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Abstract. Our constructions provide a systematic way to study cohomology of pre-
algebraic structures via classical cohomology, simplifying computations and enabling
the use of established techniques.
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these structures, Perm algebras, pre-associative algebras, and pre-Lie algebras have gar-
nered significant interest due to their connections with associative algebras, Lie algebras,
and operad theory. This paper explores the cohomology theories of these algebras and
establishes relationships between them via tensor product constructions.

A Perm algebra is an algebra satisfying the permutation identity:

(a ·A b) ·A c = a ·A (b ·A c) = a ·A (c ·A b).

The cohomology of Perm algebras, introduced in [1], provides a framework for studying
deformations and extensions. A key result is the embedding of Perm cochain complexes
into Hochschild cochain complexes, inducing a map in cohomology that is an isomorphism
in low degrees but not necessarily surjective in higher degrees.

A pre-associative algebra (or dendriform algebra) is equipped with two operations ≺
and ≻ that split the associativity of the total product a ·B b = a ≺ b + a ≻ b. Such
algebras arise in the study of Rota-Baxter algebras, shuffle algebras, and combinatorial
Hopf algebras [9]. Their cohomology, defined via a complex of multilinear maps satisfying
compatibility conditions, encodes deformation theory and operadic structures [4].

A pre-Lie algebra (or right-symmetric algebra) satisfies the identity:

(a ·P b) ·P c− a ·P (b ·P c) = (a ·P c) ·P b− a ·P (c ·P b).

These algebras appear in deformation quantization [6]. The cohomology of pre-Lie alge-
bras, introduced in [5], involves a differential that accounts for both the pre-Lie product
and the induced Lie bracket.

In [8], it is shown that for a given free Perm algebra A and algebra B with two bilinear
operations ≺,≻, the tensor product A⊗B is associative if and only if (B,≺,≻) is a pre-
associative algebra. Similarly in [7], for a free Perm algebra A and algebra P with a
bilinear operation ·P , the tensor product A⊗ P is a Lie algebra if and only if (P, ·P ) is a
pre-Lie algebra.

In this paper, we construct explicit injective cochain maps that embed the cohomology
of pre-associative and pre-Lie algebras into the cohomology of tensor products with free
Perm algebras, revealing a new structural connection between these theories:

• When A is a free Perm algebra: from pre-associative cohomology C∗
dend(B,N) to

Hochschild cohomology C∗
Hoch(A⊗ B,A⊗N).

• From pre-Lie cohomology C∗
Pre(P,N) to Lie algebra cohomology C∗

Lie(A⊗P,A⊗N).

These embeddings induce long exact sequences relating the respective cohomologies,
providing a tool to compare deformation theories.

This injective cochain maps reduce the computation of dendriform (pre-associative)
and pre-Lie cohomologies to classical Hochschild and Lie cohomologies.
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2 Right Perm algebras and pre-associative algebras

Definition 2.1 ([2]). An associative algebra (A, ·A) is called a right Perm algebra if it
satisfies the permutation identity:

(a ·A b) ·A c = a ·A (b ·A c) = a ·A (c ·A b), a, b, c ∈ A.

A representation of A is an A-bimodule M satisfying

(mb)c = m(bc) = m(cb), (am)b = a(mb) = (ab)m

for all m ∈M , a, b ∈ A.

Let (A, ·) be a Perm algebra with a representation on an A-bimodule M . The Perm
cochain complex (C∗

perm(A,M), δperm) is given by:

Cn
perm = Cn

perm(A,M) := {f ∈ Homk(A
⊗n,M) satisfying (1), (2), (3), (4) and (5)}

af(aγ(1), . . . , aγ(n)) = af(a1, . . . , an); γ ∈ Sn, (1)

f(a1, . . . , bai, . . . , an) = f(a1, . . . , aib, . . . , an); i = 2, . . . , n, (2)

af(a1b, a2, . . . , an) = af(ba1, a2, . . . , an), (3)

abf(a1, . . . , an) = aajf(a1, . . . , aj−1, b, aj+1, . . . , an), (4)

af(a1, . . . , aj−1b, . . . , an) = af(a1b, a2, . . . , an). (5)

The differential δperm : Cn
perm → Cn+1

perm is defined by the same rule as the classical
Hochschild differential δHoch:

(δpermf)(a1, . . . , an+1) = a1f(a2, . . . , an+1)

+

n∑

i=1

(−1)if(a1, . . . , ai · ai+1, . . . , an+1)

+ (−1)n+1f(a1, . . . , an)an+1

The Perm cohomology is H∗
perm(A,M) = H(C∗

perm(A,M), δperm) .
1-cohomology corresponds to outer derivations, 2-cohomology describes abelian exten-

sions; for details see [1].

Definition 2.2 (see [9]). An algebra (B,≺,≻) with two binary operations is called a
pre-associative algebra (or dendriform algebra; also known in the literature as a non-
commutative half-shuffle algebra) if the following identities hold for all x, y, z ∈ B:

(x ≺ y) ≺ z = x ≺ (y ≺ z + y ≻ z),

(x ≻ y) ≺ z = x ≻ (y ≺ z),

x ≻ (y ≻ z) = (x ≺ y + x ≻ y) ≻ z.

In particular, the total product x ·B y := x ≺ y + x ≻ y is associative.
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Example 2.3. Let B be an n-dimensional pre-associative algebra with basis {e1, . . . , en}
and operations:

ei ≺ e1 = ei for all i = 2, . . . , n,

e1 ≻ e1 = e1,

All other products are zero.

Definition 2.4 (see [9]). A representation of a pre-associative algebra B on a vector space
N is defined as two left actions and two right actions satisfying nine obvious identities
similar to those in Definition 2.2.

The notion of a cohomology for pre-associative algebras was proposed by [4]. In this
section, we recall the original definition which is quite technical. In Section 3, we show
that when A is a free Perm algebra, there exists an injective cochain map

Ψ: C∗
dend(B,N) −→ C∗

Hoch(A⊗B,A⊗N)

from the pre-associative complex of B into the Hochschild complex of A ⊗ B. This
embedding not only simplifies computations but also establishes a universal connection
between pre-associative and Hochschild cohomologies, which we regard as a simpler and
more conceptual approach.

Denote by Cn = {1, 2, . . . , n} the set of the first n natural numbers. For any m,n ≥ 1
and 1 ≤ i ≤ m, define the maps R0, R1, . . . , Rm as follows:

R0(m, i, n) : Cm+n−1 → Cm,

R0(m, i, n)(r) =







r, r ≤ i− 1,

i, i ≤ r ≤ i+ n− 1,

r − n+ 1, i+ n ≤ r ≤ m+ n− 1;

Ri(m, i, n) : Cm+n−1 → k[Cm],

Ri(m, i, n)(r) =







1 + · · ·+ n, r ≤ i− 1,

r − i+ 1, i ≤ r ≤ i+ n− 1,

1 + · · ·+ n, i+ n ≤ r ≤ m+ n− 1.

For a pre-associative algebra (B,≺,≻), define πB : k[C2]⊗ B ⊗ B → B by

πB(r, a, b) =

{

a ≺ b, r = 1,

a ≻ b, r = 2.

To describe a representation of B on N in a more compact form, we may define two maps

θ1 : k[C2]⊗ (B ⊗N) → N, θ2 : k[C2]⊗ (N ⊗ B) → N
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as follows:

θ1(r, a, n) =

{

a ≺ n, r = 1,

a ≻ n, r = 2;
θ2(r, n, a) =

{

n ≺ a, r = 1,

n ≻ a, r = 2.

Definition 2.5 ([4]). Let (B,≺,≻) be a pre-associative algebra and N be a representation
of B. We define the space Cn

dend(B,N) of n-cochains of B with coefficients in N by

Cn
dend(B,N) = Homk(k[Cn]⊗B⊗n , N).

The differential
δdend : C

n
dend(B,N) → Cn+1

dend(B,N)

is given by

(δdendf)(r, a1, . . . , an+1) = θ1(R0(2, 1, n)(r), a1, f(R2(2, 1, n)(r), a2, . . . , an+1))

+

n∑

i=1

(−1)if(R0(n, i, 2)(r), a1, . . . , ai−1, πA(Ri(n, i, 2)(r), ai, ai+1), ai+2, . . . , an+1)

+ (−1)n+1θ2(R0(2, n, 1)(r), f(R1(2, n, 1)(r), a1, . . . , an), an+1), (6)

for r ∈ Cn+1 and a1, . . . , an+1 ∈ B. The corresponding cohomology groups are denoted
by Hn

dend(B,N), for n ≥ 1.

