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Abstract. Our constructions provide a systematic way to study cohomology of pre-
algebraic structures via classical cohomology, simplifying computations and enabling
the use of established techniques.
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1 Introduction

Algebraic structures and their cohomology theories play a fundamental role in under-
standing deformations, extensions, and classification problems in mathematics. Among
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these structures, Perm algebras, pre-associative algebras, and pre-Lie algebras have gar-
nered significant interest due to their connections with associative algebras, Lie algebras,
and operad theory. This paper explores the cohomology theories of these algebras and
establishes relationships between them via tensor product constructions.

A Perm algebra is an algebra satisfying the permutation identity:

(a~Ab)~Ac:a~A(b~Ac):a-A(c~Ab).

The cohomology of Perm algebras, introduced in [1], provides a framework for studying
deformations and extensions. A key result is the embedding of Perm cochain complexes
into Hochschild cochain complexes, inducing a map in cohomology that is an isomorphism
in low degrees but not necessarily surjective in higher degrees.

A pre-associative algebra (or dendriform algebra) is equipped with two operations <
and > that split the associativity of the total product a -5 b = a < b+ a > b. Such
algebras arise in the study of Rota-Baxter algebras, shuffle algebras, and combinatorial
Hopf algebras [9]. Their cohomology, defined via a complex of multilinear maps satisfying
compatibility conditions, encodes deformation theory and operadic structures [4].

A pre-Lie algebra (or right-symmetric algebra) satisfies the identity:

(a'pb) 'pC—CL'p(b'pC):(a'pC) 'pb—a'p(C'pb).

These algebras appear in deformation quantization [6]. The cohomology of pre-Lie alge-
bras, introduced in [5], involves a differential that accounts for both the pre-Lie product
and the induced Lie bracket.

In [8], it is shown that for a given free Perm algebra A and algebra B with two bilinear
operations <, >, the tensor product A ® B is associative if and only if (B, <, >) is a pre-
associative algebra. Similarly in [7], for a free Perm algebra A and algebra P with a
bilinear operation - p, the tensor product A ® P is a Lie algebra if and only if (P, p) is a
pre-Lie algebra.

In this paper, we construct explicit injective cochain maps that embed the cohomology
of pre-associative and pre-Lie algebras into the cohomology of tensor products with free
Perm algebras, revealing a new structural connection between these theories:

e When A is a free Perm algebra: from pre-associative cohomology C%. (B, N) to
Hochschild cohomology Cfi .. (A® B, A® N).

e Lrom pre-Lie cohomology Cp (P, N) to Lie algebra cohomology Cf,.(A® P, AQ N).

These embeddings induce long exact sequences relating the respective cohomologies,
providing a tool to compare deformation theories.

This injective cochain maps reduce the computation of dendriform (pre-associative)
and pre-Lie cohomologies to classical Hochschild and Lie cohomologies.
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2 Right Perm algebras and pre-associative algebras

Definition 2.1 ([2]). An associative algebra (A, -,4) is called a right Perm algebra if it
satisfies the permutation identity:

(a-ab)-ac=a-a(b-ac)=a-a(c-ab), abceA
A representation of A is an A-bimodule M satisfying
(mb)c = m(bc) = m(cb), (am)b = a(mb) = (ab)m

forallme M, a,b € A.

Let (A,-) be a Perm algebra with a representation on an A-bimodule M. The Perm
cochain complex (C¥_ . (A, M), 0perm) is given by:

perm

Clom = Chem(A, M) :={f € Homy (A®™, M) satisfying (1), (2), (3), (4) and (5)}
af(aqy1y, - aymy) = af(ar, ... an); 7 € Sy, (1)
flay, ..., bag,...;a,) = flar,...,ab, ... a,); ©1=2,...,m, (2)
af(arb,ag, ... a,) =af(bay,as, ..., a,), (3)
abf(ay,...,a,) = aa;f(ay,...,a;-1,b,a41,...,a,), (4)
af(ay,...,aj-1b, ... a,) = af(arb, aq, ..., a,). (5)

The differential dperm : C) — (O™l is defined by the same rule as the classical

perm perm

Hochschild differential dgocn:

(5permf)(a'la ey an—i—l) = a'lf(a'2a ey an—i—l)
+ Z(—l)if(al, e G Qi1 e ey Q)
i=1

+ (—1)"+1f(a1, e Q) At

The Perm cohomology is H.,.(A, M) = H(C% .. (A, M), 6perm) -

perm perm
1-cohomology corresponds to outer derivations, 2-cohomology describes abelian exten-

sions; for details see [1].

Definition 2.2 (see [9]). An algebra (B, <, >) with two binary operations is called a
pre-associative algebra (or dendriform algebra; also known in the literature as a non-
commutative half-shuffle algebra) if the following identities hold for all x,y, z € B:

(r<y)<z=z<(y<z+y>2),
(x=y)<z=x> (y<2),
z=(y=z2)=@<y+z>=y) >z

In particular, the total product x -py :=x < y + x > y is associative.

3
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Example 2.3. Let B be an n-dimensional pre-associative algebra with basis {e;,...,e,}
and operations:

e; <er=¢ foralli=2,...,n,

€1 = €1 = e,
All other products are zero.

Definition 2.4 (see [9]). A representation of a pre-associative algebra B on a vector space
N is defined as two left actions and two right actions satisfying nine obvious identities
similar to those in Definition 2.2.

The notion of a cohomology for pre-associative algebras was proposed by [4]. In this
section, we recall the original definition which is quite technical. In Section 3, we show
that when A is a free Perm algebra, there exists an injective cochain map

W2 Clopa(B,N) — Cioa(A® B, A® N)

och

from the pre-associative complex of B into the Hochschild complex of A ® B. This
embedding not only simplifies computations but also establishes a universal connection
between pre-associative and Hochschild cohomologies, which we regard as a simpler and
more conceptual approach.

Denote by C,, = {1,2,...,n} the set of the first n natural numbers. For any m,n > 1
and 1 <17 < m, define the maps Ry, Ry, ..., R, as follows:

Ro(m, Z,TL) : Cm+n_1 — Cm,

T, r<i—1,
Ro(m,i,n)(r) = < 1, i<r<i+n-1,
r—n+1 i+n<r<m+n-—1;
Ri(m,i,n) : Cm—l—n—l —>]1<[C'm],
14---+n, r<i—1,
Ri(m,i,n)(r)=<sr—i+1, i<r<i+n-—1,
14+---+n, i1+n<r<m+n-—1.
For a pre-associative algebra (B, <, >), define 75 : k[C2] ® B® B — B by

a<b r=1,
ax>b, r=2.

mp(r,a,b) = {

To describe a representation of B on N in a more compact form, we may define two maps
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as follows:

a<n, r=1, n<a, 1=1,

a-n, r=2; n=a, =2

O1(r,a,n) = { Os(r,m,a) = {

Definition 2.5 ([4]). Let (B, <, >) be a pre-associative algebra and N be a representation
of B. We define the space C7., ,(B, N) of n-cochains of B with coefficients in N by

Cn (B, N) = Homy(k[C,)] © B®", N).

