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On polynomial equations over split-octonions: the arbi-

trary field case

Artem Lopatin

Abstract. Over the split-octonion algebra defined over an arbitrary field, we solve
all polynomial equations whose coefficients are scalar except for the constant term.
As an application, we determine the square and cubic roots of an octonion.
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1 Introduction

Unless stated otherwise, let F be a field (which may be finite) of arbitrary characteristic
charF ě 0. All vector spaces and algebras are assumed to be defined over F.

1.1 Equations over octonions

The problem of solving polynomial equations has historically been one of the central
problems in mathematics and has played a fundamental role in the development of al-
gebraic geometry and other branches of mathematics. Polynomial equations have been
studied not only over fields, but also over matrix algebras, quaternion algebras, octonion
algebras, and other noncommutative or nonassociative structures.

In general, an octonion algebra C (also called a Cayley algebra) over a field F is a
nonassociative alternative unital algebra of dimension 8, endowed with a non-singular
quadratic multiplicative form

n : C Ñ F,

called the norm. The norm n is said to be

‚ isotropic if npaq “ 0 for some non-zero a P C. In this case, there exists a unique
octonion algebra OF over F with isotropic norm (see Theorem 1.8.1 in [31]). This
algebra is called the split-octonion algebra.

‚ anisotropic, otherwise. In this case, the octonion algebra C is a division algebra.

Note that if the field F is algebraically closed, then any octonion algebra over F is
isomorphic to the split-octonion algebra OF (see, for example, Lemma 2.2 in [28]). By
Artin’s theorem, in any alternative algebra every subalgebra generated by two elements
is associative. Consequently, every octonion algebra is power-associative; that is, the
subalgebra generated by a single element is associative. Therefore, for any a P C, the
power an is well defined without the need to specify the placement of parentheses.

Polynomial equations over octonion algebras have been studied in various settings.
In particular, Rodŕıguez-Ordóñez [30] proved that every polynomial equation of positive
degree over the algebra AR of Cayley numbers (i.e., the division algebra of real octonions),
with the only highest-degree term present, has at least one solution. An explicit algorithm
for solving quadratic equations of the form x2`bx`c “ 0 over AR was provided by Wang,
Zhang, and Zhang [33], along with criteria determining whether such an equation has one,
two, or infinitely many solutions.

Flaut and Shpakivskyi [16] studied the equation xn “ a over real octonion division
algebras. For an octonion division algebra C over an arbitrary field F, Chapman [11]
developed a complete method for finding the solutions of a general polynomial equation
anx

n ` an´1x
n´1 ` ¨ ¨ ¨ ` a1x ` a0 “ 0 over C. Furthermore, Chapman and Vishkaut-

san [13], working over a division algebra C, determined the solutions of the polynomial
equation pancqxn ` pan´1cqxn´1 ` ¨ ¨ ¨ ` pa1cqx ` pa0cq “ 0, and also discussed the solu-
tions of the related equation pcanqxn ` pcan´1qxn´1 ` ¨ ¨ ¨ ` pca1qx ` pca0q “ 0. Chapman

2



On polynomial equations over split-octonions: the arbitrary field case

and Levin [12] introduced a method for finding so-called alternating roots of polynomials
over an arbitrary division Cayley–Dickson algebra. In a subsequent work, Chapman and
Vishkautsan [14] investigated conditions under which, for a root a of a polynomial fpxq
over a general Cayley–Dickson algebra, there exists a factorization fpxq “ gpxqpx ´ aq
for some polynomial gpxq. Working over the split-octonion algebra over an algebraically
closed field, Lopatin and Rybalov [25] solved all polynomial equations in which all co-
efficients except the constant term are scalar. As a consequence, the n-th roots of a
split-octonion were computed. In [28], Lopatin and Zubkov studied the linear equations
given by ax “ c, paxqb “ c and apbxq “ c over the split-octonion algebra O when the base
field F is algebraically closed. It is worth noting that, over a division octonion algebra,
these equations are easily solvable and admit a unique solution whenever a, b ‰ 0. In
contrast, over an algebraically closed field the situation is substantially more delicate. As
a consequence of the main result in [28], it was shown that if a linear monomial equation
over octonions with a non-zero constant term has at least two solutions, then it necessarily
admits an invertible solution.

