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Restricted graph Lie algebras in characteristic two

Simone Blumer

Abstract. We investigate restricted Lie algebras arising as analogues of (twisted)
right-angled Artin groups and right-angled Coxeter groups over fields of characteris-
tic two. These algebras are defined via quadratic relations determined by decorated
graphs. We compute their cohomology rings with trivial coefficients and uncover
phenomena specific to characteristic two. Unlike in zero or odd characteristics,
where quadratically defined ordinary and restricted Lie algebras have equivalent co-
homology theories, the characteristic two case exhibits dependence on the base field.
In particular, we prove that the ground field being the prime field Fs characterizes
when a Lie-theoretic analogue of the twisted Droms theorem holds.
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1 Introduction

Restricted Lie algebras, introduced by Jacobson [15], provide a natural framework
for studying Lie-theoretic structures in positive characteristic. Their additional p-power
operation x — zPl mimics the action of the Frobenius map on associative algebras of
characteristic p, and endows them with richer algebraic properties than ordinary Lie
algebras.

Restricted Lie algebras naturally arise as graded objects associated with distinguished
filtrations of pro-p groups (see, e.g., [8]). They also play a crucial role in the study of
algebraic groups (see [7]).

On the other hand, quadratic algebras, namely those defined by relations that are
quadratic in the generators, form an important class of algebras which serve as a natural
first approximation to the study of more general graded algebras. Among these, Koszul
(restricted) Lie algebras are determined by their cohomology ring. They have been studied
by Weigel [26] (see also [2]). The primary motivation for this paper stems from current
research in Galois theory. Specifically, the Norm Residue Isomorphism Theorem by Rost
and Voevodsky [24] (formerly known as the Bloch—Kato conjecture; see Weibel’s survey
[25]) implies that the F,-cohomology rings H*(Gr(p),F,) of maximal pro-p quotients of
absolute Galois groups GF are quadratic algebras. If k£ is a field of positive characteristic
p, and .Z is an ordinary Lie algebra with a given presentation over k, then there is an
associated restricted Lie algebra g defined by the same presentation, or, equivalently, by
taking the primitive elements of the universal enveloping algebra U (%) (cf. [2,19]). The
assignment % — g gives rise to the restrictification functor (or p-hull), which provided
that p is odd, defines an isomorphism between two categories. The first consists of Lie
algebras whose relations are quadratic in the generators, and the second of restricted Lie
algebras with the same property. Moreover, the cohomology theories of these objects are
the same. This case has already been studied in the author’s paper [2].
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However, in characteristic 2 the situation fundamentally changes, as the “squares” of
some generators can appear in the quadratic defining relations of restricted Lie algebras.
Consequently, the restrictification functor is reduced to a mere embedding, producing
strong consequences both on a cohomological side and on the structure of the subalgebras
(see [2]). People working on modular algebraic structures in characteristic 2 ironically say
that “2 is the oddest prime number”. Despite these complexities, working in characteristic
2 also opens up the possibility of considering a richer and broader range of examples.

The first part of the paper is devoted to the study of homological properties of re-
stricted Lie algebras. For example, we compute the Hilbert series of graded restricted Lie
algebras under mild assumptions.

Theorem 1.1. Let g = g, D go D ... be a graded, restricted Lie algebra with finite-
dimensional cohomology and eigenvalues Ay, ..., \,. Then, for all m > 1,

dim gy, = My (M),
=1

where M, ,, is the generalized necklace polynomial mod-2 of degree m.

Right-angled Artin groups (RAAGs), also known as partially commutative groups, or
graph groups, form a well-studied class of combinatorially defined abstract groups whose
properties are encoded within simple graphs.

A distinguished classifying complex of a RAAG can be constructed by attaching tori
of various dimensions (see Salvetti [23]). By additionally including Klein bottles into this
construction, one gets a modified version of RAAGs, called twisted right-angled Artin
groups, or T-RAAGs. These groups are characterized by defining relations that are either
standard commutators [z, y] = 1, or Klein-type relations yzy~! = x~! between the gener-
ators. Notably, the Klein-type relation can also be expressed as [z,y| = zyr~ly™t = 22,
which allows us to consider the restricted Lie algebra defined by the analogous presen-
tation. These objects are similarly encoded in a graph which also has some directed
edges.

Droms [10] determined the class of graphs whose associated RAAGs are locally RAAGs.
Specifically, he showed that the (finitely generated) subgroups of a RAAG are all RAAGs
if and only if the defining graph is a Droms graph, that is, it contains neither a square
graph nor paths of length 3 as induced subgraphs. Prompted by Droms’ work, a recent
work of Foniqi, Quadrelli, and the author [4] extends this result to T-RAAGs.

The present paper aims to study the Lie-algebraic counterparts of these groups. As-
sociated to a graph with some directed edges, we define a restricted Lie algebra, called
the twisted right-angled Artin graded (or T-RAAG) Lie algebra, that is generated by
the vertices of the graph, subjected to a specific defining relation for each plain/directed
edge. Under mild assumptions on the defining graph, the associated T-RAAG is a Koszul
restricted Lie algebra.

Theorem 1.2. Let I' be a mixed graph, and a(I') be the associated T-RAAG restricted Lie
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algebra over a field k of characteristic two. Then, each of the following implies that T" is
a Droms maixed graph:

1. All standard subalgebras of a(I') are T-RAAGS.
2. All standard subalgebras of a(T") are quadratic restricted Lie algebras.
3. The cohomology ring of a(I") is universally Koszul.

Moreover, these conditions are equivalent to the fact that I' is a mixed Droms graph if and
only if k is the prime field F5.

Recall from [2] that a standard subalgebra of a graded, restricted Lie algebra g =
> i1 8i is a restricted subalgebra generated by elements of degree 1 of g (see §2.1 for the
definitions).

We also give a complete characterization of those graphs for which all the standard
subalgebras of the associated T-RAAG Lie algebra over a field k # Fy are T-RAAG Lie
algebras.

Theorem 1.3. Let k # Fy be any field of characteristic 2. Then, the following are equiv-
alent:

1. T' is a Droms mized graph, and all the directed edges in any connected component
of I' have a common origin.

2. All standard subalgebras of a(I') are T-RAAGsS.
3. All standard subalgebras of a(I') are quadratic restricted Lie algebras.
4. The cohomology ring of a(T") is universally Koszul.

Analogously, we examine the Lie algebraic version of right-angled Coxeter groups,
which are specific quotients of RAAGs where all the canonical generators have order two.
To achieve a Droms-type result for these, it becomes necessary to extend our study to a
broader class of restricted Lie algebras. These are defined by simple graphs whose vertices
are labelled by elements of F5. The corresponding generators of the restricted Lie algebra
have torsion depending on their labelling. For these Lie algebras, the analogue of Droms’
theorem proves to be independent of the ground field.

Theorem 1.4. Let I' = (V. E) be a graph endowed with a function 6 : V. — Fy = {0;1},
and let k be a field of characteristic 2. Let ¢(I',0) be the associated extended right-angled
Lie algebra (ERA) with presentation

(v: vGV}Q(u)um, v, w]: u,v,weV, {v,u} €E).

Then, the following are equivalent:
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1. T' is a Droms graph that does not contain any path-graph of length 2 on which 0 is
non-constant, and where the middle vertex v has 6(v) = 0.

2. The graph T is Droms, and, for all connected induced subgraphs A of T', either
Ov(n) = 0, or there exists a central vertex v of A with 0(v) = 1.

3. All the standard subalgebras of the ERA Lie algebra ¢(I') are ERA Lie algebras.

We also consider the Bloch-Kato property for restricted Lie algebras. A restricted Lie
algebra g is said to be weakly Bloch-Kato if all of its standard restricted subalgebras are
quadratic, and Bloch-Kato if all of its standard restricted subalgebras are Koszul. Such
property is intended to mimic the behaviour of subgroups of maximal pro-p quotients
of Gr for some field F. Unlike the zero/odd characteristic cases, where (restricted) Lie
algebras are Koszul when all of their subalgebras generated in degree 1 are quadratic (see
[2]), in characteristic two this is false in general. Nevertheless, we demonstrate that within
the classes of restricted Lie algebras under consideration, this property holds true.

Theorem 1.5. Let g be either a T-RAAG Lie algebra or an ERA Lie algebra over an
arbitrary field of characteristic 2. Then the following are equivalent:

1. The restricted Lie algebra g is weakly Bloch-Kato.

2. The restricted Lie algebra g is Bloch-Kato.

2 Restricted Lie algebras of characteristic two

If not otherwise stated, henceforth we denote by k an arbitrary field of characteristic
two, and by Fy its prime field.

2.1 Restricted Lie algebras

Let V' be a vector space over k. The free restricted Lie algebra on V is the (or-
dinary) Lie subalgebra of the commutator Lie algebra structure of the tensor k-algebra
T(V)=kaVa&(Ve,V)d... that is generated by the 2"-th powers

U27L:U®"'®’U
~—————

2™ times

of elements v € V| for n > 0. We denote it by §f(V'), and, for elements z,y € f(V'), we
write [x,y] for their commutator * ® y + y ® x, and z? for the element = ® z; we also
set @™ = (2" It follows from our definition that [z,z] = 0 for all z € (V).
Considering T'(V') as a Hopf algebra in the usual way, f(V) is also the set of its primitive
elements.

