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Abstract. This paper introduces and investigates some properties of algebras con-
structed from the algebra of polynomials via derivation and integration operators
using a process presented by Dzhumadildaev in an earlier work. In particular, we
discover new classes of infinite-dimensional simple conservative algebras and describe
the derivations of these algebras for ranks 1 and 2.
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1 Introduction

The idea of obtaining new objects from old ones by using derivative operations has long
been known in algebra [2]. In its most general form, the idea was realized by Malcev [21].
Let M, be the algebra of matrices of order n over a field. Assume that some finite
collection A = (aij, bij, cij) of matrices in M,, is given. Denote by Mr(lA) an algebra defined

on a space of matrices in M, with respect to new multiplication

T-pAY = Z azgxbwycm

7.7

It was proved that every n-dimensional algebra is isomorphic to a subalgebra of MM [21].
Other interesting ways to derive the initial multiplication are isotopes, homotopes, and
mutations [3,22,25]. The concept of an isotope was introduced by Albert [2]. Let algebras
A and Ay have a common linear space on which right multiplication operators R, and
RY are defined (for A and Ay, resp.). We say that A and A, are isotopic if there
exist invertible linear operators ¢,, & such that Rg;o) = ¢R,y§. We call Ay an isotope
of A. Another similar construction appears in the study of Novikov algebras and their
generalizations. Namely, let A be an associative commutative algebra with a derivation d,
then a new multiplication x * y = zd(y) gives a structure of a Novikov algebra [11]. The
present construction was generalized to the case of noncommutative Novikov algebras [24]
and J-Novikov algebras [16]. On the other hand, an associative commutative algebra with
a Rota-Baxter operator R gives a structure of a Zinbiel algebra under the multiplication
x*y = xR(y) [11]. Recently, in a paper of Dzhumadildaev [11], an idea of mixing the
two above-presented constructions was introduced. The present paper is dedicated to
the study of non-associative algebras, which we call integro-derivation Dzhumadildaev
algebras (see, Definition 1), obtained analogously by the construction of Dzhumadildaev
given in [11].

The algebra of restricted polynomials (also known as null-filiform associative alge-
bra) is still a subject of interest [1,10,15,19]. The present paper is dedicated to the
study of some algebras obtained from the n-dimensional algebra of restricted polynomials
(and their unital versions) under a specific multiplication given by derivation-integration
operators. Namely, we give the definition of algebras under our consideration in Propo-
sition 1 and define the exact table of multiplications of algebras under our consideration
in Definition 5. Proposition 7 gives a characterization of nontrivial algebras under our
consideration, and the next subsection 2.2 characterizes simple, perfect, and nilpotent
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algebras. Subsection 2.3 provides some new examples of simple conservative algebras.
The second part of the paper is dedicated to the study of derivations of integro-derivation
Dzhumadildaev algebras of ranks 1 and 2. The description of algebras of derivations and
their generalizations of associative and non-associative algebras is a classical, but still
current problem [4-6,8,13,20].

Notations We do not provide some well-known definitions (such as definitions of Lie
algebras, Leibniz algebras, nilpotent algebras, solvable algebras, etc.), and refer the read-
ers to consult previously published papers. For a set of vectors S, we denote by <S > the
vector space generated by S. For an algebra A and an element a € A, we denote the
right multiplication on a as R,. In general, we are working in the complex field, but some
results are applicable to other fields as well. We also always assume algebras under our
consideration are nontrivial, i.e., they have nonzero multiplications.

2 Preliminaries

Definition 1. Let K[z] be a polynomial algebra (with a unit z°), generated by z, and let
S be a set of elements {27};c;, where J C NU {0}. Then (S,¢) is an integro-derivation
Dzhumadildaev algebra of type (n,m)*, where n,m € Z, if

i i T (x)T™(27), if T™(x')T™(27) is linearly dependent with one z!,1 € J;
rror! =
0, otherwise,

where, for any positive k£ > 0, we define as follows
T* is the kth partial derivation "0%”, where 9(z') = iz 1;
T° = 1d, and
T~% is the kth usual integral 7 [ ... [ 7, where [(2) = Zga™*!.

Rank of IDD(S, n,m) is equal to |n| + |m| and denoted as Rank(IDD(S, n,m)).
Level of IDD(S,n, m) is equal to n + m and denoted as lev (IDD(S, n, m))

Proposition 2. IDD(S,n,m) is opposite to IDD(S,m,n). In particular, IDD(S,n,n) is
commutative.

Proof. Tt follows from Definition 1 and commutativity of K[x]. O

Below, due to Proposition 2, we will consider algebras IDD(S,n, m) only with n > m.

Definition 3. Let B = {bi}iel be a basis of an algebra A. It is said that B is a multiplica-

tive basis! if for each e; and e; from B, we have e;e; € <ek> for some k. A multiplicative
basis B = {bi}z‘e ; of an algebra A is called strong multiplicative if for each e; and e; from
B, we have e;ej # 0.

*We will denote it as IDD(S, n, m).

fAbout algebras with a multiplication basis see [17] and references therein.
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Proposition 4. IDD(S,n, m) has a multiplicative basis.

Proof. 1t follows from Definitions 1 and 3. O

2.1 The multiplication table of IDD algebras from polynomials
Below, we will consider IDD algebras, constructed from the following sets

koo k _ k+1 _ _ )
Ky = {x =er, T =eky1,y ..., x”—en},
koo k k+1
Kt o= {ab=ep, d" =eppa, ...}

Let us remember that IDD(K}, mi,ms) (resp., IDD(KY,my,ms)) algebras of rank 0
are IDD(K},0,0) (resp., IDD(K?, 0, O)) algebras, which are the well-known algebras of
restricted polynomials* (resp., restricted polynomials with unit).

Let n € NU {oo}. The multiplication tables of algebras of rank 1 are:

IDD(K?, 1, 0) eioe; = €1, 1<i+j<n+1
IDD(K!, 1, 0) e;oe; = leij_1, 2<i+j<n+1
IDD(KY, 0, —1) eioe; = =gy, 0<it+j<n-—1
IDD(K!, 0, —1) e;oe; = H%eiﬂ-ﬂ, 2<i+j<n-—-1

The multiplication tables of algebras of rank 2 are:

IDD(K?, 2, 0) e;oe; = i(i—1)ejja, 2<i+j<n+2
IDD(K1 2, 0) : coe; = i(i—Dewys B<itj<nt2
IDD(K? 1, 1) eioe; = ijeija, 2<i+j<n+2
IDD(K, L, 1) eioe; = 1jeitj-a, 3<it+j<n+2
IDD(K 1, -1) €0€ = €t 1<i+j<n

IDD( 1, -1) e o€, = g€y, 2<i+j<n

IDD(KY, -1, —1) eice = mei—i—j—&-% 0<itj<n-—2
IDD(K,, -1, -1) e oe; = me’ﬂ“’ 2<i+7<n-—-2
IDD(K? 0, —2) e oe; = mel+j+2, 0<i+j<n-—-2
IDD(K, 0, —2) e oe; melﬂﬁ, 2<i4+j<n-2

In the general case, we have the following multiplication table.

Proposition 5. Let | := my + my, then the multiplication table of IDD(KF my,ms) is
given below:

fAlso known as null-filiform associative algebras.

4



Integro-derivation Dzhumadildaev algebras: from the algebra of polynomials

IDD(Ky,mi,ma) @ eoe; = m(,?]—;ﬂz)' i+j—l>

where max{k ml} <i<n,
maX{kva} S j S n,
cmdmax{k,k+l} <i+j73<n+1.

Proposition 6. If k > m; > mo, then IDD(KEX  mi,ms) has a strong multiplicative basis.
Proof. 1t follows from Definitions 3 and Proposition 5. O

It is obvious that each algebra IDD(KX ,m;, ms) is nontrivial. The finite-dimensional
case is more complicated, and our first aim is to identify all nontrivial algebras IDD(K*, my, ms)
for mqy > ms.

Proposition 7. IDD(K*, my,my) is trivial if and only if one of the following conditions
18 true

(1) my > m;
(2) n>my and | > 2n — k;
(3) n>my and | < 2k —n.

Proof. Firstly, we consider the case m; > n. Then m; > 0 and for each pair (7, j), such that
k <i,j <n, wehave T™ (e;) = 0 and e;0e; = T™ (e;)T™2(e;) = 0, i.e., IDD(KF, my, my)
is trivial.

Secondly, if n > my, then for each pair ¢ and 7, such that k£ <i,j < n, we have

T (e <el m1> and T2 (e;) € <ej_m2>, ie., T (e;)T™ (e ) <el+] z>

(A)If I>2n—k,theni+j—I1<i+j—2n+k<k,ie,eoe;=0fork<ij<n
and IDD(KF, my, my) is trivial.

(B) If l <2k —mn,theni+j—I1>i+j—2k+n>n,ie,eoe;=0fork<ij<n
and IDD(K¥*, my, my) is trivial.

On the other hand, if 2k —n < | < 2n — k, we have the following two cases.

(A) If ] = 2n —t, where k <t < n, then 0 #e,0e, € <et>, i.e., IDD(KF my,my) is
nontrivial.

(B) If 2k —n < [ < n, then taking i = [lT”} we have that 0 # e; o ¢; € <en_1,en>, ie.,
IDD(KF, my, ms) is nontrivial. O

From now on, we are only interested in nontrivial IDD algebras, i.e., IDD(K¥ my,ms),
such that
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oco>n>mp and 2k —n<mqg+mo <2n—k, or n = 0.