The pre-associative differential may be expressed via

(δdendf)(1, b1, . . . , bn+1) =
n∑

i=1

a1 ≺ f(i, b2, . . . , bn+1)− f(1, b1 ≺ b2, . . . , bn+1)

+
n∑

i=2

(−1)if(1, b1, . . . , bi ∗ bi+1, . . . , bn+1) + (−1)n+1f(1, b1, b2, . . . , bn) ≺ bn+1

(δdendf)(2, b1, . . . , bn+1) = b1 ≻ f(1, b2, . . . , bn+1)− f(1, b1 ≻ b2, b3, . . . , bn+1)

+f(2, b1, b2 ≺ b3, . . . , bn+1) +
n∑

i=3

(−1)if(2, b1, . . . , bi ∗ bi+1, . . . , bn+1)

+(−1)n+1f(2, b1, . . . , bn) ≺ bn+1
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(δdendf)(r, b1, . . . ,bn+1) =
r−1∑

i=1

b1 ≻ f(r − 1, b2, . . . , bn+1)

+

r−2∑

i=1

(−1)if(r − 1, b1, . . . , bi ∗ bi+1, . . . , bn+1)

+ (−1)r−1f(r − 1, b1, . . . , br−1 ≻ br, . . . , bn+1)

+ (−1)rf(r, b1, . . . , br ≺ br+1, . . . , bn+1)

+
n∑

i=r+1

(−1)if(r, b1, . . . , bi ∗ bi+1, . . . , bn+1)

+

n∑

i=r+1

(−1)n+1f(r, b1, . . . , bn) ≺ bn+1

(δdendf)(n+ 1, b1, . . . ,bn+1) = b1 ≻ f(n, b2, . . . , bn+1)

+
n−1∑

i=1

(−1)if(n, b1, . . . , bi ∗ bi+1, . . . , bn+1)

+ (−1)nf(n, b1, b2, . . . , bn ≻ bn+1)

+
n∑

i=1

(−1)n+1f(i, b1, b2, . . . , bn) ≻ bn+1.

for all r = 3, . . . , n.
In particular, for f ∈ C1

dend(B,N) we have

(δdendf)(1; a, b) = a ≺ f(1, b)− f(1, a ≺ b) + (1, a) ≺ b,

(δdendf)(2, a, b) = a ≻ f(1, b)− f(1, a ≻ b) + f(1, a) ≻ b.

Similarly, if f ∈ C2
dend(B,N) then

(δdendf)(1; a, b, c) = a ≺ f(1, b, c) + a ≺ f(2, b, c)− f(1, a ≺ b, c)

+ f(1, a, b ≺ c) + f(1, a, b ≻ c)− f(1, a, b) ≺ c,

(δdendf)(2; a, b, c) = a ≻ f(1, b, c)− f(1, a ≻ b, c) + f(2, a, b ≺ c)− f(2, a, b) ≺ c,

(δdendf)(3; a, b, c) = a ≻ f(2, b, c)− f(2, a ≻ b, c)− f(2, a ≺ b, c)

+ f(2, a, b ≻ c)− f(1, a, b) ≻ c− f(2, a, b) ≻ c.

(7)

Example 2.6. Let us compute H2(B,B), where B is the pre-associative algebra defined
in 2.3.

A 2-cochain f ∈ C2(B,B) is defined by bilinear functions:

f(1, ei, ej) =
n∑

k=1

αk
ijek, f(2, ei, ej) =

n∑

k=1

βk
ijek.
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The cocycle condition δdendf = 0 is given by the following three equations for all
a, b, c ∈ B:

(δdendf)(1; a, b, c) = a ≺ f(1, b, c) + a ≺ f(2, b, c)− f(1, a ≺ b, c)

+ f(1, a, b ≺ c) + f(1, a, b ≻ c)− f(1, a, b) ≺ c,

(δdendf)(2; a, b, c) = a ≻ f(1, b, c)− f(1, a ≻ b, c)

+ f(2, a, b ≺ c)− f(2, a, b) ≺ c,

(δdendf)(3; a, b, c) = a ≻ f(2, b, c)− f(2, a ≻ b, c)− f(2, a ≺ b, c)

+ f(2, a, b ≻ c)− f(1, a, b) ≻ c− f(2, a, b) ≻ c.

Evaluating these conditions on all basis triples yields the general solution for a cocycle:

α1
11 = 0, αk

1j = 0, ∀j ≥ 2, k ≥ 1

αk
i1 = 0, ∀i ≥ 2, k ≥ 1 αk

ij = 0, ∀i, j, k ≥ 2

β1
11 = 0, βk

1j = 0, ∀j ≥ 2, k ≥ 1

βk
i1 = 0, ∀i ≥ 2, k ≥ 1 βk

ij = 0, ∀i, j, k ≥ 2

αk
11 + βk

11 = 0, ∀k ≥ 2.

Thus, the space of 2-cocycles Z2(B,B) is spanned by maps of the form:

f(1, e1, e1) =
n∑

k=2

αk
11ek, f(2, e1, e1) = −

n∑

k=2

αk
11ek.

Now, let g ∈ C1(B,B) be a 1-cochain defined by g(1, ei) =
∑n

k=1 c
k
i ek. Its coboundary

δdendg is:

(δdendg)(1; e1, e1) =
n∑

k=2

ck1ek,

(δdendg)(2; e1, e1) = −
n∑

k=1

ck1ek.

Comparing with the general cocycle, we find that every cocycle f is also a coboundary
δdendg, achieved by setting c11 = 0 and ck1 = αk

11 for k ≥ 2. Therefore, H2(B,B) = 0.

3 Associative and pre-associative algebra

Theorem 3.1 (see [8, Example 2]). Let (A, ·A) be a Perm algebra and B be a vector space

equipped with two bilinear operations ≺,≻: B⊗B → B. Define the tensor product algebra

A⊗ B with product

(a1 ⊗ b1) · (a2 ⊗ b2) := (a1 ·A a2)⊗ (b1 ≺ b2) + (a2 ·A a1)⊗ (b1 ≻ b2).

Then:
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1. If (B,≺,≻) is a pre-associative algebra, then A⊗ B is associative.

2. Conversely, if A ⊗ B is associative and A is free as a Perm algebra, then

(B,≺,≻) is a pre-associative algebra.

In particular, when A is a free Perm algebra, A⊗B is associative if and only if (B,≺,≻)
is a pre-associative algebra.

Theorem 3.2. Let A be a free Perm algebra, let (B,≺,≻) be a pre-associative algebra,

and let N be a vector space. Then the tensor product A⊗N with action

(a⊗ n) · (b⊗ c) := (ab)⊗ (n ≺ c) + (ba)⊗ (n ≻ c)

(b⊗ c) · (a⊗ n) := (ba)⊗ (c ≺ n) + (ab)⊗ (c ≻ n)

is a module over A⊗ B if and only if N is a module over B.

Proof. This follows using an argument similar to the proof of Theorem 3.1.

Remark 3.3. The cohomology of an algebra A⊗B with values in a bimodule A⊗N is a
Hochschild cohomology.

Theorem 3.4. Let (A, ·A) be a Perm algebra, let (B,≺,≻) be a pre-associative al-

gebra, and let N be a B-bimodule. Then there exists a cochain map

Ψ : C∗
dend(B,N) → C∗

Hoch(A⊗B,A⊗N)

from the pre-associative cochain complex of B with coefficients in N to the Hochschild

cochain complex of the tensor product algebra A⊗B with coefficients in A⊗N .

