Al EPIsciences

Communications in Mathematics 34 (2026), no. 1, Paper no. 6

DOTI: https://doi.org/10.46298/cm.17254

(©2026 Toyohiko Aiki and Hana Kakiuchi

This is an open access article licensed under the Non-exclusive license to distribute licence.

On the behavior of free boundaries to generalized two-

phase Stefan problems for parabolic partial differential
equation systems

Toyohiko Aiki and Hana Kakiuchi

Abstract. Recently, we have proposed a new free boundary problem representing
the bread baking process in a hot oven. Unknown functions in this problem are
the position of the evaporation front, the temperature field, and the water content.
In solving this problem, we observed two difficulties: the growth rate of the free
boundary depends on the water content, and the boundary condition for the water
content involves the temperature. In this paper, by improving the regularity of
solutions, we overcome these difficulties and establish the existence of a solution
locally in time and its uniqueness. Moreover, under some sign conditions for initial
data, we derive a result on the maximal interval of existence for solutions.
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1 Introduction

On the bread baking process, several mathematical results have been investigated
in [12,15,16]. In particular, in [14], the free boundary problem was proposed as a mathe-
matical model for the process and considered in the enthalpy formulation. The enthalpy
formulation allows the treatment of the multidimensional domains. However, it does not
describe the behavior of the free boundary directly. Therefore, in our previous result [2],
we derived the following one-dimensional free boundary problem and established existence
and uniqueness theorems only for its approximation problems, due to certain mathemat-
ical difficulties that will be discussed later in this section. The aim of the present paper
is to show the existence, uniqueness, and the behavior of the solutions to the free bound-
ary problem under suitable assumptions. The problem is to find a triplet (e, u,w) of the
evaporation front z = e(t) for 0 < t < T, the temperature field u = wu(t, ) and the water
content w = w(t,z) for (t,z) € Q(T) := (0,T) x (0,1), where T" > 0 is a given time, t is
the time variable and x indicates the position. Here, we note that u is given by u = 6 —6,,
where 0 is the temperature and 6, is a positive constant indicating the phase transition
from water to air. In this model we assume that the bread occupies the one-dimensional
interval (0, 1), and the common domain of u and w consists of the crumb region

QT e)={(t,z) |0 <z <et) for 0 <t <T}
and the crust region
Qu(T,e) ={(t,z) |e(t) <z <lfor0<t<T}.

(see [2] for details). Also, the triplet (e, u,w) satisfies:

ou u . ou Pu .
Cla = kl@ mn Ql(T, 6), Caa = ka@ m QG(T, 6), (1)
ow Pw . ow Pw .
E - dl@ m Ql(Ta 6), E - da@ m Qa(Ta 6), (2>
%(t, 0)=0, wult,e(t)=0for0<t<T, (3)
—ka%(t, 1) = h(u(t, 1) + 0, — up(t)) + o((u(t, 1) + 0)* —up(t)) for 0 <t < T, (4)
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—dag—:(t, 1) = bip(u(t,1) + 0) — bap(up(t)) for 0 <t < T, (5)

lw(t,e(t))e(t) = kl%(t, e(t)—) — ka%(t, e(t)+) for 0 <t < T, (6)
ow ow ow

8—x(t’ 0) =0, dlﬁ_x(t’ e(t)—) = d“a_x(t’ e(t)+) for 0 <t < T, (7)

e(0) = eg, u(0) = ug, w(0) = wp on [0, 1], (8)

where ¢; and ¢, are the specific heats, k; and k, are the thermal conductivities, and d; and
d, are the water diffusion coefficients in the crumb and the crust regions, respectively.
In addition, h and ¢ are non-negative constants corresponding to the heat transfer con-
stant at the boundary at x = 1 and the Stefan—Boltzman constant, respectively, u; is a
given function on [0, 7] and indicates the temperature of the oven, b; and by are positive
constants and p is a continuous function on R. Moreover, [ is the latent heat, ey is the
initial position of the free boundary, and uy and wq are the initial temperature field and
the water content, respectively. Throughout this paper P denotes the system (1)-(8).

We refer [2] for the physical background in detail. Here, we explain the derivation
of the system (1)-(8), briefly. Equation (1) is the standard heat equation and equation
(2) describes the conservation law of the mass of water. The homogeneous Neumann
boundary conditions (3) and (7) at x = 0 follow from the symmetry of the bread, and
the boundary conditions (4) and (5) at x = 1 are assumed in [14]. In this paper we call
the equation (6) the generalized Stefan condition, since the water content w appears as
the coefficient of the time derivative of the free boundary. Moreover, (7) is called the
transmission condition.

First, we show features of the system P as follows. As mentioned above, the generalized
Stefan condition contains the water content on the free boundary in the coefficient of the
growth rate. Accordingly, in order to discuss the solvability we need an estimate for the
minimum value of the water content w. Also, the boundary value u(-,1) appears in the
boundary condition for w. For existence of strong solutions for the two-phase Stefan
problem we suppose that uy € W12(0,1) as usual. However, in this case the regularity
u(+,1) € L*(0,T) is not guaranteed, and then existence of a strong solution w is not
proved. To address these difficulties, in [2] we approximate the boundary condition (5)
by applying the mollifier to u(-, 1) and establish existence and uniqueness based on the
fixed-point argument.

The first main result of this paper is to obtain strong solutions of P under the high
regularity vy € W?22(0,1). In the proof, the uniform estimate for time difference is
essential (see Lemma 4.4). Our proof is due to [1,2,7].

Moreover, we show a result on the behavior on the free boundary. To present the
result, briefly, let 7" be a maximal time for the existence of the solution. In our problem
P one of the following conditions holds.

(a) T" = o0
(b) T* < oo, e(t) > 0ast 1T
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(c) T" < o0, e(t) > 1ast 1T

This type of behavior result was already obtained by [11] and [8]. To show the behavior
of the free boundary we assume that the temperature u; in the oven is constant and the
initial value wy is strictly positive on the domain (0, 1).

2 Main Results

First in this section, we define a solution to P and a theorem concerned with the
uniqueness and the existence of the solution.

Definition 2.1. For given time T a triplet (e, u,w) of functions e, u and w is a solution
of P on [0,Tp] for 0 < Ty < T if (e, u, w) satisfies the following conditions:

(S1) e € W1*(0,Tp) and 0 < e < 1 on [0, Ty].

(82) u € W1’2(0aT0; L2(O> 1)) N Lw(OaTO; W172(0? 1))7 Ugr € L2(Q1(T0a 6)), L2(Qa(TO>6))a
and ug (-, e(-)x) € L>(0,T).

(S3) u(-,1) € W2(0,Tp).

(S4) w € Wh2(0, Ty; L*(0,1)) N L>(0, To; W2(0,1)), wee € L2(Qi1(To, €)), L*(Qa(To,€)),
w(t,e(t)) > 6 for any t € [0,Tp], where ¢; is some positive constant.

(S5) (1)-(8) hold.

Before showing Theorem 2.2, we state the assumptions.
Al) pe C'(R), 0 < p,p’ < M, on R, where M, is a positive constant.
A2) 0< ey <1, up€ WhHe(0,1), ug > 0 on [eg, 1], ug < 0 on [0, eg].

(A1)

(A2)

(A3) wy € WH(0,1), wo(eo) > 0.

(A4) uy € WH2(0,T), u, > 6. on [0, 7).
(A5)

A5 Ug € W2’2(60, 1), uOm(O) = 0,
—kquoe(1) = h(uo(1) + 0 — up(0)) + o ((up(1) + 0)* — uy(0)?).

Theorem 2.2. Assume (A1)-(A5). Then P has at least one solution (e,u,w) on [0, Tp]
for some Ty € (0,T]. Also, for any 0 < Ty <T, P admits at most one solution on [0, T
in the sense of Definition 2.1.
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Remark 2.3. The physical relevance of (A1)—(Ab5) is as follows. The function p = p(0)
indicates the water vapor pressure at temperature ¢, namely, its specific form is

p(0) = k,exp (Ap — ) for 6 > 0,

Bp
0+C,

where k,, A,, B, and C, are positive constants. Accordingly, (A1) is physically valid. In
this paper, we assume that there exist crumb, crust and evaporation front at the initial.
Under this assumption, (A2) holds. Since we consider that every crumbs and crusts
contain a non-zero amount of water, (A3) is satisfied. On (A4), when we bake bread, the
oven temperature is about 200°C, that is, the temperature u; oh the hot air is greater
than 6.. Finally, (A5) is imposed for mathematical reasons.

Remark 2.4. We already established existence and uniqueness of solutions to approximate
problems under (A1)—(A4) in [2]. In this paper by assuming (A5), we succeed to obtain
uniform estimates for the time difference W with At > 0, which leads to the
regularity u(-, 1) € W12(0,T). This regularity allows us to prove existence of a function w
satisfying the water diffusion system. However, due to dependence on the free boundary,
it is not easy to show estimates for the difference of solutions to the water diffusion
system. In order to overcome this difficulty, we employ the L*°-estimate for u, given
in [10]. Furthermore, the application of the Gagliardo-Nirenberg inequality is also the key

of our proof to Theorem 2.2 (see Lemma 3.5)

Definition 2.5. For 7% < oo, we call that [0,7™) is the maximal interval of existence of
the solution of P, if there exists a solution on [0, 7] for any 0 < 7" < T*, and do not exist
on [0, 7%] for T < co. For T* = oo, P has a solution on [0, 7] for any 7" > 0.

Theorem 2.6. Assume (A1)-(A3) and (A5). If by < by, up is a positive constant such
that u, > ug + 6., and wy > 0 on [0,1]. For 0 < T* < oo, let [0,T%) be the mazimal

interval of existence of the solution (u,w,e) to P. Then, one and only one of the following
cases (a), (b) and (c) always hold:

(a) T* = co.