2.2 Simple, perfect and nilpotent IDD algebras
Proposition 8. Ifn < lev(IDD(Kﬁ,ml, m2)) < 2n—k, then IDD(K*, my, ms) is nilpotent.

Proof. Let us denote A :=IDD(K?%, myi, ms) and [ := lev(IDD(K},mi,ms)), then

AoAC <€k7---7€n+(nfl)> C A,
Ao (AoA)+ (AoA) oA C (er, ... eniamui)) CASA.

Applying mathematical induction, we find that
A%t = Z A% o A% C <€k, . >€n+(t—1)(n—l)>-

itj=t
Due to n < [, there exists ng, such that A°"° =0, i.e., A is nilpotent. n

Proposition 9. IfleV(IDD(K,’j, my, mg)) =n, then IDD(K¥* my, my) is non-simple perfect
and it has exactly n — k proper ideals.

Proof. Let us denote A := IDD(KF, m;, m,), then
AcAD <ek, . ,6n> = A, ie., A is perfect.

no
Let I be an ideal of A and ny € N, such that there exists iy = > aye; € I, where a,,, # 0,
i=k
t
and there are no elements i = > «;e; € I, where oy # 0 and ¢t > ng. It is easy to see

i=k
that [ = <ek, e ,en0>, i.e., there exists a 1-1 correspondence between the set of ideals of
A and the set of numbers {k,...,n}. Considering that the ideal I = <ek, e ,en> is not
proper, we have our statement. O

Proposition 10. [f0 < k < lev(IDD(K{f,ml, mg)) < n, then IDD(K¥, m1,my) is simple.

Proof. Let I be a nonzero ideal of A := IDD(K}, mi,ms) and | := lev(IDD(K¥, my, m»)).
ko

Then there exists an element i € I, such that i = > we;, where kg > k and ay, #
i=k

0. Hence, 0 # iR'gl‘:k € <ek>, ie., ep € I. The last gives that A ¢ <ek> C I, ie.,

{ek, ..., en1px} C I. If n = 00, we have our statement. On the other hand, if n < oo, we

have to mention that ey ; € I and 0 # e, ¢ ey € <en_l+k+1>, i.e., exro € I. That gives

0# e, o€, € <en—l+k+2>7 i.e., epr3 € I and so on. At the end, we have that A = I. The

statement is proved. O
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Proposition 11. If leV(IDD(Kf,ml,mg)) =k, then IDD(KF, my, my) is non-simple per-
fect and it has exactly n—k proper ideals if n < oo and it has infinitely many proper ideals
if n = oo.

Proof. Let us denote A := IDD(KF, m;, my). Firstly, we consider the finite-dimensional
case n =n € N, then

AoAD <ek, e ,en> = A, i.e., A is perfect.
n
Let I be an ideal of A and ny € N, such that there exists ip = Y. «;e; € I, where a,, # 0,
i=ng

n
and there are no elements i = Y «ae; € I, where ay # 0 and t < ng. It is easy to see

i=t
that I = <en0, e ,en>, i.e., there exists a 1-1 correspondence between the set of ideals of
A and the set of numbers {k,...,n}. Considering that the ideal I = <ek, . ,en> is not

proper, we have our statement.
Secondly, we consider the infinite-dimensional case n = oo, then

AoAD <ek,...,en,...> = A, i.e., A is perfect.

Each element e,,, for ng > k generates an ideal I,,, of A. Namely, ideals I,,, = (en, -+, €n, --)
are different and proper, hence A has infinitely many proper ideals. O

Proposition 12. [f 2k —n < lev(IDD(Kﬁ,ml,mﬁ) < k, then IDD(KE, my, my) is nilpo-
tent.
Proof. Let us denote A := IDD(K", mq,my) and | := lev(IDD(KF, my,my)), then

AoA C <€k+(kfl)> RN 6n> C A
Ao (AoA)+ (AoA)oA C (epioi),---rn) C AoA

Applying the mathematical induction, we find that
At .= Z A% o A% C <6k+(t71)(kfl)a c. ,6n>.

itj=t
Due to [ < k, there exists ng, such that A°"0 =0, i.e., A is nilpotent. O]

Definition 13 (see [7]). An infinite-dimensional algebra A is called pro-nilpotent if
Moo, A" = {0}, where A" := 3> A’AJ.

i+j=n
Proposition 14. If lev(IDD(Kfo,ml,mQ)) < k, then IDD(K* ,my, my) is pro-nilpotent.
Proof. Let us denote A := IDD(KE ,m,my) and [ := leV(IDD(KfO,ml, mz)), then

AcA = <ek+(k—l)>--'7ena--'> C A,
Ao(AoA)+ (AoA) oA = (epioh)y---s€ns-..) C AoA.

Applying mathematical induction, we find that

7
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At .= Z A% o A% = <6k+(t—l)(k—l)a N TR >

itg=t
Due to | < k, we have that A" C A®2_if t; > t5. It is easy to see that ()7, A" = {O},
i.e., A is pro-nilpotent. n

2.3 Conservative IDD algebras

In 1972, Kantor introduced conservative algebras as a generalization of Jordan algebras
(also, see surveys about the study of conservative algebras and superalgebras [17,23]).

Definition 15 (see [14]). A vector space V with a multiplication - is called a conservative
algebra if there is a new multiplication % : V x V — V such that

[Lln [L;zﬂ H = - [L;z*ba '}7 where [Lca F} (.’L’, y) = C- F($7 y) - F(C © T, y) - F(l'a c: y)
In other words, the following identity holds for all a,b, z,y € V:
blaley) = (az)y = (ay)) = a((bx)y) + (a(ba))y + (be)(ay) -
—a(z(by)) + (az)(by) + 2(a(by)) = —(axb)(zy) + ((a*b)z)y +z((axb)y). (1)
Proposition 16. IDD(K% ,m,0), where m € Z, is a left commutative algebra.

Proof. 1t follows from Proposition 5. O]

Definition 17 (see [18]). An algebra A is called a generalized associative algebra if there
exists one multiplication F defined on the same vector space, such that a(bx) = F(a,b)z.

Theorem 18. For any m € Z, IDD(K%  m,0) is conservative with an additional multi-
plication given by

(iti=2m) it gl
(g—m)! G=m)i G—m)i Citi—m>

67;*6]‘:

Proof. By a direct computation, we obtain that IDD(K% ,m, 0) is a generalized associative
algebra with additional multiplication e; * e; given in our statement. By Proposition 16,
IDD(KE ;m,0) is left commutative. Thanks to [18], each left-commutative generalized
associative algebra is conservative, hence IDD(K” 'm,0) is conservative. [

Remark 19. Cantarini and Kac classified all complex linearly compact commutative and
anticommutative conservative simple superalgebras [9]. Algebras IDD(K%  m,0), where
k < m, give a wide class of examples of non-(anti)commutative conservative simple al-
gebras. Tt is known that IDD(K? ,1,0) is a Novikov algebra, and it seems that it firstly
appeared in [12].
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3 Derivation of IDD algebras of rank 1

3.1 Derivations of IDD(K Y, 1,0)
Theorem 20. If 1 < n < oo, then Der (IDD(K?,1,0)) = (¢, ¢) , where

n )

w(e;) = (i —1)e; and ¢(e;) = ie;—1.

Proof. Let D € Der (IDD(K?,1,0)), then we can suppose that

ny -

D(eg) = > ave;, D(er) = Bie;, and D(eg) = D yie;.
i=0 - i=0

=0

Firstly, we have
0 = D(egoey) = D(eg)©oeg+ego D(eg)
= (Z ai€i> Segtego (Z Oéiei) = Z ioziei,l;
i=0 i=0 i=1

that immediately gives ay, = 0 for 1 < k < n and D(eg) = ageg. Secondly,

D(eg) = D(eroeg) = D(er)oeg+ e o D(eg)

n

= (Z /Biei) oeg+ero(aey) = Y ifieim1 + apeo
i=0

=0
= (a0 +B1)eo+ 2 ifieit;
2

)

that immediately gives 8y = 0 for 1 < k <n, i.e., D(e1) = foeg. Thirdly,

2D(61) = D(€Q<>60) = D(€2)060+620D(60)
= (Z %ei) o eg+ ey o (apep)
i=0
= Yo ivieio1 +200e; = vieg + 2(an + Y2)er + D ivieioi-
i=0 i=3

that immediately gives v; = 28y, 72 = —ag, Y =0, for 3 < k < n, ie.,
D(ea) = voeo + 2001 — pes.
Next,

D(es) = 3D(esoer) = 3 ((oeo + 260e1 — apez) o e1 + €20 (Boen)) = 20per — apea;

that immediately gives 7o = 0, i.e., D(eg) = apeg, D(e1) = Poeo, D(ea) = 26pe1 — apes.
It is easy to see that p(e;) = (i—1)e; and ¢(e;) = ie;_; are derivations of IDD(K?, 1,0):
<p(ei < 6]') = Z(Z -+ ] — 2)ei+j71 = ’l(Z — 1)ei+j71 -+ ’l(] — 1)€i+j71
= (i—1eoce+(—1ece; = ple)oe;+eople;)
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and

gb(@i < ej) = Z(Z + ] - 1)€i+j—2 = Z(Z - 1)6Z‘+]‘_2 + ij6i+j_2
= (7;61',1) o€ +€; 0 (jej,l) = @(61) S € +6€;¢ gp(ej).