Proof. Given a pre-associative cochain f ∈ Cn
dend(B,N), for each x1, . . . , xn ∈ A and each

b1, . . . , bn ∈ B, define:

Ψ(f)
(
(x1 ⊗ b1, x2 ⊗ b2, . . . ,xn ⊗ bn)

)
:= x1x2 . . . xn ⊗ f(1, b1, b2, . . . , bn)

+x2x1x3 . . . xn ⊗ f(2, b1, b2, . . . , bn)

+
n−2∑

i=2

xi+1xi . . . x1xi+2xi+3 . . . xn ⊗ f(i+ 1, b1, b2, . . . , bn)

+xnxn−1 . . . x2x1 ⊗ f(n, b1, b2, . . . , bn)

We will show that Ψ commutes with the differentials:

δHH(Ψf) = Ψ(δdendf)

For n = 3 and x = x1 ⊗ b1, y = x2 ⊗ b2, z = x3 ⊗ b3, we have:
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δHH(Ψf)(x, y, z) = x ∗ (Ψf)(y, z)
︸ ︷︷ ︸

(1)

− (Ψf)(x ∗ y, z)
︸ ︷︷ ︸

(2)

+ (Ψf)(x, y ∗ z)
︸ ︷︷ ︸

(3)

− (Ψf)(x, y) ∗ z
︸ ︷︷ ︸

(4)

Term (1): x ∗ (Ψf)(y, z)

= (x1 ⊗ b1) ∗ [x2 ·A x3 ⊗ f(1, b2, b3) + x3 ·A x2 ⊗ f(2, b2, b3)]

= (x1 ·A (x2 ·A x3))⊗ (b1 ≺ f(1, b2, b3)) + ((x2 ·A x3) ·A x1)⊗ (b1 ≻ f(1, b2, b3))

+ (x1 ·A (x3 ·A x2))⊗ (b1 ≺ f(2, b2, b3)) + ((x3 ·A x2) ·A x1)⊗ (b1 ≻ f(2, b2, b3))

Term (2): −(Ψf)(x ∗ y, z)

= −(Ψf) ((x1 ·A x2)⊗ (b1 ≺ b2) + (x2 ·A x1)⊗ (b1 ≻ b2), x3 ⊗ b3)

= −(x1 ·A x2) ·A x3 ⊗ f(1, b1 ≺ b2, b3)− x3 ·A (x1 ·A x2)⊗ f(2, b1 ≺ b2, b3)

− (x2 ·A x1) ·A x3 ⊗ f(1, b1 ≻ b2, b3)− x3 ·A (x2 ·A x1)⊗ f(2, b1 ≻ b2, b3)

Term (3): +(Ψf)(x, y ∗ z)

= (Ψf) (x1 ⊗ b1, (x2 ·A x3)⊗ (b2 ≺ b3) + (x3 ·A x2)⊗ (b2 ≻ b3))

= x1 ·A (x2 ·A x3)⊗ f(1, b1, b2 ≺ b3) + (x2 ·A x3) ·A x1 ⊗ f(2, b1, b2 ≺ b3)

+ x1 ·A (x3 ·A x2)⊗ f(1, b1, b2 ≻ b3) + (x3 ·A x2) ·A x1 ⊗ f(2, b1, b2 ≻ b3)

Term (4): −(Ψf)(x, y) ∗ z

= − [x1 ·A x2 ⊗ f(1, b1, b2) + x2 ·A x1 ⊗ f(2, b1, b2)] ∗ (x3 ⊗ b3)

= −(x1 ·A x2) ·A x3 ⊗ (f(1, b1, b2) ≺ b3)− x3 ·A (x1 ·A x2)⊗ (f(1, b1, b2) ≻ b3)

− (x2 ·A x1) ·A x3 ⊗ (f(2, b1, b2) ≺ b3)− x3 ·A (x2 ·A x1)⊗ (f(2, b1, b2) ≻ b3)

Now, let’s collect all terms from (1)-(4) and group them by which (δdendf)(i) they con-
tribute to.

Terms Contributing to (δBf)(1, b1, b2, b3):

• From (1): b1 ≺ f(1, b2, b3) and b1 ≺ f(2, b2, b3)

• From (2): −f(1, b1 ≺ b2, b3)

• From (3): +f(1, b1, b2 ≻ b3) and +f(1, b1, b2 ≺ b3)

• From (4): −f(1, b1, b2) ≺ b3

9
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Combined:

(δdendf)(1, b1, b2, b3) = b1 ≺ f(1, b2, b3) + b1 ≺ f(2, b2, b3)− f(1, b1 ≺ b2, b3)

+ f(1, b1, b2 ≻ b3) + f(1, b1, b2 ≺ b3)− f(1, b1, b2) ≺ b3

Terms Contributing to (δdendf)(2, b1, b2, b3):

• From (1): b1 ≻ f(1, b2, b3)

• From (2): −f(1, b1 ≻ b2, b3)

• From (3): +f(2, b1, b2 ≺ b3)

• From (4): −f(2, b1, b2) ≺ b3

Combined:

(δdendf)(2, b1, b2, b3) = b1 ≻ f(1, b2, b3)− f(1, b1 ≻ b2, b3)

+ f(2, b1, b2 ≺ b3)− f(2, b1, b2) ≺ b3

Terms Contributing to (δdendf)(3, b1, b2, b3):

• From (1): b1 ≻ f(2, b2, b3)

• From (2): −f(1, b1 ≻ b2, b3) and −f(2, b1 ≺ b2, b3)

• From (3): +f(2, b1, b2 ≻ b3)

• From (4): −f(1, b1, b2) ≻ b3 and −f(2, b1, b2) ≻ b3

Combined:

(δdendf)(3, b1, b2, b3) = b1 ≻ f(2, b2, b3)− f(2, b1 ≻ b2, b3)

− f(2, b1 ≺ b2, b3) + f(2, b1, b2 ≻ b3)

− f(1, b1, b2) ≻ b3 − f(2, b1, b2) ≻ b3

By using the Perm identity, which allows reordering of monomials in Amodulo the relation
(xixj)xk = xi(xjxk) = xi(xkxj), we see that:

(δHH(Ψ(f))
(
x1 ⊗ b1, x2 ⊗ b2, x3 ⊗ b3

)
:= x1x2x3 ⊗ (δdendf)(1, b1, b2, b3)

+x2x1x3 ⊗ (δdendf)(2, b1, b2, b3) + x3x2x1 ⊗ (δdendf)(3, b1, b2, b3)

= Ψ(δdendf)
(
x1 ⊗ b1, x2 ⊗ b2, x3 ⊗ b3

)
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General case: For a cochain Ψf of degree n, the Hochschild differential δHH(Ψf) is
given by:

δHH(Ψf)(x1 ⊗ b1, . . . , xn+1 ⊗ bn+1) = (x1 ⊗ b1) · (Ψf)(x2 ⊗ b2, . . . , xn+1 ⊗ bn+1)

+

n∑

i=1

(−1)i(Ψf)(x1 ⊗ b1, . . . , (xi ⊗ bi) · (xi+1 ⊗ bi+1), . . . , xn+1 ⊗ bn+1)

+(−1)n+1(Ψf)(x1 ⊗ b1, . . . , xn ⊗ bn) · (xn+1 ⊗ bn+1)

Let us compute each term in δHH(Ψf) one by one.
1. First Term: (x1 ⊗ b1) · (Ψf)(x2 ⊗ b2, . . . , xn+1 ⊗ bn+1)
Here Ψf applied to n arguments:

Ψf(x2 ⊗ b2, . . . , xn+1 ⊗ bn+1) =

x2 · · ·xn+1 ⊗ f(1, b2, . . . , bn+1) + x3x2x4 · · ·xn+1 ⊗ f(2, b2, . . . , bn+1)

+

n−1∑

i=2

xi+1 · · ·x2xi+2xi+3 · · ·xn+1 ⊗ f(i+ 1, b2, . . . , bn+1)

+xn+1 · · ·x2 ⊗ f(n+ 1, b2, . . . , bn+1)

Now, multiply (x1 ⊗ b1) with each term in Ψf :
- For the first term in Ψf :

(x1 ⊗ b1) · (x2 · · ·xn+1 ⊗ f(1, b2, . . . , bn+1)) = x1x2 · · ·xn+1 ⊗ (b1 ≺ f(1, b2, . . . , bn+1))

+ x2 · · ·xn+1x1 ⊗ (b1 ≻ f(1, b2, . . . , bn+1))

- For the second term in Ψf :

(x1 ⊗ b1) · (x3x2x4 · · ·xn+1 ⊗ f(2, b2, . . . , bn+1))

= x1x3x2x4 · · ·xn+1 ⊗ (b1 ≺ f(2, b2, . . . , bn+1))

+x3x2x4 · · ·xn+1x1 ⊗ (b1 ≻ f(2, b2, . . . , bn+1))

- For the i-th term in the sum:

(x1 ⊗ b1) · (xi+1 · · ·x2xi+2xi+3 · · ·xn+1 ⊗ f(i+ 1, b2, . . . , bn+1)) =

x1xi+1 · · ·x2xi+2xi+3 · · ·xn+1 ⊗ (b1 ≺ f(i+ 1, b2, . . . , bn+1))

+ xi+1 · · ·x2xi+2xi+3 · · ·xn+1x1 ⊗ (b1 ≻ f(i+ 1, b2, . . . , bn+1))

- For the last term in Ψf :

(x1 ⊗ b1) · (xn+1 · · ·x2 ⊗ f(n, b2, . . . , bn+1)) = x1xn+1 · · ·x2 ⊗ (b1 ≺ f(n, b2, . . . , bn+1))

+ xn+1 · · ·x2x1 ⊗ (b1 ≻ f(n, b2, . . . , bn+1))

So, the first term in δHH(Ψf) is the sum of all these expressions.