The following identities hold true for all A € k and z,y € §(V):

L (Ax)l = N2,
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2. [z, y] = [z, [, 9]];
3. (v + )P =2l + [, y] + yP.

These define the notion of a 2-operation on an arbitrary Lie algebra g. A Lie algebra
over k with a 2-map is called a restricted Lie algebra (of characteristic two). Notice
that, in the light of (3), the Lie brackets are determined by the 2-map.

Let g be a restricted Lie algebra. A subalgebra (resp. an ideal) of the ordinary Lie
algebra g is called a restricted subalgebra (resp. a restricted ideal) if it is closed under the
2-map. For a subset X C g, we denote by (X) the restricted ideal of g generated by X. If
g is a Z,-graded vector space g = -, g; such that [z,y] € g;1; and 22 € gy; for x € g;
and y € g;, then we call g a (positively) graded restricted Lie algebra. Clearly, f(V)
can be given a natural grading induced by the tensor degree of the tensor algebra. For
instance, if V = kz@®ky has dimension 2, then §f(V); = V, and §(V ), = kaP @ k[z, y| @ ky!?.
An ordinary Lie homomorphism f : g — b between two restricted graded Lie algebras
will be simply called a restricted homomorphism if it satisfies f(g;) C b;, and commutes
with the 2-map. The kernel of a restricted homomorphism g — h is a restricted ideal of
g, and the image of a restricted subalgebra of g is a restricted subalgebra of b.

If R is a subset of f(V'), then the quotient of f(V') by the restricted ideal generated by
R is denoted by (V } R) (or by (v; } r;) if (v;) and (r;) are bases of V and R, respectively).
If R is a homogeneous subspace of f(V'), then <V ‘ R> is a graded restricted Lie algebra
generated in degree 1, and, conversely, any graded Lie algebra g generated in degree 1 is
naturally isomorphic with (g; ‘ R), where R is the kernel of the natural map f(gi) — g.
Graded restricted Lie algebras generated in degree 1 are called standard. For an arbitrary
standard restricted Lie algebra g, we call the natural map f(g;) — g the free cover of g;
by abuse of language, f(g;) is also called the free cover of g. If R = Ry ® Ry @ ... is the
homogeneous decomposition of the kernel of the free cover of g, then the restricted Lie
algebra

Yg:= (g1 | Ra),

together with the natural map “g — g, is called the quadratic cover of g. We say that
g is quadratic if the map ‘g — g is an isomorphism.

The restricted (universal) envelope u(g) of a 2-restricted Lie algebra g is the quotient
of the universal enveloping algebra of the ordinary Lie algebra g by the two-sided ideal
generated by the elements x12 — 22 for 2 € g. One can realize u(g) as the quotient of the
tensor algebra T'(g) by the two-sided ideal generated by the following elements

(a) [r,y]+2®@y+y®x, where z,y € g;
(b) 2% + 2% where z € g.

By the Milnor-Moore Theorem [19], the algebra u(g) is an augmented Hopf algebra, whose
set of primitive elements is g.
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If g is a graded restricted Lie algebra and M is a graded restricted g-module, that is
z-m € My, and 28 - m = 2 (v - m) for v € g; and m € M;, we define the (bigraded
restricted) cohomology groups of g as

i _ ]
Hj(gaM) - EXtu(g)(kaM)

where k ~ u(g)/gu(g) is the trivial 1-dimensional module of u(g) concentrated in degree
0 (see [11,12,14]).

For M = k, the whole cohomology €, ;~, "/(g, k), simply denoted H*(g), can be
endowed with a multiplication mapping (called the cup-product), making it a bigraded
connected algebra over k. The cohomological dimension cd g of g is the supremum of the
integers n such that H™(g) # 0 (cf. [26]). Recall that g is said to be a Koszul restricted
Lie algebra if HY(g) = 0 unless i = j.

Henceforth, restricted Lie algebras are all assumed to be finitely generated; for exam-
ple, for a standard restricted Lie algebra g, we assume dim g; < oo.

Recall from the Introduction the following crucial definition.

Definition 2.1. A standard restricted Lie algebra g is Bloch-Kato (resp. weakly Bloch-
Kato) if all of its standard restricted subalgebras are Koszul (resp. quadratic).

The proof of [1, Thm. A] still applies to the restricted context, implying that a stan-
dard restricted Lie algebra g is Bloch-Kato iff its cohomology ring H*(g) is universally
Koszul, which amounts to saying that all the quotients by ideals generated by elements
of H'(g) admit a linear resolution as H*®(g)-modules (see [6] for the original definition in
the commutative context).

Theorem 2.2. A standard restricted Lie algebra over a field of positive characteristic is
Bloch-Kato if and only if its restricted cohomology ring H®(g) is a universally Koszul
algebra.

It is worth noting that the restricted cohomology of a restricted Lie algebra g is not
the same as the Chevalley-Eilenberg cohomology of the underlying ordinary Lie algebra
g, which is the Ext-group of its ordinary universal enveloping algebra, i.e.,

H(:(gu M) = EXt;](g) (ku M)
However, the epimorphism U(g) — u(g) induces a natural map H®(g, M) — H3(g, M).

Example 2.3. In this example, we consider quadratic restricted Lie algebras generated
by a single element.

(1) Let € be the free restricted Lie algebra on one generator. Its cohomology ring is the
2-dimensional algebra k[T]/(T?). As an ordinary Lie algebra, € is the abelian Lie algebra of
countable dimension, which is thus infinitely generated, i.e., its ordinary first cohomology
group is non-zero in each internal degree j that is a 2-power. The Chevalley-FEilenberg
cohomology of ¢ is thus the exterior algebra over the vector space k" of all sequences in

k.
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The restricted Lie algebra associated to the Zassenhaus filtration of any powerful pro-p
group of rank n is the direct product € of n copies of £ (see [8, §2]).

(2) Consider the 1-dimensional restricted Lie algebra g = /€@ = (z|z®). The
(ordinary) enveloping algebra U(g) of the ordinary Lie algebra g ~ k is isomorphic to
the polynomial ring k[T, and hence the ordinary cohomology ring of g is the dual ring
k[e]/(?). In particular, it is a finite-dimensional algebra.

On the other hand, the restricted envelope u(g) is isomorphic to the quotient ring
k[S]/(S?), proving that its cohomology ring is the polynomial ring k[d], which is infinite-
dimensional.

The restricted Lie algebra of the finite abelian simple group Cs is clearly isomorphic
to £/€2l.

We say that an element z of a restricted Lie algebra g is a torsion element if 22" =0
for some n > 1. Thus g is torsion-free if the zero vector is the unique torsion element.
Torsion-free abelian Lie algebras are called free abelian. On the contrary, g is elemen-
tary abelian if z/? = 0 holds for every z € g. In fact, notice that this also implies that
[z,y] = 0, for all x,y € g. For example, the restricted Lie algebra ¢ from Example 2.3(1)
is free abelian, while its quotient £/€? of Example 2.3(2) is elementary abelian.

If V' is a k-vector space, the exterior algebra A(V') of V' is the quotient of the tensor
algebra T(V) =k ®V & (V® V) @ ... by the ideal generated by the elements = ® x,
for x € V. Notice that, since k£ has characteristic two, the ideal properly contains the
ideal generated by x ® y + y ® x, for x,y € V, which is, instead, the defining ideal of the
symmetric algebra S(V') as a quotient of T'(V').

Example 2.4. Consider the direct product g x £ of the restricted Lie algebra g =
(v,w|[v,w] + v} with the free abelian Lic algebra £ = (z) of rank 1, and its subal-
gebra h = (v + z,w).

One has [v + z,w] = v? and (v + 2) = vl + 221 which imply that

has dimension 3. In particular, the quadratic cover “h is a free restricted Lie algebra of
rank 2. However, [[v+2], w??] = [v1, w] = [v,v] = 0 is a non-trivial relation of h, proving
that it is not quadratic.

By the Corollary 4.5 below, g is Koszul, and the proper standard subalgebras are all
free abelian, hence Koszul. In particular, g is Bloch-Kato but g x £ is not. Notice that g
is not the restrictification of any ordinary quadratic Lie algebra.

In particular, unlike the case of zero/odd characteristic, the direct product of a Bloch-
Kato Lie algebra with a free abelian Lie algebra is not always Bloch-Kato.

Remark 2.5. Since the cohomology of a direct product of restricted Lie algebras is the
wedge product of the cohomology rings of the factors, we see that the twisted extension
of a universally Koszul algebra is not always universally Koszul, in contradiction with
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Proposition 31 of [20]. The flaw in that proposition sits at the end of the proof where
the authors define the map v» : B — B by a + d'x — a + d'(x — 1) for a,a € A,
claiming that it is an automorphism. Nevertheless, this is not well-defined in general as
m(x)? = (x—1)2 =22 +1? = te+1% and m(tx) = t(x —1). It is well-defined only if ] = I°.

We now show that the Bloch-Kato property is preserved if the second factor is ele-
mentary abelian instead of free abelian.