Then replacing D by D + agp — B¢ we can suppose that D(ey) = D(ey) = 0.
Furthermore, using the induction method, we prove that D(e;) = 0 for k > 2. To do
this, let us consider

D(ers1) = 3D(e20er) = 5(D(e2) oex+ex0Dlex)) = 0.
It follows that each derivation of IDD(K?,1,0) is a linear combination of ¢ and ¢, that

n’ Y

completes the proof of the statement. O

Corollary 21. Der (IDD(K?,1,0)) = (i, @), where o(e;) = (1 — 1)e; and ¢(e;) = ie;_1.

(o e Rl

Theorem 22. If1 < n < oo, then Der(IDD(K},1,0)) = (p), where p(e;) = (i — 1)e;

n’ Y

Proof. Let D € Der(IDD(K},1,0)), then D(e;) = > aze; and D(ez) = Y Bie;. Firstly,
i=1

ny
=1

M:

D(e;) = D(egjoey) = Dep)oer+eo(er) = (1 +1) ey,

=1

that immediately gives ay, = 0 for 1 < k <mn and D (e;) = 0. Secondly, we have
2> Biei = 2D(ez) = D(e20e1) = D(ez)oer+e20Der)

= (Z 5¢€i> e1 = y_ife;,

i=1 i=1
. =0 for 3 <k <nand D(ey) = Sres.
(i — 1)e; is a derivation of IDD(K}, 1,0) :

n’ Y

that immediately gives 81 = 0, 0 =
It is easy to see that ¢(e;) =

ple;oej) = i(i+j—2)ey1 = (i —1Dejr+i(j — e =
= (i—1)eoej+(j—1ece; = ple)oe; +e ope;).

Then replacing D by D — fa¢ we can suppose that D(e;) = D(es) = 0. Furthermore,
using the induction method, we prove that D(e) = 0 for £ > 2. To do this, let us consider
D(ext1) = 2D(e20ey) = 3(D(es) o€y + €20 D(ey)) = 0.

It follows that each derivation of IDD(K}, 1,0) lies in the linear span of o, which completes

n’ )

the proof. O

10
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3.2 Derivations of IDD(K X, 0, —1)
Theorem 23. If 1 < n < oo, then Der(IDD(KY,0,-1)) = (@i),_,.,, where

viler) = (i + 14+ k) egr, for k <n—i.

Proof. Let D € @et(IDD(KQ, 0, —1)), then we can say that D(ey) = > «ase;. Firstly,
i=0

D(e1) = D(egoey) = (;}%%)060%-600(;)%61')
n—1 n—1 B n—1 =

_ 1 _ i+2
= ieip1 + Y T QiCit1 = > i1 QiCit1-
=0 1=0 i=0

It is easy to see that ¢;(ex) = (i + k + 1) e;1 is a derivation of IDD(K?,0,—1) :
pr(eioe;) = %ewﬁkﬂ = iJfTJ{l@HjJrkH + %ei—f—j—&-kﬁ-l =
(i+k+1)enoej+(J+E+1ecej = prle)oe; +e 0 pr(e)).

Hence, we can replace D by D — > a;p; and suppose that D(eg) = D(e;) = 0.
i=0
Furthermore, using the induction method, we prove that D(e;) = 0 for k > 2. To do
this, let us consider

D(€k+1) = k?D(€1<>6k_1) = k’(D(el)Oek_l—f—eloD(ek_l)) = 0.

It follows that each derivation of IDD(K?,0,—1) is a linear combination of ¢;, that com-
pletes the proof of the statement. O

Corollary 24. Der(IDD(KZ,,0,—1)) = (@i) ., where pi(ex) = (i + 1+ k) epsi.

Theorem 25. [f3 < n < oo, then @et(IDD(K}L,O, —1)) = <g01-, ¢1’¢2>1<i<n’ where

oi | pilexr) = (i+k)exrin, k<1l+n—1
¢1 | pi(e2) = en
P2 ¢2(€2) = 6n

Proof. Let D € Der(IDD(K},0,—1)), then we can say that

n

D(e1) = > aye; and D(ey) = Y Bie;.
i=1

i=1

Firstly,

D(es) = 2D(eyoe) = 2<(§aiei)oel+elo(§aiei)) _

11
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n—2

Secondly,

n—2

_ _ i+3

= § : Qi€it2 + E z+1O‘ Civa = D i1 QiCit2-
=1

1=

Dier) = 3D(eroes) = 3<(Za)+(z ﬁ)) _

n—3 n—2 3
= Y ezt ) Fifieis =
i=1 =1

Thirdly,

n—3
%5163 + Zl (ai + H%Bi—&—l) €it3-
1=

D(€4) = 2D<€2<>€1> = 2 <(Z:1 ﬁz€z> oert+ e (zjl ai€¢)> =
n—2 n—3 B n—3 -
= > Bitipa+ ) Z%Oliews = fies+ ) (5¢+1 + 7;_%1041') €i+3-
=1 =1 =1

Hence, comparing these two expressions for D(ey), we have that

1 =0 and B = wak 1,

D(GQ) = 5262+ Z ﬂaz 164

3<k

<n-—2,ie.,

+ Bn—len—l + 671671 and

n—3

D<€4) = (al + 52) €4+ Z ﬁ—%aiei%.
=2

Now, we will consider two different expressions of D(es) :

n n—2
D(es) = 4D(ejoe3) = 4 <<Z aiei) ces+ e o (Z:l g—i’aieiw))
—4 —4

= Z QjCiyq + Z Hl& €ita = 3aies + Z z+1O‘ Citd;

D(es) = 3D(2<>62)

= 3( (5262 + Z ﬂaz 164 + /Bn—len—l + Bnen) <& €2

n—
+e9 ¢ (ﬁgeg + Z ﬂal 165
i=

n—3

n—3

+ ﬁnflenfl + Bnen> )

= [aes+ > ° —Oéz 18543 + Baes + Z 0616443

2—3

= 26265 + Z ;+_1aiei+4~
1=2

The last gives B = —ozl, ie.

n—3

n—3

D(GQ) = Z zila €i+1 + ﬁn 1€n—1+ ﬁnen and D(64) = Z zila €i13-

i=1

12
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Integro-derivation Dzhumadildaev algebras: from the algebra of polynomials

Let us consider linear mappings ¢1(e2) = €,-1 and ¢2(es) = €,. Obviously,
¢1(IDD(KL,0,—1)) + ¢ (IDD(K2,0,—1)) € Ann(IDD(K, 0, —1)),
and ey ¢ (IDD(K}” 0, —1))2, hence ¢; and ¢, are derivations. It is easy to see that linear
mappings ; defined by
wiler) = (1 + k) exyi1, where k <14n—i
are also derivations of IDD(K},0,—1) :

_ kil _ ki k+j _
SOk(ez'Oej) = Er1  Citk+i — m€k+z‘+j+m€k+z‘+j =

= (k+i)erioej+(k+j)eicer1 = pele) oe; +eiopr(e;).

Hence, we can replace D by D — - ay; — (Buoy — nctn—2) é1 — (Bu — (n — 1) 1) é2,
i=1
and suppose that D(e;) = D(es) = D(es) = D(es) = 0.
Furthermore, using the induction method, we prove that D(e;) = 0 for k > 3. To do
this, let us consider
D(€k+1) = k:D(61 <& ek_l) = k‘(D(el) Oep_1t+e o D(ek_1>) = 0.

It follows that each derivation of IDD(K!, 0, —1) is a linear combination of ¢;, ¢; and ¢,
that completes the proof of the statement. O

Corollary 26. Der(IDD(K],0,—1)) = (¢i),.,, where pi(ex) = (i + k) €xpio1.

4 Derivation of IDD algebras of rank 2

4.1 Derivations of IDD(K X, 2,0)

n

Proposition 27. Der(IDD(KY,2,0)) = (@i, ¢i, i) ..., where

i | pileg) =€; | 0<i<1
oi | diler) =¢; |0<i<1
;| ies) =e; | 0<i <1

Theorem 28. If 3 < n < oo, then @et(IDD(Kg,Q,O)) = <<p, ¢>, where
ple;) = (i — 2)e; and ¢(e;) = iejr.
Proof. Let D € @et(IDD(KS, 2, 0)), then we can suppose that

n

D(eo) = Zaieiy D(€1) = Zﬂieia D(€2) = Z%ez‘, D(€3) = Z Ai€;.
i=0 i=0 i=0 i=0

Firstly,

13
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n

0 = D(eo < 60) = (Z Oéi€i> oeg+ e (Z aiei) = Z Z(Z — 1)@1'61‘,2,
=0 =0

i=0
that immediately gives ay = 0, for 2 < k < n, i.e., D(ey) = apep + agey. Secondly,

n

0 = D(egoey) = (zn: Bl-ei> oey+eo (i aie,-) = > (i — 1)Bie;—a,
1=0 =0

i=0
that immediately gives B, = 0, for 2 < k < n, i.e., D(e1) = foeo + Sre1. Thirdly,

D(eo) =

N =

D<€2 < 60) = % ((Z ’7Z€z> Seg+ e (Oé()e() + 04161)) =
1=0

= % 202(@ — 1)yiei—2 + apeg + e,
that immediately gives vy, = 0, for 2 < k < n, i.e., D(es) = Yoeo + 11€1. Next,

D(el) = %D(eg o 60) = % ((Z /\261) o €ep —+ es3 ¢ (06060 + 04161)> =
=0
= %)\260 + (Oé() + )\3) €1 + (CY1 + 2)\4) €9 + % Z Z(Z — 1))\1'62‘_2,
=5
that immediately gives Ay = 38y, A3 = —ag + B1, Ay = —%al, and A\, =0, for 5 < k <n,
ie.,

D(eg) = )\060 + )\161 + 35062 + (-Oé() + 51) €3 — %Q1€4.
Finally,

D(€2> = %D(Gg 3% 61) = %( ()\060 + )\161 + 3&062 + (-CYO + ﬁl) e3 — %06164) S e+
+e3 0 (Boeo + Brer) ) = Poer + (—ao + B1) e2 — anes + Boer + frea =
= 2fper + (—ao + B1) e2 — aqes,

that immediately gives 79 =0, 71 =20y, [1 = %ao, and oy = 0.