The split-octonion algebra has numerous applications in physics. For example, the
Dirac equation, which describes the motion of a free spin-1

2
particle such as an electron or

a proton, can be formulated in terms of split-octonions (see [17,18,22,23]). Further appli-
cations of split-octonions arise in electromagnetic theory (see [8–10]), geometrodynamics
(see [7]), unified quantum theories (see [4, 6, 21]), and special relativity (see [19]).

Polynomial equations over arbitrary algebras have recently been investigated by Illmer
and Netzer [20], who established conditions guaranteeing the existence of a common solu-
tion to n polynomial equations in n variables, with an application to polynomial equations
over AR. Linear equations over matrix algebras have also been studied extensively (see,
for example, [2, 3, 5, 15, 24, 32]). The main questions addressed in these works include

‚ determining conditions for the existence of solutions to linear equations;

‚ describing the general form of the solutions.

1.2 Results

In Section 2 we define the octonion algebra O and its automorphism group AutpOq.
In Section 3 we extend the results of [25] from the case of an algebraically closed field to
the case of an arbitrary field, which includes, in particular, the case of R that is important
for applications in physics.

More precisely, we solve the equation

αnx
n ` αn´1x

n´1 ` ¨ ¨ ¨ ` α1x “ c (1)

with scalar coefficients α1, . . . , αn P F and a possibly non-scalar constant term c P O,
where the variable is x P O (see Theorem 3.3). The solution of equation (1) is reduced to
solving polynomial equations over the field F. In Corollary 3.4 we provide further details
for the case where c P O is non-scalar. As applications, we consider
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‚ the quadratic equation x2 “ c in Proposition 4.2;

‚ the cubic equation x3 “ c over the real numbers in Proposition 4.4.

In Corollary 3.5 we show that, when c is non-scalar, the number of solutions of equation (1)
is finite.

Besides allowing an arbitrary base field, the main difference from the results of [25]
is that we do not assume c to be in a canonical form. Consequently, our proofs differ
substantially from those in [25]. Moreover, when we employ a canonical form of an
octonion (see Proposition 2.2), it is different from the canonical forms considered in [25]
(see Definition 2.3 in [25] for details).

2 Octonions

The definitions presented in this section are taken from [26]. Additional material on
octonions can be found in the books [29, 34].

2.1 Split-octonions

The split octonion algebra O “ OpFq, also known as the split Cayley algebra, is the
vector space consisting of all matrices of the form

a “
ˆ

α u
v β

˙
,

where α, β P F and u,v P F
3, endowed with the multiplication

aa1 “
ˆ

αα1 ` u ¨ v1 αu1 ` β 1u ´ v ˆ v1

α1v ` βv1 ` u ˆ u1 ββ 1 ` v ¨ u1

˙
, a1 “

ˆ
α1 u1

v1 β 1

˙
.

Here

u ¨ v “ u1v1 ` u2v2 ` u3v3, u ˆ v “ pu2v3 ´ u3v2, u3v1 ´ u1v3, u1v2 ´ u2v1q.

For brevity, we denote by c1 “ p1, 0, 0q, c2 “ p0, 1, 0q, c3 “ p0, 0, 1q, and 0 “ p0, 0, 0q
the standard basis vectors of F3 and the zero vector, respectively. Consider the following
basis of O:

e1 “
ˆ

1 0
0 0

˙
, e2 “

ˆ
0 0
0 1

˙
, ui “

ˆ
0 ci
0 0

˙
, vi “

ˆ
0 0
ci 0

˙
, i “ 1, 2, 3.

The unity element of O is given by 1O “ e1 ` e2. Note that the multiplication in this
basis satisfies

uiuj “ p´1qǫijvk, vivj “ p´1qǫjiuk,
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where ti, j, ku “ t1, 2, 3u and ǫij denotes the parity of the permutation
ˆ
1 2 3
k i j

˙
.

The algebra O is endowed with a linear involution

a “
ˆ

β ´u
´v α

˙
,

which satisfies aa1 “ a1 a. The associated norm is defined by

npaq “ αβ ´ u ¨ v,

and it induces a nondegenerate symmetric bilinear form

qpa, a1q “ npa ` a1q ´ npaq ´ npa1q “ αβ 1 ` α1β ´ u ¨ v1 ´ u1 ¨ v.