Lemma 2.6. Let g be a (weakly) Bloch-Kato restricted Lie algebra. Then g x €/€2 is
(weakly) Bloch-Kato.

Proof. Let m be a standard subalgebra of g x £/£?, and fix a non-zero element z of £/¢2.
If m is a standard subalgebra of g, then it is Koszul (resp. quadratic) as g is Bloch-
Kato (resp. weakly Bloch-Kato). On the other hand, if m is not contained in g, there
exist elements g, x1,...,x, € ¢ = ¢(I') such that m = (z1,...,z,, 79 + 2). The standard
subalgebra h = (zg,x1,...,x,) of g is Koszul (resp. quadratic) as g is (resp. weakly)
Bloch-Kato. We can suppose that zq is independent over k from x4, ..., z,, as otherwise
h = (x1,...,x,), whence we would get that m = b x (z) is Koszul (resp. quadratic). Now,
the map
p:h—-m: zo—xot+z Tz (i=1,...,n)

is a well-defined isomorphism. Indeed, if r = >, ., aij[zi, 2]+ 370 ;2 is a relation
in b, then -

Z ai[o(x), p(x;)] + Zﬁ@(%)m _

0<i<j<n

=Y aulro + 2w+ folao+ AP+ D aglena] + Y fal =
=1

j=1 1<i<j<n

= aglwo, 2] + Bo(al? + 10, + 22+ Y aylena) + Y pal =
=1

=1 1<i<j<n
n
- AP o)
= Z iz, x;) +Zﬁz$z =r=0,
0<i<j<n i=0

and the restriction to m of the natural projection 7 : g x £/€2 — g is the inverse of ¢. [

The same proof, with the omission of the 2-powers of elements, shows that if g is
the restrictification of an ordinary Bloch-Kato Lie algebra, then g x ¢ is Bloch-Kato (cf.
Example 2.4). Moreover, for these Lie algebras there is no distinction between the weak
and strong Bloch-Kato properties.

Corollary 2.7. Let A be a commutative, graded algebra over k. Then the symmetric tensor
product A A\ k[T is universally Koszul.
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We finally provide another example of a Bloch-Kato restricted Lie algebra that is not
the restrictification of an ordinary Lie algebra.

Example 2.8. The Lie algebra s = <x, Y ‘ zl2 y[2}> is quadratic, and, being a 1-relator,
its cohomological dimension is 2, proving that it is Koszul. Moreover, all the proper
subalgebras are free abelian, hence Koszul, which implies that s is Bloch-Kato.

Equivalently, notice that its quadratic dual admits a presentation as a connected
algebra

A= <£77} ‘ 5777775752 + n2>alg’

and hence it is universally Koszul as the annihilator of a& + by, (a,b) € k*\ {(0,0)}, is
generated by the degree-1 element b§ + an (see [20]).

2.2 HNN-extensions

Following Lichtman and Shirvani [18], we consider HNN-extensions of graded restricted
Lie algebras in characteristic 2.

Let g be a graded restricted Lie algebra over k, and let h be a restricted homogeneous
subalgebra. If n is a positive integer, a degree-n derivation of b into g is a k-linear map
¢ : h — g such that, for every homogeneous element x € h;, one has

1. QS(I’) € gi-i—n;

2. ¢(al?) = [z, ¢(2)].
It follows from (3) of §2.1 that the usual Leibniz product formula holds true, i.e., for

z,y € b,
o([z,y]) = [o(x),y] + [x, ¢(y)].

The aim of HNN-extensions is that of embedding g into a larger Lie algebra where the
derivation ¢ extends to an inner derivation.

Definition 2.9. Let n be a positive integer, and let ¢ : h — g be a degree-n derivation of
a homogeneous subalgebra by of a graded restricted Lie algebra g. A graded restricted Lie
algebra ¢ together with a homogeneous restricted homomorphism v : g — ¢, and an element
t € e such that ad(t)|y, = t¢ is an HNN-extension of ¢ if it satisfies the following universal
property: For all restricted Lie algebras m, all homogeneous restricted homomorphisms
79— m, and all s € m such that ad(s)|y = j¢, there exists a unique homogeneous
restricted homomorphism 1 : ¢ — m such that {1 = ).

The HNN-extension exists and is unique up to (unique) isomorphism; we denote it by
HNN,(g,t). An explicit presentation for e is given in terms of a presentation g = <V ‘ R>
as follows

e:<V,t‘R,[t,x]+¢(:c): T € b>.

It is clear that the additional generator ¢, which is called the stable letter of the extension,
is a homogeneous element of ¢ of the same degree as the derivation ¢. Moreover, [18] proves
that g naturally embeds into the HNN-extension e.

10
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The proof of Proposition 2.2 by Kochloukova and Martinez Pérez [17] adapts verbatim
to the graded, restricted context.

Theorem 2.10 ([17]). Let ¢ = HNNy(g,t) be the HNN-extension of a graded restricted
Lie k-algebra g with respect to a degree-n derivation ) — g. Then, there is a short exact
sequence of left u(e)-modules

0 — u(e) @um) k 5 ule) Ru(g) k Lk —0

where, for x € u(e), a(xz®1) = xt®1, f(z®1) = e(z), and e : u(e) — k is the augmentation
map. The maps a and B are homogeneous maps of degree n and 0, respectively. In
particular, by the bigraded Eckmann-Shapiro lemma [1, Thm. 1.4], if M is a graded
restricted e-module, there is a long exact sequence

o= H9(e, M) — HY(g, M) — H"""(h, M) — H" ™ (e, M) — ...

Remark 2.11. In the theory of quadratic (restricted) Lie algebras of characteristic # 2,
[2] proves that if g is a quadratic Lie algebra, and m is a maximal proper standard
subalgebra of g, with ¢ € g; \ m, then g = HNNy(m, t), where ¢ := ad(z)|, : h — m, and
h=(rem: [tz] €m). Using this general decomposition, an easy inductive procedure
shows that weakly Bloch-Kato Lie algebras of characteristic # 2 are Bloch-Kato. The
bijection established by the restrictification functor also shows that restricted weakly
Bloch-Kato Lie algebras of characteristic # 2 are Bloch-Kato.

Unfortunately, in characteristic two, the above-mentioned decomposition is not always
available; for instance, the quadratic Lie algebra <:)3,y } (z+y)[2]>, as well as the Lie
algebra s of Example 2.8, does not split as an HNN-extension over (x).

When h = g, namely when ¢ is a derivation of g, then g is clearly a restricted ideal of
the HNN-extension ¢ = HNN,(g, t), and there is a split extension

0—=g—e—>t—0,
that is e = g X4 € is a semidirect product.

2.3 A generalized Witt formula

Let p : N — N be the Mébius function, and consider its mod-2 version (see Petrograd-
sky [21])

w(n), if n is odd,
polny = 1 I o | (2.)
257 tu(m), if n = 2%m, and m is odd.

It satisfies

> (=1 py(mfd) = 61 . (2.2)

dlm

11
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The generalized necklace polynomial mod-2 of degree m > 1 is defined similarly
to the classical one, where the Mobius function is replaced by po, namely,

Moult) = 3 palm/ )1 € Z]1].
jlm

Now, recall that, given a graded, connected associative algebra A over a field k such
that Ext%(k, k) is finite-dimensional, one defines the eigenvalues of A as the complex
numbers A; such that

n

Xa(t) ==Y dim (Exti (k. k)) ¢/ = [J(1+ xe).

i,j>0 i=1

The left-hand side is the Hilbert series of the Ext-algebra of A with respect to the internal
degree. If A is the restricted envelope of a graded restricted Lie algebra g, then the numbers
A; are called the eigenvalues of g.

Theorem 2.12. Let g be a graded, restricted Lie algebra with finite-dimensional cohomol-
ogy and eigenvalues Ay, ..., \,. Then, for all m > 1,

dim gy, = Ms (M),
=1

Proof. We adapt the proof of Weigel [26] to the restricted world.
Let A = u(g). By the Poincaré-Birkhoff-Witt for p-restricted Lie algebras, the Hilbert

series of A is ,
) ; 1 —¢mP\™
ha(t) == E dim(A4;)t" = | | (1 —tm)

i>0 m>1

where /,, = dim g,,. By Froberg’s identity for internal degrees (see [26, Prop. 2.2]), one
has xa(—t)ha(t) =1 in Z[t], and for p = 2 we deduce that

n

[Ta+em=T[a-x)™" iz

m>1 i=1
By taking — log from both sides,
=3 lylog(1+") = log(l — Ait)
m>1 i=1
and then, using the definition of the logarithm of a power series log(1 —y) = > i>1 Y /g

for y € tC[t],
U, mi Ait)™
E E 7(—1)3 t —E E (m> :

m>1 j>1 i=1 m>1

12
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By rewriting the left-hand side as

]+1

ZZem/j : )

m>1 jlm

we compare the coefficients of "™ and get, for all m > 1,

ng/] )Tt = ZA” (2.3)

jim !