The differential
5dend . Ccyllend(B’ N) — CZ[Z;Z(B’ N)

is given by
(5dendf)(7" ai, .5 ang1) = 01(Ro(2,1,n)(r), ar, f(Ra2(2,1,n)(r), az, ..., ani1))
+ Z f(Ro(n,1,2)(r),a1,...,ai—1, ma(Ri(n,3,2)(r), @i, @is1), Gito, - - -, Qpt1)

+ (=1)"M05(Ro(2,n, 1)(7), f(R1(2,n,1)(7), a1, ... ,an),ans1), (6)

for r € Cyyq and aq,...,a,41 € B. The corresponding cohomology groups are denoted
by H}., (B, N), for n > 1.

The pre-associative differential may be expressed via
(5dend.f)(]->bla--- n+1 Zal < f Z b2a"- n—i—l) f(]->bl = b2>"'>bn+1)

+Z FL by, b s by oo bust) + (D)™ (1, by, bay .. by) < b

(6dendf)(27 bl, ey bn+1) = bl — f(l bg, e bn+1) — f(l, bl b bg, bg, R bn+1)

+f(2,bl,bg-<bg,... n+1 +Z 2bl,...,bi*bi+1,...,bn+1>

(=" F(2,b1, ..., by) < bn+1
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(5dendf)(r, bl, R n+1 Zbl b f r—1 bg, .. .,bn+1)

r—2

( 1)2f(7’ — 1, bl, .. .,bi * bi+1, .. .,bn+1)

+
' M

=1
+ (=) 1f( —1,b1,.. . b1 = bpy oo bpg1)
+ (—1) f(’f’ bl, .. .,br < br+1,. . .,bn+1)
+Z flroby, .o bix by, ... bytr)
1= r—i—l
+ Z D™ F(r, by, by) < b
i=r+1
(5dendf)(n + 1,61, - ,bn+1) = bl - f(n, bg, RN bn+1)
n—1

+ Z(_l)lf(n> bla ) bz * bH—la ) bn-i—l)
=1
+ (_1)”]3(”7 b17 b27 LR bn - bn—l—l)

n

+Z 1™ (i, by, ba, - .., by) = b

forallr=3,...,n
In particular, for f € CJ,,,(B, N) we have

(5dendf)(1;a'> b) =a = f(1>b) - .f(1>a = b) + (1,&) = b>
(Odenaf)(2,a,0) = a = f(1,b) — f(1,a = b) + f(1,a) > b.

Similarly, if f € C3,,,(B, N) then

(Ogenaf)(L;a,b,¢) =a < f(1,b,¢) +a < f(2,b,¢) — f(1,a < b, c)
+ f(l,a,0<c¢)+ f(1,a,b > ¢c) — f(1,a,b) < ¢
(Ogenaf)(2;a,b,¢) = a = f(1,b,¢) — f(1,a > b,c)+ f(2,a,b < ¢c) — f(2,a,b) < ¢, (7)
(Odenaf)(3;a,b,¢) = a > f(2,b,¢) — f(2,a = b,c) — f(2,a < b,c)
+ f(2,a,0=¢)— f(1,a,b) = c— f(2,a,b) > ¢
Example 2.6. Let us compute H?(B, B), where B is the pre-associative algebra defined

in 2.3.
A 2-cochain f € C?*(B, B) is defined by bilinear functions:

n
_ k
f(1,ei,€5) E a”ek, f(2,ei,e) = E Bien
k=1
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The cocycle condition dgenaf = 0 is given by the following three equations for all
a,b,c € B:
(Odenaf)(L;a,b,c) =a < f(1,b,¢) +a < f(2,b,¢c) — f(1,a < b, c)
+ f(l,a,b<¢)+ f(1,a,b>¢) — f(1,a,b) < c
(Ogenaf)(2;a,b,¢) =a = f(1,b,¢) — f(1,a > b, c)
+ f(2,a,b<¢)— f(2,a,b) < ¢
(Ogenaf)(3;a,b,¢) = a = f(2,b,¢) — f(2,a > b,c) — f(2,a < b,c)
+ f(2,a,b > c¢)— f(1,a,b) = c— f(2,a,b) = ¢

Evaluating these conditions on all basis triples yields the general solution for a cocycle:

at, =0, al; =0,Vj>2 k>1
ok =0,Yi>2,k>1 af =0, Vijk>2
A =0, B =0, V) >2, k>1

=0, Vi>2k>1 B5=0, Vi, jk>2

Thus, the space of 2-cocycles Z%(B, B) is spanned by maps of the form:

1 , €1, 61 E alleku 617 61 E allek

Now, let g € C'(B, B) be a 1-cochain defined by ¢(1,¢;) = 22:1 cFey. Its coboundary
5dendg is:

(Odenag)(1; €1, €1) ch6k,

(Odenag)(2; €1, €1) Z cier.

Comparing with the general cocycle, we ﬁnd that every cocycle f is also a coboundary
Sdendd, achieved by setting ¢l = 0 and ¢} = ok, for k > 2. Therefore, H*(B, B) = 0.

3 Associative and pre-associative algebra

Theorem 3.1 (see [8, Example 2]). Let (A, -4) be a Perm algebra and B be a vector space
equipped with two bilinear operations <, =: B& B — B. Define the tensor product algebra
A ® B with product

(a1 X bl) . (CLQ (029 bg) = (a1 ‘A ag) (029 (bl =< bg) + (CL2 ‘A al) & (bl > bg)
Then:
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1. If (B, <,>) is a pre-associative algebra, then A ® B is associative.

2. Conversely, if A ® B is associative and A is free as a Perm algebra, then
(B, <,>) is a pre-associative algebra.

In particular, when A is a free Perm algebra, AQ B is associative if and only if (B, <, >)
1S a pre-associative algebra.