D(€3) = %D(eg < 62) = %( ()\060 + )\161 + 3/3062 — %OZ()€3) Seg +e39 (26061> ) =
= 3foea — %040637

that immediately gives \g = 0 and A\; =0, i.e.,
D(eo) = Qp€o, D(el) = 5060 + %05061, D(BQ) = 25061 and D(Gg) = 35062 - %O[()Gg.
It is easy to see that p(e;) = (i—2)e; and @(e;) = ie;_; are derivations of IDD(KY, 2,0) :

ple;oe;) =

(=i +7j—4eirj2 = i(i = 1) ((i = 2)eirj2 + (J = 2)eipj-2) =
= ((i—2)e;)oej+eo((—2)ej) = ple) oe;+ e 0p(e);
gb(e,- < Gj) = Z((Z — 1)(2 + j)€i+j—3 = Z(Z — 1)i6i+j—3 + Z(Z — 1)jei+j—3 =

iei1) oe;+ ;0 (jej1) = (e;) oe;+ e 0 p(e;).

14



Integro-derivation Dzhumadildaev algebras: from the algebra of polynomials

Then replacing D by D+ agp — Bo¢ we can suppose that D(e;) = D(es) = D(es) = 0.
Furthermore, using the induction method, we prove that D(e;) = 0 for £ > 2. To do
this, let us consider

D(ex1) = $D(ezoer) = +(D(es)oey+e30 D(ey)) = 0.

It follows that each derivation of IDD(K?,2,0) is a linear combination of ¢ and ¢, that

n’ Y

completes the proof of the statement. n
Corollary 29. Der(IDD(KY,,2,0)) = (¢, ¢), where p(e;) = (i — 2)e; and ¢(e;) = ie;_1.
Proposition 30. Der(IDD(K3},2,0)) = (¢, ¢) where p(e1) = e1 and ¢(es) = e.
Theorem 31. If 3 < n < oo, then Der(IDD(K},2,0)) = (), where ¢(e;) = (i — 2)e;.
Proof. Let D € ’Det(IDD(Kﬁ, 2, O)), then we can suppose that

n

D(e1) = > aye;, D(ea) = Y. Biei, and D(eg) = > i€
i=1 =1 i=1

Firstly,

n

0 = D(61 < 61) = (Z aiel-) oep+e1o <Z aiei) = Z Z(Z — 1)0&2‘61‘,1;
=1 i=1

i=1
that immediately gives oy, = 0 for 2 < k < n, i.e., D(e1) = aje;. Secondly,

n

D(e)) = %D(620€1) = %((iﬁzez) <>€1+€2<>(041€1)) = %Zi(i—l)ﬁieiqﬂLO&l@l;

=1

that immediately gives Sy = 0 for 2 < k < n, i.e.,

Dey) =

D=

D(esoer) = 2 ((g}l %ei) o€t e30 (alel))

Z Z(Z — 1)’71'62'_1 + areg = %’7261 + (’}/3 + Oél) €o + % Z l(Z - 1)’}/2'61'_1;
=1 =4

(=N

that immediately gives v = 381,73 = —ay, and v, = 0 for 4 < k < n, i.e.,
D(es) = mer + 3B1e2 — azes.
Next,

D(es) = %D(G:s oey) = %( (y1€1 + 3B1e2 — azes) o ea + ez 0 (Brer) ) = 20162 — aq€3;

that immediately gives 8; = 0 and v, = 0, i.e., D(e1) = aje;, D(ez) =0, D(e3) = —aqes.
It is easy to see that p(e;) = (i — 2)e; is a derivation of IDD(K}, 2,0) :

pleoe;) = i(i—1)(i+j—4)eirjo = i(t—1) (0 —2)eirjo+ (J — 2)eryj—2) =
= ((i—2ei)oe;+e0((1—2)e) = ple;)oe;+ e o ple;).

15
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Then replacing D by D + a;¢ we can suppose that D(e;) = D(es) = D(e3) = 0.
Furthermore, using the induction method, we prove that D(e;) = 0 for £ > 2. To do
this, let us consider

D<€k+1) = %D(@g < ek) = %(D(eg) oep+e39 D(€k>) = 0.
It follows that each derivation of IDD(K,2,0) is a linear combination of ¢, that completes

n’ )

the proof of the statement. n
Corollary 32. Der(IDD(KL,2,0)) = (¢, ¢), where p(e;) = (i — 2)e;.

4.2 Derivations of IDD(K*,1,1)
Theorem 33. If 1 < n < oo, then Der(IDD(KY, 1,1)) = (¢, ), where

ny

ple;) = (i — 2)e; and ¢(e;) = iej.
Proof. Let D € Der(IDD(KY,1,1)), then we can say that

n’ Y

D(eo) = 20@‘61, D(el) = Zﬁiei, D(€2) = Z%‘Gi, and D(€3) = Z Ai€i.
i=0 i=0 i=0 i=0

Firstly,

n

0= D(Go < 61) = (Z (]17;62') oep+ ey (Z 5161) = Z iOéiGi_l,
i=0 i=0 i=0
that immediately gives ay = 0, for 1 < k < n, i.e., D(ey) = apep. Secondly,
D(Go) = D(€1 & 61) = <Z 6161) S eq + e1 < <Z Bz€z> = Z 2Z'ﬂi6i_1,
i=0 i=0 i=0

that immediately gives §; = %ao and B, = 0, for 2 < k < n, i.e., D(e;) = Poeo + %aoel.
Thirdly,

D(61> = %D(GQ < 61) =1 ((i ’}/261) oep+ 629 (ﬁoeo + %Oéo€1)>

= 12@%61 1+t oper = 27160—1—( 040‘1‘72) 61+Zg%€z 15
=0 1=3

that immediately gives 73 = 28y and v, = 0, for 2 < k < n, i.e., D(e3) = Yoeo + 260€;.
Next,

D(es) = ID(esoes) = 1 ((oeo+2B0e1) ¢ €2+ ex o (Yoo + 260e1)) = 2Boes;
D(es) = 3D(esoer) = 3 ((Z )‘iei) o €1+ €30 (foeo + lOé()<5’1)) =
i=0
= ( Z>\i6i—l + %O[(]eg) = 60 + 2/\261 + ( Qo + )\3) € + Z )\ i€i—1;
i=4

16
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that immediately gives g = 0, Ay =0, Ay =308y, A3 = —%ozo, and A\, =0, for4 < k <n.
Finally,

D(@g) = %D(Gg, < 62) = % ((/\060 + 35062 — %0[063) Seg +e39 (2/3061)) =
= 3foe2 — %%63,
i.e., A\g = 0. Then we obtain
D(€0> = (p€o, D(el) = ,8060 + %Oé()el, D(62> = 25061 and D(€3> = 3/8062 - %Oé()eg.
It is easy to see that ¢(e;) = (i — 2)e; and ¢(e;) = ie;_1 are derivations of IDD(K?,1,1) :

n’ Y

pleioe;) = ij(i+j—4eirj2 = 1J(i —2)eij2+ij(J — 2)eirj2 =
= (((—=2e)oej+e0((1—2)e) = ¢le)oe;+ e 0 p(e;).
pleioe;) = ij(i+jleiyj 3 = ijieij 3+ijjeij s =

= (teim1) oej+eio (Jejo1) = ole) oe;+ e 0 p(e)).

Then replacing D by D + app — fo¢ we can suppose that D(e;) = D(ea) = D(e3) = 0.
Furthermore, using the induction method, we prove that D(e;) = 0 for k > 2. To do
this, let us consider

D(eri1) = =D(esoer) = #(D(eg)oek—i—egoD(ek)) = 0.