The result thus follows from Equation 2.2 and the generalized Mobius inversion for-
mula. Indeed, if a(m) = (=1)™*, and 8(m) = £,,/m, then the left-hand side of (2.3)
is the Dirichlet convolution (a * 5)(m). By (2.2), pe is the Dirichlet inverse of «, i.e.,
He * ax 3 = 3, and hence

ZZugm/d)\ —ZMgm , O

zld\

For the standard free restricted Lie algebra f on n generators, we recover the restricted
Witt’s formula [21, Cor. 2.1]: f has a single eigenvalue, A; = n, whence

dim(f,,) = Zm m/d)n™

d|m

3 Graphs

In this section we present the two notions of graphs we need to define T-RAAG and
ERA Lie algebras.

3.1 Mixed graphs

A mixed graph I' = (V, E, D, 0,t) consists of a finite non-empty set V' of vertices, a
set E of 2-element subsets of V, a subset D C E, and two maps o,t : D — V, respectively
called the origin map and the terminus map, such that o(e) # t(e) for all e € D. If
e = {v,w} € E, then we denote e by 7w if e ¢ D, and by v if e € D and v = o(e),
w = t(e). The elements of D are the directed edges of T'.

In the geometric realization of the graph I' we will denote the edges in E in the
following way, depending on their nature:

_ voow . voow
tweE E\D: o— Vi €D e——e .

The pair (V, E) is the underlying simple graph of I', and is denoted by T. By abuse of
language, we call I' a simple graph whenever D = (), and we identify I" and T".

13
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A vertex v € V of I is said to be central if it is adjacent to all the other vertices, i.e.,
{v,w} € E, for every w € V' \ {v}.

The mixed graph I is said to be special if for all e € D and all ¢ € E| if t(e) € €,
then ¢/ € D with ¢(¢’) = t(e). Consequently, the set of vertices of I' can be partitioned
into the two subsets of positive vertices V, and of negative vertices V_, where all the
termini of edges in D lie in V_. If the special graph I" has no isolated vertices, then there
is a unique choice for this partition.

Suppose that I' is a special mixed graph with a given partition V' = V, U V_; the
assignment #(v) = 1if v € V_ and 0(v) = 0 if v € V, is called a signature of I". We
define the cone Vy(I') = (V', E', D', 0, t') as the mixed graph containing I" with

V'=VU{z}, E'=BEU{{v,z}|veV},

and
D'=DuU{{zv} |veV,0(v)=1}, (0, )|p\p:{zv}— (z0).

In particular, the tip z of the cone is a central vertex.

Definition 3.1 (see [3]). A mized graph ' is a mized Droms graph if I' is a special
maxed graph without an induced subgraph of the form

As:m

and its underlying simple graph (V, E) does not contain any induced subgraph that is either
a square graph Cy or a path on four vertices Pj.

Equivalently, by [5, Prop. 2.14], I is a mixed Droms graph if and only if it belongs to
the smallest class of special mixed graphs containing the singleton mixed graph with any
signature, and that is closed under the coning construction and the disjoint union. By a
simple Droms graph, we will mean a mixed Droms graph with no directed edges.

Any mixed graph A = (Vi, Ey, D1,0|p,,t|p,) — where V; C V, E; = ENP(V;), and
Dy = DN E; —is called an induced subgraph of the mixed graph I' = (V| E, D, 0, t), and
we also say that A is spanned by Vi. If n > 0 is any integer, an n-clique of I is a set of n
distinct pairwise adjacent vertices. A clique of a special mixed graph has at most a single
negative vertex, i.e., the subgraph it spans (also called a clique of I') is either a simplicial
graph, or has n — 1 directed edges with common terminus. If I is a simple graph, then
we denote by Cp(t) the clique polynomial of T, i.e.,

Cr(t) = cat™,

n>0

where ¢, is the number of n-cliques of T

14
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3.2 Labelled graphs

IfT' = (V, E) is a simple graph (or equivalently, a mixed graph with D = (), a function
0:V — Fy={0,1} is called a 2-labelling of I'. In the simplicial realization of I" vertices
labelled with the unit 1 € [y are denoted by a filled circle o, while the others by an empty
circle o.

Definition 3.2. A graph I' with a 2-labelling 6 : V — Fy is a Droms labelled graph if
it is a simple Droms graph, and it does not contain any of the following labelled graphs as
induced subgraphs:

*r—O— o—O—O0.
Y

Lemma 3.3. Let I' be a Droms labelled graph, and let A be a connected induced subgraph.
Then, either 0]y = 0, or there exists a central vertex v of A with 6(v) = 1.

Proof. Since A is a connected Droms graph, it contains a central vertex v. Suppose that
all the central vertices of A have value 0. If u is not a central vertex, then either 6(u) = 0,
or there exists a vertex w # v,u such that the induced subgraph spanned by {v,u,w} is
one of the path graphs of Definition 3.2, which is impossible since I' is a Droms labelled
graph. O

In particular, the class of Droms labelled graphs is the smallest class of 2-labelled
graphs containing arbitrarily 2-labelled discrete vertices, and that is closed under taking

1. disjoint unions, and

2. cones, with the exception that the tip can only be labelled by 0 if the basis of the
cone has no vertex labelled by 1.

4 T-RAAG Lie algebras

We first consider restricted Lie algebras associated to mixed graphs.

Definition 4.1. Let I' = (V. E, D, o0,t) be a mized graph. We define the T-RAAG Lie
k-algebra associated to I' as the restricted Lie algebra over the field k

a(F):<V\[ (v, w] : WEE\D>‘

v,w]+o v eD

Observe that, due to the identity (3), the T-RAAG Lie algebra a(I') admits a presen-
tation that does not explicitly involve the Lie brackets:

(v+w)2 + o+l vweE
<V} (v + w)? + wk vwe D/’ (4.1)

We identify the vertices of I' with the corresponding elements of a(I'), which are
henceforth called the canonical generators of the T-RAAG Lie algebra.

15
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Remark 4.2. When D is empty, i.e., when the graph is simple, we also call the restricted
Lie algebra a(I') the RAAG Lie algebra associated to I'. The ordinary subalgebra of
a(I") generated by its elements of degree 1 is called the ordinary RAAG Lie algebra, and
is denoted by Zt. The restrictification of £+ is precisely a(I'); in particular, the universal
enveloping algebra of £t is isomorphic to the restricted enveloping algebra u(a(I')) in a
natural way:.

If D = (), one can similarly define a p-restricted Lie algebra a(T',p) over a field k
of characteristic p > 0. For k = [F,, it is the associated graded restricted Lie algebra
of the pro-p completion A of the right-angled Artin group A(I") with respect to the
Jennings-Zassenhaus filtration. Moreover, the restricted p-enveloping algebra of a(T", p)
is the associated graded algebra of the w-adic filtration of the complete group algebra
Iﬁ‘p[[fl]] = lgano i fl/ U, having w as its augmentation ideal. Nevertheless, the p-analogue

of the presentation (4.1) does not produce a(I", p) if the graph contains some edges.

Question 4.3. Consider a group G and the augmentation ideal w of the group ring kG.
We denote by gr kG the associated graded algebra of the w-adic filtration of kG. Moreover,
if g7 (G is the Lie ring associated to the lower central series of G, put grG = gr" G ® k.

Let I' be a mixed graph, and let A(I") be its associated twisted right-angled Artin
group.

(Q1) Is u(a(I")) isomorphic to gr kA(I")?

(Q2) Is gr A(T") isomorphic to a(I")?

We believe that this question admits a positive answer, and we will address it in a
forthcoming work.

If I is a special mixed graph with a partition V =V, U V_ the signature 6 : V" — k
extends to a restricted Lie homomorphism 6 : a(I') — &, where k is seen as an elementary
abelian, standard, restricted Lie algebra, i.e., k ~ £/£2. For all edges e = {v,w} € E, one
may rewrite the associated relation of a(I') as [v, w] = 6(v)w!d + §(w)v? which provides
an equivalent and compact presentation for the T-RAAG of a special mixed graph I':

a(l') = (V| [v,w] + O(v)w? + 0(w)o? : {v,w} € E).

Proposition 4.4. If A is an induced subgraph of a special mized graph ', then a(A) natu-
rally embeds into a(I").

Proof. First of all notice that the natural map a(A) — a(I') induced by the inclusion
A — T is a restricted homomorphism.

We argue by induction on the number of vertices of I' = (V| E, D, o, t). It is enough to
suppose that it is connected and that A # I'. The case when I' consists of a single vertex
is obvious, so suppose that I' has more than one vertex. If v is a vertex in I' but not in A,
let I', be the induced subgraph of I with vertex set V'\ {v}. By induction, a(A) naturally
embeds into a(I',).

If v € Vi, the map a(I') — a(I",) defined on generators by v — 0 and z € V(I',) — «
is a restricted Lie map, and is a left inverse to the natural map a(I',) — a(I") constructed
above, which is thus injective.
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On the other hand, if v € V_, and W is the set of vertices that are adjacent to v, one
can split a(I") into the HNN-extension of a(I",) with respect to the derivation ¢ : b — a(T',)
defined by sending each canonical generator w to w!?, where b = a(II) is the subalgebra of
a(I',) generated by W, and II is the subgraph induced by W. It follows that a(I',) embeds
into a(I") by [18]. O

Corollary 4.5. If T is a special mized graph, then a(T') is a Koszul restricted Lie algebra.