Theorem 3.2. Let A be a free Perm algebra, let (B, <,>) be a pre-associative algebra,
and let N be a vector space. Then the tensor product A ® N with action

(a@n)- (b®c):=(ab) ® (n < ¢)+ (ba) ® (n > ¢)

(b®c)-(a®@n):= (ba) ® (c < n)+ (ab) @ (¢ > n)

1s a module over A® B if and only if N is a module over B.

Proof. This follows using an argument similar to the proof of Theorem 3.1. 0

Remark 3.3. The cohomology of an algebra A ® B with values in a bimodule A ® N is a
Hochschild cohomology.

Theorem 3.4. Let (A,-4) be a Perm algebra, let (B, <,>) be a pre-associative al-
gebra, and let N be a B-bimodule. Then there exists a cochain map

\Ilzcgend(B>N) _)C;Ioch(A®BaA®N)

from the pre-associative cochain complex of B with coefficients in N to the Hochschild
cochain complex of the tensor product algebra A ® B with coefficients in A ® N.

Proof. Given a pre-associative cochain f € C%, (B, N), for each xy,...,x, € A and each
by,...,b, € B, define:

\Il(f)((xl @b, 12 @by, ... T, @ bn)) = 21T ...y @ f(1,b1, 00, .., by)
+ToX1T3 ... Ty &® f(2, bl, bg, ey bn)

n—2
+ Z Lig1Lg .. . L1L542L543 ... Ty (029 f(’L + 1, bl, bg, cey bn)
i=2
+T,Tp—1...-2L2T1 X f(n, bl, bg, cey bn)
We will show that ¥ commutes with the differentials:

onn(Vf) = Y(0denaf)

Forn=3and x = 21 ® by, y = x5 ® by, 2 = x3 ® b3, we have:
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M @) 3 )
Term (1): =z (Vf)(y, 2)

= (1 ®@b1) * [12 423 ® f(L,b2,b3) + 3 -4 22 @ f(2,D2,b3)]
= (714 (¥2-423)) @ (b1 < f(1,02,03)) + (22 -4 73) -2 21) @ (b1 = f(1,D2,03))
+ (214 (234 72)) @ (b1 < f(2,b2,03)) + (73 -4 T2) "4 21) ® (b1 = f(2,2,3))

Term (2): —(Vf)(zx*vy,2)

—(Uf) ((z1-a72) @ (by < b2) + (T2 -4 1) ® (by = b2), 73 @ b3)
—(21-a%2) a3 ® f(1,b1 < by, b3) — x5 -4 (1 -4 72) ® f(2,b1 < by, b3)
— (w3 ax1) 4ax3® f(1,b1 > by, b3) — x5 -4 (X2 -4 1) @ f(2,b1 > by, b3)

Term (3): +(Vf)(z,y* 2)

= (Uf) (21 @by, (w2 -4 x3) @ (by < b3) + (23 -4 T2) @ (by = b3))
=21 -4 (12-473) ® f(1,b1,02 < b3) + (24 23) 411 ® f(2,01,02 < b3)
+ 2104 (234 22) @ f(1,b1,02 = b3) + (23 -4 22) -4 21 ® f(2,b1, by = b3)

Term (4): —(Vf)(z,y) * 2

—[r1 422 ® f(1,b1,b2) + 2 -4 11 @ f(2,01,02)] * (73 ® b3)
= —(21-a®2) 413 (f(1,b1,b2) < b3) — 34 (214 72) @ (f(1,b1,b2) > b3)
— (w24 m1) a23® (f(2,01,b2) < b3) — w34 (T2 -4 71) @ (f(2,b1,02) = b3)
Now, let’s collect all terms from (1)-(4) and group them by which (dgenqf)(i) they con-

tribute to.
Terms Contributing to (0pf)(1, by, by, b3):

e From (1

bl =< f(l bg,bg) and bl =< f(2 bg,bg)
2): —f(1,b1 < ba, b3)
+f(1, bl, b2 b bg) and +f(1, bl, b2 =< bg)

f(l, bl, bg) =< bg

e From

3

(1):
(2):
e From (3):
(4):

4

e From
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Combined:

(5dendf)(1>bl>bQ>b3) = bl = f(1762>b3) + bl = f(2762>b3) - f(la bl < an b3)
—+ f(l,bl,bg - b3) + f(l,bl,bg =< bg) — f(l,bl,bg> =< bg

Terms Contributing to (dgenaf)(2, b1, ba, b3):

Combined:

(Odenaf)(2,b1,b2,b3) = by = f(1,b2,b3) — f(1,b1 > ba,b3)
-+ f(2,b1,b2 < bg) — f(2,b1,b2) < bg

Terms Contributing to (dgenaf)(3, b1, ba, b3):

e From (1): by = f(2,bo,b3)

e From (3

(1):
e From (2) —f(l,bl ~ bg,bg) and —f<2,b1 =< bg,bg)
( )Z +f(2, bl, b2 b bg)

(4):

e From (4

—f(l,bl, bg) b bg and —f(Q,bl, bg) > bg
Combined:

(Odenaf)(3,b1,b2,b3) = by = f(2,b2,b3) — f(2,b1 > by, b3)
— f(2, bl =< bg, bg) + f(2, bl, bg - bg)
— f(1,b1,b2) = by — f(2,b1,b2) > b3

By using the Perm identity, which allows reordering of monomials in A modulo the relation
(ixj)zy = (o)) = xi(Tkx;), We see that:

(5HH(‘I’(f))(I1 ® by, To ® by, 13 & bs) = 112223 @ (Ogenaf)(1, b1, ba, b3)
+220173 @ (Odend f)(2, b1, b2, b3) + 237271 @ (Odenaf)(3, b1, b2, b3)
= U (bgenaf) (21 @ by, 22 @ by, 23 @ b3)

10
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General case: For a cochain ¥ f of degree n, the Hochschild differential dy 5 (W f) is
given by:

o (W) (@1 @b, .. Tngr @ bngr) = (21 @ by) - (Uf) (2 @ by, ..o, Ty @ bnga)
+ Z(—l)i(‘l’f)(l"l ® b1, (2 ®bi) - (Tig1 @ biy1), - .o, Tngr @ bpyr)

i=1
HED) TS (@1 @ br, - T ® ba) - (T @ buya)

Let us compute each term in dgy (W f) one by one.
1. First Term: (21 ®b) - (Vf) (22 ®ba, ..., Tpi1 @ bpyy)
Here U f applied to n arguments:

\I]f(llfg & b27 sy gl & bn+l) =

Ty Tnp1 @ f(L, b2, bpgr) + T302@g -+ Ty @ f(2,02, ..., bpgr)
+Z!Ez’+1 e ToTigalivs Tl @ f(i41,bg, ..., bpya)
—|—.f1}'n+1"'.f1}'2 ®f(n+ 17b27"'7bn+1)