3k
It follows that each derivation of IDD(K?,1,1) is a linear combination of ¢ and ¢, which
completes the proof of the statement. n

Corollary 34. Der(IDD(K2,,1,1)) = (¢, ¢), where p(e;) = (i — 2)e; and ¢(e;) = ie;_1.

o) )

Theorem 35. [f2 < n < oo, then C‘Det(IDD(K1 1 1)) = <<p, ¢>, where

n’ ?

p(ei) = (i —2)e; and ¢(e;) = (1 — 0y3)ie; 1.
Proof. Let D € Der(IDD(K},1,1)), then we can say that

D(e;) = Z aie;, D(ez) = Biei, and D(es) = Z%’ei-
i=1 i=1

=1

Firstly,

n n

0 = D(61 <& 61) = (Z ai6i> oe;p+er o (Z aiei) =
n n 1=1 n =1

= Z 7;041'61'71 + Z 7;041'61',1 = 2 E Z.Odieifl;

=2 =2 =2

that immediately gives D(e;) = «je;. Secondly,

D(61> = %D(el <& 82) = % ((alel) eyt e (Z 6267,)) = ey + Z %ﬁiei—l;
i=1 1=2

17
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that immediately gives D(es) = [1e1. Thirdly,

D(es) = 3D(e1oes) = 3 <(061€1) oeg+e o (zé fyiei)) —

n

= aieat+ ) %%61'—1 = %7261 + (a1 +3)ea + %7@61'—1;
i=2 i=4

W=

that immediately gives D(e3) = vie1 + %ﬂleg — aqez. On the other hand, we have

D(es) = %D(ez oez) = El)' ((5161) o€zt e (7161 + %5162 - 04163)) =
= Pies+ 37er + frea —ones = e+ 2fien — ones;

i.,e. 11 = 0. It is easy to see that linear mappings ¢ and ¢ defined by
gO(@Z) = (Z — 2)61 and ¢(€Z) = (1 — 51,i)7f-€i71
are derivations of IDD(K},1,1) :

n’ Y

pleice;) = ij(i+j—4)eirj2 = ij(t—2)eirj2+1J(J — 2)eirj2 =
((i —2)e;) oej+eo((1—2)e;) = wleg) oe;+ e ople));
pleioe;) = ij(1—0uirj2)(i+Jj—2)eiy; 3 =

(1= 01,)i(i — 1)jeirj—s + (1 = 615)ji(j — Deirj—s =
= ((1 — 51,i)i€i—l) &€ +e; ¢ ((1 — 517]')].6]'_1) = ¢(62 & +e; ¢ gb(ej).

We can replace D by D + oy — 52—1qb and suppose that D(e;) = D(ey) = D(e3) = 0.
Furthermore, using the induction method, we prove that D(ey)
this, let us consider

D(€k+1) = iD(ekoeg) = %(D(ek)oeg—i—ekoD(eg)) = 0.

It follows that each derivation of IDD(K !, 2,0) is a linear combination of ¢, that completes
the proof of the statement. n

Corollary 36. Der(IDD(KL,1,1)) = (¢, ¢), where
p(ei) = (i —2)e; and ¢(e;) = (1 — 014)ie; 1.

4.3 Derivations of IDD(K*,1,—1)
Theorem 37. If 1 < n < oo, then Der(IDD(KY, 1, —1)) = (), where p(e;) = ie;.

n’ Y

Proof. Let D € Der(IDD(KY, 1, —1)), then D(eg) = Y oye; and D(er) = Y Bie;. Firstly,

ny 4
1=0 i=0

n

0 = D(eg < 60) = (Z aiei) Seg+eqo <Z aiei) = Z iaiei,
=0 1=0

1=0

18
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that immediately gives ag, = 0 for 1 < k < n, i.e., D(eg) = apeg. Secondly,

n

D(el) = D(61 O 60) = (é ﬁz€z> Seg+ e o (Oé()eo) = Z Zﬂzel + ape; =

i=0
= (b1 +ao)er+ Y. ifei,
i=2

that immediately gives 5y = 0, ag = 0, and S =0 for 2 < k < n, i.e.,
D(eg) =0 and D(ey) = fie;.
It is easy to see that ¢(e;) = ie; is a derivation of IDD(K?,1,—1) :

n? )

%

. . 32 i
pleioe;) = sqlith)en; = e+ 56y =
= (ie)) oej+eio(Je;) = ple) oe;+e op(e)).
Then replacing D by D — 1@ we can suppose that D(ey) = D(e;) = 0.

Furthermore, using the induction method, we prove that D(e;) = 0 for k > 2. To do
this, let us consider

D(eps1) = (k+1)D(eroer) = (k+1)(D(er) oep+e1oD(e)) = 0.

It follows that each derivation of IDD(KY, 1, —1) is a linear combination of ¢, that com-

pletes the proof of the statement. O

Corollary 38. Der(IDD(K,1,—1)) = (), where p(e;) = ie;.

o) )

Proposition 39. Der(IDD(K3, 1, —1)) = (1, p2), where

P2 paler) = ey
01 | piler) = eq, pi(ea) = 2ey

Theorem 40. If3 < n < oo, then C‘Det(IDD(K1 1 —1)) = <<p, o1, ¢2>, where

n’ Y

@ ple;) = ie;
¢ ¢1(€1) = N€n-1, ¢1(€2) = (n2 —n+ 2)6n
P2 Pa(e1) = ey
Proof. Let D € ’Det(IDD(K}L, 1, —1)), then we can say that D(e;) = Y ye;. Firstly,
i=1
D(GQ) = 2D(61 061) = 2 ((Z aiei) oe;p e 0 (Z aiei)) =
i=1 i=1
n—1 n— n—1 _
= Yiei t Y it = Y Zz;f’_—ZIrQOCieiJrl;
i=1 i=1 i=1
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n n—1 o
D(€3) = 3D(€1 062) = 3 ((Z O{iei) Oeg+e1 0 (Z Z;:—ziaaiei—l—l)) =

i=1
=2 g0 —
. +i+2) . 3 +6i2+5i+6
- Z Zalel+2 + Z (i+1)( Z+2)az€z+2 - Zl Gi+1)(i+2) Q;i€i+t2-
1=

On the other hand:

P n
D(eg) = D(Gg < 61) = <Z 12;:_—11_2041‘614_1) oer+ e (Z aiei) =
n—2 ‘ rlL 2 n—2 =

_ 24542 _ i34-2i24-3i+6
= Z 5 Q€iyo T+ Z H_1az€1+2 = Z W@iei+2-
i=1 i= =1

Comparing these two presentations of D(es3), we have that
i(®+2i* =51 +2)a; = 0for1 <i<n-—2.

The roots of the equation i (i + 2i% — 5i +2) = 0 are 0, 1, or $( — 3 £ /17). Then, we
obtain ap = a3 = ... = a,_o = 0. Summarizing, we obtain:
D(ey) = are1 + ap_16p-1 + anen, D(es) = 2aqey + —+0zn 16n, and D(e3) = 3aqes.
It is easy to see that linear mappings ¢, ¢1, and ¢y defined by

plei) = iei, dr(er) = nen1, dilea) = (0° —n+2)en, aler) = e,
are derivations of IDD(K}, 1, 1) :

n’ ?

plesoe;) = —qlitileiy = izqeinj +izgein =

= (2 )<>ej—i—eZ (jej) = ch(ei)oej—i-eiogo(ej);
pr(eroer) = Soi(er) = ”‘”*%n = Be, + Re, =

= (ne,— )<>el—|—el<>(nen,1) = ¢1(er) oer +e1 0 d1(er).

We can replace D by D —aj¢p — %an_lqﬁl — a2 and suppose that D(e;) = D(ey) = 0
Furthermore, using the induction method, we can prove that D(e;) = 0, for £ > 3. To
do this, let us consider

D(ext1) = 2D(eroer) = 2(D(e) oer +ep o D(ey)) = 0.

It follows that each derivation of IDD(K!, 1, —1) is a linear sum of ¢, ¢1, and ¢,. That

completes the proof of the statement. O

Corollary 41. Der(IDD(KL, 1, -1)) = (), where p(e;) = ie;.
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4.4 Derivations of IDD(K X, —1,—1)
Proposition 42. Det(IDD(KY, —1,-1)) = (¢, ¢;)

1<5<2

0<i<a’ where

©i | pilen) = ei, pilea) = 26pe0 | 0 <0 <2
9 pile1) = e 1<5<2

1<5<3

1<i<3’ where

Proposition 43. Der(IDD(KY, —1,—1)) = (¢, ¢;)

©i | pileo) =ei, pi(er) =e3 |1 <0< 3
o | pjler) =e;, Pi(es) =e3 | 1<5<3

Proposition 44. Der(IDD(KY, —1,-1)) = (¢, ,)='=" where

0<i<4?
¥4 waleo) = eq
©3 p3(eo) = e3
©2 pa(eg) = 3ez, pa(e2) = 2e4
©1 p1(eo) = 2e1, pi(e2) = 2e3, pi(e3) = e,
©o | polen) = 2eq, poler) = 3eq, polea) = 4ea, @oles) = des, wo(es) = bey
Oy ¢4(€1) = €4
®3 p3(e1) = e3
O2 Pa(e1) = 3ea, Pa(es) = 2e4
Theorem 45. If 5 <n < oo, then @et(IDD(Kg, -1, —1)) = <g0,¢i,wj 82542, where
© ple)) = (i+2)e;, 0<i<n
4 paen) = 4(n —1)(n — 3)e, 4, ¢aler) = (n —2)(n+5)e,3,
Pae2) = 8( — Deng, ¢a(ez) =6(n+1)e,y1, dales) =4(n+5)e,
P3 P3(e0) = (n —2)en—3, P3(e2) = 2en1, P3(e3) = e
P2 Pa(eo) = (n — D)en—a, ¢ales) = 2e,
P1 ¢1(60) = €n-1
) Poleo) = en
Py Py(e1) = (n — 1)en_o,Un(e3) = ey
[ Yi(er) = en
o to(e1) = en