Proof. We argue by induction on the number n of vertices of I'. If n = 1, then u(a(I')) =
k[T] is clearly a Koszul algebra, and hence so is a(I') by definition. Suppose now that
n > 1. If V_ =, then a(T") is Koszul by Froberg [13] (see also [2] for a less combinatorial
proof). On the other hand, if v € V_ # (), then one recovers the same HNN-decomposition
of a(I") as in Proposition 4.4, in terms of subalgebras a(I',) and b which are Koszul by
induction. By Theorem 2.10 we conclude (see |2, Lem. 2.2]). O

Corollary 4.6. If I" is a special mized graph, then the cohomology ring of the T-RAAG
Lie algebra of a(I") is the commutative connected k-algebra presented by

. e &G {vi,v;} ¢ E
Ha(D), k) = <@ 2586, (000) = (000 1(0)), e D>

where &; denotes the dual basis element of the canonical generator v; € V.
In particular, the cohomological dimension cd a(I') equals the clique number of T, that
1s the maximal integer n such that I' contains an n-clique.

Proof. Since a = a(I') is a Koszul Lie algebra, its cohomology ring is isomorphic to the
quotient of the tensor algebra over aj = homy(ay, k) by the ideal generated by the elements
a € (a; ®ap)* such that a(v@w —wRvV+0(V)w R W+ O(w)v@v) = 0 for all {v,w} € E,
where we have identified af ® af with (a; ® a;)*. Let (§;) be the dual basis of aj relative
to (v;), i.e., &(v;) = 6;;. The second assertion follows from the fact that §;¢;, vanishes in
H*(a) when {v;,v;} ¢ E, i # j, and & = £X¢; = fisz» = 0 when (v;,v;) € (0,t)(D), and
&€ HY(a). O

By Example 2.3(2), the T-RAAG associated to a special mixed graph is torsion-free
for it has finite cohomological dimension. On the other hand, if I' is not a special graph,
then a(I') might have torsion.

Example 4.7. Consider a non-special complete graph A with an oriented cycle, e.g.,
V=Av,...,u}, E= {{vi,vj} ‘ i # 7, vi,v; € V}, D= {{vi,viﬂ} } i= 1,...,n},
and (o, t){v;, vi11} = (vi,v;11) (indices mod n). In the associated T-RAAG a(A), one has

(Z UZ') = Zv?] + Z[vi,vj] = 22@1[2} =0,
i=1

i=1 i=1 i<j

that is, the sum of all canonical generators is a torsion element.
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The existence of torsion elements depends on the ground field.

Example 4.8. Consider the restricted Lie algebra g = (z,y ‘ [z, y] + 2, [z,y] + y&) . By
abusing the notation of T-RAAG Lie algebras, g can be seen as the Lie algebra associated
to the following directed graph
.A.
T~
Since g = kal¥, if a, B € k, then (ax + By)?) = 0 implies a* + 3% + a8 = 0, which
has a non-trivial solution iff £ contains F,. Notice that for such k, if @ € k satisfies
a?+a+1=0,then g = <:):’, Y } 2/ y’[2]> is a free product of elementary abelian Lie

k-algebras, where 2’ = ax + vy, and v = = + ay.

Unlike the simplicial case, if [' is a mixed graph and A is an induced subgraph, then
a(A) might not be a retract of a(I') in a natural way.

u v
Example 4.9. Consider the single-edge graph I' = e——e .

The quotient of the T-RAAG Lie algebra a(I') = (u, v | [u,v] + ul?!) by the restricted
ideal generated by v is elementary abelian, and hence not a T-RAAG.

Nevertheless, we can avoid the situation of the example if we only consider subgraphs
containing all the negative vertices of I'.

Lemma 4.10. Let I be a special mized graph. Let X be a set of vertices of I not containing
the terminus of any edge, i.e., X Nt(D) = 0. Then, a(I")/(X) is the T-RAAG Lie algebra
associated to the induced graph of I spanned by V' \ X.

Proof. Let A be the graph spanned by V' \ X. We prove that the natural map ¢ : a(A) —
a(I") admits a retraction, namely, a left inverse. Let o(v) = 0 for v € X, and o(v) = v
for any vertex v of A. A computation of ¢ on the relations shows that o extends to a
well-defined restricted homomorphism, which is thus a retraction of «. O

The same proof shows that X can also contain a negative vertex v, provided that it
also contains the whole star of v, namely, the set of its adjacent vertices.

In the unidirected case, the graph is determined by its associated RAAG Lie algebra,
namely, if a(I') ~ a(I'), then the graphs I and I are isomorphic (see Kim and Roush
[16], and Droms [9] for the group theoretic case). As for twisted right-angled Artin groups
(cf. [4]), this is no longer true in the Lie algebra case.

Example 4.11. Let
Y1 Y2

S, = \\C//

and consider the associated T-RAAG Lie algebra over k.

18



Restricted graph Lie algebras in characteristic two

Let ¢/ = y1 + yo. One has [y, 2] = [y1,2] + [y, 2] = 22} = 0. It follows that the
assignment ¢(z) = ', ¢(y1) = y1, ¢(y2) = yi + ' defines an isomorphism between a(X,)
and the restricted Lie algebra

<x’, vy | ] [ ) = x’m> :

which is the T-RAAG a(I'y), where

In particular, we see that the mixed graph is not determined by the isomorphism class of
the associated T-RAAG.

This procedure clearly applies to any directed star graph in with vertex set V =
{0,1,...,n}, and edge sets £ = D = {{O,i} ‘ 1= 1,...,n} , with o(e) = 0 for all e € D.
The graph I',, = (V, E,{0, 1}, 0,t) has the same simplicial edge-set as in, and a single
directed edge, say D' = {{0,1}}.

4.1 Hilbert series of T-RAAGs

Let I' = (V, E, D, o0,t) be a special mixed graph. Denote by I'° the simple graph with
vertex set V' and edge-set £’ = E'\ D. We compute the Hilbert series of a(I') from that
of the RAAG Lie algebra a(I'°).

In fact, one clearly has a surjective restricted homomorphism 7 : a(I'*) — a(I"), which
is an isomorphism in degree 1. Since these T-RAAG Lie algebras are Koszul, the inflation
7 H*(a(I')) — H*(a(I'°)) is surjective, and we need to compute its kernel.

For this, fix an ordering on V' and let X be the set of cliques of I' properly containing
the terminus of some edges in D, i.e.,

.’f:{(’):{vl,...,vn}gv‘OOV_#(Z), \(’)\:n22}.

Let O € X. As I is a special graph, |ONV_| = 1, and we let vp be the minimal vertex of
O NV, (with respect to the chosen ordering).

By Corollary 4.6 the ideal ker 7* is generated in H*(a(T')) by the elements (v*)?
where v € o(D) and v* denotes the Kronecker dual of the canonical basis element v, i.e.,
v*(w) =1if w=wv, and v*(w) =0 if w € V' \ {v}. Moreover,

kerw*:E k- v H v*
Oex veONV;

Indeed, if vy,...,v,, are pairwise-adjacent vertices, then there are only two possible
cases:
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(1) If vy is not the origin of any edge e € D, then (v})? already vanishes in H*(a(T)).
(2) If vy is the origin of an edge e € D, with v = t(e), then (v})%v; ... v}, = viv v} ... vF,
does not vanish in H*(a(I')) only if each v; is adjacent to v; if this is the case, then

(vP)2vh . ovf = vi(v3)? . vl = o= vtuh . (v)?, and {v, vy, ... v} € X is a clique
containing a negative element.
On the other hand, if vy, ..., v,, are not all pairwise adjacent, then (vi)?v;...v", = 0.

Example 4.12. (1) Consider the single-edge I" = u :one has I'° = v , and
thus

H*(a(T)) = kl[u*, v"]/((u")? + u™v*, (v)?),
and

H*(a(T%)) = kl[u*, v*]/((u*)?, u™v", (v*)?),

which gives ker 7* = k - (u*)%.
(2) Consider the graphs
(2 w1 (&1 wy
= c o= c
() Wa VU Wa
d d

and

The cohomology rings of a(I') and of a(I'°) are quotients of the polynomial algebra
Elvf,wi, ¢, d* i =1,2]
by the ideals generated respectively by Qr and Q2r., where

Qr = Span, {(c*)?, c*vf + (v))?, cfw} + (w})?, & d* + (d°)?, d*v}, d*w} viwyi : i, =1,2},

17 71

Qre = Spang {(c*)?, (v7), (w))?, (d*)?, d*v}, d*w}, viwy, o}, cwy, ' d* 0,5 = 1,2}

3 17 71

The homogeneous components of the kernel I = ker 7* are

0, J<20rj>3
L= k- (d)?+ 30 k- (o) + k- (w))?, =2
ke (v)?vs5 + k- (wi)?ws, j=3

Indeed, (v7)%vy = (v3)?, and (v7)3 = (v})*c* = vi(c*)? = 0, ete.
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Proposition 4.13. Let I' be a special mized graph. For ¢ > 2, let n; be the number of
i-cliques containing a negative vertex. Then, the Poincaré series of a(l'), i.e., the Hilbert
series of H*(a(I")), is

> dim H(a(I))t' = Cre(2) + Y _ n;2’

i>0 i>2
where Ca(t) denotes the clique polynomial of the simplicial graph A.

