) (2,2)
(1,1) (1,1)
(3) Generic Verma modules [12] (4) Cuspidal modules [13]

Although the relation modules obtained using the graph in (4) are cuspidal modules,
this family does not exhaust all cuspidal modules.

Remark 3.7. The Gelfand-Tsetlin subalgebra I' separates basis elements of Vi (T'(L))
(see [7, Theorem 5.8]), which means that, given tableaux T(Q) # T(R) in Bg(T(L)),
there exists v € I' such that v-7(Q) =0 and v - T(R) = T(R).

3.2 Useful definitions

Having constructed the relation modules Vi;(7T'(L)), our main goal is to analyze their
internal structure, specifically their simple subquotients. Since the submodule structure
is governed by the placement of integer differences in the tableau (which cause certain
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coefficients in the Gelfand-Tsetlin formulas to vanish), we need a finer combinatorial
invariant than the graph G itself. In this section, we introduce the graph G(L) associated
with a specific tableau T'(L), which encodes the actual integer relations present in a given
basis vector.

Definition 3.8. Given a Gelfand-Tsetlin tableau 7'(L), denote by G(L) the graph with
set of vertices U and an arrow from (i, 7) to (r, s) if:

(i) i=r+1, and l;; — l,s € Z>p; or
(ii) i=r—1, and l;; — l,s € Zso; or
(ili) i=r=mn, j <s, and l;; — l,s € Z>y.
Moreover, given a relation graph G, denote by G the graph with set of vertices U
and an arrow from (4, j) to (r, s) if there is a directed path in G from (i, ) to (r,s) and

li —r| =1;0ori=1r=mn,and j # s. Finally, for any graph H, denote by Ey the set of
all arrows of H, and by E}; the set of arrows in H pointing down.

Example 3.9. Let G and T'(R) denote the following graph and tableau:

(4,1) (4,2) (4,3) (4,4)

SN
/\/

(21 (2,2) 3 2

\/

3.1)

The graphs G and G(R) are, respectively,

(4,1) (472) (4,3) E— (4,4) (471) e (472) (4,3) E— (474)
s \ ST
(3,1) (3,2) (3,3) (3,1) (3,2) (3,3)
S S
(2,1) (2,2) (2,1) (2,2)

NS NS

(1,1) (1,1)

4 Simple subquotients

The main results of this paper establish a basis for both the submodule generated by
a tableau T'(L) that is a G-realization of some relation graph G and for the irreducible
subquotient containing a given G-realization.

8
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In [3], associated with any Gelfand-Tsetlin tableau 7°(Q), the set of triples given by
QN T(Q)) == {(r,s,t) | @rs — @r—1+ € Z>o} was crucial in order to describe the structure
of the simple subquotients of generic modules. In the context of relation modules, it is
convenient to consider elements of Q7 (7(Q))) as arrows in G(Q).

Remark 4.1. If G is a relation graph, and T(Q) is a G-realization, the map sending
(r,s,t) € QT(T(Q)) to the arrow in G(Q) from (r,s) to (r — 1,t) defines a one-to-one
correspondence between the sets Q7 (7(Q)) and EZ]C(Q).

Remark 4.2. As our graphs are induced by the integral relations satisfied by the entries of

the tableaux, we order the vertices of the graph accordingly, namely, if there is an arrow
from (a,b) to (c,d), we define (a,b) > (c,d).

n(n+1)

Definition 4.3. Given a graph G, let z € Z, > \ {0}. A mazimal G-chain with respect
to z is the ordered set of vertices in an oriented path in G satisfying:

(i) For any vertex (i,7) in the chain, we have z;; # 0.

(ii) If (a,b) is the maximum element of the path, and there is an arrow in G from (r, s)
to (a,b), then 2., = 0.

(iii) If (¢, d) is the minimum element of the path, and there is an arrow in G from (c, d)
to (r,s), then z., = 0.
n(n+1)
Remark 4.4. For any graph G without cycles, and z € Z, > \ {0} with 2, # 0, there
exists a maximal G-chain with respect to z containing (a, b).

Example 4.5. Let G and T'(R) denote the following graph and tableau:

(4,1) (4,2) (4,3) (4,4)
T 1 0 V2
(3.1) (3.2) (3.3)
/\ \\ lis 2 V2
(2,1) (2,2) 3 9
1,1) 3

If z=1(0,0,0,0 —1,-1,—1|1,—1| — 1), the maximal G-chains with respect to z are
C ={(2,1),(1,1),(2,2)}, and C' = {(2,1),(3,2),(2,2)}. Moreover, the graph G(R) is
given by:
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(4,1) (4,2) — (4,3) (4,4)
NN S /
(3,1) (3,2) (3,3

/\

(2,1 (2,2)

\/

(1,1)

and the maximal G(R)-chains with respect to z are C, C’, {(3,1)}, and {(3,3)}.