The linear trace function is given by trpaq “ α ` β. Note that

trpaq 1O “ a ` a and npaq 1O “ a a.

The subspace of traceless octonions is denoted by

O0 “ ta P O | trpaq “ 0u,

and the affine variety of octonions of zero norm by

O# “ ta P O | npaq “ 0u.

The following identities hold for all a, a1 P O:

trpaa1q “ trpa1aq, npaa1q “ npaqnpa1q, (2)

and
npa ` a1q “ npaq ` npa1q ´ trpaa1q ` trpaq trpa1q. (3)

Moreover, every element a P O satisfies the quadratic identity

a2 ´ trpaq a ` npaq 1O “ 0. (4)

The algebra O is a simple alternative algebra; that is, for all a, b P O,

apabq “ paaqb, pbaqa “ bpaaq. (5)

Furthermore, the involution interacts with multiplication via

apabq “ npaq b, pbaqa “ npaq b. (6)

The following remark is well known and can be proved easily.
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Remark 2.1. Let a P O. Then exactly one of the following cases occurs:

‚ If npaq ‰ 0, then there exist unique elements b, c P O such that ba “ 1O and
ac “ 1O. In this case, b “ c “ a{npaq, and we denote this element by a´1.

‚ If npaq “ 0, then a admits neither a left inverse nor a right inverse in O.

As a direct consequence of identities (6), for every a P OzO# we have

a´1pabq “ b, pbaqa´1 “ b, (7)

for all b P O.

2.2 The group AutpOq
The group AutpOq of all automorphisms of the algebra O is the exceptional simple

algebraic group G2pFq when the field F is algebraically closed. In the general case, the
group AutpOq contains a subgroup isomorphic to SL3pFq. More precisely, every element
g P SL3pFq defines an automorphism of O by

a ÞÝÑ
ˆ

α ug
vg´T β

˙
,

where g´T denotes pg´1qT and the vectors u,v P F
3 are regarded as row vectors. For

every u,v P F
3, define automorphisms δ1puq, δ2pvq P AutpOq by

δ1puqpa1q “
ˆ

α1 ´ u ¨ v1 pα1 ´ β 1 ´ u ¨ v1qu ` u1

v1 ´ u1 ˆ u β 1 ` u ¨ v1

˙
,

δ2pvqpa1q “
ˆ

α1 ` u1 ¨ v u1 ` v1 ˆ v
p´α1 ` β 1 ´ u1 ¨ vqv ` v1 β 1 ´ u1 ¨ v

˙
,

where a1 “
ˆ

α1 u1

v1 β 1

˙
.

A direct computation shows that the map

~ : O Ñ O, a ÞÝÑ
ˆ

β ´v
´u α

˙
, (8)

also belongs to AutpOq.
The action of AutpOq on O satisfies the following properties:

ga “ ga, trpgaq “ trpaq, npgaq “ npaq, qpga, ga1q “ qpa, a1q, (9)

for all g P AutpOq and a, a1 P O (see, for example, equation (2.2) in [1]). Consequently,
the group AutpOq also acts naturally on the subspaces O0 and O#.
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2.3 Canonical octonions

A minimal set of representatives for the AutpOq-orbits in O was described in Propo-
sition 3.3 of [27] in the case where the base field is algebraically closed. We extend
this result to an arbitrary field in the following proposition. The elements appearing in
Proposition 2.2 will be referred to as canonical octonions.

Proposition 2.2. A minimal set of representatives for the AutpOq-orbits in O consists of
the following elements:

1. α 1O,

2.

ˆ
α pβ, 0, 0q

p1, 0, 0q 0

˙
P O,

where α, β P F. In other words, O is the disjoint union of the following AutpOq-orbits:

α 1O and Opα, βq :“ AutpOq ¨
ˆ

α pβ, 0, 0q
p1, 0, 0q 0

˙
,

with α, β P F.

Proof. By Lemma 3.3 of [1], two elements a, b P OzF1O belong to the same AutpOq-orbit
if and only if trpaq “ trpbq and npaq “ npbq. The proof is completed by observing that

tr

ˆˆ
α pβ, 0, 0q

p1, 0, 0q 0

˙˙
“ α, n

ˆˆ
α pβ, 0, 0q

p1, 0, 0q 0

˙˙
“ ´β.