Proof. Consider the natural surjection 7* : H*(a(I')) — H*(a(I'*)). Recall that the re-
stricted cohomology of a(I"°) is isomorphic to the Chevalley-Eilenberg cohomology of the
ordinary Lie subalgebra Z1o of a(I'°) generated by its elements of degree 1 (cf. the
restrictification functor in [2]). It follows that

> dim H'(a(D)t =) (dim H(a(I')) + dim(ker 7*);) 2.

i>0 >0

From the computations performed above, we get dim(ker 7*); = n;, which gives the de-
sired formula, as the Poincaré polynomial of an ordinary RAAG Lie algebra is the clique
polynomial of the defining graph. O

The next result thus follows at once.

Theorem 4.14. Let T' be a special mized graph, and let a(T') be the associated T-RAAG
Lie algebra. Then, the Poincaré series of a(T") is the clique polynomial of the underlying
simple graph I'.

Since the restricted envelope u(a(I")) is Koszul, it follows from Fréberg’s formula that
the Hilbert series of u(a(I")) is

> dim(u = COr(—t)™. (4.2)

>0

By the main theorem of Petrogradsky [21], the Hilbert series of the T-RAAG a(I') is
3 dim (a(I),)t = 2“2 In (")
i>1 n>1

where ¢ is the formal power series of the Hilbert series (4.2) of u(a(I')), and ps is the
mod-2 Mobius function described in §2.3.

5 Subalgebras of T-RAAGs

In this section, we provide a complete characterization of Bloch-Kato T-RAAGs in
terms of the structure of the defining graph.
To begin with, we exclude non-special graphs from the discussion.
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Proposition 5.1. Let T' be a non-special mized graph. Then, a(I') contains a non-quad-
ratic, standard subalgebra.

Proof. Since I' is not special, it contains an induced subgraph A on three vertices u, v, w
such that ut € D and either viv € D or 7w € E'\ D. We put 6 = 1 in the first case, and
0 = 0 otherwise, so that [v,w] = v, Consider the subalgebra b of a(I') generated by
the vertices of A. We can assume that b is quadratic, and hence isomorphic to a(A).

Let m be the subalgebra of a(A) generated by u-+w and v. Since [u+w, v] = u@ +0vl2,
the quadratic cover “m is a free restricted Lie algebra, and hence it is a proper extension
of m as [u+w,v?] = 0. O

Example 5.2. Let I' = (V| E, D,o,t) be a special mixed graph, and let a(I') be the
associated T-RAAG over k.

1. Let I = A,, ie, V = {1,2,3} and E = D = {12,32}. Denote the canonical
generator of a(Ag) corresponding to i € V by x;.

Consider the subalgebra generated by z; + x3 and x5. Then,

(2] 2]

[, 21 + 23] = 27" + x5 and (21 + zg)@] _ .2 2]

— :L’l —|—£L'3 + [1:1,1'3],

proving that “b is free. Since for i € {1, 3}

[, 2] = [, [0, 23]] = [0, 2] = [, x], 2] = 217, 2] = 0,

it follows that [17[22], x1+x3] = 0, and hence b is not quadratic. Notice that, for RAAG
Lie algebras associated to simple graphs, the existence of non-quadratic standard
subalgebras generated by 2 elements is prevented by [2].

2. Let I be the square graph, i.e. V = {1,2,3,4} and E = {{1,2},{2,3}, {3,4}, {1,4}}.

(a) If D = (, then the subalgebra b of a(I") generated by 1 + x2,x3,x4 is not
quadratic. Indeed, the only degree-2 relation of b is [x3, 24 = 0, and one has
[[1’1 + T, 1'3], 1’4] = 0.

(b) Suppose that 12 € D. Since the graph I is special, also 32 € D. Then the
subgraph A on {1, 2, 3} is the same mixed graph of (1), and a(A;) is a standard
subalgebra of a(I").

3. Suppose that I' = P, is the path of length 3, ie., V = {1,2,3,4} and E =
{{2,3},{3.4}, {4, 1}}.

(a) If D = (), then, the same computations as in (2a) prove that the subalgebra b
of a(I") generated by x; + 9, x3, T4 is not quadratic.
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(b) If D is nonempty, then either I' contains an induced Ay, or V_ C {1,2}. In the
latter case, let € : V' — k be the associated signature. One has

]

[[x1 + 22, 23], 4] = [[21, 23] + 9(@)3:%2 ,Tq] =

21, 4], @3] + [, [, 24]] + O(2) [}, 2] =

I
I
= O(x) [z, 23] + 0+ 0 =0.

On the other hand, the only degree-2 relation involving the elements z; +

To, T3, Ty aTE [T1,To] = :52[-2], for O(z;) =0 (i = 1,2), and [z3,24] = 0, proving
that the standard subalgebra generated by those elements is not quadratic.

It follows that if " is not a Droms mixed graph, then a(I') contains a non-quadratic
standard subalgebra.

Lemma 5.3. If T" is a simple graph, i.e., D = (), then all standard restricted subalgebras
of a(T") are RAAG Lie algebras if and only if I' is a Droms graph.

Proof. Let 4t be the ordinary RAAG Lie algebra over k. The restrictification of %
is a(I"), which is Bloch-Kato precisely when so is .Z. Hence, the result follows from
1, Ex. 4.4]. 0
5.1 The prime field F,

For k = IFy the prime field of characteristic 2, the situation is identical to that of the

group theoretic one given in [4].

Proposition 5.4. If T is a mized graph and a(I") is the associated T-RAAG restricted Lie
algebra over the prime field Fy, then the following are equivalent:

1. T' is a mized Droms graph.

2. All standard restricted subalgebras of a(I') are T-RAAGS.

3. a(T") is weakly Bloch-Kato, i.e., all standard restricted subalgebras of a(I') are quad-
ratic restricted Lie algebras.

4. a(T') is Bloch-Kato, i.e., all standard restricted subalgebras of a(I') are Koszul re-
stricted Lie algebras.

5. The cohomology ring of a(I") is universally Koszul.

Proof. The equivalence (4) <= (5) is clear, and obviously (4) implies (3). Example 5.2,
together with Proposition 5.1, shows that (3) implies (1). Moreover, by Corollary 4.5,
(2) implies (4). It remains to prove that (1) implies (2). The proof is based on that of
the group theoretic analogue [4]. Suppose that I' is a Droms mixed graph. We argue by
induction on the number of its vertices |V|.
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The case |V| = 1 is trivial, so suppose that |V| > 1. If I is disconnected, say I' =
[y U Ty, then a(I') is the free product a(I') = a(I'y) IT a(I'y) of restricted Lie algebras.
In particular, the cohomology ring of a(I') is the direct sum of those of the a(I';)’s, and
hence, by induction, it is universally Koszul, proving that a(I") is Bloch-Kato. From the
Kurosh subalgebra theorem [1], (3) follows.

Now suppose that I' is connected, and hence a cone Vg (I'), where €' is the signature
of I'" and v is the tip of the cone, i.e., V = V(I") U {v}. The unique signature 6 for V is
the extension of " with 6(v) = 0. Hence, a(I) is the semidirect product (v) x a(I"). By
induction, we suppose that all the standard subalgebras ¢ of a(I'") are T-RAAG restricted
Lie algebras with signature ¢'|.. Let 7 : a(I') — a(I") be the natural projection. If b is
a standard subalgebra of a(I'), then the image m(b) in a(I”) is a standard subalgebra of
a(I'"), and hence a T-RAAG Lie algebra by induction, i.e., there exists a mixed graph
A= (V(A),E(A), D(A), 0a,ta) such that 7(b) ~ a(A), with signature ¢'| ). Put V(A) =
{vi,..., v}, and let z; € b such that w(z;) = v,. For all ¢, since 7|qrv) is the identity map,
there exists a scalar «; € Fy such that v; +x; = a;v. We need to show that the assignment
o(v;) = v; + a;v extends to a restricted Lie map m(b) — b giving a split exact sequence

0 —— bN(v) > b —— 7(b) > 0. (5.1)

Kro _

o

Let v; and v; be two different vertices of A. There are two cases to consider.

(i) If mo; € E(A), then [v;,v;] = 0 and ' (v;) = 6'(v;) = 0. Hence, [v;, v] = [vj,v] =0,
proving that [o(v;), o(v;)] = 0.

(ii) If v;0; € D(A), then €' (v;) = 0 and #'(v;) = 1. One has

[’UZ' + o,v, (] + Oéj’U] = Ulm + Oéﬂ)m.

Since «; € Fy, one has a? = a;, and hence [o(v;), o(v;)] = o(v;) 2.