From now on and until the end of this paper, G will denote a relation graph, and T'(L)
any G-realization. The next result generalizes [3, Lemma 6.3] and is the key ingredient for
the description of bases of cyclic submodules of Vi (T'(L)) (see Proposition 4.10 below).

nnl

Proposition 4.6. Let T(R) € Bo(T(L)), and z € Zy >\ {0} such that T(R+ z) is a
G-realization, and Elyp C Ef g, - Then there exists (i,j) € U such that z;; # 0 and
Egm C ES CE}

G(R+2;;0%) G(R+2)"
Proof. We prove the statement by induction on
t(z) == [{(a,b) € V| za # 0},

The case t(z) = 1 is trivial.
Suppose now that t(z) > 1, and consider C' = {(ay,b1), ..., (a;, b;)} a maximal G(R)-
chain with respect to z.

Case 1. If z,, 5, > 0, as T(R) and T'(R + z) are G-realizations, it is straightforward to
check that we can consider (i,j) = (a1, b).

Case 2. If 2,4, < 0, let w = 2 — z,,5,0%". In this case, the tableau T(R + w) is a
G-realization, since C' is a maximal G(R)-chain and

Ta1,br = Tag,ba — Ragz,bo > —Zay by > 0.

In addition, t(w) = t(z) — 1 and EG(R+w) C E&RH). By the induction hypothesis,

there is (i,7) € ¥ such that z;, ; = w;; # 0, and

C Ef,

+ +
L G(R+w;;6%7) CE

+
G(R+w) CE

G(R+2)" [

G(R)

The existence of the chains provides the precise mechanism to navigate between
tableaux. If a valid chain connects specific vertices, it ensures that the denominators
in the Gelfand—Tsetlin formulas do not cause the action to vanish, allowing us to tran-
sition between corresponding basis vectors. We now formalize this notion of reachability
into a partial order on the set of tableaux.

10
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Definition 4.7. Given T'(Q),T(R) € Bg(T(L)), we write T(R) =)y T(Q) if there exists
g € gl(n) such that T'(Q)) appears with nonzero coefficient in the decomposition of g-T'(R)
as a linear combination of tableaux. For any p > 1, we write T'(R) =(,) T(Q) if there
exist tableaux T(R®), T(RW), ..., T(R™), such that

T(R) =T(R") =4 T(RY) =y -+ 2y T(RP) = T(Q).
As an immediate consequence of the definition of =<(,) we have the following

Lemma 4.8 (Lemma 6.6 [3]). If T(Q®), T(QW), and T(Q®P) are tableauz in Bs(T(L)),
where G is a relation graph and T(L) is a G-realization, then

T(QY) % T(QW) and T(QW) =) T(Q®) = T(Q) Zp4q T(Q?)

for some p,q € Z>;.

Corollary 4.9. If T(R),T(Q) € Ba(T(L)), and T'(R) =) T(Q) for some p, then
TQ)eU-T(R).

Proof. Use the separation argument described in Remark 3.7 to show that T'(R) =1y T(Q)

implies T(Q) € U - T(R). Then, use Lemma 4.8 to show that T(R) =, T(Q) implies

T(Q) eU-T(R). O
n(n+1)

Proposition 4.10. Let z € Zy * \ {0} such that T(R) and T(R + z) are G-realizations,

and Ef g € Ef .- Then T(R+2) € U - T(R).

Proof. Let t(z) denote the number of non-zero entries of z. By Corollary 4.9, it is enough
to prove that T'(R) =,y T(R+z) for some p > 1. Let us prove the statement by induction
on t(z). The case t = 1 is a consequence of the fact that T(R+10Y) <1y T(R+ (I+1)6")
for any 0 <[ < z;, with z;; # 0. The inductive step uses Proposition 4.6 and the fact
that whenever (i, j) € U is such that z;; # 0 and

C E,

+
E (Rt2;04) = T G(R+z)’

+
G S Ee,

the vector w = z — z;;0% satisfies t(w) = t(z) — 1, and the inductive hypothesis implies
the existence of p, ¢ € Z>( such that

T(R) 2 T(R+w) and T(R+w) =2 T(R+ 2)
and hence, by Lemma 4.8, T'(R) =(p+q) T(R + 2). This concludes the proof. O

With the partial order established, we can now characterize the submodules. A sub-
module generated by a tableau T'(R) consists precisely of all tableaux reachable from
T(R) (i.e., those that are greater than or equal to T'(R) in the specific ordering induced
by the graph structure). This geometric intuition translates into the following algebraic
statement regarding the basis of the submodule.

11
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Theorem 4.11. Let T(R) € Bg(T(L)). A basis for the U-submodule of V(T (L)) gener-
ated by T'(R) is given by

No(T(R)) = {T(S) € Ba(T(L)) | Ef o € Eiyg) }
Proof. Denote by Wg(T(R)) the linear span of Ng(T'(R)). As in the proof of [3, The-
orem 6.8], one must show that Wg(T'(R)) is a gl(n)-submodule of Vi (T'(L)), and hence

we have U - T(R) C Wg(T(R)). To prove that Wg(T'(R)) € U - T(R), we use Proposi-
tion 4.10. U

Corollary 4.12. Let T(R) and T(Q) be in Bo(T(L)). Then U -T(R) =U -T(Q) if and
only if E&R) = E&Q).