The above proof of Proposition 2.2 is non-constructive and relies on Lemma 3.3 of [1].
For the sake of completeness, we present an alternative proof that does not depend on
Lemma 3.3 of [1] and that, for every a P O, explicitly constructs an element g P AutpOq
such that ga is in canonical form. This constructive approach may be useful for practical
computations involving octonions.

Constructive proof of Proposition 2.2. In this proof, we use the symbol ˚ to denote an

arbitrary element of F. Let a “
ˆ

α1 u
v α8

˙
. Then one of the following two cases occurs.

1. Assume that u “ v “ 0. If α1 “ α8, then a P F1O is canonical.
Now assume that α1 ‰ α8. By acting on a with δ2p1, 0, 0q, we may assume that

a “
ˆ

α1 0
pα8 ´ α1, 0, 0q α8

˙
. Applying part (b) of Lemma 3.2 from [27], we may further

assume that a “
ˆ

α1 0
p1, 0, 0q α8

˙
.
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If α8 “ 0, then a is canonical. Otherwise, acting on a with δ1p´α8, 0, 0q, we obtain

the canonical octonion

ˆ
α1 ` α8 p´α1α8, 0, 0q
p1, 0, 0q 0

˙
.

2. Assume that u or v is non-zero. Applying the automorphism ~, we may assume that
v is non-zero. Using part (a) of Lemma 3.2 from [27] together with the automorphism ~,
we reduce to the case v “ p1, 0, 0q. Acting by δ1p´α8, 0, 0q, we then obtain the octonion

ˆ
α1 ` α8 u1

p1, ˚, ˚q 0

˙
.

As above, similarly to part (a) of Lemma 3.2 from [27], we further reduce to the octonion
ˆ

α u2

p1, 0, 0q 0

˙
,

where α “ α1 ` α8 and u2 is one of the following two vectors:

‚ u2 “ p˚, 0, 0q. In this case, we have obtained a canonical octonion.

‚ u2 “ p0, 1, 0q. If α ‰ 0, we apply δ1
`
0,´ 1

α
, 0
˘
to obtain the canonical octonionˆ

α 0
p1, 0, 0q 0

˙
. If α “ 0, we apply δ2p0, 0, 1q to obtain the canonical octonion

ˆ
0 0

p1, 0, 0q 0

˙
,

and the proof is finished.

3 Polynomial equations

Recursively, we define the (commutative and associative) Generalized Fibonacci poly-
nomials pn “ pnpy, zq P Fry, zs for all n ě ´1 by

p´1 “ 0, p0 “ 1, pk`1 “ ypk ` zpk´1 for all k ě 0.

In particular,
p1 “ y,

p2 “ y2 ` z,

p3 “ y3 ` 2yz,
p4 “ y4 ` 3y2z ` z2,

p5 “ y5 ` 4y3z ` 3yz2,
p6 “ y6 ` 5y4z ` 6y2z2 ` z3.

Let fpyq “ αny
n ` ¨ ¨ ¨ ` α1y P Frys be a non-zero polynomial without constant term,

where α1, . . . , αn P F, αn ‰ 0, and n ě 1. We define the polynomials pfpy, zq and qfpy, zq
in Fry, zs by

pfpy, zq “ αnpn´1py, zq ` ¨ ¨ ¨ ` α2p1py, zq ` α1p0py, zq,
qfpy, zq “ αnpn´2py, zq ` ¨ ¨ ¨ ` α2p0py, zq ` α1p´1py, zq.
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For each x P O, we naturally define the substitution

fpxq “ αnx
n ` ¨ ¨ ¨ ` α1x P O.

Proposition 3.1. Given a P O, we denote trpaq “ α and npaq “ ´β, where α, β P F.

1. For n ě 1, we have
an “ pn´1pα, βq a ` pn´2pα, βq β1O. (10)

2. For a non-zero polynomial fpyq P Frys without constant term, we have

fpaq “ pfpα, βq a ` qfpα, βq β1O. (11)

Proof. 1. For brevity, set qn “ pnpα, βq. The quadratic equation (4) can be rewritten in
the form

a2 “ αa ` β1O. (12)

We prove formula (10) by induction on n ě 1. The case n “ 1 is trivial.
Assume that (10) holds for n “ k. Then, by the induction hypothesis and (12), we

obtain
ak`1 “ qk´1a

2 ` qk´2βa “
`
qk´1α ` qk´2β

˘
a ` βqk´11O.