Proof. Let D € Der(IDD(K?, —1,-1)), then D(eg) = > ase; and D(er) = Y fGie;.
i=0

i=0
Firstly,

D(es) = Dl(egoeg) = (;)aiei)oeo—l-e()o(;)aiei) =
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n—2 1 n—2 1 n—2 5
= Z 1 QiCit2 + Z 1 XiCiv2 = > i1 YiCit2;

=0

 beeny - ;‘)((iaﬁ) carswe (Eu)) -

n—

- Z z+1ale’+3 + Z z—H/@ZeH‘2 - 26062 + Z (z-i—laZ

=0

3

Secondly, we find two expressions for D(ey) :

n n—2
3D(egoey) = 3 ((Z aiei) oey+ego (Z H_%OKZ'GH_Q)) =
i=0 ;

D(ey)

D(es)

1=0
= n=d n—4
; 6 — 19 '
z;) F i Z;] s Vit = Z.;) D) (i+3) QiCi+ds
4D(ey0e1) = 4 ((E @'61') oe;+e o (Z 5&)) _
=0 i=0
oy =3 n—4

=0

n
> g bieis + Y mqbieirs = 4Boes + Y0 g Biviiva;
: i=0 i=0

Z’_%gﬁi-i-l) €i+3-

that immediately gives By = 0 and [, = (A D(k18) p_1 for 1 <k <n-—3,ie.,

D(ey)

Des)

4k(k+2)

— (+1)(i+8) .
- Z 45 l+2) ;1€ + ﬁn—Qen—Q + ﬁn—len—l + ﬁnerw

@
,_\

n— 4
(i+5
= X smnemas + (Fgan-s + iibu-)en

Thirdly, we find different expressions for D(es) :

D(es) = 4D

n—>

= X

i—O

- £

D(es) = 6D
n—2
€1 ¢ (ZZO mai€i+2> ) =

= E:

= E:

(60 <o 63) = 4( (E) azel) o es + € ¢ (Z w+i—%al€1+3

e
1 e __6(+5)

1 XiCits T % (1) (i+3) i+ 4) XiCith
1=

(i4-6) (i+7)
(i+1) z+3)(z+4)alel+5’

(e10e) = 6(D(el) oey+ e D(ez)) =

(Z (ZLLJ:;S) Q1€ + Bnotn_o+ Bu_16p-1 + Bn€n> et

n—>s
z+2)a’ 1€i+4 + Z (it1 (z+3)o‘26%+5 =

_ 421
2(i+1)(i+3) Oéz Ci+s-
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Comparing the present expressions, we obtain ay =0 for 1 <k <n — 5; i.e.,

D(ey) = apeo~+ n_slpy+ Qp_sen_3+ Qp_2n_o + Qp_165_1 + Qpep;
D(el) = 304061 + %an 4€n-3 + Bn 2€p—2 + ﬁn—len—l + ﬂnen;
D(62) - 20[062 + an 4€n—2 + 2 an 3€p—1 + an 2€n;
D(es) = 204063 + 2(7135711—;2,11)_3)&71—4%—1 + (n_QOln—:a + o3 5n—2) €n;
D(64) = 30&064 -+ %an_mn;
D(es) gaoeg), and D(eg) = 4dagpes.
Furthermore, using the induction method, we can prove that D(ey) = waoek, for
5 < k <n. To do this, let us consider
D(ery2) = (k+1)D(epoeg) = (k+1)(D(er) e+ e o Dleg)) =
= (/’C + 1) <(wa0€k) Seg+ e o (Oéo@o + Z aiei)) = %age;ﬁg.
i=n—4

Combining all the obtained results, we see that D is a linear combination of mappings
0<j<2
{o, b4, 1/)1'}0934 : H

Corollary 46. Der(IDD(K2,, —1,-1)) = (¢), where p(e;) = (i + 2) ¢

2<j<4

1<i<d’ where

Proposition 47. @et(IDD(Ki, -1, —1)) = <Sﬁi,¢j7¢j>

©s %’(ek) = 51,k€i + 251,i54,k€4 1<i<4

?; ¢jle2) = ¢; 2<j<4

V; Viles) = e 2<)<4

Proposition 48. Der(IDD(K}, —1,—-1)) = (¢, ¢; 1/;k>3<k<5 where

» T Pir Pjs Yk )1<i<s; 2<j<s5’

¥s ps(e1) =es

2 paler) = ey

©3 p3(e1) = e3

P2 p2(e1) = ez, pa(eq) = des

©1 901(61) = €1, @1(6 ) = 2ey, 901(65) = €5

®s ¢5(€2) = €5

®4 Pa(e2) = e4

®3 P3(e2) = e3

2 Pa(ez) = ez, ¢ales) = es,

s Vs(e3) = es

Yy Yy(e3) = ey

3 P3(e3) = e3
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4<k<6

Proposition 49. Der(IDD(KG, —1,-1)) = <g0i,gbj,¢k>1§i§6; o< jcqr Where
¥6 806(61) = 66
¥5 ps(e1) = es
'z paler) = eq
©3 p3(e1) = e, 903(64) = €¢
©2 pa(e1) = 3ea, pales) = des, paes) = 2eq
¥1 901(61) = €1, 4,01(63) = —€3, 4,01(64) = 2ey, @1(65) = €5
b6 ¢6(€2) = 6
®s5 ¢5(€2) = €5
®4 ¢4(€2) = €4
®3 P3(ez) = 4des, P3(es) = 3eq
B2 | Pale2) = €2, @a2(es) = 2e3, ¢ales) = €5, @a2(es) = 2e6
Vg V(e3) = e
(5 Vs(e3) = es
{on Vy(e3) = ey
Proposition 50. Der(IDD(K7, —1,—1)) = (¢, ¢; ¢k>5§.€s7 ., where
T h i» 93> Yk )1<i<r; 3<i<m

P7 pr(e1) = eq

©s we(e1) = eq

©s ps(e1) = es

©4 pa(e1) = Seq, a(es) = deg

3 @s(e1) = 2es, p3les) = 2es, @s(es) = er

2 | pa(e1) = 6ea, pales) = beq, @ales) = —8es, wa(es) = deg

Theorem 51. [f 8 < n < oo, then @et(IDD(Kﬁb,—l,—l)) = <g0, (bi,wj,mg>

where

o1 | pi(er) =3er, wi(er) = 4ea, i(e3) = 5es, pi(es) = 2ey,
p1(es) = Tes, pi(es) = 8es, wiler) = 3er

o7 P7(e2) = e7

®s Ps(e2) = €6

®s Ps5(e2) = es

G4 da(ez) = bes, Pales) = 3er

03 | Pp3(ea) = 8es, ¢s(es) = 15es, ¢s(es) = beq, ¢s(es) = 12e7
Yy Pr(es) = er

(3 Ps(es) = es

s Ps(es) = es
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Integro-derivation Dzhumadildaev algebras: from the algebra of polynomials

® wle) = (1+2)e, 1<i<n
¢6( 1) = 18(n —2)(n — 5)en—s, do(e2) =8(n —4)(n+3)e,s,

b6 oe(es) =3(n—3)(n+ 18)e,_4, dg(es) = 72(n — 2)e,_3,

d6(es) = 60ne,_o, dgle) = 48(n + 3)en—1, ¢sler) = 36(n + 8)e,
¢5 ¢5(€1) = Q(TL — 4>€n 5, ¢5(€3) (2 — n)Gn_g,, ¢5(64) = 86n_2, ¢5(65) = 4€n_1
P4 Pale1) = (n —3)en—a, Pales) =4en 1, Pa(es) = 2e,
®3 P3(er) = (n — 2)e,—3, ¢s(es) = 4de,
¢2 ¢2(61) = €p—2
1 p1(e1) = enn
®o ¢0(€1) = €p
Yy | Yalen) = 2(n — 3)en_y, Yales) = 3(n —2)en_3, Yales) = —6e,_1, Yales) = 12¢,
V3 P3(es) = (n —2)e,—3,3(e5) = 3ey,
Py @/)2(62) = €p—2
Uy ¢1(€2) = €n-1
Yo o(e2) = e,
T2 7T2(€3) = €p_2
T 7T1(€3) = €p—1
o 7T0(6’3) = €p

Proof. Let D € @et(IDD(K}l, -1, —1)), then we can say that

D(er) = > ae;, D(ex) = Bies, and D(eg) = > yie;.
=1 i=1

i=1
Firstly, we find expressions for D(e4), D(es), and D(eg) :

Py = 1Deroe) = 4((Sae)oatao(Sue))

n—3 n—3 n—3

= > Z-J%IO%@H?, + > H%Oéiezur?, = Z-_%Oéieﬁs;
i=1 = i=1 i
D(es) = 6D(ej0e) = 6 ((Z oziei> Gey+ e o (Z @iei>)
- LN i=1
= Z ,.,2_105161+4 + > Z+1ﬂzez+3
et i _
= 21 l+1aiei+4 + ;) H—Qﬁz’+1€z‘+4 = %5164 + Z (Z+1 H%BZ-H) €itd;
1= i= i=1
D(eg) = 8D(ejoe3) = 8 ((i ozz-ei> oest e o (i ))
n—5 n—3 - =1
= L dnoities + 2 frvicis
e s

= Z Z+1azez+5+ > H_371+261+5

i=1 1=—1
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= 2yies+ 37265+ Z (2+1 T %%H) €i+5;