Therefore, o : 7(b) — b is a homomorphism, and 7o is the identity on 7(b), proving
that the exact sequence (5.1) splits. We deduce that b = (b N (v)) x w(b) is a T-RAAG
Lie algebra with canonical generators z; (1 = 1,...,7), and possibly z € b; N (v). Finally,
the map 0(z;) = 0'(v;), 0(x) = 0, for x € by N (v), is a signature for the defining graph
of b and is the restriction of 6. Since b is a T-RAAG Lie algebra, we deduce that a(T") is
Bloch-Kato, and hence its cohomology ring is universally Koszul. O

5.2 Non-prime field

In the following example, we show an unexpected behaviour of T-RAAGs over larger
fields: if k # Fo, then the T-RAAG Lie algebra of a particular Droms graph with 3 vertices
is not Bloch-Kato, and its cohomology is not universally Koszul. This is essentially due
to the trivial fact that the map a — a of a torsion-free, abelian, restricted Lie algebra a
over a field k£ sending each element to its 2-power is not linear, unless k = Fy. Indeed, if
o € k\Fy, and = € a is non-zero, then (ax)? = o2zl # az?.
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Example 5.5. Let k be a field of characteristic two with at least 4 elements, and let o € k
such that a? # 0. Consider the special graph e consisting of two adjacent vertices vy, vs,
where V, = {1}, and I' = Vy(e); then the associated T-RAAG restricted Lie algebra
over k is

a= <’U,U1,U2 | [v1, ], [vz, v1] + 0 [va, 0] + v[2]> :

Let b be its standard subalgebra generated by vy + av and vy. Because, [vg, v1 + av] =
ol vl and (v + o) = v + 4201 are linearly independent, one has by = k- v @ k-
UF] Dk- v£2] = ay. Therefore, by has the same dimension as the degree-2 component of the
free restricted Lie algebra on two generators, and we deduce that b is free. Nevertheless,
the equality [vs, (v, + av)l@] = 0 implies that b cannot be free, and ‘b # b. Notice that,
since (v + o) = o + a2 and [vy, +av, vs] = v + vl one has b (v) = (v/2),
i.e., it is zero in degree 1 and contains v!?.

Since a is Koszul, its cohomology is the associative algebra with presentation

H*(a.k) = {a,b,c| ab+ ba,ac + ca,be + cb, ¢, ac + a® be + 7).

where (a, b, c) is the dual basis to the basis (v, vy, vs). Although we already know that
H*(a, k) is not universally Koszul (since a is not Bloch-Kato), we prove this explicitly.
Consider the ideal I generated by the element x = aa + b, i.e., I is the ideal generated by
the elements f € H'(a, k) = a} such that f|,, = 0.

The elements za, xb, zc are linearly independent, whence I has no relation of degree 2 as
an H*(a, k)-module. Nevertheless, z - (a(1+ «)~'ab+b%) = 0, and hence Tor{'s(1, k) # 0,
which means that I is not a quadratic A-module (of degree 1).

Lemma 5.6. Let IV be a simple Droms graph, and let Y be a mized graph consisting of
a single vertex y, which is a negative vertex not lying in 1. Consider the special cone
['=Vy(I"UY) on the mized graph I LY, where 0 : V(I"UY') — k is the signature with
O(y) =1 and |y = 0. Then, the T-RAAG Lie algebra a(I') over k is Bloch-Kato.

Proof. By Lemma 5.3, all the standard subalgebras of a(I',) are T-RAAGs, where v is
the tip of the cone I' = V(I',), and I', = I" L Y.

Let m be a standard subalgebra of a(I'). If m is contained in a(I',), then m is a
T-RAAG Lie algebra. So, assume that v appears with a non-trivial coefficient in the
linear expression of some element of degree 1 of m. By Lemma 4.10, a(T",) is the quotient
a(I)/(v); let ™ be the corresponding projection.

We can choose the generators v + ug, uq, ..., u, of m so that the u;’s are elements of
a(l',). Consider the Lie subalgebra h = (uq, ..., u,) of the restricted RAAG Lie algebra
a(l'y), i.e., b = mw(m). Clearly, if ug lies in the linear span of the wu;’s for i > 1, then
m ~ f x £. We can thus focus on the contrary.

Since Droms theorem holds true for restricted RAAG Lie algebras over arbitrary fields
(Lemma 5.3), b is a restricted RAAG Lie algebra. Moreover, up to a Gauss elimination
procedure, we can assume that y only appears in one of the u;’s, say u;,. In particular,

(I
(T
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by Kurosh theorem [1], b is the free product of the free restricted Lie algebra generated
by wu;, and its subalgebra (uq,...,u;,. .., u,), where u;, means that the generator u;, is
omitted.

Consider the map f : h — m given by f(ug) = v + up and f(u;) = w; for i > 0. We
need to check well-definedness. After that, notice that f is the inverse of 7|y, i.e., h ~ m.

If ig = 0, then b = (ug) I (uq, ..., u,), and f is well-defined by the universal property
of the free product.

If iy > 0, then f is well-defined as [v,u;] = 0 for all ¢ # iy, and no relation involves
Uiy - O

Corollary 5.7. Let k # Fy be a field of characteristic two, and let I' be a mized graph.
Then the T-RAAG Lie algebra a(T') over k is Bloch-Kato if and only if T' is a Droms
mixed graph, and all the directed edges in any connected component of I' have a common
origin.

Proof. First, suppose that a(I') is Bloch-Kato. Then I' is a Droms mixed graph by
Proposition 5.1 and Example 5.2.

Let us assume, without loss of generality, that I" is connected and has two different
directed edges e1,eo € D. If, by contradiction o(e;) # o(ez), then there are two cases to
consider.

(1) If t(e1) = t(e2), then either A4 or the graph of Example 5.5 is induced in I', proving
that a(I") is not Bloch-Kato.

(2) If t(e1) # t(e2), then e; Ney = (). Moreover, there exists a positive vertex v that is
adjacent to all the other vertices of I'. We may assume that v & es, so that the induced
subgraph spanned by v and es is the graph described in Example 5.5, contradicting the
assumption on a(I').

Now assume that I' is a Droms mixed graph, and all directed edges in any connected
component have a common origin. We argue by induction as usual. If I" is disconnected,
by induction, a(I") is a free product of Bloch-Kato Lie algebras, and hence it is Bloch-Kato.

We can thus suppose that I' is connected, and hence there is a positive vertex v that
is central in T'. Clearly, if D # (), then v is the common origin of all the edges e € D.
Since I' is a special mixed graph, the graph I', induced by the vertices # v is a disjoint
union of a simple Droms graph and a discrete set of negative vertices, i.e., I' is obtained
by attaching a star in+1 at v to the subgraph spanned by all the positive vertices. In
view of Example 4.11, we can assume that I' has a single negative vertex, and hence, by
induction and Lemma 5.6, we deduce that a(I") is Bloch-Kato. O

Example 5.8. The graph I with realization

26



Restricted graph Lie algebras in characteristic two

N

h) 4

is obtained by taking the cone of the disjoint union of two simple Droms graphs (the
fish-shaped graph &, and the complete graph K, on 4 vertices), and then attaching a
directed star 4 to the tip of the cone, i.e., I' = V(U K4 LU4N), where 4N is the discrete
mixed graph consisting of four negative vertices. The associated T-RAAG Lie algebra
over a field of characteristic two is Bloch-Kato, and all of its standard subalgebras are
T-RAAGs.

6 RACG Lie algebras

For a simple graph I' = (V| E)) we define the right-angled Coxeter Lie algebra, or
RACG Lie algebra:

c(F):<V}u[2}, v,w]: weV, {v,w} € FE).

It can be seen as the quotient of the T-RAAG Lie algebra on the mixed graph I' =
(V,E,D,o,t) with D = (), with respect to the restricted ideal generated by v[?, for all
canonical generators v. The ordinary Lie subalgebra of ¢(I') generated by its canonical
generators is the ordinary RAAG Lie algebra Z7.

Example 6.1. Let I be complete. Then, ¢(I') = <v1, . v?], [vi,v]—]> is elementary

abelian, and hence u(¢(I")) is the exterior algebra on an n-dimensional vector space. In
particular, ¢(I") is Koszul, and its cohomology is the symmetric algebra on the dual vector
space ¢(I");. Notice that the Chevalley-Eilenberg cohomology of the underlying ordinary
Lie algebra of ¢(I") is the exterior algebra on ¢(I")*.

It follows from Lemma 2.6 that if ¢(T") is Bloch-Kato, then so is ¢(V(I")) ~ ¢(T") x £/£[2.

For RACGs, the Bloch-Kato property is not equivalent to the fact that all standard
subalgebras are RACG. For instance, if I is discrete with two vertices, then the subalgebra
generated by the sum of the canonical generators is not elementary abelian, as it should be
if it were a RACG (on a singleton graph). For this we introduce a new class of restricted
Lie algebras interpolating between RAAG and RACG Lie algebras.
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If " is a graph, and 6 : V' — 5 is a vertex labelling of I', the extended right-angled
Lie algebra (or ERA) over k associated to the pair (I, ) is the restricted Lie k-algebra
with presentation

e(l',0) = <V } 9(21)1)[2}, [v1,v2] : veV, {v,v} € E>

For instance, if § = 1 € Fy, then ¢(I',1) = ¢(I'). On the contrary, when 6 = 0, then
e(I",0) is the (restricted) RAAG Lie algebra a(I').

Proposition 6.2. Let I' = (V, E) be a simple graph and 6 : V — Fy a 2-labelling of T'. Let
e(I") be the associated ERA Lie k-algebra.

1. If W C V, then the subalgebra of ¢(I') generated by W is the ERA Lie algebra
associated to the induced subgraph spanned by W, with signature 0|y, .