(b) T* < 0 andtlgprle(t) =0.

(¢c) T* < 0 andtlgprle(t) =1.

In our proofs of Theorems 2.2 and 2.6, Proposition 2.7 which guarantees the integrability
of the time derivative for the boundary function plays a very important role.

Proposition 2.7. Under the same assumption as in Theorem 2.2, let (e, u,w) be a solution
of P on [0,T]. Then, u(-,1) € W4*(0,T). Moreover, ife <1—¢ on[0,T] for some § > 0,
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then there exists a positive constant Ry, depending only on ¢ > 0, |ub|W172(O,T)7 |u0m|L2(1_571)
and [uoly12(1) such that

u(, 1)‘W1v2(0,T) < Ry and ‘ut(t)‘L2(1—5/2,1) < Ry for0<t<T.

We shall prove this proposition in Section 4.

3 Known results

First, we give a list of useful inequalities.

Lemma 3.1. For a; < as, there exists a positive constant Cy = Cy(ay, az) such that

1/2 1/2
120 < Collze] 50, an) 121 2 an) 12 c20r,a)) 07 L1, 2] Jor = € W(ay, az),

|z(az)| < Co |Z:c|2/22(a17a2) |Z|1L/22(a17a2) for z € W'2(ay, az) with z(a;) = 0.

Next, we consider auxiliary problems
AP(e) :={(1) = (5), (7). (8)},
AP1(e,up) :={(1),(3),(4),(9)}, and AP2(e,b):={(2),(11),(10)}

for given e € C([0,7]) with 0 < e < 1 on [0,7] and b € C([0,T]) as a preliminary step.
Here, (9), (11) and (10) are as follows:

u(0) = ug on [0, 1], (9)
Z—Z(t, 0) =0, —da%(t, 1) = byp(b(t)) — bop(uy(t)) for 0 < ¢ < T, (10)
w(0) = wy on [0, 1]. (11)

For the problems AP1(e, uy) and AP2(e, b) we have already obtained the following lemmas.

Lemma 3.2. (¢f. [2, Proposition 3.1 and Lemma 3.8]) Let T > 0 and e € W12(0,T)
satisfying 0 < e <1 on [0,T]. If (A2) and (A4) hold, then API1(e,uy) has one and only
one solution u satisfying (S2). Moreover, u < 0 in Q(T,e) and u > 0 in Q,(T,e).

Lemma 3.3. Let T >0, e € W'2(0,T) with 0 < e < 1 on [0,T] and wy € W'%(0,1). If
be Wh0,T), then AP2(e,b) has a unique solution
we WH(0,T; L*(0,1)) N L=(0, T; WH(0,1)),  wee € LX(Qu(T€)), L (Qu(T€)).

We can prove Lemma 3.3 in the similar way to that of [2, Proposition 3.2], on account
of b € Wh2(0,T). Thus, we omit the proof of the lemma.

Due to the results obtained in [2], we provide some uniform estimates for solutions of
AP1(e,ug). Here, we put

To
K (8, eq, M, Ty) = {e € W0, T) | e(0) = eg,6 <e<1—8on [O,TO],/ P dt < M},
0
where § € (0,1),e0 € [0,1 = 6], M >0and 0 < Ty < T.

6
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Lemma 3.4 (cf. Lemmas 4.2, 4.4 and 4.5 in [2]). Let § >0, ¢g € [6,1 —95], M >0,T >0
and e € K(0,e9, M,T) and assume (A2) and (A}). If u is a solution of AP1(e,ug), then
for some Cy = C1(6, M, T [uo|y2(91)) > 0 such that

1 tpl
/ lu(t, z)|* dz + // (7, 2)|* dedr < Cy for 0 <t <T, (12)
0 0/0
and
1 tpl
/ \ux(t,x)|2d:c+// (7, 2)[F dadr < Cy for 0 <t <T. (13)
0 0J0
Moreover, there exists a positive constant Cy = Co(d, M, T, [to|yy1,00(9 1)) Such that

|ua(t, e(t) =), [ua(t, e(t)+)] < Cp for 0 <t <T. (14)

Proof. In [2], by putting

Try) = u(-,ye) for 0 <y <1,
T et (y— 1)1 =€) for 1 <y < 2 on [0,7],

we obtained the existence of a positive constant R; = R; (5, M, T, |u0|W1’2(071)> such that

» 2 ka t r2
%/ a(t, y)| dy + 5// @, (1, y))? dydr < Ry for 0 <t < T, (15)
0 0J0
]{Jl 1 _ 2 ka 2 — 2
t d _ t d
50 t r2
+ 7& // (1, y)|” dydr < Ry for 0 <t < T, (16)
0J0

where ¢, = min{c;, ¢,}. It is clear that @, (t,y) = e(t)u, (¢, ye(t)) for 0 <y <1 and
ty(t,y) = (1 —e(t))ua(t, e(t) + (y = 1)(1 —e(t))) for 1 <y <2,

and 0 < ¢t < T. Thus, we get (12) and (13). Moreover, (14) is a direct consequence of
Lemma 4.5 in [2]. O

In the rest of this section we recall some results covered with estimates for the difference
of solutions to AP1(e, up).
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Lemma 3.5. Let § >0, M >0, T >0, ep; € [6,1 —6] and e; € K(0,e9;, M, T) fori=1,2
and assume (A2). If u; is a solution of AP1(e;,ug) for i = 1,2, then, for some positive
constants C = C3(8, M, T', [uo|y1.2(01)) it holds that

/01 |y (t) — ug(t)|* da + /Ot/(]l 1 (7) — g (7)|? davdlr

t
< 03/ (er — el + 1€, — e4[B)dr for 0 <t < T, (17)
0

Moreover, there exists a positive constant Cy = Cy(0, M, T, |u0|W1,oo(071)) such that

t
| st es(r)=) = uan(rcatr)- ) dr
0
t
—i—/ [, (T, e1(7)+) — ugy (T, 62(7')+)\3d7'
0
t
< C4t1/4/ (ley — ea|* + |, — eb*Ydr for 0 <t < T. (18)
0

Proof. Let

Ui\ - = . :
D7Vl et (y— D1 —e))if 1<y <2, on[0,T) fori =1,2.

Then, Lemma 5.1 in [2] guarantees existence of a positive constant Ry = R (9, M, T') such
that

/\ulty—u2ty\dy+—// U1y (T, y) u2y(7'y)) dydr
<Rz/ (lex(7) = ea(T)* + Jey () — eh(7)[)dr, (19)
% [t~ Pay+ 3 [ [ @) =) duar

< R2/0 (ler(7) — es(7) > + |€(7) — ey (7)[)dr for 0 < ¢ < T.

Hence, we can obtain (17), easily.

Next, in order to prove (18) we put ¢(y) = —(y — 1)2 + 1 for y € [0,2] and v; = qu;
on Q(T') for i = 1,2. Due to Lemmas 5.3 and 5.4 in [2], there exists a positive constant
Rs = R3(d, M, T) such that

kot 102
51/ B0y (£) — By (8)2 dy + L // T3y — T dydr
0

8
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¢
§R3/ <|61—62|2+|e'1—e'2|2> dr, (20)
0
k, (> ca0® [t[?
_/ |51y(t) — EQy(t)|2 dy -+ // |Elt - @%‘2 dydT
2 /i 4 Jou
¢
< Rg/ (\61 — 62|2 + lej — e’2|2> dr
0

for0<t<T.

Here, we note that
8@- ]{Zl 8262' 8@1 _ Cly6; 8@2 _ .
g% — <&P—2®d—w¢)+7;-5§—md in (0,7) x (0,1),  (21)

ot 2
/ _ ! I
fax |¢'(y)| =2 and ¢"(y) =

—2 for 0 < y < 1. Hence, from (21) it follows that

wlyy - Eny|L2(O,1)
2

1 ! !
€ crye e crye e
1 — S Ty 1Yyei1€1 _ wyee1_
= (/ T, 0 + 2Uyq + g — o Yy T g
0 l l 1
1
2 / / 2
e ciyese cryese
2 — o — 1Y€o€2 _ 1Yyesea .,
_?CZU% - 2U2yq —U2q + -
l

2
d
kl Vay kl U2q y)
! 2 ! 2 ! 2
sm(@—%ﬁ/mmmw/Wm—@A@+/hm—mu@
0 0 0
! — — 2 7112 ! — — 2
+ [y — | dy + |e5)| ‘Uly - U2y| dy
0 0
2 2 ! 2 2 ! 2
sl er —eaft [ I+ qudy -l - e [ ol dy
0 0
2 ! 2 2 2 ! 2 2 ! 2 %
il [ ml 16 b - el [l - g [y
0 0 0
a.e. on [0,77, (22)

where Ry is a positive constant. Integrating (22) with respect to the time variable, by
Lemma 3.4, (19) and (20) we see that

t ¢
/ / [T1yy — ngy\2dyd7' < R5/ (lex — e2|2 + le] — e/2|2)d7' for0<t<T,
0o Jo 0

where Rj is a suitable positive constant. Since

wit,z) = T (t, ei(t)) for (t,2) € Qu(T, e;)

9
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and ¢ = 1,2, we have

1 _ 1 _
st 4(0)-) = uaatsa(6) )] = | oy ,1) = s 1,15)|
1 1 _ 1 _
< |~ o) Wt 19| + | e 1)~ may11-)|
=: I1(t) + I(t) for a.e. t € [0,T]. (23)
By (14), we see that
L(t) < 615(2> ler(t) — ea(t)| |ure(t, er(t)—)| < % ler(t) — ea(t)| for ae. t €[0,7]. (24)

Also, thanks to the definition of 7; and Lemma 3.1, we infer that @;,(t,1—) = T, (¢, 1—)
for a.e. t € [0,7] and i = 1,2, and