Now, multiply (1 ® by) with each term in W f:
- For the first term in U f:

(Il X bl) : (332 T Tpp1 @ f(17b27 ce bn+1)) =TTy Tpy1 @ (bl < f(17 by, .. '7bn+1)>
—+ Lo+ Tpi1Ty (029 (bl ~ f(17b27 ey bn+1))

- For the second term in W f:

(1'1 ® bl) : (51731'2£E4 Tyl @ f(2, by, ..., bn+1))
= X1X302T4 "+ Tpt1 @ (bl =< f(2, bg, ey bn+1))
+x3%904 - Ty 1 @ (b1 = (2,02, ..., bpp1))

- For the i-th term in the sum:

(xl X bl) ) (33@'+1 S ToTipoXiq3 Tyl & f(Z +1,0o,..., bn+1)) =
T1Tip1 - ToTigpoTig3 - Tpg1 @ (by < f(i+ 1,02, ..., bpy1))
+ Tig1 - ToTigoTiqg - Tpy1®1 @ (b = f(i+ 1,02, ..., bpy1))

- For the last term in V¥ f:

(931 & bl) : (In+1 T2 @ f(n, by, ..., bn+1)) = T1Tpt1 T2 & (bl < f(% by, ..., bn+1))
+ Tpgr 221 @ (by = f(n, b, ... bny))

So, the first term in 0z (W f) is the sum of all these expressions.

11
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2. Middle Terms: Y .  (=1)"(¥f)(...,(z; ®b;) - (31 @ biy1),...)

For each i from 1 to n, we replace (x; ® b;) and (x;41 ® b;41) with their product:

(2 @ b;) - (Tig1 @ big1) = 2 ip1 @ (b < big1) + 2123 @ (b = biy)
Apply W f, for each i, we get:

Vi(. 2w @ (b < big),...) =

T 'l’i—l(l’il’i+1)$z‘+2 Tl @ f(17 bi, ..., bi—1,b; < bz’+17 bi+27 ceey bn+1)
+2ox1 -+ i1 (T ) Tig2 - Tng1 @ f(2,01, .00 b1, b < biga, ..o, bygr)
n—1
+Zxk+1"'x1"'(xixi+l>"'xn+1®f(k+17”’7bi < biy1,...)
k=2

Fnyr o (TiTiga) o m @ f(n+ 1,00 0 < b, )

Vil i1z @ (b = big1),...) =
(Ii+1il?i)1'z’—1 DT 42 Ty & f(l, bi,. .. bi—1,b; = biy1,biva, ..., by

)
Fxox1 - B (L1 i) Tiga - T @ (2,01, bim1, b3 = by, oo bpy)
n—2
+ZZEk+1"'Il"'(Ii$i+1)"'9§n+1®f(k‘+1,---,bz’ = biy1,...)
k=2

F &1 (@) 21 @ f(n, o b = b, )

3. Last Term: (—1)""™' (U f) (21 ®@b1,..., 2, @b,) - (Tpy1 @ bppr)
We have:

V(o @by, ., 2 @by) =212 @ f(1,01,. .., 0y) + Tow13 -2 @ f(2,01, ..

n—2
+ in—l-l C T Tigaligs Tn @ f(E+ 1,01, .., by)
i—2

+In"'I2I1®f(n>b1a-'-abn)

Now, multiply each term by (2,11 ® bp41):
- For the first term:

(xl R 7 X f(lvblv LRI bn)) ’ (xn—i-l & bn—i—l)
=T1 " Tplpyl (29 (f(l,bl, ey bn) =< bn+1)
+rp121 2, @ (f(1, 01, ..., 0,) > bpyt)

- For the second term:

(36’2%36’3 Ty @ f(27 bi,. .., bn)) : ($n+1 ® bn+1)
= Tox1%3 " TpnTpi1 @ (f(2,b01,...,b,) < bpuy1)
F Ty 1ToT1 03 - Ty @ (f(2,01,...,bn) = byg)

12

, bn)
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- For the i-th term in the sum:

(Ii+1 XX 2Ti43 Ty @ f(i + 1,0y, ., bn)) ) (l"n+1 ® bn-l—l)
= Tt T1Ti2Tiq3 TP @ (f(E+ 1,01, .., 0p) < bpgr)
+ T 1Tip1 - B1Tigolivs - Ty @ (f(E4+ 1,01, ..., b,) > bpya)

- For the last term:

(zn s Tl X f(n> bla sy bn)) ) ($n+1 X bn+1): Ty * 2T 1Tp+1 ® (f(n, b1> ey bn) = bn-i—l)
FTni 1T L1 @ (f(0, 01,00, bn) = bnga)

The last term in dg(Vf) is (—1)""! times the sum of all these expressions.
Alignment of Terms:

e First terms corresponds to by > f(i,...,) or by < f(i,...,) in dgena,
e Middle Terms corresponds to b; < bj11 + b; > b1 in dgeng,
e last Terms corresponds to f(i,...,) > b1 or f(i,...,) < bya1 In Ggena
By the Perm identity
TiTo(1) - - Lo(i) - - To(ngl) = Til1 ... Ti. .. Tny1;  for i=1,...n+1 o€ Syp.

we get:

(V) (21 @b, ..., Tpy1 @ bpgn) = 2122 ... Ty @ Zal =< f(i,ba, ... bpyr)

—T1x2 .. Tpp1 @ f(l by = b2, ..., bygr)

+T123 . %+1®Z F(Lby, .o bk b, ..o bygr)

+(=1)"Mrm,y .. xn ® f(1,b1,b9,...,b,) = bty
+2021 . Ty @by = (1, bo, ... bptt)

—ToT1 .. Ty @ f(1,01 = bo, b3, ..., bpi1)
+ToT1 . Tpg1 @ f(2 bi,by < b3, ..., bpyi1)

+T077 . $n+1®z F(2,01, ..., bi % big, ... bgr)
+(—1)n+1$21’1 ce In—i—l & f(2, b1> ey bn) < bn+1
n—1 r—1
+ Tip1Z5 ... L1T542 .+ - - Tpt1 ® Z bl - f(r — 1, bg, ceey bn+1)
i=2 =1

13
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+Z%+1Ii e T1Tg2 e D1 @ Z flr—1,b1,...,0; % biy1, ..., bpy1)
].)T_l in—i_lxi o TT42 - - - Tt X f(’f’ — 1, bl, .. ->br—1 - br, .. ~>bn+1)