2. The ERA Lie algebra ¢(I") is Koszul.

Proof. Let W be a proper subset of V. Clearly, the map induced by v € W — v and
v e V\W — 0is a retraction of that induced by the inclusion W < V'; hence (1) follows.

We argue by induction on the number of vertices. If I' is complete, then e¢(I") is the
abelian restricted Lie algebra k™ x €™, where n = |#~!(1,)|. In particular, H*(e(T)) is the
symmetric tensor product of a symmetric algebra and an exterior algebra, which is thus
Koszul. Moreover, the subalgebra of e(I') generated by W is the ERA Lie algebra on the
induced subgraph of I'" spanned by W.

So, suppose [ is not complete, and let v € V' \ W. Denote by I', the induced subgraph
of I" spanned by the vertices # v. By induction, ¢(I",) is a Koszul restricted Lie algebra.

If v is a central vertex of I', then ¢(I') ~ ¢(T",) x (v), proving that ¢(T",) naturally
embeds into ¢(I"). Moreover, H®(e(I")) is the symmetric tensor product of H*(e(I',)) and
H*({v)) — which are generated in degree 1 by induction—, implying that ¢(I") is Koszul
by [22].

If v is not a central vertex, let A be the induced subgraph of I" spanned by the link of v,
i.e., V(A) consists of the elements v € V'\ {v} such that {v,v'} € E. Let w be a vertex of
I', that does not lie in A. By induction, ¢(A) naturally embeds into ¢(I',). Moreover, the
map ¢ : ¢(A) — ¢(I',) defined on the canonical generators by ¢(u) = [w, u| is a derivation
of degree 1, and the associated HNN-extension is isomorphic with ¢(I"). This proves both
that ¢(I',) naturally embeds into ¢(I"), and that, by induction and Theorem 2.10, ¢(T") is
Koszul. O

This allows us to compute the cohomology ring of ERA Lie algebras.

Corollary 6.3. Let I' = (V, E) be a finite simple graph, and let 0 : V — Fy C k be a vertex
2-labelling of I'. Then,

H*(e(T,0), k) ~ k[V*]/(v*w*, (u*)*: {v,w} ¢ E, v#w, u€V st 0(u)=0).
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In particular, for # = 1, we get the cohomology ring of RACG Lie algebras.

Corollary 6.4. Let I' = (V, E) be a simple graph. Then, the cohomology ring of ¢(I") is
the Stanley-Reisner ring of T, i.e.,

H(¢(D), k) = ¢(I)' ~ k[[] := k[V*]/(v'w* : {v,w} ¢ E,v#w).

Since the RACG Lie algebras (of non-empty graphs) contain non-trivial torsion ele-
ments, their cohomological dimension is infinite.

Example 6.5. Consider the discrete graph I' = @ o, and the associated ERA Lie algebra
g= <{E, Y ‘ :)3[2}> ~ £/¢PI1IE over a field k of characteristic two. Its cohomology is the Koszul
dual g' = k[¢,n]/(n?, €n), whose Hilbert series is

ho(t) =1+2t+ 2 +83+ ...,

which can be given in terms of Fibonacci numbers, namely, if f; denotes the ith Fibonacci
number, with fo = fi =1, fisa = fis1 + fi (i > 0), then

-1
. 1—t—1¢2
N S R EIEEE
= 1+t

Indeed, one can prove by induction that —f,,_1+ >, (=1)"""f; = 0 for all n > 2, whence
the following identity in Z[t] holds:

(1—2t 4+ = +t* — ) (fr+ fot + fat? +...) =1

7 Subalgebras of RACG Lie algebras

The strategy for proving a Droms-type theorem for ERAs is the same as for T-RAAG
Lie algebras.

Example 7.1. We proceed similarly to Example 5.2.

1. Let I" be the square graph, i.e.,
V ={1,2,3,4} and F = {{1,2},{2,3},{3,4},{1,4}}.

Then the subalgebra b of ¢(I") generated by z1 4 x9, x3, x4 is not quadratic (here z; is
the canonical generator corresponding to the vertex i of I'). Indeed, the only degree-2
relations of b are [z3, 24] = 9(3)1’? = 9(4)x£12] = 0, and one has [[x] +x2, x3], 4] = 0.

2. Suppose that I' = Py is the path of length 3, i.e.,
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V =1{1,2,3,4} and E = {{2,3},{3,4},{4,1}}.

As in (1), the subalgebra b of ¢(I") generated by x; + o, 3, x4 is not quadratic.

Example 7.2. Consider the labelled graph

F - &——O0—0
where §(z) =1, and 0(y) = (=) = 0:

o(1,0) = (z,y, 2| 2, [z, 9], [y, 2]) .

The subalgebra b of ¢(I", 0) generated by z+y and z is not quadratic. Indeed, its quadratic
cover is free as the three elements [z + y, 2] = [, 2], (z +y)& = yl@, and 2 are linearly
independent. Since [(x + y)!Z, 2] = 0, we deduce that b is not quadratic. So, we get
another example where the direct product of a Bloch-Kato Lie algebra — the ERA Lie
algebra on x, z — with a free abelian one is not Bloch-Kato itself. In particular, for an ERA
Lie algebra, the Bloch-Kato property cannot be checked just by looking at the defining
unadorned graph.
The same argument shows that the ERA Lie algebra associated to the graph

F:x Yy z

with 6(z) = 0(z) = 1, and 6(y) = 0, contains a non-quadratic standard subalgebra.
(See Conca [6, Rem. 3.2|, where the Koszul dual of this Lie algebra is proven not to be
universally Koszul).

Theorem 7.3. Let I' be a graph with a 2-labelling map 6 : V. — Fy. Then the following
are equivalent:

1. T' is a Droms 2-labelled graph.

2. The graph T is Droms, and, for all connected induced subgraphs A of T', either
Olva) = 0, or there exists a central vertex v of A with 0(v) = 1.

3. The ERA Lie algebra ¢(I") is Bloch-Kato.
4. The ERA Lie algebra ¢(T") is weakly Bloch-Kato.
5. All the standard subalgebras of the ERA Lie algebra ¢(I") are ERA Lie algebras.

Proof. The implication (1) = (2) is Lemma 3.3.

Clearly, (5) implies both (3) and (4) by Proposition 6.2(2). If I" is not a Droms labelled
graph, then ¢(I") contains a non-quadratic standard subalgebra by Examples 7.1, 7.2. This
proves that any one of (3)-(5) implies (1).
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It remains to show that (2) implies (5).

We argue by induction on the number of vertices of I'. The base case being trivial, we
suppose that I" has at least two vertices.

Let I' be disconnected with one connected component I'y, and disjoint decomposition
I' =Ty UT,. By induction, both the ¢(I';)’s satisfy (2) and (3), and ¢(I') = ¢(I'y) I ¢(T'y).
It thus follows from the Kurosh subalgebra theorem [1] that if m is a standard restricted
subalgebra of ¢(I'), then there exist graphs A; and Ay, maps 6; : V(A;) — Fa, and a free
Lie algebra f, such that m = §IL ¢(Ay, 6;) I e(Ay, 02). Finally, notice that § is the ERA
Lie algebra associated to a discrete graph A with 65 : V(A) — {0} C Fy, and hence the
disjoint union A U A; U Ay is a defining graph of m, where the signature is defined in the
obvious way.

Suppose now I is connected. If = 0, then ¢(I") is the RAAG Lie algebra a(I"), which
is Bloch-Kato when T' is a Droms graph. On the other hand, if § % 0, then there exists a
central vertex v of I' with 6(v) = 1, and hence ¢(I',0) ~ ¢(T',,6') x £/€2 where ¢ is the
restriction of # to the induced subgraph I, spanned by the vertices # v. If m is a standard
subalgebra of ¢(T,0) ~ ¢(T',,#") x €/€3, then we argue as in Lemma 2.6, and prove that
there exists a standard subalgebra b of g := ¢(I',, 0’) such that m is isomorphic to either
b or h x £/€. By induction, b is an ERA Lie algebra, proving that the same is true for
m. U

In particular, this applies to RACG Lie algebras.

Corollary 7.4. Let ¢(I') be the RACG Lie algebra over k associated to a simple graph T'.
Then, the following are equivalent:

1. T' is a Droms graph.
2. ¢(I") is a Bloch-Kato restricted Lie algebra.
3. All the standard restricted subalgebras of ¢(I') are ERA Lie algebras.

4. All the ordinary standard subalgebras of ¢(I') are RAAG Lie algebras [1].

Corollary 7.5. Let V' be a k-vector space with basis (v;)i1<i<n, and let X : T(V) — A(V)
and o : T(V) — S(V) be the natural projections. Let E C {vi ® v } 1<4,j < n} . Then,

AV)/AE) is unwversally Koszul iff S(V)/o(E) is universally Koszul.
Proof. Let I' = (V, E'), where E' = {{v;, v;} ‘ v; ®v; € E} . Then, the RACG ¢(I') is a
Bloch-Kato restricted Lie algebra if and only if the RAAG 4+ is a Bloch-Kato (ordinary)

Lie algebra. In other words, the restricted cohomology of ¢(I') is universally Koszul
precisely when the Chevalley-Eilenberg cohomology of %t is universally Koszul. O
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