L(t) < < [y (8, 1=) = Ty (¢, 1))

| =

<

%|Q

° (1910 (8) = Do (O] gy [P (8) = Ty ()55 1) + [Py (8) = Ty (8) 1))
for a.e. t € [0,T7. (25)

On account of (19)-(25) and Lemma 3.4, we can choose positive constants Rg and Ry
depending only on ¢, M, T and |u0|W1,w(071) such that

/0 e (7, €1(7)=) — tiga (7, ea(r) )| dr

)\ [ 5
<(%) [1a@-a@ra
0
200\> [t/ _ _
#(552) [ (mnle) = oan iy o) = ()

_ — 3
+ |U1y(7') - U2y(7')‘L2(0,1) >dT

)\ [ ;
< (5—2) [ teir) - eatr) s
0
- (T) (10 = 22 20y / [Py (7) = Doy () 1) 7
0
— — 3
+ [y — U2y‘L°°(0,t;L2(O,1)) t)
AN
< (5—22) t3/ et — e’ dr
0
20 ’ T i 3/2 1/4
#(552) (=2 ssony [P = Pon o

10
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3
+ [U1y = Vay| oo 0,0:22(0.1) t)
t t 3/2
< Rﬁtg/ et — éb|> dr + Rg (/ (Jex — ea|” + |} — e'2|2)d7') Y for 0 <t <T.
0 0

Hence, it holds that

t
) = el ea i < Ret [ (er = af' 4 ef — e )dr o 0 < ¢ < .
0

Similarly to above, we get

¢
/ |12 (7, €1(t)+) — uge (T, 62(T)+)\3d7'
0
¢
< R8t1/4/ (ler — el + |} — e’ )dr for 0 < ¢ < T,
0

where Rg is a positive constant. Thus, Lemma 3.5 has been proved. O

4 Proof of Proposition 2.7

To show Proposition 2.7, we introduce the function ¢ € C°°([0,1]) which satisfies
0<(¢(<1lon(l—-20,1,¢=00n[0,1-90],¢(1l)=1,and ¢'(1 —6) = '(1) = 0. Let
e € K(6,e9, M,T) and u be a solution of AP1(e,ug) on [0,7] for T > 0, and put @ = (u.
Then, the following equation, the boundary condition and the initial condition hold:

Cally = ko(Ugy — Coot — 2Cu,) in (0,7) x (1 —0,1), (26)

k21 1) = Bt 1) + 0 — w(6) + o((a(t, 1) + 0)* — un(t))

Ox
=g(t,u(t,1)) for 0 <t < T,
a(t,1—0)=0for 0 <t <T,
(0, z) = ug(x) := (Cup)(x) for 1 =6 <z <1,

where ¢ is the function defined in Section 2. The next lemma guarantees the existence of
smooth approximations to ug and u, which will be used in the proof of Theorem 2.2.

Lemma 4.1. Suppose that a pair (ug, eq) satisfies (A5) and let 0 <§ < 1,5 <eyg<1—9,
M >0 andT > 0. Ifu is a solution of AP1(e,uy) for e € K(6,eq, M,T), then there exist
approximate sequences {ug,} and {u,} to ug and u, respectively, such that

{ugn} € C=([1 — 6,1]), ugn — uo in W**(1 —6,1) as n — oo,
— Katone (1) = h(uon(1) + 0 — up(0)) + o ((uon(1) + 0)* — uy(0)*), and

11
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{u,} € WH2(0,T; W*%(1 — 6,1)) for any n € N,
U, — u in L*(0,T; W*2(1 —6,1)) as n — oo,
Uny — uy 0 L2(0,T; L*(1 —6,1)) as n — oo,
Un(t) = up, on [1 —9,1] fort <0.

Proof. First, we put u(t) = ug for t < 0 and u,(t) = 2 [* wdr in L*(1 —§,1) for t < T

and v > 0. Easily, we have u,(t) = ug for t <0,

1 [ L[
Uy = _/ urdr and Uy, = —/ UgedT in L*(1 —6,1) on [0, 7],
; v

4 —v t—v

since u € L2(0,T; W?2(1 —6,1)). For t,t' € [0,T] it is easy to see that

1 0
Juy (t) — “v(t/)|L2(1—5,1) < » / u(t+7) —u(t' + Ti2a_sy dr — 0 as =t

—v

and it implies u, € C([0,T]; L*(1 — 4, 1)).
Similarly, we can show that u, € C([0,T]; W??(1 —6,1)). Also, we obtain

T ) 1 (7 0 2
[ 0 - a0t < D [ [ e = a0l i)

0 T
< / / lu(t + 1) — u(t)\ig(l_&l) dtdr for v > 0.
-v J0

Consequently, we see that u, — wu in L*(0,T;L*(1 — §,1)) as v — 0. Similarly, we
have u, — wu in L*(0,T;W?%2?(1 — §,1)) as v — 0. Also, it holds that u,; — u; in
L*(0,T; L*(1 —6,1)) as v — 0. Moreover, it is clear that u,(0) = ug > 0 on [1 — 4, 1] and
by (A5) —k,u,.(0,1) = ¢(0,u,(0,1)). Therefore,

—koye(t, 1) = g(t,u,(t, 1)) for t € (—o0, T] .

Here, we note that u,; € L?(0,T; W*2(1 — §,1)) for v > 0. Next, let J. be a mollifier
in R for e > 0. For ¢ > 0 and v > 0 we put

Up.(t,x) = /Rum(t,y)Je(z —y)dy,
UL = [ U €E + wate 1),
e (t, x) = —/1 UL (t,6)dé +u,(t, 1) for (t,z) € (—o0,T) x (1 —4,1).

By Uy € L*(0,T; L?(1 — 4,1)), we see that

Ul(/]€t = Jo * Uyget ON (O,T) X (1 — (5, 1),

12



On the behavior of free boundaries to generalized two-phase Stefan problems

1 1
UL, (t,x) = —/ UL, (t,6)dE + e (t,1) and u,e(t, z) = —/ UL, (t,€)dE 4 u,(t, 1)

for (t,x) € (0,T) x (1 —6,1). Also, it holds that u,.(t) = u,.(0) for ¢ < 0. Indeed, since
UL (t) = J. % Upg(t) = Jo * Ugy, for t < 0, we have

1
Ul (t,z) = —/ (Je * Ugze )dE + uge(1), and w,.(t, x) = u,.(0, x)

for (t,x) € (—o00,0] x [0, 1].
Moreover, it is clear that we have U2.(t) € C*([1 — §,1]) for ¢t € [0,T] and

|U0-(8) = Upe(t)] g1y < Ttwaa(t) = taa(t)| 21_sy for t,t" € [0, 7.
Since u,, € C([0,T]; W*2(1 —6,1)), we have U’ € C([0,T]; L*(1 — 6,1)). Easily, we get
‘Uga(t)‘p(l_&n < |uvm(t)‘L2(1—5,1) and Uga(t) = Upga(t)
in L?(1 —6,1) as e — 0 for 0 <t < T. By applying the dominated convergence theorem,
we get UYL — Uy, in L2(0,T; L*(1 — 6,1)) as € — 0. Clearly u,e, = UL, and e, = UL,

on (0,7) x (1 —4,1), that is, u,. € C([0,T]; W*?(1 — 4,1)) for any v, ¢ > 0. Also, we
have

|uuax(ta ZE') - ul/x(ta ZIZ')| =

[ ) — €
< /115 |US_ () — e (t)|dE for ace. t € [0,T).
This shows
Uper — Uy i L*(0,T; L*(1 —6,1)) as ¢ — 0.
Similarly, we have
Uye — u, in L2(0,T;L*(1 —6,1)) as € — 0.
Easily, we see that

_kauuesc(ov 1) = _kauuw(ov 1) = 9(07 uu(07 1)) = 9(07 uue(ov 1))

Also, we obtain

|uust(t7 .CL’) - ul/t(t7 .CL’)| =

/ (tneta (1, €) — tps (1,€))d

1
S / ‘uust:v(tv LE‘) - uutw(tv LE)‘ dl‘
0

13
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1 1
S /0 /m |uuatxx(ta 5) — Uptzx (ta §)| dgdl’

< |uuet:c:c(t) - ul/txdf(t)|L2(l—6,l)
= [(Je * Uptaa) (1) — Uutm(t)‘mu—&n
for (t,xz) € (0,T) x (1 —4,1).

Hence, thanks to the basic property of the mollifier we have
Uper — Uy in L2(0,T; L*(1 —8,1)) as € — 0 for v > 0.

Accordingly, for any n € N, there exist v, > 0 and ¢, > 0 such that

1 1
[t = U 20 mwz2 s 1)) < m’ [t = Ut 20, 7,020-51)) < on’

1
|, — ul’n€n|L2(0,T;W2»2(1—5,1)) < m and Uy,e,i — ul/nt|L2(0,T;L2(1—6,1)) < o

By putting u,, = u,, ., for each n, we have

u, — u in L*(0,T; W?%(1 - §,1)),
Upy — ug in L*(0,T; L*(1 — 6,1)) as n — oo.

Easily, we get u,(0) = u,,., (0) € C*([1 —4,1]) and —k,u,.(0,1) = g(0,u,(0, 1)) for each
n. By putting ug, = u,(0) for n, we can prove Lemma 4.1. O

For any n let
i, € WH2(0,T; L*(1 —6,1)) N L™(0, T; W (1 — 6, 1))

be a solution of the following problem:

Caant == ka(anmm - Cmmun - 2Cxumc) iIl (Ov T) X (1 - 57 1>7 (27)

—ka%(t, 1) = A([n(t, 1) + 0] — up(t)) + o (([@n(t, 1) + 0] )" — us(t)")
=: g4 (t,un(t,1)) for 0 <t < T, (28)
Un(t,1—0)=0for 0 <t <T, (29)
U, (0, 2) = Ugn(z) = (Cugy)(x) for 1 —0 < x < 1. (30)

Since the equation (27) is linear and the boundary condition (28) is monotone, for given
u, we can prove existence and uniqueness of the strong solution to the problem (27)-(30)
in the similar way to AP1(e,uy).