—].)T ZZL’H_:[IZ' e TT42 - - - Tt & f(’l", bl, ceey br < br-‘,—la ceey bn—i—l)

+Z%+1%---I1$i+2 cTpt1 @ Z (r, b1, oo bk b, .o D)
= = r+1
1
—I—Zl’i+1l’i...l’1l’i+2 1 @ Z n+ f’l“bl,... b )—<bn+1
= i=r+1
FTTp 1Ty ... T2 & by = f(n, bg, cey bn+1)

+ Z(—l)il’n_,_ll'n X9 R f(n, bl, ey b, * bi+1, ey bn+1)

1=1
+(—1)"mn+1xn T & f(n, bl, bg, cey b, >~ bn+1)

—I—Z l’n+1l’n...l’2$1 ®f(’é,b1,bg,...,bn) - bn+1

= SC1I2 (6dendf)(17 bi,ba,. .., bn+1)
FToX123 ... Tpp1 & (5dendf)(27 b1, b, ..., bn+1)

+ in+1xi c e T1Ti42 - D1 @ (5dendf)(i +1,b1,09,. .., bn+1)

FTpi1 @ - 22T @ (Senaf )+ 1, b1, bay - bygr)
= U (Ogena(f)) (21 @ b1, 22 @ by, ..., Tpg1 @ byyr)

O

Remark 3.5. In the case where the Perm algebra A is free, the cochain map W is injective.
(By “free Perm algebra” we mean A = Perm(X) for some set X, where Perm(X) is
constructed as follows.

Let F(X) denote the free non-unital associative algebra over X = {1, zs,...}. Con-
sider the two-sided ideal I C F'(X) generated by all elements of the form

x(yz) — z(zy), forall z,y,z € F(X).

Then define
Perm(X) := F(X)/I.

By construction, Perm(X) satisfies the Perm identity (a-b)-c=a-(b-¢) =a- (c-b) for
all a,b,c € Perm(X), and it is free in the sense that any map X — P to a Perm algebra
P extends uniquely to a Perm algebra homomorphism Perm(X) — P).

14



A new approach to defining cochain complexes for Dendriform and pre-Lie algebras

Corollary 3.6. Given the canonical embedding of cochain complezes
Caena(B, N) = Cioen(A® B, A® N),
we obtain a short exact sequence of complexes:
0= Clona(B,N) = Clioan (AR B,A® N) = Q" — 0,

where A is a perm-free algebra, B is a pre-associative algebra, N is a B-bimodule, and
Q* = Cliou (AR B, AR N)/C4,.4(B, N) is the quotient complex. Applying the cohomology
functor yields the long exact sequence:

<= Hi4(B,N) - HH" (A® B,A® N) = H"1(Q")
— H},4(B,N) - HH"(A® B,A® N) — H"(Q")
— HytW(B,N) — HH"" (A® B,A@ N) — - -

Example 3.7. Let:
e A= F(xy,x9,23) be the free Perm algebra.

e B is the pre-associative algebra defined in 2.3.

A Hochschild 2-cochain ¥: (A® B) ® (A® B) — (A® B) can be expressed in terms
of f as:

V(71 @6, 120€;) = 1172 ® f(1, €5, €5) + 1201 @ f(2, €5, €5) = ZSC1$2 ®Oéfj€k + 2211 ®5fj€k-
k=1

To compute the Hochschild differential 055V evaluated at (x1 ® e1, 29 ® €1, 23 ® €7),
we’ll follow the standard definition of the Hochschild differential for a cochain W:

(0pa¥)(a,b,c) =a-V(bc)—¥(a-b,c)+ ¥(a,b-c)—V(a,b)-c
where a =11 ® e, b=y ®eq, and ¢ = 3 ® eq.

e Compute U(b,c) = V(23 ® ey, 23 ® e1):

n n
k 2
V(e ®ep,x3 Qep) = E Toksz ® aqqex + E T3 ® By ek
k=1 k=1

e Compute a - V(b,c)
Using the product in A ® B:

([L’l X 61) : (1’21’3 X o/flek) = (1’21’3) ® (61 < o/flek) + (1'21'3)1’1 & (61 - o/flek).

15
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Since e; < e, =0 for all £ > 1 and e; > e, = e; only if £k = 1, this simplifies to:
(z923)1 @ ay€;.

Similarly:
(1 ® e1) - (2312 @ Bhier) = (23m2) 11 @ By €.

Thus, the first term is:

(z973)T1 ® a1y €1 + (T379)T1 ® B €1.

Compute —V((x; ®e1) - (12 ® e€1), 23 R €1):
(1’1 X 61) . (ZL’Q X 61) = T129 X (61 =< 61) + Tox1 ® (61 b 61) = Tox1 ¥ €q.

Now apply U:

n

U(zy1 ® e, 13 e) = Z(ﬂﬁle)iﬂ?, & alf1€k + 2553(1'2171) ® Bflek'
k=1 k=1

Compute ¥(z; ® ey, (za®e1) - (73 ® €1)):
(1’2 X 61) . (ZL’3 X 61) = Tox3 X (61 =< 61) + T319 K (61 b 61) = I3%9 X €q.

Now apply U:

n

U(r) ® e1,r3m0 @ e1) = Z z1(x379) ® o/flek + Z(:ngg)a:l ® ﬁflek.
k=1 k=1

Compute —V(x; ® €1, ® €1) - (r3 @ e1)
U(ry ®ep,ra®e) = ZI1$2 ® afyer + szém ® Bfiex.
k=1 k=1

Multiply by (3 ® e1):
(x179) 73 ® (a'flek < e1) + x3(r172) ® (a’flek >~ e1)
+ (x9m1)23 ® (551% < e1) + x3(z2w1) ® (5f1€k = e1)