By the recursive definition of pnpy, zq, this proves part 1.
2. Let fpyq “

řn

k“1 αky
k, where αk P F. Applying part 1, we obtain

fpaq “
nÿ

k“1

αkpk´1pα, βq a `
nÿ

k“1

αkpk´2pα, βq β1O

“ pfpα, βq a ` qfpα, βq β1O,

which proves (11).

Proposition 3.1 implies the following remark.

Remark 3.2. Let a “
ˆ

α pβ, 0, 0q
p1, 0, 0q 0

˙
P O for some α, β P F, and let n ě 2. Then

an “
ˆ

pnpα, βq pβ pn´1pα, βq, 0, 0q
ppn´1pα, βq, 0, 0q β pn´2pα, βq

˙
.

Recall that Opα, βq is defined in Proposition 2.2 as the AutpOq-orbit of the canonical

octonion

ˆ
α pβ, 0, 0q

p1, 0, 0q 0

˙
.

Theorem 3.3. Assume that fpyq P Frys is a non-zero polynomial without constant term,
and let c P O. Let X Ď O be the set of all solutions of the equation fpxq “ c, where x P O
is a variable.

9
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1. Assume c “ γ1O for some γ P F. Then

X “
 
ν1O

ˇ̌
ν P F satisfies fpνq “ γ

(
Y

ď

λ,µPF
pfpλ,µq“0

µ qfpλ,µq“γ

Opλ, µq.

2. Assume c R F1O. Then x P X if and only if there exist λ, µ P F satisfying

$
’&
’%

λ pfpλ, µq ` 2µ qfpλ, µq “ trpcq,
´µ pfpλ, µq2 ` λµ pfpλ, µq qfpλ, µq ` µ2 qfpλ, µq2 “ npcq,

pfpλ, µq ‰ 0,

(13)

such that

x “ 1

pfpλ, µq

´
c ´ µ qfpλ, µq1O

¯
. (14)

In this case, we have trpxq “ λ and npxq “ ´µ.

Proof. 1. Let c “ γ1O for some γ P F, and consider an arbitrary x P O. By Propo-
sition 2.2, there exists g P AutpOq such that gx is canonical. Note that the equality
fpxq “ c is equivalent to

fpgxq “ γ1O. (15)

One of the following possibilities occurs:

(a) gx “ ν1O for some ν P F. In this case, equality (15) is equivalent to fpνq “ γ.
Hence,

x “ g´1pν1Oq “ ν1O.

(b) gx “
ˆ

λ pµ, 0, 0q
p1, 0, 0q 0

˙
for some λ, µ P F. By part 2 of Proposition 3.1, equal-

ity (15) is equivalent to # pfpλ, µq “ 0,

µ qfpλ, µq “ γ.

Since x P Opλ, µq, we have that x P X if and only if Opλ, µq Ď X .

The claim is thus proven.

2. Assume c R F1O.

(a) Assume that x P X . By part 2 of Proposition 3.1, the equality fpxq “ c is equivalent
to

pfpλ, µq x ` µ qfpλ, µq 1O “ c, (16)

10
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where λ “ trpxq and µ “ ´npxq. If pfpλ, µq “ 0, then equality (16) would imply c P F1O,
a contradiction. Hence, x is given by equality (14).

Applying the trace and norm to equality (16) and using the linearity of the trace
together with formula (3), we obtain that system (13) holds.

(b) Conversely, assume that x P O is defined by equality (14) for some λ, µ P F satisfying
system (13). System (13) implies

trpxq “ 1

pfpλ, µq

´
trpcq ´ 2µ qfpλ, µq

¯
“ λ.

Similarly, formula (3) together with system (13) gives

npxq “ 1

pfpλ, µq2
´
npcq ` µ2 qfpλ, µq2 ´ µ trpcq qfpλ, µq

¯

“ 1

pfpλ, µq2
´
npcq ´ λµ pfpλ, µq qfpλ, µq ´ µ2 qfpλ, µq2

¯
“ ´µ.