Lemma 4.2. Under (A4) and (A5), let u,, be the strong solution of (27)-(30). Then, there
exists a constant C' > 0 independent of n such that |u,(t,1)] < C for0 <t <T.

14
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Proof. First, by multiplying u,, on both sides of (27) and integrating it with = on [1—4, 1],
we have

1

1 1 1
/ CalpiUndr = k, / Uz Undx — kg Coantndr — 2k, / CollnzUpdx
1-6 1-6 1-6 1-4
= [1 + [2 + Ig a.e. on [O,T]

By elementary calculations, we obtain

1
d Ca N

/ CqlpUpdr = ¢ zdzv,

1-5 a2

and

1
L = =g (- Un(, 1) ap(-, 1) — k:a/ |ﬁm|2dzv a.e. on [0, 7.
1-6

Thanks to Young’s inequality, we see that

ca 1 k ! 9
[2 S Z dI+ |<:(::(:|Loo(0 1)/ undx,
1-46

1-6
[3 < —/ dl’

Hence, we have

and

1
7 01)/ [tz |” dz a.e. on [0, 7).
1-5

dca
dt 2

1
_ _ Ca N
g i)+ [ @
2 1-0
Lk ! Ak2 !
c |C;(;;(;|Loo 1) /1_5u dr + — |C:(;|Lc,o(0 1 /1_5 |ting|” dz ae. on [0, 7).

a

1
dx+ka/ || da
1-46

Here, we estimate the first term of the above inequality by the monotonicity and Young’s
inequality. Namely, we have

+(5 Un (e, 1))tn (-, 1)
= —hlt, (-, 1) + 0] (A (-, 1) + 0, — 6.) + huyti, (-, 1)
_U( [11 ( ) )+‘9] ) —93)(71”(,1)4-96—96) _Uegﬂn(71>+augﬂn(71)
< hlan(-, 1) + 0,700 + huyii, (-, 1) — 00210, (-, 1) + ougt, (-, 1)
< Oyliin (-, 1)| 4+ h6? a.e. on [0, T],

15
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where Cy = h(6.+ max |up|)+o (02 + max. uy ). Moreover, Lemma 3.1 guarantees existence
0<t< 0<t<

of a positive constant C, depending only on & such that

- g+('> 'an(> 1))1271(’ 1)
- 1/2 ~1/2
< GoCh |um|L/2(1—5,1) |u"|L/2(1—6,1) + ho;
ka ~ 2 ~ 12
< D) ‘Un:v|L2(1—5,1) + C2(|Un|L2(1—5,1) +1) a.e. on [0, 7],

where C} is a positive constant independent of n. Thus, it follows that

d Cq ! 2 ka ! 2
—— s d — Unz|” d
s 1_6un T+ 5 1_6\u |” dx

1 1 1
< (s (/ a2 dx —i—/ udx +/ \um\2d:c) a.e. on [0, 7],
1-6 1-6 1-5

where Cj3 is a positive constant independent of n. By applying Gronwall’s inequality to
above, there exists a positive constant Cy such that
Ca ! ka ! ! 2
— T (t, z)?dx + —/ / |t (7, 2)|" dedr < Cy for 0 <t <T.
2 Jis 2 Jo Ji-s
Next, by multiplying @,, on both sides of (27) and integrating it with = on [1 — 4, 1],
we have

1 1 1
-9 - - -
/ Caumﬁd'x = ka/ U gz Unedx — kg Cmmununtdx
1-96 1-96 1-96

1

— 2k, ColingUpdx ace. on [0, T.
1-6

By integration by parts for the first term of the right hand side and applying Young’s
inequality, we see that

1 B d ka 1 B . B
o [ 0Pt (7 [ 0P do+ g 1, 1)))
1-6 1-6
N 1 1
=99+ 5 (4.1)) — ka / Contin (1) iy (D)t — 2k, / Cotons (£ iy ()t
81& 1—6 1-6
99+ ,, - Ca b 2 ki 2 ! 2

k3 o ' 2
+ ; |Celpoo1—s0) [tz ()| da for a.e. t € [0,T],
1-5

a

where g, (t,r) = for g+ (t,&)d¢ for r € R. Here, we note that the differentiability of the
function

ko [*
1-6

16
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can be proved in the similar way to that of Lemma 4.4 in [2]. By Lemma 4.1 we can take
a positive constant C5 independent of n such that

Ca . 2 d (Fkq b 2 A -
[ i0F s (% [ fn@P o+ o)
1-96

< B (1 a1, 1) + G

= —huy(t) i, (t, 1) — doud (t)uy ()b, (t, 1) + Cs
1 1

< Cgluy (1] </ iy, (t)?dz +/ | ()] dx) + C5 for a.e. t € [0,T],
1-0 1-6

where Cj is a positive constant. Since g (t,7) > 0fort € [0,7] and r > 0, from Gronwall’s
inequality, it follows that

t 1 1
a _ ka _ ~ o~
Ca / / |ty (7, )| dadr + =2 | (1, 7)) d + Gy (¢, U (t, 1))
2 Jo Jizs 2 Jiss
<Crfor0<t<T,

where C7 is a positive constant. Since @, € L*°(0,T; W'?(1 — §,1)) and a,(t,1 — ) = 0,
on account of Lemma 4.4 we can prove Lemma 4.2, completely. O

Lemma 4.3. Under (A4) and (A5), let G, be the strong solution of (27)-(30) for n and
@ =Cu on (0,7) x (0,1). Then, ,(-,1) — a(-,1) in L*(0,T) as n — oco.

Proof. By multiplying @, — @ on both sides of difference of (27) and (26) for n, we have

1

/ Ca(ﬂm — ﬁt)(ﬂn — ﬁ)d[lf
1-6
1

— 2k, / Co(Ung — Uy ) (T, — W)dx =: [} + Iy + I3 a.e. on [0, 7.

On the left hand side, we see that
d c,

1 1
/ Calling — i) (g, — W) d = —— |ity, — @|* dzz a.e. on [0, 7).
1-5 dt 2 J,_s

Easily, we observe that
]1 = ka(ﬂnx(a 1) - ﬁx(a 1))(2271(’ ]-) - ﬁ(, 1))

1
- l{:a/ |lipg — p|” dz a.e. on [0,T7].
1-5

17
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Thanks to Young’s inequality, we have

1 1
I, < Ca |, — @) dx + 01/ |y, — ul” dz a.e. on [0,T],
1-6 1-5
and
1 1

I3 < Ca |, — a|? da + 02/ |tng — | da a.e. on [0,T],
1-6 1-6

where C and (5 are positive constants. Hence, we obtain

d a 1 1
Ll \an—aﬁdﬁka/ i — i ? o
dt 2 Ji_s 1-6
1
gka(am(.,n—am(.,1))(an(.,1)—a(.,l))+c—2“/ |y, — @1 dz
1-6
1 1
+C’1/ \un—u\Qd:L’jLC’g/ |um—um|2dx
1-6 1-6
= —(g+( (-, 1)) — g4+ (-, 1)) (n(-, 1) — a(-, 1))
1 1 1
+& |iln—12\2dx+01/ \un—u\2d:c+02/ |um—um\2dx
2 1—6 1—6 1-0
Cq ! 2 ! 2 ! 2
< = @, — 4 dx+Cl/ [ d:L’+Cg/ [t — ug|” dz
2 Jiss 1-6 1-6
a.e. on [0, 7.

In the last inequality we use the monotonicity of g,. By applying Gronwall’s inequality,
we have

1 t 1
S [ Nau(t,x) — a(t,z)* de + k:/ / iy (7, ) — i (7, )| dacdr
2 1-§ 0 1-6

1 t 1
<G (/ |ton — uo|* dx +/ / |un (T, 2) — u(T, x)|2da:d7') for0<t<T,
1-5 0 J1-s

where C} is a positive constant independent of n. By Lemma 4.1, it follows that

|un - U|L2(07T;W1,2(1_571)) % O as n % .

Hence, we have
- - 2
|Un(-, 1) - u('a 1)|L2(O,T)
T 1 a 2
_ / (i (t ) — G(t, 7)) da| dt
0
S 2 |ﬂn - a‘iz(O’T;W1,2(1_5’1)) _> 0 as n _> 0.

This shows that Lemma 4.3 holds. O

1-5 O
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The next lemma is a key in the proof of Theorem 2.2, since it guarantees the uniform
estimate for the derivative of solutions on the boundary x = 1. In order to obtain the
estimate we extend u,, by

k.
U (t) = Ugn + t— (Uonee — Cextion — 2CUonz) for t < 0 and n. (31)
¢

a

By Lemma 4.1, it is clear that @,; € L?(—1,T; L*(1 — §,1)) for each n.

Lemma 4.4. Assume (A4) and (A5), let u be a solution of AP1(e,ugy) fore € (6,e9, M, T),
where 6 >0, 6 <eg<1—6, M >0 andT > 0, and put w = (u. Then, there exists a
positive constant C' depending only on 6 > 0, |ub|W1,2(07T), |u0m|L2(1_571) and |u0|W1,2(071)
such that

T
G . +/0 @ (t)lwrsyy dt < C" for 0 <t <T.
Proof. Let At > 0. In case 0 < t < At, we see that

/1 (1) = (= AL 1 (8) = it = AY)

Ca

_s At At
= /1 | k. X, AL dx
. /1 Cmun(t) B CmuOn an(t) B an(t — At)
1

_ Fa At At

1 _ N
Coling (t) — Cuong Un(t) — Uy (t — At)
-2
/1_5 Fa Al Al da
=: I (t) + Iy(t) + I5(t) for a.e. t € (0, At).

dx

Easily, by integration by parts we observe that

! 'amc(t) - ﬁOmc ﬁn:c(t) - 'amc(t - At)

L) = /1 e o do

h Una(t, 1) — Uone (1) Un(t, 1) — @, (t — At, 1)
¢ At At

=: I11(t) + I12(t) for a.e. t € (0, At).

