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Abstract. We survey recent results and current challenges concerning the growth
rate inequality for sphere endomorphisms, and present a number of open problems
and conjectures arising in this context.
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1 Introduction

The growth rate inequality

lim sup
n→∞

1

n
log(#Fix(fn)) ≥ log(d) (1)

For a dynamical system f of positive degree d, the inequality is both simple and
natural. For instance, if

f : S1 → S1

is continuous with degree d, the inequality is easily seen to be true. Indeed, the graph of
a lift

f̃ : R → R

must intersect at least d− 1 times the set

{y = x+ n : n ∈ Z}.

This yields at least dn − 1 fixed points for the map fn.
However, in contrast, one can easily construct a continuous map

f : S2 → S2

of degree d for which inequality (1) does not hold. In polar coordinates on R2, consider

(r, θ) 7→ (dr, dθ).

Extending this map to the sphere by setting

∞ 7→ ∞,

we obtain a map of degree d with only two periodic points.
More interestingly, to this day there is no well-understood list of obstructions for the

inequality to hold on the two-dimensional sphere. Moreover, in trying to understand this
simple yet fundamental question in low-dimensional dynamics, several other significant
open problems arise.

When an endomorphism f satisfies inequality (1), we say that f has the rate.
This paper provides an introductory survey of the basic results obtained to date on

this “rate” problem, and presents several related open questions and directions for further
research.

To finish this introductory section, I would like to add that it was Mike Shub that
grew awareness around the growth rate inequality problem within the endomorphism
group working in Montevideo, Uruguay, during one of his many stays in our country. We
are deeply thankful for his contribution, which resulted in many years of both joy and
challenge in our work.
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2 C
1 scenario

Although the growth rate inequality (1) is topological in nature, its historical roots lie
within differentiable dynamics. To borrow the precise cadence of the original work, below
is the first sentence in [34]:

“The relationship between the long term dynamics of an endomorphism of a manifold
and its long term effect on the algebraic topology of the manifold can depend on the
smoothness of the endomorphism.”

We have already seen that if f is a continuous map, the inequality (1) may not hold
(i.e. f may not have the rate). On the other hand, if f is a rational map, then it has
the rate (see [35, Proposition 1]). From [36] it follows that if f is C1, then it must
have infinitely many distinct periodic points, but their growth rate remains unknown. Of
course this raises the question as to whether certain regularity will imply that the map
has the rate. This is not the focus of the present paper. Nonetheless, we present in this
section a very brief overview of the results regarding differentiable maps.

The following is stated in [34, Theorem 1]:

Theorem 2.1. If f : S2 → S2 is a C1 latitude-preserving endomorphism of degree 2, then
for each n, fn has at least 2n fixed points.

The latitude preserving hypothesis means that f carries each latitude into another
latitude or to one of the poles. It need not be a homeomorphism from one latitude to
another. Of course, it follows from Theorem 2.1 that f has the rate.

This result was extended and further explained in [20].
These sets of hypotheses (smooth and preserving some “geographical” (singular) fo-

liation) were later considered in [16], where the authors considered what happens when
one changes the “geography” and replaces the assumption of smoothness by another one.
More precisely, certain foliations with only one singularity are specified and the map is
required to be smooth near this “pole” in order to have the rate.

The research in [16] was carried out by studying “toy models” which may help one to
understand the mechanism of creating periodic points under the assumption of smooth-
ness. See [15], where the authors confirm Shub’s conjecture for smooth maps of S2 pre-
serving the longitudinal foliation.

These strong hypotheses of preserving a foliation and being of class C1 were dropped
and replaced by an assumption on the homological action of the map that generalizes the
former series of results:

Theorem 2.2 ([32]). Let f : S2 → S2 be a continuous map such that deg f = d, |d| > 1.
Assume the following hypotheses hold: (H1) f has two attracting fixed points denoted by
N and S; let A = S2 \ {N, S}, (H2) if a loop γ ⊂ A ∩ f−1(A) is homotopically trivial in
A, then f(γ) is also homotopically trivial in A. Then f has the rate.

As an immediate result we get the following:
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Corollary 2.3. Let f : S2 → S2 be a C1 endomorphism of degree d and assume that
|d| > 1. If f−1({N, S}) ⊂ {N, S}, then f has the rate.

This result was re-obtained in [1] also as a corollary of their work on the growth rate
inequality for higher dimensional spheres.

A crucial remark, that is responsible for these last results and that will be exploited
in the more detailed discussion to follow, is that the C1 hypothesis is only used to guar-
antee that the map is a sink around its critical points. It is natural then not to impose
differentiability, but rather try to understand what the real obstructions are for a sphere
endomorphism to have the rate.

For instance, we have:

Theorem 2.4 ([19]). Let f : S2 → S2 be a degree d map such that all its periodic orbits
are isolated as invariant sets. Then, if f has no sources of degree r with |r| > 1 (this
happens, in particular, if f is C1) we have that f has the rate.

3 Annulus maps

Sphere endomorphisms are too large of a universe to handle. It is natural to focus
on the simplest cases at the beginning. Other than homeomorphisms, the simplest maps
one can think of, in terms of their local properties, are covering maps. A covering map
f : X → Y is a continuous map such that every y ∈ Y has an open neighborhood V whose
preimage is a disjoint union of open sets and each of them is mapped homeomorphically
onto V . If, however, one is interested in dynamics, one needs X to be equal to Y , that
is, one wants a self-covering f : X → X in order to be able to iterate the map. However,
the only possible covering maps f : S2 → S2 are homeomorphisms. So, if one wants to
escape the invertible world, one needs to allow critical points to be present. The best
generalization is the following:

Definition 3.1. We say that f : S2 → S2 is a branched covering if for every point y ∈ S2

there exists a topological disk V containing y such that f−1(V ) can be written as a
disjoint union f−1(V ) = ∪i∈IUi of open sets Ui with the following property: For every
U = Ui there is a unique x ∈ U ∩ f−1(y) and an integer k ≥ 1 such that the restriction
f |U\{x} : U\{x} → V \{y} is a covering map of degree k.