11
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2. Middle Terms:
∑n

i=1(−1)i(Ψf)(. . . , (xi ⊗ bi) · (xi+1 ⊗ bi+1), . . . )
For each i from 1 to n, we replace (xi ⊗ bi) and (xi+1 ⊗ bi+1) with their product:

(xi ⊗ bi) · (xi+1 ⊗ bi+1) = xixi+1 ⊗ (bi ≺ bi+1) + xi+1xi ⊗ (bi ≻ bi+1)

Apply Ψf , for each i, we get:

Ψf(. . . , xixi+1 ⊗ (bi ≺ bi+1), . . . ) =

x1 · · ·xi−1(xixi+1)xi+2 · · ·xn+1 ⊗ f(1, b1, . . . , bi−1, bi ≺ bi+1, bi+2, . . . , bn+1)

+x2x1 · · ·xi−1(xixi+1)xi+2 · · ·xn+1 ⊗ f(2, b1, . . . , bi−1, bi ≺ bi+1, . . . , bn+1)

+

n−1∑

k=2

xk+1 · · ·x1 · · · (xixi+1) · · ·xn+1 ⊗ f(k + 1, . . . , bi ≺ bi+1, . . . )

+xn+1 · · · (xixi+1) · · ·x1 ⊗ f(n+ 1, . . . , bi ≺ bi+1, . . . )

Ψf(. . . , xi+1xi ⊗ (bi ≻ bi+1), . . . ) =

(xi+1xi)xi−1 . . . x1xi+2 · · ·xn+1 ⊗ f(1, b1, . . . , bi−1, bi ≻ bi+1, bi+2, . . . , bn+1)

+x2x1 · · ·xi−1(xi+1xi)xi+2 · · ·xn+1 ⊗ f(2, b1, . . . , bi−1, bi ≻ bi+1, . . . , bn+1)

+

n−2∑

k=2

xk+1 · · ·x1 · · · (xixi+1) · · ·xn+1 ⊗ f(k + 1, . . . , bi ≻ bi+1, . . . )

+xn+1 · · · (xi+1xi) · · ·x1 ⊗ f(n, . . . , bi ≻ bi+1, . . . )

3. Last Term: (−1)n+1(Ψf)(x1 ⊗ b1, . . . , xn ⊗ bn) · (xn+1 ⊗ bn+1)
We have:

Ψf(x1 ⊗ b1, . . . , xn ⊗ bn) = x1 · · ·xn ⊗ f(1, b1, . . . , bn) + x2x1x3 · · ·xn ⊗ f(2, b1, . . . , bn)

+

n−2∑

i=2

xi+1 · · ·x1xi+2xi+3 · · ·xn ⊗ f(i+ 1, b1, . . . , bn)

+ xn · · ·x2x1 ⊗ f(n, b1, . . . , bn)

Now, multiply each term by (xn+1 ⊗ bn+1):
- For the first term:

(x1 · · ·xn ⊗ f(1, b1, . . . , bn)) · (xn+1 ⊗ bn+1)

= x1 · · ·xnxn+1 ⊗ (f(1, b1, . . . , bn) ≺ bn+1)

+xn+1x1 · · ·xn ⊗ (f(1, b1, . . . , bn) ≻ bn+1)

- For the second term:

(x2x1x3 · · ·xn ⊗ f(2, b1, . . . , bn)) · (xn+1 ⊗ bn+1)

= x2x1x3 · · ·xnxn+1 ⊗ (f(2, b1, . . . , bn) ≺ bn+1)

+xn+1x2x1x3 · · ·xn ⊗ (f(2, b1, . . . , bn) ≻ bn+1)

12
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- For the i-th term in the sum:

(xi+1 · · ·x1xi+2xi+3 · · ·xn ⊗ f(i+ 1, b1, . . . , bn)) · (xn+1 ⊗ bn+1)

= xi+1 · · ·x1xi+2xi+3 · · ·xnxn+1 ⊗ (f(i+ 1, b1, . . . , bn) ≺ bn+1)

+ xn+1xi+1 · · ·x1xi+2xi+3 · · ·xn ⊗ (f(i+ 1, b1, . . . , bn) ≻ bn+1)

- For the last term:

(xn · · ·x2x1 ⊗ f(n, b1, . . . , bn)) · (xn+1 ⊗ bn+1)= xn · · ·x2x1xn+1 ⊗ (f(n, b1, . . . , bn) ≺ bn+1)

+xn+1xn · · ·x2x1 ⊗ (f(n, b1, . . . , bn) ≻ bn+1)

The last term in δHH(Ψf) is (−1)n+1 times the sum of all these expressions.
Alignment of Terms:

• First terms corresponds to b1 ≻ f(i, . . . , ) or b1 ≺ f(i, . . . , ) in δdend,

• Middle Terms corresponds to bi ≺ bi+1 + bi ≻ bi+1 in δdend,

• last Terms corresponds to f(i, . . . , ) ≻ bn+1 or f(i, . . . , ) ≺ bn+1 in δdend

By the Perm identity

xixσ(1) . . . x̂σ(i) . . . xσ(n+1) = xix1 . . . x̂i . . . xn+1; for i = 1, . . . n + 1, σ ∈ Sn+1.

we get:

δHH(Ψf)(x1 ⊗ b1, . . . , xn+1 ⊗ bn+1) = x1x2 . . . xn+1 ⊗
n∑

i=1

a1 ≺ f(i, b2, . . . , bn+1)

−x1x2 . . . xn+1 ⊗ f(1, b1 ≻ b2, . . . , bn+1)

+x1x2 . . . xn+1 ⊗
n∑

i=2

(−1)if(1, b1, . . . , bi ∗ bi+1, . . . , bn+1)

+(−1)n+1x1x2 . . . xn ⊗ f(1, b1, b2, . . . , bn) ≻ bn+1

+x2x1 . . . xn+1 ⊗ b1 ≻ f(1, b2, . . . , bn+1)

−x2x1 . . . xn+1 ⊗ f(1, b1 ≻ b2, b3, . . . , bn+1)

+x2x1 . . . xn+1 ⊗ f(2, b1, b2 ≺ b3, . . . , bn+1)

+x2x1 . . . xn+1 ⊗

n∑

i=3

(−1)if(2, b1, . . . , bi ∗ bi+1, . . . , bn+1)

+(−1)n+1x2x1 . . . xn+1 ⊗ f(2, b1, . . . , bn) ≺ bn+1

+
n−1∑

i=2

xi+1xi . . . x1xi+2 . . . xn+1 ⊗
r−1∑

i=1

b1 ≻ f(r − 1, b2, . . . , bn+1)

13
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+
n−1∑

i=2

xi+1xi . . . x1xi+2 . . . xn+1 ⊗
r−2∑

i=1

(−1)if(r − 1, b1, . . . , bi ∗ bi+1, . . . , bn+1)

+(−1)r−1

n−1∑

i=2

xi+1xi . . . x1xi+2 . . . xn+1 ⊗ f(r − 1, b1, . . . , br−1 ≻ br, . . . , bn+1)