By the definition (31) of @, and Young’s inequality, we have

2

]{7 1
dx

Ii(t) < —=
1-6
k[t — At [

T AN ~mvxx_ T nx_2 T nmx2d
203 (At)2 1_6‘u0 (C uO) (C U )‘ T

s () — Tina(t — At)
At

for a.e. t € (0, At).
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Next, we estimate I15 with respect to n and At. Clearly, by (A5) and the definition of
g+, we have

fn(t, 1) — iy (t — AL, 1)

Fialt) =~ (92 (1,01, 1)) = 940, (1)) o
= (1) 0] [ (1) + ) T T2 B
- A% ([in(t, 1) + 0J) = ([iion(1) + 6 )") Lt 1) = Znt(t — At 1)
- {Ait (un(t) = us(0)) + 55 (us(t)’ - w,<o>4)} Tt ) = folt - A% 1)
1)

= I + 12 () + I (1) for ae. t € (0, At),

where h and o are positive constants in the boundary condition. For the first term, thanks
to i
on (1) = G, (t — At 1) — (t — At)—tgpze(1)

a

for t € (0, At), the monotonicity and Lipschitz continuity of the positive part imply that
U (t, 1) — @, (t — At 1)

h
Wy — " s + (5 (4 +
Iy (t) = At([un(t’ 1)+46.] [t (t — At, 1) +6.]7) Az
h ~ + ~ + an(tvl) _an(t_At71>
At([u"(t At, 1)+ 6] [T (1) +6.]7) A7
h . . U (t, 1) — ,(t — At, 1)
< _ _
< At|u"(t At, 1) — 1g,(1)] At
Cok,hlt — At| _ Un(t) — U, (t — At
< %hﬂ)nzx(lﬂ Un(t) UA( )
CaAt t L2(1-6,1)
T (t) — T (t — A) |/ G (t) — Gn(t — At) |2
+
At L2(1-5,1) At L2(1-6,1)

for a.e. t € (0, At).

We note that Lemma 3.1 is applied in the last inequality. According to Young’s inequality,
it yields that

k’a an:ct_ﬁn:ct_At ’
190 < o fcl) = st — 20
L2(1-6,1)
i (6) — @ (t— A
+ 0 (| = Enlt = 2 + [itonss (1) ) for ace. ¢ € (0, A0)
At L2(1-6,1)
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where C is a positive constant independent of n and At¢. Similarly, on account of
Lemma 4.2, we observe that

1y (t) = —A% (([izn(t, 1)+ 07)" = ([an(t — AL, 1) + 90]+)4> Un(t,1) — Z,;(t — At 1)
_ é (([ﬂn(t — At 1)+ 90]+)4 _ ([ﬂon(l) n 90]+)4> Un(t, 1) — Z(t — At 1)

t

2

< @ ﬁn:c(t) — ,a"x(t _ At)
=1 At L2(1-6,1)
N - 2
10y (| Bt = Enl = B oD ) for ac. t € (0, A1),
At L2(1-5,1)

where C5 is a positive constant independent of n and At. Here, the last inequality holds,
based on the boundedness of wg,(1) guaranteed by Lemma 4.1. On IS’, by putting
up(t) = up(0) for ¢ < 0 and applying Young’s inequality, we have

@) h|up(t) — up(t — AL | R |l (t, 1) — G, (t — At 1) |
Iy (1) < 5 5
2 At 2 At
o | up(t) = up(t — ALY | | din(t, 1) — Gn(t — AL, 1)
+ 4o M; At At
_ D) — w(t — At) L h (1) — (= At 1|
=2 At 2 At
26| (t) = w(t = A [* 1| dn(t 1) = Gt — AL 1|
+ 80° M, At At
for a.e. t € (0, At),
where M, = maxo<;<7 |up(t)]. Thus, we get
3k | Ging (t) — Gng(t — AL)|? up(t) — up(t — At) |
Li(t) < — + s
8 At L1-61) At

~ 2 2 2
+ 03(‘“0n‘W173(1—5,1) + ‘(wau0n>I|L2(1—6,1) + |(Cwu0n)m|L2(1—5,1))
(1) — @ (t — AF) | U (t,1) = @t — At 1)
At At
for a.e. t € (0, At),

2

+Cs

L2(1-5,1)

+Cs

where Cj is a positive constant independent of n and At.
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As a next step, we deal with I and I3. First, by Lemma 4.2, we have w,(t) = ug, for
t < 0. It is obvious that

Un(t) — U, (t — At)
At

Un(t) — U, (t — At)
At

for a.e. t € (0, At),

un(t> — Uon

1
o(0) < b lslimasy ||
1 o ~_A 2 1
§C4/ Un (1) — un(t — At) dx+C4/
1-6 1-5

At
where Cy = £ |Cealpoo(1-51)- Furthermore, thanks to ¢;(1) = (;(1 —6) = 0 and Young’s
inequality, integration by parts implies that

dx

2
dx

I3(t) = 2k, 1 ¢, 1n(t) = Uon Wn(t) = Un{t — At)

g N A7 dx
. o _a
T2 | G u"(t)m — Zx(t e
<G /115 s Znt(t —anf dz + Cj /115 s th(t = o
n % 1; lna(t) — Z"tx(t - Ayf* dx for a.e. t € (0, At),

where (' is a positive constant independent of n and At. Consequently, we have

2

2 1
Fa dz

1 77 — 77 —_— 77 — 77 —_—
dcy U (t) — Up(t — At) dx 1 Fa Uy () — Upe(t — Al)
dt 2 Ji_s At 4 fis At

- 2 2 2
S 06 (|u0n:(::c:c|[,2(1_571) + |(<—x:cu0n)x|[,2(1_571) + |(Cxu0nx):c|L2(1_571)>

. ) up(t) — up(t — At) | /1 Un (1) — up(t — At ?
+ Cﬁ |u0nm(1)| + Cﬁ At + Cﬁ s At dx
U g () — i (t — At) |
+06/ n(t) = tn W for ae. ¢ € (0, A0, (32)
1-5 At
where (Y is a positive constant.
Similarly to above, for At <t < T, we can get
1~ e 2 1= o~ B 2
dcq U (t) — ap(t — At) x4 kq U (t) — Ung(t — At) i
dt 2 1—6 At 2 1-6 At
up(t) — up(t — At) | /1 Un (1) — un(t — AL) |
< d
< At + Cr L AL T
Y () — an(t — At) |
+ C’7/ n(?) Zt( ) dz for a.e. t € (At,T), (33)
1-5
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where C'; is a positive constant. Indeed, we have

15 (0 (4 2
dcq U (t) — ap(t — At) i
dat 2 J,_s At
1 Y J— Y J— v J— v J—
_ / - Ung () — Unge (t — AL) U, (t) — U (t — At) e
15 At At
1 J— J— Y J— 7 J—
B / ka Coatin(t) — Copltin(t — AL) U, (t) — @, (t — At) e
15 At At
1 ~ ~
Cgcunm<t> - Cﬂcumc(t - At) un(t) - un(t - At)
2 /1 y kq Az At dx

=: I4(t) + I5(t) + Is(t) for a.e. t € (AL, T).
By integration by parts and (29), we see that
Ung(t, 1) = Upe(t — AL, 1) 0y, (¢, 1) — @y, (8 — AL, 1)
At At
Ting (1) — Tina (t — A) |2
At dx
Ung(t) — Upe (t — Al)
At

I4(t) = ka

1

k /
1-6

1

= [41(t) - k‘a/
1-9

2
dx for a.e. t € (At,T).

We also have
Un(t, 1) — a,(t — At, 1)

hor- + [ +
Iy (t) = —Kt([un(t, 1)+6]" — [unN(t — At, 12 +6.]7) AL
4 Aﬁt(ub(t) oyt — Ayt 1) = Z(t — A1)
9 i +14 . iy Un(t, 1) = (t — At 1)
= ag ([t 1)+ 0c]7)7 = (Eun(t - Atil) +6:]7)) AL
+ é(ub(t)‘l —up(t — Apyy It D) = “A”t@ —Ab1)

= 190 + 120 + 1D (t) + 1P (1) for ace. t € (AL T).
Thanks to the Lipschitz continuity of the positive part, it follows that

1Y) <h A

Y

and

Un(t, 1) — 4, (t — At, 1)
At

2

for a.e. t € (At,T),

I9(0) < 5 (@(t,) + 00" = (@t = AL 1) +6.)")