Thus, the fourth term is:

n n

D (w1m2)w5 @ afyer + w3(1172) @ afyer + Y (021)a5 @ Bfyex + w3(2211) @ Byen.
=2 k=2
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e Combine All Terms
Now, substitute all computed terms back into the Hochschild differential:

oun¥(a,b,c) =(xsx3)r1 @ a%lel + (z329) 11 ® 511161

— Z(l’gl’l)l’g & Oé]flek - Z 373(5521'1) ® 6flek

k=1 k=1
n n
+ Z z1(x319) ® a’flek + Z(l’gl’g)l’l ® 5flek
k=1 k=1

n
— Z(l’ll’g)l’g ® o/flek — 1’3(1'11’2) X 04}161
k=2

— Z(ngl)xg X 5f1€k — x3(2271) ® 5111‘31
k=2

e Using the Perm identities, the Hochschild differential 65V evaluated on the triple
(11 ®e1, 12 ® e, 23 ® ey) is:

n
1 k k 1
T1Tax3 @ (€1 — E ToX1X3 & (0411 + ﬁll)ek — T3T1T2 @ Q€1
k=2

Similarly:

e The Hochschild differential 655V evaluated at (z1 ® e;, 70 ® €1, 13 ® e1) is:

n n
T12223 @ ((afy + B )er — Z abier) — 1w ® Z BEer — 37179 ® (a1, + Biy)er
k=2 k=2

e The Hochschild differential 65V evaluated at (z1 ® ey, 2 ® €;, 13 ® e1) is:
(2129)73 ® a,e1 + (T221)23 ® (0l + B1;)er + (z321) 12 @ (—al; + B — Bi)er

e The Hochschild differential 055V evaluated at (21 ® €1, 22 ® €1, 23 ® €;) is:

n
k 1
— L2123 & ajer + 131172 @ Ben
k=2

e The Hochschild differential §yn ¥ evaluated at (z1 ® e;, 22 ® €, 23 @ ;) is:

12223 @ (%1‘1 + 5;1 + O‘ilj)el + 222123 ® 5i1j€1 — T3T1T2 @ (O‘ilj + 51'1]')61

17



Hassan Alhussein

e The Hochschild differential U evaluated at (21 ® e;, 22 ® €1, 23 ® €;) is:

(erz2)2s ® (0 + By)er = D afjer) = (@aa)a2 ® ) B
k=1

k=1

e The Hochschild differential §yp ¥ evaluated at (z1 ® e1, 22 ® €;, 13 ® ;) is:

1 1
TaZ1%3 @ Q€1 + T3T1T2 @ 52-]-61

e The Hochschild differential §yp ¥ evaluated at (z1 ® e;, 22 ® €, 23 @ €) is:

(z122)23 @ (), + B )er + (2211) 23 @ ajjer + (2321)22 @ €1
For 0V = 0, we have:

1

a;; =0,

af; =0, Vj>2 k>1
ol =0, Vi>2k>1
af, =0, Vi, j k> 2
ﬁ111:0a

B, =0,Vj>2 k>1
k=0, Vi>2k>1
k . .
=0, Vi, j k> 2

The solution satisfying all cochains conditions is:
n n
(V)1 ®er,z1 ®er) =129 ® Z Oélflek — X221 ® Z Oélflek
k=2 k=2

To compute the Hochschild coboundary gy (Wg) evaluated at (x; ® ey, 29 ® e1), we use
the Hochschild differential formula for a 1-cochain Wg:

(0nn(Vg))(a,b) = a- (Pg)(b) — (Yg)(a - b) + (Vg)(a) - b.
1. First term: (z1 ® e1) - (Vg)(ze ® €1):

(Tg)(m2®@er1) =22® Y cley.
h=1
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- Now multiply by (z1 ® e;) using the product in A ® B:
(x1 ®eq) - <x2 ® Z c'fek> =179 ® <61 < Zc]fek) + 291 ® <€1 - Zc'fek) )
k=1 k=1 k=1
- Simplify using the structure of B:
e1 <e, =0 forall k, e >=ep=-e;onlyif k=1.

Thus:
1
= T9x1 & ci€1.

2. Second term: —(Vg)((z; ®e€1) - (xa ® e1)):
T1To @ (61 < 61) + o1 ® (61 >~ 61) = 91 X €.
- Apply Wg:

(Vg) (2211 @ €1) = 2971 @ Z crey,.
k=1

3. Third term: (Vg)(z1 ®e1) - (22 ® €1):
(Tg)(m1®e) =21® Y cley.
k=1
- Multiply by (22 ® e1):

(l’l (029 Zc’fek) . (1’2 X 61) = T1T9 & <Z C]fﬁ’k =< 61) + Lol & <Z C]fﬁ’k b 61)
k=1

k=1 k=1

n
k 1
=129 ® E cier + xaxy; ® creq
k=2

Combining all terms

(6n(Pg)) (11 @ €1, 72 @ €1) = 2172 @ Y _ he — 911 ® Y _ ey

k=2 k=1

It is the same result as in Example 2.6.

4 pre-Lie algebras

Definition 4.1 ([6]). A pre-Lie algebra (P, -p) is a vector space with a binary operation
-p: P® P — P such that

(apb)-pc—a-p(b-pc)=(apc)pb—a-p(cpb), forab.cekP.

The total product [a,b] := a-p b —b-p a is the Lie bracket induced by the pre-Lie
product.
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Definition 4.2 ([6]). A bimodule over a pre-Lie algebra (P, ) is a vector space M with
left and right actions, satisfying:

(@-b)-m—a-(b-m)=(a-m)-b—a-(m-b),
(m-a)-b—m-(a-b)=(m-b)-a—m-(b-a).
fora,b € P, m € M.
Example 4.3. Define a pre-Lie algebra (P, -p) generated by e, es, and product:
e; -p ey =e1, all other products zero.

Lie Bracket [e;, e5] = e; and all other products zero.

Definition 4.4 ([5]). We consider a pre-Lie algebra (P, -p) and a representation N of
P. The cochain complex for right-symmetric algebra cohomology is given by:

C;re(P? N) = @C;jre(P7 N)?

k=0
where:

e C* (P, N) consists of multilinear maps ¢ : P®* — N,

pre

e The coboundary operator 4y, : C%,, — CEtl is defined as:

k

(Bpret)) (a0, a1, - ax) = = Y _(=1)agap(as, a, ... i, ap)

i=1

+) (=D%(ao-pasai,... a4,... a)

-

=1

+ Y (=)M(ag,ar . e ag), - a)
1<i<j<k
k

—Z(—l)’w(ao,al,...,di,...,ak).ai,
i=1

where:
e (; means a; is omitted,
e [a;,a;] = a; -pa; — a;j-pa; is the Lie bracket induced by the pre-Lie product.
1. Degree 1 (k=1):
(Opret?) (@0, a1) = —ag - Y(ar) + Y (ag -p ar) — P (ao) - as.
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2. Degree 2 (k =2):

(Opre®) (@0, a1, a2) = —ag - Y(a1, az) + ag - Y(az, a1) + Y (ao -p ai, a2) — Y(ag -p az, ar)
+ 1p(ao, (a1, az]) — Y(ag, ar) - az + Y(ag, az) - a;.