Therefore, by part 2 of Proposition 3.1 and equality (14),

fpxq “ pfpλ, µq x ` µ qfpλ, µq 1O “ c.

Hence, x belongs to X .

The following corollary is a straightforward consequence of Theorem 3.3. In its for-
mulation and hereafter, we use the standard notation F

ˆ to denote the set of all non-zero
elements of F.

Corollary 3.4. Assume that fpyq P Frys is a non-zero polynomial without constant term,
and let c P OzF1O. Let X Ď O be the set of all solutions of the equation fpxq “ c, where
x P O is a variable.

1. Assume charF ‰ 2. Then x P X if and only if there exist λ, µ P F satisfying

$
’&
’%

pλ2 ` 4µq pfpλ, µq2 “ trpcq2 ´ 4npcq,
λ pfpλ, µq ` 2µ qfpλ, µq “ trpcq,

pfpλ, µq ‰ 0,

(17)

such that

x “ 1

pfpλ, µq

´
c ´ trpcq

2
1O

¯
` λ

2
1O. (18)

2. Assume charF “ 2.

11
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(a) If trpcq ‰ 0, then x P X if and only if there exist λ P F
ˆ and µ P F satisfying

#
µ2 qfpλ, µq2 ` µ trpcq qfpλ, µq “ npcq ` µ

λ2 trpcq2,
λ pfpλ, µq “ trpcq,

(19)

such that

x “ λ

trpcq

´
c ` µ qfpλ, µq1O

¯
. (20)

(b) If trpcq “ 0, then x P X if and only if there exists µ P F satisfying

#
µ pfp0, µq2 ` µ2 qfp0, µq2 “ npcq,

pfp0, µq ‰ 0,
(21)

such that

x “ 1

pfp0, µq

´
c ` µ qfp0, µq1O

¯
. (22)

Note that in each case we have trpxq “ λ and npxq “ ´µ, where in case 2(b) we have
λ “ 0.

Corollary 3.5. Assume that fpyq P Frys is a non-zero polynomial of degree n ě 1 without
constant term, and let c P OzF1O. Denote by X Ď O the set of all solutions of the
equation fpxq “ c. Then

|X| ď n2.

Proof. Consider the inclusion F Ď F, where F is the algebraic closure of F. Let X 1 Ď OpFq
denote the set of all solutions of fpxq “ c in OpFq.

Since c R F1O, Corollary 3.3 of [25] implies that |X 1| ď n2.
Finally, since O Ď OpFq, we have X Ď X 1, which proves the claim.

4 Roots of octonions

Definition 4.1. ‚ We denote by F
2 the set tα2 | α P Fu.

‚ Let β P F
2. We fix an element

?
β from the non-empty set tα P F | α2 “ βu.

Observe that the set of all solutions to the equation ν2 “ β, where ν P F is a
variable, is t˘

?
βu.

Proposition 4.2. Let X Ď O be the set of all solutions of the equation x2 “ c, where
x P O is a variable and c P O.

1. Assume c “ γ1O for some γ P F. Then

X “ ˘?
γ1O Y Op0, γq.

12
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2. Assume c R F1O and charF ‰ 2.

(a) If npcq P F
2, denote

α “ trpcq ` 2
a
npcq, β “ trpcq ´ 2

a
npcq.

• If α, β P pFˆq2, then

X “
!

˘ 1?
α

`
c `

a
npcq1O

˘
, ˘ 1?

β

`
c ´

a
npcq1O

˘)
.

• If α P pFˆq2 and β R pFˆq2, then

X “
!

˘ 1?
α

`
c `

a
npcq1O

˘)
.

• If α R pFˆq2 and β P pFˆq2, then

X “
!

˘ 1?
β

`
c ´

a
npcq1O

˘)
.

• If α, β R pFˆq2, then X “ H.

(b) If npcq R F
2, then X “ H.

3. Assume c R F1O and charF “ 2.

(a) If trpcq ‰ 0, then

X “

$
&
%

1?
trpcq

´
c `

a
npcq1O

¯
, if trpcq, npcq P F

2,

H, otherwise.

(b) If trpcq “ 0, then X “ H.