<40(C+6 )2 Un(t, 1) — tn(t — At, 1)

At
where C' is the positive constant defined by Lemma 4.2. Also, by applying Young’s
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inequality, we have

2

ub(t) — ub(t — At)
At

fn(t, 1) — i, (t — At 1)
At

> h
2
I7(1) < +3

Y

| >

and

ub(t) — ub(t - At)

IP(t) < 4oM}

ln(t, 1) — n(t — At 1)'

At At
8 —up(t — A |* 1 |Gt 1) — @, (t — At 1) ]

< 2176 Ub( b - ; )

s 807 M, At 2 At

for a.e. t € (At,T),

where M, = maxo<;<7 |up(t)]. Hence, we obtain

2

+Cs

2

up(t) — up(t — At)
At
Ung () = Upa(t — At)
At

ln(t, 1) — 1y (t — AL, 1)
At

L) < Cy

1
g /
1-6

where Cy is a positive constant. Similarly to I and I3, we have

2
dx for a.e. t € (At,T),

U un(t) — un(t — A [P U () — an(t — AL [P
<
15(t) ~ Cg [_6 At dx + Cg [_5 At dx
for a.e. t € (At,T),
and
I(t) < C /1 wlt) —ualt =AOF /1 @ (t) — dnlt =AY
6 10 L AL 10 o AL
1|~ - _ 2
—l—% L e () Zx(t At) dx for a.e. t € (At,T),
where Cy and (' are positive constants. Accordingly, we have
1~ Ca(t— Af) 2 1|~ - _ AP |2
dcq U (t) — Uy (2 t) 4 @/ U (t) — Upg(t t) i
up(t) — up(t — At) | T (t,1) — @, (t — AL, 1) |
<
<Cu At +Cn At
U lun(t) — un(t — A [P U () — @ (t — A |?
+ 011 [_5 At dx + 011 /1_5 At dx

for a.e. t € (At,T),
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where (7 is a positive constant. Due to Lemma 3.1 and Young’s inequality, (33) holds.
From (32) and (33), there exists a positive constant C15 independent of n and At such
that

d ¢, T (t) — Tn(t — A) | ko 1 | Tne(t) — Gna(t — AL) ]
Zla dz + -2 d
dt 2 At ) At v
up(t) — up(t — At) |2 U () — up(t — At |?
< Chaxat(t) oo, + Cia o) Abt( ) + Ci2 /1_5 ®) At( ) dz
1 ~ o~ . A 2
+ 012/ n(t) — Ut 2 dx for a.e. t € (0,7, (34)
1-6 At
where
(1) = 1 for 0 <t < At,
KAL) = 0for At<t<T,
and

. 2 |~ 2 2 2
on = |Uonaa(1)]” + |U0nrm‘L2(1—5,1) + ‘(eruOn)w‘LZ(l—é,l) + ‘(Cx“om)zh?u—m) :
By applying Gronwall’s inequality to (34), we see that

1

7 — 1 — —A
C_a un(tl) un(tl _// unx un:c( t) dl’dt
2 Jis At 1-6
ca 1 | (0 At
S 5 - ( ) At ( ) dZL’ + Clgoéon/o XAt(t)dt
t 2
! ub(t) — ub(t — At)
dt
Bt L (1) — un(t — At) |2
+ Ci3 Un(t) — tn ) dxdt for t; € [0, T,
At
where ('3 is a positive constant independent of n and At.
Because of @, (0) — u,(—At) = At’Z—ZCu()nm, we have
- . 2
Ca Up(t1) — Gty — _// um( — At) drdt
2o t) — up(t — At
S i \Cu()nm|2 dx -+ ClgOéonAt + C13 / ub( ) Ub( ) dt
2¢, 0 At
+ (3 / / Un At) dxdt for any n and At. (35)
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This shows that {% At > 0} and {w : At > 0} are bounded in
L>(0,T; L*(1 —6,1)) and L*(0,T; L*(1 — 4, 1)), respectively. It is clear that
Up — Up (- — At)
At

— 1 weakly* in L°°(0,T; L*(1 — §,1))

and
Uy — Ung (- — Al)

At
Accordingly, from (35) it follows that

c 1 ) k t rl )
S [ g () da + 2o / / (e |2 dizdr
2 1-0 1-6

k2
4 \(uOnm| d:L’+C'13/ \ub\ d7'+6'13// |um\ dxdr
1-6 1-6

- QCa

— Tlingr weakly in L*(0, T; L*(1 — 6,1)) as At — 0.

for t € [0, 7] and any n.

By using Lemma 4.1, we observe that {i,,} is bounded in L*(0,7T; L*(1 — §,1)). Hence,
due to Lemma 4.3 it is obvious that @,,; € L*(0,T; L*(1 — §,1)) and it satisfies

Ca \ \d+—// |ty |? dd
216 1-6

2
< k— \Cu(]m\ dx + 013/ |up|* dr + Ch // lu,|* dedr for 0 <t < T.
20a 1-6 1-6
Thus, Lemma 4.4 holds. O

Proof of Proposition 2.7. By Lemma 4.4, there exists a positive constant R, such that

1 t prl
/ |, (1)) d + // |tiyr|* dazdr < Ry for 0 <t < T.
1-6 0J1-46

/0T|&t(-,1)|2dt
_ /T/ll(S % (1(3; - 5))@(.,:5)2) dadt
( +1)// i d:rdt+// e (-, )2 dt

< (% + 1) (R,T + Ry).

Hence, we have
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This implies that @(-,1) € W12(0,T), namely, u(-,1) € W12(0,T). Moreover, it holds

1
G [P 10| I
1
d_ Ue(t) 21_gy2yy for 0 <t <T,
where dy = infyep—_5/2,1) ((«). Thus, we have proved Proposition 2.7. O

5 Estimates for water contents

We give some uniform estimates for the water content in order to prove Theorem 2.2.
The proofs of Lemmas 5.2 and 5.4 are similar to Lemmas 3.4 and 3.5, respectively. Thus,
we omit the proofs.

Lemma 5.1 (cf. Proposition 3.3 in [2]). Let T > 0, and assume that

e € WH(0,7), 0<e<1 onl0,7],

ug € WH2(0,1),  ug >0 on[e(0),1], up <0 on[0,e(0)],
u, € WH(0,7), w, >0, on [0,T],

wo € WH(0,1).

Then AP(e) has a unique solution (u,w) on [0,T], where v and w satisfy {(52), (S3)}
and (S4), respectively.

Proof. Since u(-,1) € W12(0,T) as proved in Proposition 2.7, by applying Lemma 3.3,
we can show this lemma. O

Lemma 5.2 (cf. Lemmas 4.3 and 4.6 in [2]). Suppose the same assumption as in Lemma 3.}
and Lemma 5.1. Let (u,w) be a solution of AP(e) on [0,T] for e € K(9,eq, M,Tp). Then,
there exists a positive constant
Cy =04 <5> M,T, |Ub|W1,2(07T) ) |U0m|L2(1_571) ) |U0|W1,2(071) ) |w0|W1,2(071)>
such that
1 t ol
/ w(t, r)*dx + // \wo (7, )| dedr < Cy for 0 <t < T,
0 0/0
and
1 tpl
/ \w,(t, x)|* da + // \w, (7, 2)|* dedr < Oy for 0 <t <T. (36)
0 0/0

Remark 5.3. Because of u(-,1) € W12(0,T) by Proposition 2.7, we can prove (36).

27



Toyohiko Aiki and Hana Kakiuchi

Lemma 5.4 (cf. Lemma 5.2 in [2]). Let
d>0,M>0,T>0,e0€[5,1—9]

and e; € K(9,e0, M, T) for i = 1,2 and assume (A2) and (A3). If (u;,w;) is a solution
of AP(e;) fori = 1,2, then, for some positive constant

Chy = Gy (57 M,T, |Ub|W1»2(0,T) ’ ‘UOM‘L2(1—5,1) ; |U0|W1,2(0,1) y |w0|W1’2(0,l)>

it holds that
1 t 1
/ |ws (t, ) — wg(t,a:)|2d:5 + // | w1, (T, ) — wor (T, a:)|2d:£d7‘
0 0Jo

< Cy /Ot (\el(f) — ()P + |L(r) — eg(f)ﬁ) dr for 0 <t <T.

6 Proof of Theorem 2.2

In this section, first, by applying Banach’s fixed point theorem to a solution operator
of AP(e), we prove the existence of a solution of P locally in time. As mentioned in
Section 3, for proving (14), we need e € W3(0,T). Let K (4, ey, M, Ty) be a subset of
Wh3(0,T) given in Section 3, for 0 < § < ey <1—40 <1, M >0 and T > 0. Moreover,
for Ty € (0, T], we define a solution operator I' : K (6§, eo, M, Ty) — WH3(0,Tp) as follows:

T(e)(t) =eo + /0 m (kyug (1, e(T)—) — kque (T, e(7)+)) dT (37)
for 0 <t <T and e € K(6,e9, M, Tp),

where (u,w) is a solution of AP(e) on [0,T]. Clearly, the set K(d,eq, M,Tp) is closed in
W13(0,Ty), and T'(e) € WH3(0, Tp) for any e € K (8, eq, M, Tp).

Lemma 6.1. Let 0 < 6 < 1 and M > 0. Suppose the same assumption as in the later
part of Lemma 3.4 and wy(eg) > 201 for some §; > 0, then there exists Ty > 0 such that
w(t,e(t)) > 6y for any t € [0,T1].

Proof. First, it is easy to see that
w(t,e(t)) > woleo) — lwlt, (1)) — wole(®)] — wp(e(t)) — woleo)] for 0 < ¢ <T.
Here, we note that
w(t, e(t)) — wo(e(t))[*
e(t) )
o o

“ )

t
r(w(t, ) — wo(x))?)dr
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1 1

5 (/ lw(t) — wol|” da + 2/ |w,(t) — wos||w(t) — w0|dzz)
0

<!

1/2
5 < / |wT|L2 0,1) dr + 2t'/? (/ |wT|L2(01 ) (|wx(t)|L2(o,1) + |w0x|L2(0,1))>

for0 <t <T.
Hence, thanks to the assumption, Lemmas 5.2 and 5.4 imply that

w(t, e(t)) > 261 — Rt/ — |e(t) — e/ |Wos| 2(0,1)

> 26, — Ryt'/? — €/ 2/32(0@ /3 |w0x|L2(071) for 0 <t<T,

where R; is a positive constant. Thus, we can prove this lemma. O

Lemma 6.2. Let M > 0. Suppose the same assumption as in Lemma 6.1, then there exist
d>0and Ty € (0,T1] such that § <T'(e)(t) <1—9 for 0 <t < T, ande € K(d,e9, M, T).