3. Degree 3 (k = 3):

(Opret)) (a0, a1, as, az) = —ag - P(ay, az, az) + ag - Y(az, a, az)
— ag - P(as, ar, az) +P(ap -p a1, az, as)
—¥(ag p ag, a1, az) +P(ag -p az, a1, az)
+ ¥(ao, [a1, az], as) — ¥(ao, la1, as], as)

+ Y(ao, [ag, as], a1) — V¥ (aog, a1, az) - ag

+1h(

ag, ay, az) - az — P(ao, az, az) - ai.
Example 4.5. We find H} (P, P), where P is a pre-Lie generated by e;, e; and product:

e1-p ey = e, all other products e; -pe; = 0.

Lie bracket:

[61762] =e 'peyg—ey-pep=e —0=ey.
e 2-cochains: Bilinear maps ¢ : P x P — P.

e Coboundary:

(5pre¢)(1} Y, Z) =—X-p ¢(y> Z) +x-p ¢(z>y) + ¢($ ‘PY, Z) - ¢($ ‘P Z>y)
+ ¢($, [yu Z]) - (b(xv y) ‘P2t (b(xv Z) ‘rY.

e 2-cocycles: Maps ¢ satisfying dpe¢p = 0. Assume:
¢(er, ea) = aer +bey,  @lea,e1) = cer +dea,  P(e;e;) = 0.
For (z,y,2) = (e1, €2, €1):

(Opre®)(e1, €2,€1) = —e1 -p P(eg, €1) + €1 -p Ple1, e2) + P(er -p ez, 1)
— ¢(e1 -p e, ez) + dle, ez, e1]) — dler, ea) -p ey + dler, e1) -p eo.
= —ey1 -p (cey + deg) + ey -p (aeq + beg) + d(eq, e1)
— (0, e3) + p(e1, —e1) — (aey + bes) -pey.
= —c(e;-pey) —d(ey-pes)+ale;-per)+bler-pey) —aler-pey)
—b(eg -per) = —dey + be; = (—d + b)e;.
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For dpre¢ = 0, we must have:

—d+b=0 = b=d.

Similarly, evaluating dpe¢ for (eq, ey, e2):
(5pre¢) (627 €1, 62) = d€2
For dpre¢ = 0, we must have:

d=0 = b=d=0.

From the above, a 2-cocycle ¢ must satisfy:

b=d=0, ¢(er,ex) =ae, ¢(ez,e1)= ces.

Additionally, the cocycle condition imposes ¢(e;, e;) = 0.

A 2-cochain ¢ is a coboundary if ¢ = et for some 1-cochain . The coboundary
operator for a 1-cochain 1 is:

(Opret))(z,y) = =z -p(y) + ¥(z py) — (z) Py
Let ¢(e1) = ae; + Bey and 1(ez) = ye; + dep. Then:
¢(er, e2) = (Opret))(e1,€2) = —e1 -pY(e2) +(er -pez) —b(er) -p ea.
Substituting:
= —e1-p(ye1+des)+(er) — (aer+Per) pes = —ber+(aer+Ber) —aer = —der+ [es.
Similarly:
¢(ea, 1) = (Opret))(e2,€1) = —€2-p (1) + (e -p e1) —(e2) -p e = 0.
Thus, a coboundary ¢ must satisfy:
o(e1,e2) = —dey + Pes, @(ea,e1) =0.
Comparing with the general 2-cocycle:
o(e1,e2) = aey, @(es,e1) = cey.

For ¢ to be a coboundary, we must have ¢ = 0 and a = —4, § = 0. Therefore,
the cohomology is determined by the parameter ¢, which is not constrained by the
coboundary condition. Therefore:

H2 (P, P)~k.

pre
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5 Lie and pre-Lie algebras

Theorem 5.1 ([7, Example 3.2]). Let (A,-4) be a Perm algebra and P be a vector space
equipped with a bilinear operation -p : P ® P — P. Define the bracket on A® P by

[a1 ® p1,as ® pa] := (a1 -4 a2) ® (p1 -p p2) — (a2 -4 a1) @ (p2 P 1)
Then:
1. If (P,-p) is a pre-Lie algebra, then A® P is a Lie algebra.

2. Conversely, if A® P is a Lie algebra and A is free as a Perm algebra, then
(P, -p) is a pre-Lie algebra.

In particular, when A is a free Perm algebra, A ® P is a Lie algebra if and only if
(P,-p) is a pre-Lie algebra.

Theorem 5.2. Let A be a free Perm algebra, P be a pre-Lie algebra, and N be a vector
space. Then the tensor product A ® N with action

(@@n)-(b®c):= (ab) ® (nc) — (ba) @ (cn)

(b®c)- (a®n):= (ba) ® (cn) — (ab) @ (nc)
s a module over A® P if N is a module over P.

Proof. This follows using an argument similar to the proof of Theorem 5.1. O

Definition 5.3 ([3]). Let g be a Lie algebra over a field k, and let M be a g-module (i.e., a
vector space equipped with a Lie algebra action of g). The Chevalley-Eilenberg complex
is used to define the cohomology groups H"(g, M).

The n-th cochain group C"(g, M) consists of alternating n-linear maps (cochains):

frgxgx---xg— M,
and the coboundary operator
Spie - C™(g, M) — C" (g, M)
is given by:

Oricf) (@1, tner) = Y (=D f(lws, ] 2, Fae 2 )
i<j
+ Z<_1)Z+1xl ' f(xlv s 7:1?1'7 s '7:1:n+1)7

where z; means that x; is omitted.
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For n = 1:
(Orief)(z1,22) = = f([21, 22]) + 21 - f(22) — 22 f(21).
For n = 2:
(Orief) (@1, w2, w3) = — f([21, 22], 3) + f([21, 73], 22) — f([22, 23], 21)
+ a1 f(xo,23) — 2 - 1, 73) + 23+ f(21,72).

Example 5.4. For the Lie algebra g with basis {e;, eo} and bracket [e;, e5] = ey, all other
brackets zero:
H?(g,9) = k.

Theorem 5.5. Let (A, -4) be a Perm algebra, let (P, <, ) be a pre-Lie algebra, and
let N be a P-bimodule. Then there exists a cochain map
\Il : C;ro(PvN) _>CE10(A®P7A®N)

from the pre-Lie algebra cochain complex of P with coefficients in N to the Lie cochain
complex of the tensor product algebra A ® P with coefficients in A® N.