Proof. Note that for fpyq “ y2 P Frys and every λ, µ P F, we have

pfpλ, µq “ p1pλ, µq “ λ, qfpλ, µq “ p0pλ, µq “ 1.

1. Assume c “ γ1O for some γ P F. Then the required statement follows immediately
from Theorem 3.3.

2. Assume c R F1O and charF ‰ 2. By Corollary 3.4, x P X if and only if

x “ 1

λ

´
c ´ trpcq

2
1O

¯
` λ

2
1O

13
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for some λ P F
ˆ and µ P F satisfying

"
pλ2 ` 4µqλ2 “ trpcq2 ´ 4npcq,

λ2 ` 2µ “ trpcq. (23)

System (23) is equivalent to

"
pλ2 ´ trpcqq2 “ 4npcq,

µ “ 1

2

`
trpcq ´ λ2

˘
,

and the required statement follows.

3. Assume c R F1O and charF “ 2.
(a) Let trpcq ‰ 0. By Corollary 3.4, x P X if and only if

x “ λ

trpcq

´
c ` µ1O

¯

for some λ P F
ˆ and µ P F satisfying

"
µ2 ` µ trpcq “ npcq ` µ

λ2 trpcq2,
λ2 “ trpcq. (24)

System (24) is equivalent to

λ2 “ trpcq, µ2 “ npcq,

and the required statement follows.

(b) Let trpcq “ 0. Assume that X is non-empty. Then, for any x P X , Corollary 3.4

implies the existence of µ P F such that pfp0, µq ‰ 0. But pfp0, µq “ 0, which is a
contradiction. Hence X “ H.

Proposition 4.2 implies the following corollary.

Corollary 4.3. Assume F “ R and let c P O. Then the equation x2 “ c has no solutions
in O if and only if c R F1O and one of the following conditions holds:

‚ 0 ď 4npcq ď trpcq2 and trpcq ď 0;

‚ npcq ă 0.

Proposition 4.4. Assume F “ R and let c P O. Let X Ď O be the set of all solutions of
the equation x3 “ c, where x P O is a variable.

1. Assume c “ γ1O for some γ P R. Then

X “
 

3
?
γ 1O

(
Y O

`
´ 3

?
γ,´ 3

a
γ2
˘
.

14
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2. Assume c R R1O and trpcq ‰ 0. Then x P X if and only if there exists λ P R

satisfying

# `
2λ3 ` trpcq

˘2`
λ3 ´ 4 trpcq

˘
“ 27λ3

`
4npcq ´ trpcq2

˘
,

2λ3 ` trpcq ‰ 0,
(25)

such that

x “ 3λ

2λ3 ` trpcq

ˆ
c ´ trpcq

2
1O

˙
` λ

2
1O. (26)

3. Assume c R R1O and trpcq “ 0.

(a) If npcq ą 0, then X “ tx1, x2u.
(b) If npcq “ 0, then X “ H.

(c) If npcq ă 0, then X “ tx1u,

where

x1 “ ´ c
3

a
npcq

, x2 “ 1

2

ˆ
c

3

a
npcq

`
?
3 6

a
npcq 1O

˙
.

Proof. Note that for fpyq “ y3 P Rrys and every λ, µ P R, we have

pfpλ, µq “ p2pλ, µq “ λ2 ` µ, qfpλ, µq “ p1pλ, µq “ λ.

I. Assume c “ γ1O for some γ P R. By Theorem 3.3,

X “
 

3
?
γ 1O

(
Y

 
Opλ, µq | λ, µ P R satisfy λ2 ` µ “ 0 and λµ “ γ

(
.

Considering separately the cases γ “ 0 and γ ‰ 0, we obtain the statement of part 1.

II. Assume c R R1O. By Corollary 3.4, an element x P O belongs to X if and only if

x “ 1

λ2 ` µ

ˆ
c ´ trpcq

2
1O

˙
` λ

2
1O, (27)

for some λ, µ P R satisfying

$
’&
’%

pλ2 ` 4µqpλ2 ` µq2 “ trpcq2 ´ 4npcq,
2λµ ` λpλ2 ` µq “ trpcq,

λ2 ` µ ‰ 0.