Proof. First, we choose ¢ > 0 such that 20 < ey <1 —26. For any e € K(6,eq, M, T), by
applying Lemmas 3.4 and 6.1, we have

IT(e)(t) — eol

t 1
- / m (kyug (1, e(7)=) — kquy(T,e(7)+)) dT
k*C

>~ l(sl thI'O<t<T1,

where k* = max{k;, k,} and C; is a positive constant defined by (14) in Lemma 3.4.

Hence, by taking 0 < T, < T} satisfying lcl T, < 6, we obtain

d<T(e)(t) <1—=0dfor 0 <t <T. O
Lemma 6.3. Suppose the same assumption as in Lemma 6.2. Then, there exists Ty in

T3 3
(0, Ts] such that / %F(e)(t) dt < M fore € K(0,e9, M, T).
0

Proof. By using Lemmas 3.4 and 6.1, we have

t
J
1 3

t
< g [ { e+ Ihaa(retr) b ar < i
1J0

1 3
Tw(r.e() (Fiue(7, (1) =) = kot (7, €(7)+)) | dT

d 3 t
Sl dt = /0

where C} is a positive constant. By choosing small T3 € (0, T3] with C,73 < M, we can
prove this lemma. O
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Lemma 6.4. Under the same assumption as in Lemma 6.1, there exists X\ € (0,1) and
Ty € (0,T5) such that

[T'(e1) — F(€2)|W1’3(0,To) < Alex — 62‘W1v3(0,T0) :
Proof. For 0 < Ty < T3, we have

d

—(I'(e1) = I'(e2))
dt L3(0,Ty)
1
= ' (klulx('> 61_) - ka“lx(', 61+))
lwl('>61)
1
———— (kjuge (-, e2—) — kquoz (-, €2+))
lwy (-, €2) L3(0,Ty)
k; ( 1 1 )
<= ———— (u(-,e1—)) — ———— (U9, (-, e0—
)l wl('ael)( ta( €17)) w2('a€2)( 2a( e27)) L3(0,Ty)
k, 1 1
+|— | ———— (u1(-,e14)) — —— (w2 (-, 2+
[ (wl('>€1)( (s 1) 7~U2('>6’2)( 2a( €2 ))) L3(0,Ty)
=. ]1 +[2
First, we estimate [;. Easily, we have
k; ( 1 1 )
L < — — Uppl(s, €1—
o \wi(er) (e berm) L3(0,T1)
k; 1
— |———— (U1(+, e1—) — Uy (-, e2—
l wz(',ez)( ety 17) = taal 5) L3(0,Ty)

k
- Tl([ll + [12).

Let §; and C} be positive constants given in Lemma 6.1 and (14), respectively. Then, we

have
I < ?—%1{ </0T4 wi(t, ex(t)) — W2(t,61(t))l?’dt>é

Ty 3
# ([ hoatteatt) — watt. o) ar }zz 1+ 1.
0

By applying Lemmas 3.1 and 5.4, we see that

3
)3 C T 3
<]1(1)) < <§ wy — w2|L°°(0,1) dt
i 0
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Ty
< 02/0 <‘U)1 — w2‘L2(0’1) + |’UJ1 - U)2|2/22(071) |’UJ1:B - U)2m‘2/22(071)> dt

3
< 8CY ( |w1 — 7~U2|L°°(0,T4;L2(071)) Ty
32 Ty
4wy — w2|L°°(07T4;L2(071)) /0 |wie — w2:c|L2 (0,1) dt
3
< 8C% ( Jwy — w2|L°°(O,T4;L2(071)) L

3/2 e
+ |w1 — w2|Loo(0,T4;L2(071)) |w1x w2x|L2(0 TusL20.1) g )

T 3/2
S 03T41/4 (/ (|€1 — 62|2 + |€,1 — 6/2|2> dt)
0

Ty
< CsT, 3/4/ <|61 — e’ + |e] — e’2|3) dt
0

and
1 1/371/4
Iy < 03/ T,/ (|€1 —e2lpsomy + €} — 6/2|L3(0,T4)> )

where Cy and Cj are positive constants. Next, by applying Lemma 3.1, again, in case
e1(t) < eq(t) for some t € [0, 7],

|wa(t, e1(t)) — wa(t, e2(t))]
< |w2$(t)‘L°°(0,eg(t)) le1(t) — ea(t)]
1/2 1/2
<C <‘w2m(t)|L2(0,ez(t)) + [waa (t) L/Z(O,ez(t)) |wa (1) L/Z(O,ez(t))) lex(t) — ea(t)]
1/2 1/2 1/2
< C (Jwae(®)l o) + [w2e 150 1) (100 )] g ) + 200501 ))

X lex(t) — ea(t)]-
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Even if e1(t) > e(t), this inequality still holds. Accordingly, it is clear that

2\ 3 3 T
<11(1)> < Cyles(t) — 62(t)‘c([0,T4]) ] <|w2ﬂc(t)‘L2(0,l)
3
1/2 1/2 1/2
s ()] 01y (0250 (O] gy + 0200 (D iy ) )

2 713 3
< 8CUTy ey — €2|L3(0,T4) { |w2x|Loo(o,T4;L2(o,1)) 1,

Ty
3/2 3/2 3/2
+lwar o 2,022000) /0 ('ww(t)hz(o,ez(t» * |w2m(t)|L2(e2(t),1)> dt}

2/ 73
< G517y ey — 62|L3(0,T4) )

where Cy and Cj5 are positive constants. Namely, for some positive constant Cg it holds
that

1/4
I < CGT4/ lep — 62\W1,3(0,T4) .

On I5, by using (18), we have

1
PR 5 |uta (-, €1=) — a5 €2=) 13 0.1
1 Ty 3 %
=5 ([ st ea)) - st eatt- )
1 0
1
< Crlep — €2|W1’3(0,T4) T, (38)

where C'; is a positive constant. Hence, we have

1

where Cy is a positive constant. Similarly to I;, we can get same estimate for I,. Thus,
we obtain

d Bl
%(F(el) — F(eg)) S CQT412 ‘61 — 62|W1v3(0,T4) fOI' 0 S T4 S Tg,

L3(07T4)

where Cy is a positive constant. By using above inequality, we have

ARl

< CioTuler — ealyisg g, for 0 < Ty <Tj,

T'(e1) — F(€2)|L3(0,T4) <T

where (' is a positive constant. Therefore, Lemma 6.4 have been proved. O
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Since Lemmas 6.1 - 6.4 hold, we can choose small T € (0, 7] such that I' is a function
K(6,e9, M, Ty) — K (6, ¢e9, M, Ty) and a contraction mapping on W13(0,T,). Hence, there
exists one and only one e € K (6, eq, M, Ty) with I'(e) = e by applying Banach’s fixed-point
theorem to I'. Obviously, (6) holds on [0,7p]. Consequently, P has at least one solution
(e,u,w) on [0, Tp] for some T € (0, T7.

Next, we will prove the uniqueness of solutions to P on [0,Tp] for any Ty € (0,7].
For 0 < Ty < T and ¢ = 1,2 let (e;,u;, w;) be solutions of P on [0,7p]. Namely, by
Definition 2.2, it holds

e; € WHe(0,Ty), 0<e <1—46on|0,Tp,

ug, w; € WH2(0, Ty; L*(0, 1)) N L®(0, Tp; WH2(0, 1)),
Uiz Wizw € L2 (Qu(To, €;)) N L*(Qu(To, €:)),

Ui (-, e;£) € L(0,Ty),  w;(-,e;) > &1 on [0, Tp).

Clearly, I'(e;) = e; on [0,Tp] for ¢ = 1,2. On account of the proof of the estimates, we
see that e; = ey on [0, 7] for some T, € (0,77, and the uniqueness of AP(e) guaranteed
by Lemma 5.1 implies that u; = uy and w; = wy on (0,7%) x (0,1). By repeating the
argument above finite times, we have proved the uniqueness of solutions to P.

7 Proof of Theorem 2.6

Throughout this section, we suppose that all the assumptions of Theorem 2.6 hold.

Lemma 7.1. Let (e,u,w) be a solution of P on [0,T]. Then, it holds that u + 0 < u, on
(0,7) x (0,1).

Proof. First, (A2) and the assumption u;, > ug + 6. on [0, 1] suggests that ug(ey) = 0 and
up > 0. Accordingly, for any ¢ € [0, 7], by multiplying [u(t) 4+ 6. — up)*T on both sides of
(1) and integrating it with = on [0, e(t)], [e(t), 1], respectively, we have

/ cug[u + 0. — up| Tdr = / kg |u + 0, — up] T dx
0 0
= —/ kpug ([u + 6. — up|*)do
0

:_/ b | ([ + 6 — wp] )| da
0
<0 a.e. on [0,7],

and from the monotonicity of the boundary condition it follows

1
/ Catti[u + 0. — wp) T dx
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1
= / kqtpe[u + 0. — wp) T dx

= —(h(u(-, 1) 4+ 0. — up) + o ((u(-, 1) + 0)* —ug)[u(-, 1) + . — up]*
koug([u+ 0, — up] ™) dx

S~

1
< —/ ka}([u—l—Qc—ub]Jr)xfd:z
<0 a.e. on [0,7].

Thus, we obtain
1
/ ugu+ 0 — )T dr <0 a.e. on [0,7T).
0

Since uy, is a constant, we see that

1d

1
2
5%/0 [+ 6 — w) | dx < 0ae. on[0,7].

The assumption u, > ug + 6 on [0, 1] implies

1 1
/ ‘[u(t)—l—@c—ub]Jr}zda:S/ Huo+90—ub]+‘2d:£
0 0
=0on [0,T].
This shows that Lemma 7.1 holds. O

Lemma 7.2. Let (e, u,w) be a solution of P on [0,T]. Then there exists a positive constant
dw such that w > &, on (0,7) x (0,1).