+(−1)r
n−1∑

i=2

xi+1xi . . . x1xi+2 . . . xn+1 ⊗ f(r, b1, . . . , br ≺ br+1, . . . , bn+1)

+

n−1∑

i=2

xi+1xi . . . x1xi+2 . . . xn+1 ⊗

n∑

i=r+1

(−1)if(r, b1, . . . , bi ∗ bi+1, . . . , bn+1)

+
n−1∑

i=2

xi+1xi . . . x1xi+2 . . . xn+1 ⊗
n∑

i=r+1

(−1)n+1f(r, b1, . . . , bn) ≺ bn+1

+xn+1xn . . . x2x1 ⊗ b1 ≻ f(n, b2, . . . , bn+1)

+

n−1∑

i=1

(−1)ixn+1xn . . . x2x1 ⊗ f(n, b1, . . . , bi ∗ bi+1, . . . , bn+1)

+(−1)nxn+1xn . . . x2x1 ⊗ f(n, b1, b2, . . . , bn ≻ bn+1)

+

n∑

i=1

(−1)n+1xn+1xn . . . x2x1 ⊗ f(i, b1, b2, . . . , bn) ≻ bn+1

= x1x2 . . . xn ⊗ (δdendf)(1, b1, b2, . . . , bn+1)

+x2x1x3 . . . xn+1 ⊗ (δdendf)(2, b1, b2, . . . , bn+1)

+
n−1∑

i=2

xi+1xi . . . x1xi+2 . . . xn+1 ⊗ (δdendf)(i+ 1, b1, b2, . . . , bn+1)

+xn+1xn . . . x2x1 ⊗ (δdendf)(n+ 1, b1, b2, . . . , bn+1)

= Ψ(δdend(f))
(
x1 ⊗ b1, x2 ⊗ b2, . . . , xn+1 ⊗ bn+1

)

Remark 3.5. In the case where the Perm algebra A is free, the cochain map Ψ is injective.
(By “free Perm algebra” we mean A ∼= Perm〈X〉 for some set X , where Perm〈X〉 is
constructed as follows.

Let F 〈X〉 denote the free non-unital associative algebra over X = {x1, x2, . . . }. Con-
sider the two-sided ideal I ⊂ F 〈X〉 generated by all elements of the form

x(yz)− x(zy), for all x, y, z ∈ F 〈X〉.

Then define
Perm〈X〉 := F 〈X〉/I.

By construction, Perm〈X〉 satisfies the Perm identity (a · b) · c = a · (b · c) = a · (c · b) for
all a, b, c ∈ Perm〈X〉, and it is free in the sense that any map X → P to a Perm algebra
P extends uniquely to a Perm algebra homomorphism Perm〈X〉 → P ).
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Corollary 3.6. Given the canonical embedding of cochain complexes

C∗
dend(B,N) →֒ C∗

Hoch(A⊗ B,A⊗N),

we obtain a short exact sequence of complexes:

0 → C∗
dend(B,N) →֒ C∗

Hoch(A⊗ B,A⊗N) → Q∗ → 0,

where A is a perm-free algebra, B is a pre-associative algebra, N is a B-bimodule, and

Q∗ = C∗
Hoch(A⊗B,A⊗N)/C∗

dend(B,N) is the quotient complex. Applying the cohomology

functor yields the long exact sequence:

· · · → Hn−1
dend(B,N) → HHn−1(A⊗ B,A⊗N) → Hn−1(Q∗)

→ Hn
dend(B,N) → HHn(A⊗ B,A⊗N) → Hn(Q∗)

→ Hn+1
dend(B,N) → HHn+1(A⊗ B,A⊗N) → · · ·

Example 3.7. Let:

• A = F 〈x1, x2, x3〉 be the free Perm algebra.

• B is the pre-associative algebra defined in 2.3.

A Hochschild 2-cochain Ψ : (A⊗B)⊗ (A⊗B) → (A⊗B) can be expressed in terms
of f as:

Ψ(x1⊗ei, x2⊗ej) = x1x2⊗f(1, ei, ej)+x2x1⊗f(2, ei, ej) =

n∑

k=1

x1x2⊗α
k
ijek+x2x1⊗β

k
ijek.

To compute the Hochschild differential δHHΨ evaluated at (x1 ⊗ e1, x2 ⊗ e1, x3 ⊗ e1),
we’ll follow the standard definition of the Hochschild differential for a cochain Ψ:

(δHHΨ)(a, b, c) = a ·Ψ(b, c)−Ψ(a · b, c) + Ψ(a, b · c)−Ψ(a, b) · c

where a = x1 ⊗ e1, b = x2 ⊗ e1, and c = x3 ⊗ e1.

• Compute Ψ(b, c) = Ψ(x2 ⊗ e1, x3 ⊗ e1):

Ψ(x2 ⊗ e1, x3 ⊗ e1) =

n∑

k=1

x2x3 ⊗ αk
11ek +

n∑

k=1

x3x2 ⊗ βk
11ek

• Compute a ·Ψ(b, c)

Using the product in A⊗ B:

(x1 ⊗ e1) · (x2x3 ⊗ αk
11ek) = x1(x2x3)⊗ (e1 ≺ αk

11ek) + (x2x3)x1 ⊗ (e1 ≻ αk
11ek).

15
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Since e1 ≺ ek = 0 for all k ≥ 1 and e1 ≻ ek = e1 only if k = 1, this simplifies to:

(x2x3)x1 ⊗ α1
11e1.

Similarly:
(x1 ⊗ e1) · (x3x2 ⊗ βk

11ek) = (x3x2)x1 ⊗ β1
11e1.

Thus, the first term is:

(x2x3)x1 ⊗ α1
11e1 + (x3x2)x1 ⊗ β1

11e1.

• Compute −Ψ((x1 ⊗ e1) · (x2 ⊗ e1), x3 ⊗ e1):

(x1 ⊗ e1) · (x2 ⊗ e1) = x1x2 ⊗ (e1 ≺ e1) + x2x1 ⊗ (e1 ≻ e1) = x2x1 ⊗ e1.

Now apply Ψ:

Ψ(x2x1 ⊗ e1, x3 ⊗ e1) =
n∑

k=1

(x2x1)x3 ⊗ αk
11ek +

n∑

k=1

x3(x2x1)⊗ βk
11ek.

• Compute Ψ(x1 ⊗ e1, (x2 ⊗ e1) · (x3 ⊗ e1)):

(x2 ⊗ e1) · (x3 ⊗ e1) = x2x3 ⊗ (e1 ≺ e1) + x3x2 ⊗ (e1 ≻ e1) = x3x2 ⊗ e1.

Now apply Ψ:

Ψ(x1 ⊗ e1, x3x2 ⊗ e1) =
n∑

k=1

x1(x3x2)⊗ αk
11ek +

n∑

k=1

(x3x2)x1 ⊗ βk
11ek.

• Compute −Ψ(x1 ⊗ e1, x2 ⊗ e1) · (x3 ⊗ e1)

Ψ(x1 ⊗ e1, x2 ⊗ e1) =

n∑

k=1

x1x2 ⊗ αk
11ek +

n∑

k=1

x2x1 ⊗ βk
11ek.