(28)

The second equation of system (28) is equivalent to

3λµ “ trpcq ´ λ3. (29)

15
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(a) Assume trpcq ‰ 0. Then λ ‰ 0, since otherwise (29) would imply trpcq “ 0, a
contradiction. Hence

µ “ trpcq ´ λ3

3λ
.

Substituting this expression into system (28) and equality (27) yields system (25) and
equality (26), respectively. Note that the first equation of system (25) implies that λ ‰ 0.
This completes the proof of part 2.

(b) Assume trpcq “ 0. Considering separately the cases λ “ 0 and λ ‰ 0, we obtain the
statements of part 3.

References

[1] S. Ayupov, A. Elduque, and K. Kudaybergenov. Local derivations and automorphisms of
Cayley algebras. J. Pure Appl. Algebra, 227(5):107277, 2023.

[2] J. Baksalary and R. Kala. The matrix equation AX ´ Y B “ C. Linear Algebra Appl.,
25:41–43, 1979.

[3] J. Baksalary and R. Kala. The matrix equation AXB ´ CYD “ E. Linear Algebra Appl.,
30:141–147, 1980.

[4] P. Bisht, S. Dangwal, and O. Negi. Unified split octonion formulation of dyons. Int. J.
Theor. Phys., 47(9):2297–2313, 2008.

[5] H. Braden. The equations ATX ˘ XTA “ B. SIAM J. Matrix Anal. Appl., 20(2):295–302,
1999.

[6] C. Castro. On the noncommutative and nonassociative geometry of octonionic space time,
modified dispersion relations and grand unification. J. Math. Phys., 48(7):paper no. 073517,
15 pp., 2007.

[7] B. Chanyal. Classical geometrodynamics with Zorn vector-matrix algebra for gravito-dyons.
Rep. Math. Phys., 76(1):1–20, 2015.

[8] B. Chanyal. Split octonion reformulation for electromagnetic chiral media of massive dyons.
Commun. Theor. Phys. (Beijing), 68(6):701–710, 2017.

[9] B. Chanyal, P. Bisht, and O. Negi. Generalized split-octonion electrodynamics. Int. J.
Theor. Phys., 50(6):1919–1926, 2011.

[10] B. Chanyal, P. Bisht, and O. Negi. Octonion and conservation laws for dyons. Int. J. Mod.
Phys. A, 28(26):paper no. 1350125, 17 pp., 2013.

[11] A. Chapman. Polynomial equations over octonion algebras. J. Algebra Appl., 19(6):2050102,
2020.

[12] A. Chapman and I. Levin. Alternating roots of polynomials over Cayley-Dickson algebras.
Commun. Math., 32(2):63–70, 2024.

16



On polynomial equations over split-octonions: the arbitrary field case

[13] A. Chapman and S. Vishkautsan. Roots and dynamics of octonion polynomials. Commun.
Math., 30(2):25–36, 2022.

[14] A. Chapman and S. Vishkautsan. Roots and right factors of polynomials and left eigenvalues
of matrices over Cayley-Dickson algebras. Commun. Math., 33(3):paper no. 1, 2025.

[15] D. Ferreyra, M. Lattanzi, F. Levis, and N. Thome. Parameterized solutions X of the system
AXA “ AEA and AkEAX “ XAEAk for matrix A having index k. Electron. J. Linear
Algebra, 35:503–510, 2019.

[16] C. Flaut and V. Shpakivskyi. An efficient method for solving equations in generalized
quaternion and octonion algebras. Adv. Appl. Clifford Algebras, 25:337–350, 2015.

[17] M. Gogberashvili. Octonionic electrodynamics. J. Phys. A: Math. Gen., 39(22):7099–7104,
2006.

[18] M. Gogberashvili. Octonionic version of Dirac equations. Int. J. Mod. Phys. A, 21(17):3513–
3523, 2006.

[19] M. Gogberashvili and O. Sakhelashvili. Geometrical applications of split octonions. Adv.
Math. Phys., art. ID 196708, 14 pp., 2015.

[20] M. Illmer and T. Netzer. A note on polynomial equations over algebras. Proc. Amer. Math.
Soc., 152:1831–1839, 2024.

[21] K. Krasnov. Spinp11, 3q, particles, and octonions. J. Math. Phys., 63(3):paper no. 031701,
20 pp., 2022.
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