Proof. This follows directly from Theorem 4.11. O
Corollary 4.13. Let T(R) be in Bg(T(L)). If E&R) = Eg, then U - T(R) = Vg(T(L)).

Proof. Since Efy ) = EZ, for any T(Q) € Bg(T(L)) we have EZ C Ef, ), which implies
T(Q) € Ng(T(R)). Finally, by Theorem 4.11, U - T(R) = Vg(T(L)). O

Finally, we address the classification of simple subquotients. A simple subquotient
arises from the difference between a submodule and its maximal proper submodules. In
our combinatorial framework, this corresponds to identifying sets of tableaux that are
equivalent in terms of their generating power, specifically, those that share the exact
same configuration of downward arrows.

Theorem 4.14. Let T(R) € Bg(T(L)). A basis for the simple subquotient of Vg (T(L))
containing T'(R) is given by

Za(T(R)) :=={T(S) € Ba(T(L)) | Elyr) = Efys) }-
Proof. As in the proof of [3, Theorem 6.14], for each tableau T'(R) in Bg(T'(L)), we
consider the module containing T'(R) given as follows

M(T(R)) ==U-T(R) /> U -T(Q) ,

where the sum is taken over tableaux 7'(Q) such that 7(Q) € U - T(R), and U - T'(Q) is
a proper submodule of U - T'(R). Since

+ +
BSC 1 Ee
T(Q)eBe(T(L))
the structure of M(T'(R)) depends only on Ef ) \EZ. Indeed, we have B, C Efy
if and only if (Ef o \EZ) € (Efs)\Eg). The simplicity of M(T'(R)) follows from the
fact that any nonzero tableau T'(S) in M(T'(R)) is such that U - T'(S) = U - T(R),

which implies that 7'(S) generates M (T(R)). Finally, a basis for M(T(R)) is given by
N (T(R)) excluding the basis elements in Y U - T(Q), which by Theorem 4.11, is given

by {T(S) D Efp & E&S)} . Therefore, Zo(T(R)) is a basis for M(T(R)). O

12
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5 Examples

Example 5.1. Here we consider a tableau 7'(L), a graph G, and the graph G(L).

(3,1) (3,2) (3,3) (3,1) (3,2) — (3,3)
2R N NN
(2,1) (2,2) (2,1) (2,2)
T+ 2 2
2 -y (L)

Thanks to Theorem 4.14, we can describe a basis for any simple subquotient of
Ve(T(L)):

By = {T(L+2) € Bo(T(L))| — 251 — 2 € L and 295 — 211 € Lo},
Bg = {T(L + Z) S Bg(T(L)) ‘ 21+ 2 € Z>0 and z99 — 211 € Zzo} ,
Bg = {T(L + Z) € B(;(T(L)) | — 291 — 2 € ZZO and 211 — 222 € Z>0},

By = {T(L + Z) € B(;(T(L)) | 201+ 2 € Z>0 and z1; — 299 € Z>0} .

In addition, B; is the unique simple submodule of V;(7T'(L)), and by Corollary 4.13, any
tableau in B, generates the module Vi (T'(L)).

Example 5.2. Let us consider G and T'(R) from Example 4.5. Theorem 4.14 allows us to
describe the subquotients of Vi(T'(L)) in terms of G(Q) for all T(Q) € Ba(T'(L)). In the
table below, we omit rows 1 and 2 related to the arrows in the subgraph G of each G(Q).
Each of the following graphs corresponds to a subquotient of the module Vg (T'(R)):

(4,1) (4,2) — (4,3) (4,4) (4,1) (4,2) — (4,3) (4,4)
NN/ S NN/ S
(3,1) (3,2) (3,3) (3,1) (3,2) (3,3)

(4,1) (4,2) — (4,3) (4,4) (4,1) (4,2) — (4,3) (4,4)
NN S NN/ S
(3,1) (3,2) (3,3) (3,1) (3,2) (3,3)

(4,1) (4,2) — (4,3) (4,4) (4,1) (4,2) — (4,3) (4,4)
NN/ NN S
(3,1) (3,2) (3,3) (3,1) (3,2) (3,3)

(4,1) (4,2) — (4,3) (4,4) (4,1) (4,2) — (4,3) (4,4)
NN/ S NN/
(3,1) (3,2) (3,3) (3,1) (3,2) (3,3)

(4,1) (4,2) — (4,3) (4,4) (4,1) (4,2) — (4,3) (4,4)
NN/ NGNS/
(3,1) (3,2) (3,3) (3,1) (3,2) (3,3)

13
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@ @.2) — @.3) @y | @ @2 — (43) @
(3,1) (3,2) (3,3) (3,1) (3,2) (3,3)
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