Multiply by (x3 ⊗ e1):

(x1x2)x3 ⊗ (αk
11ek ≺ e1) + x3(x1x2)⊗ (αk

11ek ≻ e1)

+ (x2x1)x3 ⊗ (βk
11ek ≺ e1) + x3(x2x1)⊗ (βk

11ek ≻ e1)

Thus, the fourth term is:

n∑

k=2

(x1x2)x3 ⊗ αk
11ek + x3(x1x2)⊗ α1

11e1 +
n∑

k=2

(x2x1)x3 ⊗ βk
11ek + x3(x2x1)⊗ β1

11e1.
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• Combine All Terms

Now, substitute all computed terms back into the Hochschild differential:

δHHΨ(a, b, c) =(x2x3)x1 ⊗ α1
11e1 + (x3x2)x1 ⊗ β1

11e1

−
n∑

k=1

(x2x1)x3 ⊗ αk
11ek −

n∑

k=1

x3(x2x1)⊗ βk
11ek

+
n∑

k=1

x1(x3x2)⊗ αk
11ek +

n∑

k=1

(x3x2)x1 ⊗ βk
11ek

−

n∑

k=2

(x1x2)x3 ⊗ αk
11ek − x3(x1x2)⊗ α1

11e1

−

n∑

k=2

(x2x1)x3 ⊗ βk
11ek − x3(x2x1)⊗ β1

11e1

• Using the Perm identities, the Hochschild differential δHHΨ evaluated on the triple
(x1 ⊗ e1, x2 ⊗ e1, x3 ⊗ e1) is:

x1x2x3 ⊗ α1
11e1 −

n∑

k=2

x2x1x3 ⊗
(
αk
11 + βk

11

)
ek − x3x1x2 ⊗ α1

11e1

Similarly:

• The Hochschild differential δHHΨ evaluated at (x1 ⊗ ei, x2 ⊗ e1, x3 ⊗ e1) is:

x1x2x3 ⊗
(
(α1

11 + β1
11)e1 −

n∑

k=2

αk
i1ek
)
− x2x1x3 ⊗

n∑

k=2

βk
i1ek − x3x1x2 ⊗ (α1

11 + β1
11)e1

• The Hochschild differential δHHΨ evaluated at (x1 ⊗ e1, x2 ⊗ ei, x3 ⊗ e1) is:

(x1x2)x3 ⊗ α1
1ie1 + (x2x1)x3 ⊗ (α1

i1 + β1
1i)e1 + (x3x1)x2 ⊗ (−α1

1i + β1
i1 − β1

1i)e1

• The Hochschild differential δHHΨ evaluated at (x1 ⊗ e1, x2 ⊗ e1, x3 ⊗ ei) is:

− x2x1x3 ⊗

n∑

k=2

αk
1iek + x3x1x2 ⊗ β1

1ie1

• The Hochschild differential δHHΨ evaluated at (x1 ⊗ ei, x2 ⊗ ej, x3 ⊗ e1) is:

x1x2x3 ⊗ (α1
j1 + β1

j1 + α1
ij)e1 + x2x1x3 ⊗ β1

ije1 − x3x1x2 ⊗ (α1
ij + β1

ij)e1
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• The Hochschild differential δHHΨ evaluated at (x1 ⊗ ei, x2 ⊗ e1, x3 ⊗ ej) is:

(x1x2)x3 ⊗ ((α1
ij + β1

ij)e1 −

n∑

k=1

αk
ijek)− (x3x1)x2 ⊗

n∑

k=1

βk
ijek

• The Hochschild differential δHHΨ evaluated at (x1 ⊗ e1, x2 ⊗ ei, x3 ⊗ ej) is:

x2x1x3 ⊗ α1
ije1 + x3x1x2 ⊗ β1

ije1

• The Hochschild differential δHHΨ evaluated at (x1 ⊗ ei, x2 ⊗ ej, x3 ⊗ ek) is:

(x1x2)x3 ⊗ (α1
jk + β1

jk)e1 + (x2x1)x3 ⊗ α1
ije1 + (x3x1)x2 ⊗ β1

ije1

For δHHΨ = 0, we have:

α1
11 = 0,

αk
1j = 0, ∀j ≥ 2, k ≥ 1

αk
i1 = 0, ∀i ≥ 2, k ≥ 1

αk
ij = 0, ∀i, j, k ≥ 2

β1
11 = 0,

βk
1j = 0, ∀j ≥ 2, k ≥ 1

βk
i1 = 0, ∀i ≥ 2, k ≥ 1

βk
ij = 0, ∀i, j, k ≥ 2

αk
11 + βk

11 = 0, ∀k ≥ 2.

The solution satisfying all cochains conditions is:

(Ψf)(x1 ⊗ e1, x1 ⊗ e1) = x1x2 ⊗
n∑

k=2

αk
11ek − x2x1 ⊗

n∑

k=2

αk
11ek

To compute the Hochschild coboundary δHH(Ψg) evaluated at (x1 ⊗ e1, x2 ⊗ e1), we use
the Hochschild differential formula for a 1-cochain Ψg:

(δHH(Ψg))(a, b) = a · (Ψg)(b)− (Ψg)(a · b) + (Ψg)(a) · b.

1. First term: (x1 ⊗ e1) · (Ψg)(x2 ⊗ e1):

(Ψg)(x2 ⊗ e1) = x2 ⊗

n∑

k=1

ck1ek.
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- Now multiply by (x1 ⊗ e1) using the product in A⊗B:

(x1 ⊗ e1) ·

(

x2 ⊗

n∑

k=1

ck1ek

)

= x1x2 ⊗

(

e1 ≺

n∑

k=1

ck1ek

)

+ x2x1 ⊗

(

e1 ≻

n∑

k=1

ck1ek

)

.

- Simplify using the structure of B:

e1 ≺ ek = 0 for all k, e1 ≻ ek = e1 only if k = 1.

Thus:
= x2x1 ⊗ c11e1.

2. Second term: −(Ψg)((x1 ⊗ e1) · (x2 ⊗ e1)):

x1x2 ⊗ (e1 ≺ e1) + x2x1 ⊗ (e1 ≻ e1) = x2x1 ⊗ e1.

- Apply Ψg:

(Ψg)(x2x1 ⊗ e1) = x2x1 ⊗

n∑

k=1

ck1ek.

3. Third term: (Ψg)(x1 ⊗ e1) · (x2 ⊗ e1):

(Ψg)(x1 ⊗ e1) = x1 ⊗

n∑

k=1

ck1ek.

- Multiply by (x2 ⊗ e1):
(

x1 ⊗
n∑

k=1

ck1ek

)

· (x2 ⊗ e1) = x1x2 ⊗

(
n∑

k=1

ck1ek ≺ e1

)

+ x2x1 ⊗

(
n∑

k=1

ck1ek ≻ e1

)

= x1x2 ⊗

n∑

k=2

ck1ek + x2x1 ⊗ c11e1

.

Combining all terms

(δHH(Ψg))(x1 ⊗ e1, x2 ⊗ e1) = x1x2 ⊗

n∑

k=2

ck1ek − x2x1 ⊗

n∑

k=1

ck1ek.

It is the same result as in Example 2.6.

4 pre-Lie algebras

Definition 4.1 ([6]). A pre-Lie algebra (P, ·P ) is a vector space with a binary operation
·P : P ⊗ P → P such that

(a ·P b) ·P c− a ·P (b ·P c) = (a ·P c) ·P b− a ·P (c ·P b), for a, b, c ∈ P.

The total product [a, b] := a ·P b − b ·P a is the Lie bracket induced by the pre-Lie
product.
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Definition 4.2 ([6]). A bimodule over a pre-Lie algebra (P, ·) is a vector space M with
left and right actions, satisfying:

(a · b) ·m− a · (b ·m) = (a ·m) · b− a · (m · b),

(m · a) · b−m · (a · b) = (m · b) · a−m · (b · a).

for a, b ∈ P , m ∈M.

Example 4.3. Define a pre-Lie algebra (P, ·P ) generated by e1, e2, and product:

e1 ·P e2 = e1, all other products zero.

Lie Bracket [e1, e2] = e1 and all other products zero.

Definition 4.4 ([5]). We consider a pre-Lie algebra (P, ·P ) and a representation N of
P . The cochain complex for right-symmetric algebra cohomology is given by:

C∗
pre(P,N) =

⊕

k≻0

Ck
pre(P,N),

where:

• Ck
pre(P,N) consists of multilinear maps ψ : P⊗k → N ,

• The coboundary operator δpre : C
k
pre → Ck+1

pre is defined as:

(δpreψ)(a0, a1, . . . , ak) = −
k∑

i=1

(−1)ia0.ψ(ai, a1, . . . , âi, . . . , ak)

+

k∑

i=1

(−1)iψ(a0 ·P ai, a1, . . . , âi, . . . , ak)

+
∑

1≤i≺j≤k

(−1)i+1ψ(a0, a1, . . . , âi, . . . , [ai, aj ], . . . , ak)

−

k∑

i=1

(−1)iψ(a0, a1, . . . , âi, . . . , ak).ai,

where:

• âi means ai is omitted,

• [ai, aj ] = ai ·P aj − aj ·P ai is the Lie bracket induced by the pre-Lie product.