Proof. By the assumption wy > 0 on [0, 1], we can choose d,, such that wy(x) > 6, for
xz € [0,1]. For any ¢ € [0,T] we multiply [—w(¢) + 0,7 on both sides of (2) and integrate
it with = on [0, e(t)], [e(t), 1], respectively. By integration by parts, we have
1 e 1
/ wt[_w —+ 5w]+d:1j = —/ dlww([—w + 5w]+)mdflf — / dawm([_w + 5w]+)mdflf
0 0 e

+ dawx('> 1)[—111(', 1) + 5w]+
- / di[([~w + 6,]7)a " da + / o ([=w + 8,])e " da

— {bip(u(-, 1) + 6,) — bap(up) }—w(-, 1) + 6,,] " a.e. on [0,T].

Moreover, by the assumption b; < by, Lemma 7.1 and the monotonicity of p, it follows
that
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o [ 1wt 8 de < (uplat ) +0) b} 1)+
<0 a.e. on [0,77.

Thanks to wq(z) > d,, for x € [0, 1], we have

/0 }[—w+5w]+}2d:v§/0 H— o+5w]+‘2d1’
<0 [

on [0,7].
Thus, Lemma 7.2 has been proved. O

Lemma 7.3. Let [0,7*) be the mazimal interval of existence of the solution (u,w,e) to P.
Then, there exists a positive constant Cy such that

t t
/ ‘“t|i2(0,1) dr + ‘U(t)‘%/vw(o,l) + / |€/|3 dr < Cy fort €[0,T7). (39)
0 0

Proof. Multiply kju;, k,u; on both sides of the first equation of (1), the second one and
integrate it with x on [0, €], [e, 1], respectively. Then, similarly to the proof of Lemma 4.4
in [2], we can obtain

/|ut|daz+2dt/|x|d+2dt/|ux|dx

2

+ éuw(’ —)%e — 7%( ,e+)?%e

+ka(h(u(, 1) + 6. —up) + o ((u(-, 1) 4+ 0)* — up))u(-, 1)
<0 a.e. on [0,77),

where C, = min{ck;, c,k,}. We note that w(-,1) is well-defined by Proposition 2.7.
Easily, we get

k2 27 kczu 27 | /|2
Eux( ,e—)%e — gux(-,ejt) €= (kyug (-, e—) + kqug (-, e+))lw(-, e)
=:I; a.e. on [0,77).

If €'(t) > 0 for some t € [0,77), then kju,(t,e(t)) > kyu(t,e(t)) implies that

le' ()| = kyug(t, e(t)—) — kqug(t, e(t)+).
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Hence, we have

')
2
@)’

'(t)]

L(t)

v

(Frua(t, e(t)—) + kaua(t, e(t)+))lw(t, e(t))

v
Y

(kjug(t, e(t)—) — koug(t, e(t)+))lw(t, e(t))

[\)
w

—~
~+~

= L 2yt e(1)2.

2

Here, we note that wu,(t,e(t)) > 0 because of u(t,e(t)) = 0 and u(t,z) > 0 for all
x € [e(t),1]. In case €'(t) < 0 for some t € [0,7%), we can get the same inequality. Also,
we obtain

(A(u(- 1) + 0 — up) + o((u(-, 1) + 0c)" — wy))ue(-, 1)
= %G + hupu(-, 1) + douiuju(-, 1) a.e. on [0,T%),
where
G= g(u(, 1) +0.)? — huyu(-, 1) + %(u(-, 1)+ 6.)° — outu(-,1) on [0,T%).
As given in Lemma 3.2, u(-,1) > 0 on [0, 7). Accordingly, by applying Young’s inequality,
we have

@
I

(u(-,1) +60,)% — hup(u(-, 1) + 6.) + huyd,

(u(-, 1)+ 0.)° — oug(u(-, 1) + 0,) + ou}o,

v
ol Q

(u(-, 1)+ 0.)* — hup(u(-, 1) 4+ 6.) — oug (u(-, 1) +6,)

v

2
(u(-, 1) + 0,)? — 2hui — E02u§
Cy a.e. on [0,T7),

| &>l 4+ o

v

2
where Cj = 2hu; — ﬁazug. By putting

K[ ko (10 1 *
El — 7 ‘ux| d;z;‘—l—? |’U,x‘ d$+ka(G+Cb> on [O7T )’
0 e
we have

1 13

d

C’*/ |ug|* da + %l2zu(~,e)2 + EEl <0 a.e. on [0,T7).
0

Therefore, we have

t 1 2 t
C’*/ / |ug|? dadr + %/ e'>w(-, e)%dr + Ey(t) < Ey(0) for t € [0,T%).
0 Jo 0

Thus, we conclude that Lemma 7.3 holds. O
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Lemma 7.4. Let T* < oo and [0,T*) be the mazimal interval of ezistence of the solution
(u,w, e) to P. Suppose that neither (b) nor (c) does not hold. Then, there exists . > 0
such that . < e <1—0, on [0,T7).

Proof. From the assumption, there exist g > 0 and sequences {¢,,} and {t2,} such that
ti, > T\ — %, to, > T, — %, e(t1n) > €0 and e(ty,) < 1 — gg for any n € N. Because of
e € C([0,7%)), we can choose t, € (tin,ta,) Or (tan, t1,) such that ef < e(t,) < 1 — &,
where £j = min{3,e0}. By Lemma 7.3, for ¢, < ¢t < T*, we have

e(t) — e(t,)] < / €]t < Oyt — )3, (40)

where (' is a positive constant defined by Lemma 7.3.

Thus, there exists d; > 0 such that for any n € N and ¢ with 0 <t —¢,, < 4y, it holds
le(t) —e( n)| < 50 . Hence, we have e(t) > 2 for t,, <t < min{T*, ¢, +4:} and any n € N.
Moreover, we can choose ny € N such that |t, — T%| < &; for n > ny. Accordingly, for
T* >t > ty, e(t) > EO holds. Smce e(t) > 0 for 0 <t < t,, there exists e; > 0 such that

e > ey on [0,tn]. Let 5£ = mln{ e1}. Then, it follows that
(t) > 0W for 0 <t < T

Similarly, we obtain
e<1—4,0n [0,T%) for some 5 > 0.

Thus, Lemma 7.4 has been proved. O
Lemma 7.5. Under the same assumption as in Lemma 7.4, there exist

u, € W(0,1), w, € WH(0,1), e, €(0,1), & >0,

such that
g <e,<1-¢,
e W*(1-¢',1), w, >0 on fe, 1], u. <0 on[0,e.],
—kotse (1) = g(T™, u. (1)), w, > &y on [0,1],

u(t) — u, in L*(0,1)  weakly in W**(1 —£',1),
w(t) — wy in L*(0,1), e(t) — e, inR ast T

Proof. First, by Lemma 7.3, we see that

olt) = u)yson < [ ool

<C't—t)for0<t <t<Tr,
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where C” is a positive constant. This shows that {u(t)}ur+ is a Cauchy sequence in
L*(0,1). Similarly, (40) implies that {e(t)}7+ is also a Cauchy sequence in R. Hence,
there exist e, € R, € > 0 and u, € L*(0,1) such that

e(t) »e,inRast T, e<e, <1-—g¢,
and
u(t) — u, in L?(0,1) as t T T™.

Here, we note that ¢ > 0, since neither (b) nor (c) does not occur. Moreover, thanks to
Lemmas 4.3 and 4.4, we observe that {u(¢)|0 < t < T*} is bounded in W%2(0,1) and
g <e<1—¢"onl0,T*) for some ¢ > 0. Hence, by applying Lemma 4.4 and u,, = ey,
we observe that {u(t)|0 < ¢t < T*} is also bounded in W??(1 — &’,1). Immediately, it
holds that

u(t) = u, in C([0,1]), and weakly in W?(0,1) and W??(1 —¢’,1) as t 1 T*.

Next, by Lemma 3.2, we see that u(t) > 0 on [e(t), 1] for t € [0,7*). Hence, it is easy
to obtain u, > 0 on [e,, 1]. Similarly, we can prove u, < 0 on [0, e,].

From now on, we show that w, > §, on [0,1]. First, Lemma 5.2 guarantees that
{w(t) }i47+ is a Cauchy sequence in L*(0,1). Accordingly, there exists w, € L*(0,1) such
that

w(t) — w, in L*(0,1) as t 1 T*.
Moreover, the boundedness of {w(#)|0 <t < T*} in W12(0,1) implies that
w(t) — w, in C([0,1]) and weakly in W'2(0,1) as t 1 T*.

Since w(t) > d,, on (0,7*) x (0,1) by Lemma 7.2, we can show w, > d,, on [0, 1].
Finally, we show —k,u.,(1) = ¢g(T%,u.(1)). By Lemma 4.4, {u,(¢)|0 <t < T*} is
bounded in Wh2(1 — &', 1), {u,(t,)} is bounded in W12(1 — &, 1). Hence,

Uy (t) = U in C([1 =€, 1]) as t T T
It is also clear that

uw(t) = u, in C([1—¢,1]) ast 1T (41)
By using (41), we obtain —k,u..(1) = g(T*, u.(1)). O

Proof of Theorem 2.6. Suppose that T* < oo and either (b) or (c) does not hold. Then,
by Lemma 7.5, there exists a triplet (e, u., w,) satisfying (A1)—(A5) as the initial time
T*. Consequently, Theorem 2.2 implies existence of a unique solution (é, @, w) on [T, T ]
for some T' > T*. Immediately, we can extend the solution (e, u,w) beyond T* by using
(é,1,w). This contradicts the definition of 7" < co. Hence, T* = oo. This completes the
proof of Theorem 2.6. O
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Conclusion

In this paper, we have established existence and uniqueness of a strong solution under

high regularity for the initial data and shown the behavior of the free boundary. For
future works, we consider the behavior of the free boundary. As a first step, we will prove
that (¢) in Theorem 2.6 does not occur.
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