D(es) = 9D(ex0ey) = 9 ((Zzlﬁzez) oey+ ey (Zilﬁzez)>

= Z i_,_il/@iei-i-zl + Z %ﬁieiﬂ

1=1
n—4 -5

= Z i1 52€Z+4 - 3ﬁ1€5 + Z H_Qﬁl+1€z+5

i=1

Comparing two different expressions for D(eg), we have that

M =0 1= 51, Ve = S(HI)Bk—l - (kk+ 1) Yh—2; 3<ks<n-3 le

n—3
D(e3) = %5162 + > < e Z:rll)Oéz 2> €i T Tn—26n—2 + Yn-1€n-1 T YnCn.
i=3

In a similar way, we find two different expressions for D(e7) :
n n—3
D(e;) = 10D(ejoeq) = 10 (<Z oziei) oeyt e 0 (Z Z._%aie,urg)) =

i=1
= Z i1 1 Qi€it6 T Z H_12—?H_4)azel+6 - Z (z+i+1j4i-4 Q;€i16;
D(€7> = 12D<€2<>€3) = 12(D(€2)<>63 +€2<>D(63)) =

= 12 <(Z 6@€z> o ezt
=]

n—3
+ €90 (%5162 + Zg (3@“ Bi—1 — H—1)0“ 2) €+ Z %eJ)) =

j=n—2
n—>5 5 n—4 9 1+1) 6(i+1)
= Z iBieirs + 30ies + Z ey ( Bic1 — = %—2) €itd =
n— 5 9
= Z Z+1ﬁzez+5 + 3P1€e6 + Z (iﬁi—l — i__lai—Z) €its =
=
n—>o

= E mﬁi€i+5 + 3P1es + Z (7258 — 2evic1) €ig5 =
= e+ Z 25 Bieivs + 3b1es + Z (%58 — 2ai-1) eiys =
= 25166 + Z (24_151 Oéz 1) €iys =

= 55166 + 21 (H—Qﬁiﬂ z+1 )ez+6
1=

Comparing two different expressions for D(e;), we have that f; = 0 and

5]6:%0%_1, 2§k§n_5) i‘e"
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n—>5 . )
D(Gg) - ;%O@ 1€ + Z /8]6]7

]7

) (i422) 3(n— n— -
Ple) = & LD, e, (zén — giyonss) eyt 2 %y
1= Jj=n—
D(€5> = Z 3 3.21?(2?4 QiCitq + ( 2405n75 - ni3ﬁn74) €n—1 T (nig(xnle - nigﬁnfi’)) €n;

i+9)
D(eﬁ) = Z 3 z+1—)i_(1+4 Qi€it5 + 3671 4€n.

Next, we obtain two expressions for D(eg) :

D(es) = 12D(ejoes) = 12 (i aiei) oes+ 12e; ¢ (n_G - 2121”&4 a;eirqt
() s (S ) ) -
= :27 T QiCitr T Z %a,ezw = Z (Hl tfffﬁé) Qi€ 7}
D(es) = 16D(ezoes) = 16 (2;) T, e+

(QEn 3;& 47 3 (n 4)04n 5) €n—3 + Z ’yje]> ¢ es3t+

Jj=n—2

n—4
+16e3 © (Z Zjl)l(z(jfg Q26+
1=3

j=n—2

(2 i) o+ 82 )

. 2(i422) 2(i+22)
o Z 3(i—1)(i+2) al 2€i45 + Z 3(i—1) 1+2)Oé1 2€i+5

_4(i+24)
= Z 3t 1) (i+a) XiCit7-

Comparing the present expressions for D(eg), we have a = 0, for 2 < k < n — 7, that
gives

D(e1) = arer+ Y, ajey;

j=n—>6
j=n—4
D _ (n—3)(n+18) (n—
(e3) 3a1€3+—(n 2)( )an766n74+ —n_ 5n74 2(n 4)Otn 5)€n—3+ Z Vi€ss
j=n—2
D(es) = 20ve4 + = 5Oén 66n—3 T 7 On—56n—2 + ;= 3Oén 4€n—1 + = 204n 3€n;

10nam 20 3Bn 20— 3Bn
Dles) = gones + soges on- 2*(%— w5t ) e+ (B - 05 ew
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D(es) = %aleﬁ + %an—Gen—l + ni_gﬁn—4en;

D(e;) = 3aier + %an_gen;

D(eg) = 13—005168

Furthermore, using the induction method, we can prove that D(ey) = %alek, for

8 < k < n. To do this, let us consider

D(ery1) = 2(k—1)D(e1oep—2) = 2(k—1)(D(e1) o ep_s +e1 0 D(ey_s)) =

= 2(k—1) <<04161 + 2 Oéjej) Clp—2+ €10 (%%%2)) = %@16k+1-
j=n—6

Combining all the obtained results, we see that D is a linear combination of mappings
0<k<2
{0, bi, vy, 7T/f}o<z'<6- 0<j<4 u

>exY, VUS>

Corollary 52. Der(IDD(KL, —1,-1)) = (¢), where p(e;) = (i + 2)e;.

4.5 Derivations of IDD(K X, 0, —2)
Proposition 53. Det(IDD(KY,0,-2)) = (¢, ¢;

1<j<2

0<i<2’ where

i | pileo) = e, wilea) = 2460 | 0<i <2

9 pjle1) = ¢ 1<j<2
Proposition 54. Der(IDD(KY,0,—2)) = {p;, ¢; EZ;S, where
¥3 €03(€0) = €3
P2 902(60) = €
©1 p1(eg) = 3e1, pi(ez) = 4es
©o | woleo) = eo, wolea) = 2ea, @oles) = e3
®3 (%53(61) = €3
o ¢2(€1) = €
?1 ¢1(€1) = €1, ¢1(63) = €3
Theorem 55. [f4 < n < oo, then @et(IDD(Kg,O, —2)) = <g0,qbi,¢j,7rk>8§f§, where
4 ole)) = (i+2)e;, 0<i<n
b3 ¢s3(eq) = (n = 1)(n* —4)e,s, ¢3(er) =n’(n — 1)e, o,
d3(er) = (n+2)(n® = 3n+4)e,_1, d3(e3) = (n+1)(n? — 2n + 4)e,
P2 Pa(eg) = n(n —1)e,_s, Pales) = (n° —n+2)e,
) P1(e0) = en_1
®o ¢0(€o) = €n
77Z)1 ¢1 (61) = €n—1
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[0 ] Yoler) = e |
Proof. Let D € Der(IDD(KY,0,—2)), then D(eg) = Y oye; and D(ey) = Y Bie;. Firstly,
=0 =
D(GQ) = 2D(€0<>60) = 2 ((Z oziei) <>€0—|—€0<> (Z aiei)) =
n—2 n—2 2120 n—2 21 3i44
= ;} QCiyo + Z% m&i€i+2 = E malel+27
D(Bg) = 6D(€0 < 61) =6 ((Z aiei) oer+eyo (Z Bl€1>> =
=0 =0
n—3 n—2 n—
= i;() Qi€i43 + i;() mﬁz’ei—ﬂ = 3foe2 + ; (az‘ + mﬁi-ﬁ-l) €i+3;

Dles) = 2D(eroeq) = 2( iﬂiei>oeo+elo(iaiei)> _

n—3
= Z Bzez+2 + Z (i+1) (z+2) Q;€i43 = 5062 + Z (51—&-1 + maz> €i+3;

that immediately gives By = 0 and [, = ,(:f;rz)Q ap_q for 2 <k <n-—2 ie.,

+4)
D(e;) = pier+ E EZZ+4) a;-16; + Bn1€n-1 + Bnen and
D(es) = (w+pr)es+ Z %OQGH{;

Secondly,

D(ey) = 12D(egoey) = 12 ((Z ozm) oey+ e (Z Z;{)‘Q”:; azelﬂ)) =

12(i%+3i+4) _ i*410434-47i% +86i+72
= Z Qi€itq + Z D) (+2)(i+3) (i1 4) YiCitd = z% (1) (42) (i13) (i+4) YiCitds
=

n—2
D(ey) = 2D(egoeq) = 2 ((Z %a el+2) eyt eg o (Z aiei>) =

n—4 21344 ni4 5 n—4 316
— Z 4 ditd o Z 2 e — Z _i?43i46_
Lo 0y YO T L G NG T L ey GO
(2 1= 1=0

that immediately gives ap =0 for 1 < k <n —4,ie.,

D(eg) = peo+ an_sen_3+ an_2€n_o+ ap_ 16,1 + anep;
2
D(e;) = pier+ 77 4Oén 3€n—2 + Bn1€n-1 + Bnén;
D — 9 n?—3n+4 n2—n+2 .
<€2) Qo + (n—1)(n—2) Qp—36n—1 + n(n—1) Qn—26€n;
n n2— mn
D(es) = (o4 Pr)es+ %an%?»en;
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D(€4) = 3(1064.

On the other hand,

D(es) = 6D(eroer) = 6((51€1+ o + Z ﬁz€z><>€1+

i=n—1

“+e1 ¢ (5161 +2 n 3€n 2 + Z ﬁz@)) = 2164
i=n—1
ie., 1 = —ao Then we obtain
D(er) = 3aper + g n_3n-2+ Buo1€n1 + Bren;
n n2— mn
D(es) = Z2ages+ %an,gen.