1. Degree 1 (k = 1):

(δpreψ)(a0, a1) = −a0 · ψ(a1) + ψ(a0 ·p a1)− ψ(a0) · a1.
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2. Degree 2 (k = 2):

(δpreψ)(a0, a1, a2) = −a0 · ψ(a1, a2) + a0 · ψ(a2, a1) + ψ(a0 ·P a1, a2)− ψ(a0 ·P a2, a1)

+ ψ(a0, [a1, a2])− ψ(a0, a1) · a2 + ψ(a0, a2) · a1.

3. Degree 3 (k = 3):

(δpreψ)(a0, a1, a2, a3) = −a0 · ψ(a1, a2, a3) + a0 · ψ(a2, a1, a3)

− a0 · ψ(a3, a1, a2) + ψ(a0 ·P a1, a2, a3)

− ψ(a0 ·P a2, a1, a3) + ψ(a0 ·P a3, a1, a2)

+ ψ(a0, [a1, a2], a3)− ψ(a0, [a1, a3], a2)

+ ψ(a0, [a2, a3], a1)− ψ(a0, a1, a2) · a3

+ ψ(a0, a1, a3) · a2 − ψ(a0, a2, a3) · a1.

Example 4.5. We find Hn
pre(P, P ), where P is a pre-Lie generated by e1, e2 and product:

e1 ·P e2 = e1, all other products ei ·P ej = 0.

Lie bracket:
[e1, e2] = e1 ·P e2 − e2 ·P e1 = e1 − 0 = e1.

• 2-cochains: Bilinear maps φ : P × P → P .

• Coboundary:

(δpreφ)(x, y, z) =− x ·P φ(y, z) + x ·P φ(z, y) + φ(x ·P y, z)− φ(x ·P z, y)

+ φ(x, [y, z])− φ(x, y) ·P z + φ(x, z) ·P y.

• 2-cocycles: Maps φ satisfying δpreφ = 0. Assume:

φ(e1, e2) = ae1 + be2, φ(e2, e1) = ce1 + de2, φ(ei, ei) = 0.

For (x, y, z) = (e1, e2, e1):

(δpreφ)(e1, e2, e1) = −e1 ·P φ(e2, e1) + e1 ·P φ(e1, e2) + φ(e1 ·P e2, e1)

− φ(e1 ·P e1, e2) + φ(e1, [e2, e1])− φ(e1, e2) ·P e1 + φ(e1, e1) ·P e2.

= −e1 ·P (ce1 + de2) + e1 ·P (ae1 + be2) + φ(e1, e1)

− φ(0, e2) + φ(e1,−e1)− (ae1 + be2) ·P e1.

= −c(e1 ·P e1)− d(e1 ·P e2) + a(e1 ·P e1) + b(e1 ·P e2)− a(e1 ·P e1)

− b(e2 ·P e1) = −de1 + be1 = (−d+ b)e1.
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For δpreφ = 0, we must have:

−d+ b = 0 =⇒ b = d.

Similarly, evaluating δpreφ for (e2, e1, e2):

(δpreφ)(e2, e1, e2) = de2

For δpreφ = 0, we must have:

d = 0 =⇒ b = d = 0.

From the above, a 2-cocycle φ must satisfy:

b = d = 0, φ(e1, e2) = ae1, φ(e2, e1) = ce1.

Additionally, the cocycle condition imposes φ(ei, ei) = 0.

A 2-cochain φ is a coboundary if φ = δpreψ for some 1-cochain ψ. The coboundary
operator for a 1-cochain ψ is:

(δpreψ)(x, y) = −x ·P ψ(y) + ψ(x ·P y)− ψ(x) ·P y.

Let ψ(e1) = αe1 + βe2 and ψ(e2) = γe1 + δe2. Then:

φ(e1, e2) = (δpreψ)(e1, e2) = −e1 ·P ψ(e2) + ψ(e1 ·P e2)− ψ(e1) ·P e2.

Substituting:

= −e1 ·P (γe1+δe2)+ψ(e1)−(αe1+βe2)·P e2 = −δe1+(αe1+βe2)−αe1 = −δe1+βe2.

Similarly:

φ(e2, e1) = (δpreψ)(e2, e1) = −e2 ·P ψ(e1) + ψ(e2 ·P e1)− ψ(e2) ·P e1 = 0.

Thus, a coboundary φ must satisfy:

φ(e1, e2) = −δe1 + βe2, φ(e2, e1) = 0.

Comparing with the general 2-cocycle:

φ(e1, e2) = ae1, φ(e2, e1) = ce1.

For φ to be a coboundary, we must have c = 0 and a = −δ, β = 0. Therefore,
the cohomology is determined by the parameter c, which is not constrained by the
coboundary condition. Therefore:

H2
pre(P, P )

∼= k.
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5 Lie and pre-Lie algebras

Theorem 5.1 ([7, Example 3.2]). Let (A, ·A) be a Perm algebra and P be a vector space

equipped with a bilinear operation ·P : P ⊗ P → P . Define the bracket on A⊗ P by

[a1 ⊗ p1, a2 ⊗ p2] := (a1 ·A a2)⊗ (p1 ·P p2)− (a2 ·A a1)⊗ (p2 ·P p1).

Then:

1. If (P, ·P ) is a pre-Lie algebra, then A⊗ P is a Lie algebra.

2. Conversely, if A ⊗ P is a Lie algebra and A is free as a Perm algebra, then

(P, ·P ) is a pre-Lie algebra.

In particular, when A is a free Perm algebra, A ⊗ P is a Lie algebra if and only if

(P, ·P ) is a pre-Lie algebra.

Theorem 5.2. Let A be a free Perm algebra, P be a pre-Lie algebra, and N be a vector

space. Then the tensor product A⊗N with action

(a⊗ n) · (b⊗ c) := (ab)⊗ (nc)− (ba)⊗ (cn)

(b⊗ c) · (a⊗ n) := (ba)⊗ (cn)− (ab)⊗ (nc)

is a module over A⊗ P if N is a module over P .

Proof. This follows using an argument similar to the proof of Theorem 5.1.

Definition 5.3 ([3]). Let g be a Lie algebra over a field k, and letM be a g-module (i.e., a
vector space equipped with a Lie algebra action of g). The Chevalley-Eilenberg complex
is used to define the cohomology groups Hn(g,M).

The n-th cochain group Cn(g,M) consists of alternating n-linear maps (cochains):

f : g× g× · · · × g →M,

and the coboundary operator

δLie : C
n(g,M) → Cn+1(g,M)

is given by:

(δLief)(x1, . . . , xn+1) =
∑

i≺j

(−1)i+jf([xi, xj], x1, . . . , x̂i, . . . , x̂j , . . . , xn+1)

+
∑

i

(−1)i+1xi · f(x1, . . . , x̂i, . . . , xn+1),

where x̂i means that xi is omitted.
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For n = 1:

(δLief)(x1, x2) = −f([x1, x2]) + x1 · f(x2)− x2 · f(x1).

For n = 2:

(δLief)(x1, x2, x3) = −f([x1, x2], x3) + f([x1, x3], x2)− f([x2, x3], x1)

+ x1 · f(x2, x3)− x2 · f(x1, x3) + x3 · f(x1, x2).

Example 5.4. For the Lie algebra g with basis {e1, e2} and bracket [e1, e2] = e1, all other
brackets zero:

H2(g, g) ∼= k.

Theorem 5.5. Let (A, ·A) be a Perm algebra, let (P,≺,≻) be a pre-Lie algebra, and

let N be a P -bimodule. Then there exists a cochain map

Ψ : C∗
Pre(P,N) → C∗

Lie(A⊗ P,A⊗N)

from the pre-Lie algebra cochain complex of P with coefficients in N to the Lie cochain

complex of the tensor product algebra A⊗ P with coefficients in A⊗N .