Proof. Given a pre-Lie cochain f € CL (P, N), for z1,...,z, € A and by,...,b, € P,
define:

U(f)((z1 ®@b1, 22 @by, Ty ®by)) =122 ... 2, @ by, ba, ..., by)
— L9123 ... Ty @ f(b2, b1,...,0y)

+Z(—1)iifi+1---l'1ifi+2 T @ (b1, . biz1, big1, bis bigo, oo, by)

=2
+(—1)n_1l’nl’n_1 ... T X f(bn, bn—1> ceey bg, bl)

We will show that ¥ commutes with the differentials:
Orie(Vf) = ¥ (dpref)

e Forn =2
ie(Uf) (21 @by, 20 @ by) = =V f([11 ® by, 29 ® b))
+ (11 ®@b1) - V(12 ®b2) — (12 @b) - V(21 ®by)
—(21 -4 22) ® f((b1 ‘P 52)) (T2 -421) ® f((b2 ‘P bl))
+ (214 22) @1 f(b2) — (w24 1) @ f(b2)by
(22 a21) @b f(b1) + (1 -4 22) ® f(b1)b2
= (714 72) ® ( f(b1-p ba) + b1 f(b2) + f(bl)bz>
—

Ty AIL"1)< f(ba-pbr) +baf(br) + f(b2)b )

= (21 -4 22) @ (Opref)(b1,b2) — (22 -4 1) @ (dpref) (b2, b1)
\II((SPT’ef)(Il ® bla ) ® b2)
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e For n =3. Apply dpie to U(f):
(OLie W (f))(#1 @ by, w2 ® by, w3 @ bs)
has six terms as per the definition of .
1. First Term: —U(f)([z1 ® by, x2 ® by, 23 @ b3): - Compute the bracket:
(21 ® by, 22 ® bo] = (x122) @ (by -p by) — (wow1) & (by -p by).

- Apply ¥(f):
\If(f) (([1'1 ®b1, l’g@bg], 1’3@[)3)) = \I/(f) ((1’11’2 ® (bl 'pbg) —T2T1 ®(b2 'pbl), l’g@bg)).
This splits into two applications of W(f):

—\If(f)(([xl ® by, g ® by, x5 ® bg)) = —(z1m9)x3 @ f(by -p ba, b3)
+ 23(7172) ® f(b3,b1 -p ba)
+ (zow1)23 @ f(b2 p b1, bs)
— x3(w2m1) ® f(b3, b2 -p by).

2. Second Term:
‘I’(f)(([ifl ® by, 13 ® bs], 12 ® bz)) = (1123)702 ® f
— xo(x123) @ f
+ (z371)72 ® f
— To(w311) ® f

—~

bl ‘P b3a b2)
b2, b1 -p b3)
b3 ‘P b1> b2)
b2, b3 - p b1).

—~ o~ —~

3. Third Term:
—U(f) (([332 ® by, x3 @ bs], 11 @ b1)) = —(xqx3)x1 ® f(b2 -p b3, b1)
+ 21 (223) @ f(b1,ba -p bs)
+ (2322)21 @ f(bs - p b2, b1)
— z1(2322) @ f(b1,b3 - p ba).

4. Fourth Term: +(z1 ® by) - U (f) (22 ® b, 23 ® b3):
- First compute U(f)(xs ® by, 3 ® b3):

U(f) (@2 @ ba, x5 ® bg) = 2203 @ f(b, bg) — 2322 @ f(bs, ).
- Then act by z1 ® by:

(11 @ by1) - (w223 ® f(b2,b3) — w372 ® f(b3,b2)) = 1 (w273) ® by f(D2, b3)
— (v213)21 ® f(bo, b3)b1.
— 21(2372) @ by f (3, ba)
+ (z372)71 @ f(b3,b2)b1.

25



Hassan Alhussein

5. Fifth Term:
—(2 ® by) - (w123 @ f(b1,03) — 2371 @ f(b3,b1)) = —w2(2173) @ b f (b1, b3)
+ (z123)22 @ f(b1, b3)by
+ x2(2371) @ ba f (D3, b1)
— (x321)22 @ f(b3,b1)bs.

6. Sixth Term:

(23 ® b3) - (2122 ® f(b1,b2) — 2221 ® f(ba, 1)) = w3(w122) ® b3 f (b1, b2)
— (z122)23 @ f(by, b2)b3
— x3(2w1) @ by f (b, b1)
+ (zox1)73 @ f(by, b1)b3.

Final Expression: (dpieW(f))(x1 ® by, 22 ® by, x5 ® bs)

= T1T273 & ( — by - f(ba,b3) + b1+ f(b3,02) + f(br -p b2, b3) — f(by-p b3, b2)
+ (b1, (oo, ba]) = F(br,b2) - by + f(br.bs) -
~wawizy @ (= by f(br,bg) + ba- by, br) + F(bap by, ba) = f(ba p by, )
o+ (b2, o1, B3]) — (%h)%+f@&3 b)
+r3271 @ ( — by - f(ba,b1) + bs - f(b1,b2) + f(b3 - p b2, b1) — f(bs -p b1, )
[

(b, (b b)) = (s, ba) - by + F (b, ba) - )

= T1T223 ® (5Pref)(bla ba, bs) — L1123 ® (5Pref)(b27 b1, b3
+ 232921 @ (Opref)(bs, ba, b1) = W (dpre f) (21 @ by, 22 @ by, x5 @ b3)

e General case: Following the same pattern of proof used for the cases n = 2 and
n = 3, the theorem can be established for all n > 2. O

Remark 5.6. In the case where the Perm algebra A is free (see Remark 3.5), the cochain
map Y is injective.

Corollary 5.7. Given the canonical embedding of cochain complexes

C;ro(P7N)(_>CE10(A®P7A®N)7

we obtain a short exact sequence of complezes:

0= Cpe(PN) = Crie(A® PLARN) = Q" =0,
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where Q* = Cf;.(A® P,A® N)/Cy. (P, N) is the quotient complex. Applying the coho-
mology functor yields the long exact sequence:

o= HEMNP/N) = H HA® P,A® N) — H'H(QY)
— nge(PvN) — sze(A®P7A®N) — Hn(Q*)
— HYY(P,N) = HITH AR P, AR N) — -

Example 5.8. Let:
e A= F(x,y) be the free Perm algebra.

e P be pre-Lie algebra with basis {e;, es} and operations:

€1'p€y=¢€1

ei-pej =0 for other.
A pre-Lie 2-cochain f: P ® P — P can be expressed as (see 4.5):

fle1,e2) = aer,  fleg, 1) = cer.
A Lie 2-cochain ¢ : (A® P)® (A® P) — (A ® P) can be expressed in terms of f as:

P(r® e,y ®ey) =ary ®er +cyzr @ ey.
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