Furthermore, using the induction method, we can prove that D(ey) = %aoek, for
4 < k < n. To do this, let us consider

D(exy2) = 2D(eroeq) = 2(D(ey)oeo+ exoD(eg)) =
2 (waoek) oegtepo | apeg+ Y. e = kiozoekH
i=n—3

Combining all the obtained results, we see that D is a linear combination of mappings
{90, ®i, %'}ogigg; 0<j<1 - -

Corollary 56. Der(IDD(KY,,0,—2)) = (¢), where p(e;) = (i + 2) ¢;

Proposition 57. Der(IDD(KY, 0, —2)) = (¢, 6;, ¥; fjj;4, where
@i | piler) = 01 pe; +201,00es | 1 <i <4
; ¢j(e2) = ¢ 2<j<4
v biles) = e; 2<j<4
Proposition 58. Der(IDD(K},0,-2)) = (¢;, ¢;, Ui EE; y< <50 Where
©s ps(e1) =es
2 @4(61) = €4
¥3 ps(e1) = e3
02 @a(e1) = 2eq, pales) = 3es
o1 | pi(er) = e1, @i(es) = 2eq, pi(es) = es
Os Ps5(e2) = es
P4 Pa(e2) = ey
P3 ¢3(62) = €3
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b3 Pa(ea) = ea, wa(es) = es
s ¢5(63) = €5
Py ¢4(€3) = €4
3 ?/13(63) = €3
Proposition 59. Der(IDD(K},0,-2)) = (¢, 65, U i’fg y<jcgr Where
Y6 wele1) = eg
©s ps(e1) = es
2 @4(61) = €4
©®3 @3(61) = 1063, @3(64) = 1366
@2 | pa(er) = 4ea, pa(ea) = bes, aes) = bes, ales) = Teg
o1 | piler) =e1, @iles) = —es, pi(ed) = 2eq, @i(es) = e
®6 Ps(e2) = es
Os ¢5(€2) = €5
¢4 Pa(e2) = e4
¢3 (%53(62) =€
G2 | Palea) = ea, Pales) =2es, ¢ales) =es5, Pales) = 2eq
Ve Ye(es) = es
Vs Ps(es) = es
Yy Yy(e3) = ey
Proposition 60. Der(IDD(K},0,—2)) = (¢4, 95, Vs Ef;? s<j7r Where
©7 pr(e1) = er
©s we(e1) = eq
Y5 805(61) = 65
©4 wa(e1) = Seq, pa(es) = bey
@3 | p3(er) = 30es, ps(ex) = 3bes, @s(es) = 39eq, 3(es) = 44er
Y2 902(61) = 2062, 902(62) = 2563, @2(63) = 3064,
pa(es) = 30e5, pales) = 28es, wales) = 40eq
©1 pi(e1) = 3e1, @i(ea) =4es, i(es) = bes,
p1(eq) = bey, p1(es) = Tes, pi(es) = 8es, 1(er) = ey
07 Pr(e2) = eq
b6 Ps(e2) = es
®s ¢5(€2) = €5
(s Vr(e3) = er
Ve ¢6(€3) = 66
Vs Ps(e3) = es

Theorem 61. If 8 < n < oo, then Der(IDD(K},0,-2)) = (¢, ¢;, ¥;, Tk )
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® wle) = (1+2)e, 1<i<n

o daer) = (n — 3)(n? —4)e,_a, Pales) =n(n—1)(n—2)e, s,
dales) = (n+2)(n? —dn+12)e,_1, dules) = (n+ 1)(n? —4n + 12)e,

03 ¢3(er) = (n—1)(n — 2)en 3, ¢3(eq) = (n* — 3n + 8)e,

G2 (61) = €p_2

$1 (61) = €n-1

Po Po(e1) = en

o Palez) = en s

1/11 1/11 (62) = €p—1

Yo Yo(ez) = eq

T2 7T2(€3) = €p2

T m(es) = en_1

o 7T0(63) = €y

Proof. Let D € Der(IDD(K},0,—2)), then we can say that

D(el) = Zaieia D(€2) = Zﬁz’ei, and D(€3) = Z%ei-
i=1 i=1 i=1

Following the ideas presented above, we find D(ey) and D(es).

D(es) = 6D(e1oer) = 6((iai€¢)061+elo<iaiei)) -

_ i24+3i48
= Zl Qi€it3 + Z Z+1)(Z+2) Qi€it+3 = Z (i1 1)(it2) YiCi+3;
1

D(es) = 12D(ey0es) = 12((Zaiei><>62+€1<>(Zﬁ,-ei>) _

= Z QiCiyq + Z 7,+1) Z+2 Bieiyz = 201e4 + Z (Oé@ mﬁwrl) €itd;

D(es) = 6D(eg0ey) = 6((;ﬂiei)oel+ego(2aiei)> —

=1
n—3 n— n—4
— Z:Z:l Bi€i+3 + 1:2:1 WG(H_Q)OM'@Z#ZL = ﬁ1€4 + 1:231 (5i+1 -+ mO@) €it4.

Comparing two expressions of D(es), we have

Bi=0; B = i a1, 3<k<n—3ie,

D(ez) = [faea+ Z %%—161 + Bn—26n—2 + Bn_1€n-1 + Bren;
7 2 1
D(€5) = ((1/1 + 62) €5 + Z %(%614_4
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Next, we find three different expressions of D(eg).

D(€6> = 20D(€1 o 63) = 20 ((Z aiei) Sezt+er o (Z ’)/161)> =
n—>5 n—3 90 = n—>5 Z:1n—5 90
= 1:21 Qi€its + Z Tt i€i+s = ; Qi€iy5 + 1:2_1 7)) Vi+26i+s =
-5
= Fmeat jrees + Z (0% m%ﬂ) Cit5;

Dies) = 6D(esoer) = ((zy)+(za)> _

= Z Vi€i+3 + Z G+1) H_Q GrDGira) YiCi+s = Z Vit2€i+5 + Z G+1) 2+2)Oézez+5 =

1= =1 1=—1
= 7i€s4+ V265 + Z <%+2 + (l+1)(2+2) az) €it5;
D(@G) = 12D(€2<>62) = 12(D(62)<>62 +€2<>D(€2)) =
= 12| Bres + Z %a,_ e + Z Bie; | ©eat
Jj=n—2
+12€2<> <ﬁ2€2 —+ Z %O@,lei + Z 5j€j>
j:n—2

_ (i— 2 )(i42)(i4-3) 12(5—2)(i+3) _
- 266+ Z 2+3z 10) (075 lez+4+5266+ Z Z(H-l 2+3z 10)04@ 1€i44 =

o (i43) (i2+3i+14) (i2—5i+18)
= 20e6 + Z WO&@ 1€i4a = 202e6 + Z W%—Wﬁ-

Comparing the presented expressions, we have

o
w
N
e
S
ot

(k+1)(k+2)2 -
Vo = kk—1)(kt6) Yo—2) 4<k<n-3.

M =0; %2=0; v3=—ay+ 20;

The last gives

D(e1) = aieq +ageq + Z ajej;
j=n—4
D(es) = Paes+Sanes + igesan e s+ 3 Biey;
Jj=n—2
D(es) = (—a1+26)es+ 3asea+ > 7565
j=n—2
D(es) = 20nes+ ases + i, se, 1 + Fogiian sen;
D(€5) = (Oél + Bz) es + ;7104266 + %Ozn,zﬂin;
D(eg) 2B266 + 209€7;
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D(e;) = 30D(e;oeq) = 30 (ozlel +agses + Y ajej> o eyt
j=n—4
3 n?—5n+12 n?—3n+8
+30e1 © (20(164 + 50265 + m&n_4€n_1 + man_gen)
= aqer + ageg + 20 e7 + %@268 = 3oqer + %@268;
D(€7) = 6D(€4<>61> = 6(D(64)0€1+640D(61)) =
= 6 <2a164 + Sanes + 2 a sen 1 + (n"i;f’—(’j:%)an_sen) oert

+664<> a1e1 + ey + Z Oéj@j) =

j=n—4
= 2mer + %O[QGg + ajer + %01288 = 3ajer + 2ases;
D(€7) = 20D(€2 <& 63) = 20(D(€2) ezt e D(eg)) =

= 20 5262 + 206263 + %an_élen_g + ‘ Z ﬁj@j) O e3+

j=n—2

+20ey © ((—al +205) e + %a264 + > %ej)

Jj=n—2
= [aer + %06268 + (2082 —ay)er +ages = (32 — ay)er + %04268-

That gives as =0 and [ = %al, ie.,

D(e1) = aier+ Y ajey;
j=n—4
D(QZ) = %Oéleg + %an%en,g + ‘ Z 253‘63';
j=n—
D(es) = Soues+ Y e
Jj=n—2
TL27 n 7L27 13 .
D(es) = %04165 T ) (=) (n=3) Yn—4En’
D(es) = %Oéleea
D(e;) = 3ajer
Furthermore, using the induction method, we can prove that D(ey) = %alek, for
k > 8. To do this, let us consider
D<€k+1) = k(k — 1)D(€1 3% Gk,Q) = k’(k’ — 1) (D(el) Ot €19 D(ek,2>) =
= k(k—1) <<a161 + > ozjej> Cep_ogte10 (galek_2)> = %alekﬂ_l.
j=n—4

Joining all the obtained results, we see that D is a linear combination of mappings

{o, s, Yy, Wk}ogig; 0<j<2; 0<k<2 " o

Corollary 62. Der(IDD(KL,0,—2)) = (¢), where p(e;) = (i + 2) ¢;.
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