Proof. Given a pre-Lie cochain f ∈ Cn
Pre(P,N), for x1, . . . , xn ∈ A and b1, . . . , bn ∈ P ,

define:

Ψ(f)
(
(x1 ⊗ b1, x2 ⊗ b2,. . . , xn ⊗ bn)

)
:= x1x2 . . . xn ⊗ f(b1, b2, . . . , bn)

−x2x1x3 . . . xn ⊗ f(b2, b1, . . . , bn)

+
n−2∑

i=2

(−1)ixi+1 . . . x1xi+2 . . . xn ⊗ f(b1, . . . bi−1, bi+1, bi, bi+2, . . . , bn)

+(−1)n−1xnxn−1 . . . x2x1 ⊗ f(bn, bn−1, . . . , b2, b1)

We will show that Ψ commutes with the differentials:

δLie(Ψf) = Ψ(δPref)

• For n = 2

δLie(Ψf)(x1 ⊗ b1, x2 ⊗ b2) = −Ψf([x1 ⊗ b1, x2 ⊗ b2])

+ (x1 ⊗ b1) ·Ψf(x2 ⊗ b2)− (x2 ⊗ b2) ·Ψf(x1 ⊗ b1)

= −(x1 ·A x2)⊗ f
(
(b1 ·P b2)

)
+ (x2 ·A x1)⊗ f

(
(b2 ·P b1)

)

+ (x1 ·A x2)⊗ b1f(b2)− (x2 ·A x1)⊗ f(b2)b1

− (x2 ·A x1)⊗ b2f(b1) + (x1 ·A x2)⊗ f(b1)b2

= (x1 ·A x2)⊗
(

− f(b1 ·P b2) + b1f(b2) + f(b1)b2

)

− (x2 ·A x1)
(

− f(b2 ·P b1) + b2f(b1) + f(b2)b1

)

= (x1 ·A x2)⊗ (δpref)(b1, b2)− (x2 ·A x1)⊗ (δpref)(b2, b1)

= Ψ(δPref)(x1 ⊗ b1, x2 ⊗ b2)
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• For n = 3. Apply δLie to Ψ(f):

(δLieΨ(f))(x1 ⊗ b1, x2 ⊗ b2, x3 ⊗ b3)

has six terms as per the definition of δLie.

1. First Term: −Ψ(f)([x1 ⊗ b1, x2 ⊗ b2], x3 ⊗ b3): - Compute the bracket:

[x1 ⊗ b1, x2 ⊗ b2] = (x1x2)⊗ (b1 ·P b2)− (x2x1)⊗ (b2 ·P b1).

- Apply Ψ(f):

Ψ(f)
(
([x1⊗b1, x2⊗b2], x3⊗b3)

)
= Ψ(f)

(
(x1x2⊗(b1 ·P b2)−x2x1⊗(b2 ·P b1), x3⊗b3)

)
.

This splits into two applications of Ψ(f):

−Ψ(f)
(
([x1 ⊗ b1, x2 ⊗ b2], x3 ⊗ b3)

)
= −(x1x2)x3 ⊗ f(b1 ·P b2, b3)

+ x3(x1x2)⊗ f(b3, b1 ·P b2)

+ (x2x1)x3 ⊗ f(b2 ·P b1, b3)

− x3(x2x1)⊗ f(b3, b2 ·P b1).

2. Second Term:

Ψ(f)
(
([x1 ⊗ b1, x3 ⊗ b3], x2 ⊗ b2)

)
= (x1x3)x2 ⊗ f(b1 ·P b3, b2)

− x2(x1x3)⊗ f(b2, b1 ·P b3)

+ (x3x1)x2 ⊗ f(b3 ·P b1, b2)

− x2(x3x1)⊗ f(b2, b3 ·P b1).

3. Third Term:

−Ψ(f)
(
([x2 ⊗ b2, x3 ⊗ b3], x1 ⊗ b1)

)
= −(x2x3)x1 ⊗ f(b2 ·P b3, b1)

+ x1(x2x3)⊗ f(b1, b2 ·P b3)

+ (x3x2)x1 ⊗ f(b3 ·P b2, b1)

− x1(x3x2)⊗ f(b1, b3 ·P b2).

4. Fourth Term: +(x1 ⊗ b1) ·Ψ(f)(x2 ⊗ b2, x3 ⊗ b3):

- First compute Ψ(f)(x2 ⊗ b2, x3 ⊗ b3):

Ψ(f)(x2 ⊗ b2, x3 ⊗ b3) = x2x3 ⊗ f(b2, b3)− x3x2 ⊗ f(b3, b2).

- Then act by x1 ⊗ b1:

(x1 ⊗ b1) · (x2x3 ⊗ f(b2, b3)− x3x2 ⊗ f(b3, b2)) = x1(x2x3)⊗ b1f(b2, b3)

− (x2x3)x1 ⊗ f(b2, b3)b1.

− x1(x3x2)⊗ b1f(b3, b2)

+ (x3x2)x1 ⊗ f(b3, b2)b1.
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5. Fifth Term:

−(x2 ⊗ b2) · (x1x3 ⊗ f(b1, b3)− x3x1 ⊗ f(b3, b1)) = −x2(x1x3)⊗ b2f(b1, b3)

+ (x1x3)x2 ⊗ f(b1, b3)b2

+ x2(x3x1)⊗ b2f(b3, b1)

− (x3x1)x2 ⊗ f(b3, b1)b2.

6. Sixth Term:

(x3 ⊗ b3) · (x1x2 ⊗ f(b1, b2)− x2x1 ⊗ f(b2, b1)) = x3(x1x2)⊗ b3f(b1, b2)

− (x1x2)x3 ⊗ f(b1, b2)b3

− x3(x2x1)⊗ b3f(b2, b1)

+ (x2x1)x3 ⊗ f(b2, b1)b3.

Final Expression: (δLieΨ(f))(x1 ⊗ b1, x2 ⊗ b2, x3 ⊗ b3)

= x1x2x3 ⊗
(

− b1 · f(b2, b3) + b1 · f(b3, b2) + f(b1 ·P b2, b3)− f(b1 ·P b3, b2)

+ f(b1, [b2, b3])− f(b1, b2) · b3 + f(b1, b3) · b2

)

−x2x1x3 ⊗
(

− b2 · f(b1, b3) + b2 · f(b3, b1) + f(b2 ·P b1, b3)− f(b2 ·P b3, b1)

+ f(b2, [b1, b3])− f(b2, b1) · b3 + f(b2, b3) · b1

)

+x3x2x1 ⊗
(

− b3 · f(b2, b1) + b3 · f(b1, b2) + f(b3 ·P b2, b1)− f(b3 ·P b1, b2)

+ f(b3, [b2, b1])− f(b3, b2) · b1 + f(b3, b1) · b2

)

= x1x2x3 ⊗ (δPref)(b1, b2, b3)− x2x1x3 ⊗ (δPref)(b2, b1, b3)
+ x3x2x1 ⊗ (δPref)(b3, b2, b1) = Ψ(δPref)(x1 ⊗ b1, x2 ⊗ b2, x3 ⊗ b3)

• General case: Following the same pattern of proof used for the cases n = 2 and
n = 3, the theorem can be established for all n ≥ 2.

Remark 5.6. In the case where the Perm algebra A is free (see Remark 3.5), the cochain
map Ψ is injective.

Corollary 5.7. Given the canonical embedding of cochain complexes

C∗
Pre(P,N) →֒ C∗

Lie(A⊗ P,A⊗N),

we obtain a short exact sequence of complexes:

0 → C∗
Pre(P,N) →֒ C∗

Lie(A⊗ P,A⊗N) → Q∗ → 0,
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where Q∗ = C∗
Lie(A ⊗ P,A⊗ N)/C∗

Pre(P,N) is the quotient complex. Applying the coho-

mology functor yields the long exact sequence:

· · · → Hn−1
Pre (P,N) → Hn−1

Lie (A⊗ P,A⊗N) → Hn−1(Q∗)

→ Hn
Pre(P,N) → Hn

Lie(A⊗ P,A⊗N) → Hn(Q∗)

→ Hn+1
Pre (P,N) → Hn+1

Lie (A⊗ P,A⊗N) → · · ·

Example 5.8. Let:

• A = F 〈x, y〉 be the free Perm algebra.

• P be pre-Lie algebra with basis {e1, e2} and operations:

e1 ·P e2 = e1

ei ·P ej = 0 for other.

A pre-Lie 2-cochain f : P ⊗ P → P can be expressed as (see 4.5):

f(e1, e2) = ae1, f(e2, e1) = ce1.

A Lie 2-cochain φ : (A⊗ P )⊗ (A⊗ P ) → (A⊗ P ) can be expressed in terms of f as:

φ(x⊗ e1, y ⊗ e2) = axy ⊗ e1 + cyx⊗ e1.
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