The number k ≥ 1 is called the local degree of f at x, and we will denote it by deg(f, x).
The set of critical points of f is Crit(f) = {x ∈ S2 : deg(f, x) ≥ 2}, and the image of
a critical point is called a critical value of f . The multiplicity of a critical point x is
deg(f, x)− 1.

When a branched covering f : S2 → S2 has exactly two critical points {p, q} verifying
f−1({p, q}) = {p, q}, then f restricts to a self-covering of the open annulus. Indeed, the
punctured sphere S2 \ {p, q} is homeomorphic to the open annulus

A = S1 × R.
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Moreover, the restriction

f |S2\{p,q} : S
2 \ {p, q} → S2 \ {p, q}

is a covering map. For a sphere branched covering, this specific critical configuration is
very restrictive. Nonetheless, annulus coverings (or just maps) have their own interest,
and their theory was developed in [24], [22] and [23], very much focusing on the growth
rate inequality. We review the key points of the theory in this section.

3.1 Semiconjugacies

The most basic question one can ask about a self-map f : A → A is whether it factors
through a circle covering. More precisely, let md : S

1 → S1, md(z) = zd, and let g∗ be the
induced map on homology groups of a given map g. Does there exist a continuous map
h : A → S1 such that h∗ = Id and that hf = mdh?

We will show in this section that any continuous map of the closed annulus of degree
d (|d| > 1) is semi-conjugate to zd on S1. Moreover, if f : A → A has degree d and
K ⊂ A is compact, connected, essential (i.e. not contained in a topological disc of A)
and invariant, then f |K : K → K is semi-conjugate to zd on S1. However, this is not true
for maps acting on the open annulus A (as the ones arising from restricting a branched
covering of the sphere with a set of two points that is totally invariant); even if they are
covering maps. We refer the reader to Section 7.3 for an example of f : A → A a covering
map of degree d that is not semi-conjugate to zd acting on S1. We denote Ã = R× (0, 1)
the universal cover of A.

Theorem 3.2 ([24]). Let A = S1 × (0, 1) and f : A → A a continuous map such that
deg(f) = d, |d| > 1. Let K ⊂ A be a compact set such that f(K) ⊂ K and let F : Ã → Ã
be a lift of f . Then, there exists a continuous map H : K̃ → R such that:

1. H((x, y) + (1, 0)) = H(x, y) + 1 for all (x, y) ∈ K̃

2. HF = dH

3. there exists M > 0 such that |H(x, y)− x| < M for all (x, y) ∈ K̃.

Proof. First note that the space

H = {H : K̃ → R | H is continuous,

H((x, y) + (1, 0)) = H(x, y) + 1

for all (x, y) ∈ K̃ }

is a complete metric space with the supremum metric. Moreover, if we define

T (H) =
HF

d
, H ∈ H,

we have:
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1. T : H → H,

2. T is a contraction.

To see this, we perform the following computations:

1. T (H) ∈ H because

T (H)((x, y) + (1, 0)) =
HF

d
((x, y) + (1, 0))

=
HF ((x, y) + (1, 0))

d

=
H(F (x, y) + (d, 0))

d

=
H(F (x, y)) + d

d

=
H(F (x, y))

d
+ 1

= T (H)(x, y) + 1.

2. Let ρ be the supremum metric on H. Then

ρ(T (H1), T (H2)) = sup
(x,y)∈K̃

|T (H1)(x, y)− T (H2)(x, y)|

= sup
(x,y)∈K̃

∣

∣

∣

∣

H1F

d
(x, y)−

H2F

d
(x, y)

∣

∣

∣

∣

≤
1

|d|
sup

(x,y)∈K̃

|H1(x, y)−H2(x, y)|

< ρ(H1, H2).

Hence T is a contraction.

It follows that T : H → H has a fixed point H . By definition, we obtain:

1. H((x, y) + (1, 0)) = H(x, y) + 1 for all (x, y) ∈ K̃,

2. HF = dH .

Moreover, since H is continuous and periodic, there exists M > 0 such that

|H(x, y)− x| < M for all (x, y) ∈ K̃.

Corollary 3.3. If f is a degree d continuous self-map of the closed annulus and |d| > 1,
then f is semiconjugate to md acting on S1.
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3.2 Nielsen theory

Naturally, we want to use the semiconjugacy to obtain periodic orbits (we are inter-
ested in an exponential growth rate of periodic orbits for sphere endomorphisms). When
dealing with annulus maps, Nielsen theory gives us exactly what we need:

Theorem 3.4 ( [22]). Let f : A → A be a continuous map where A = S1 × (0, 1), let
deg(f) = d and |d| > 1. If Fix(F ) 6= ∅ for every lift F : Ã → Ã, then Fix(f) ≥ |d− 1|.

Proof. If F : Ã → Ã is a lift of f , then any other lift of f is of the form F + k : Ã → Ã,
given by (F + k)(x) = F (x) + (k, 0) for some k ∈ Z.

We denote Fk = F + k and write F (x) + (k, 0) = F (x) + k for all k ∈ Z.
For each k ∈ Z, let xk ∈ Ã be such that Fk(xk) = xk. We want to count how many

distinct points p(xk) there are, where p : Ã → A is the covering projection. To do this,
we study the equation xk = xl+ j, with j, k, l ∈ Z. Observe that xk = xl+ j if and only if

xk = Fk(xk) = Fk(xl + j) = Fk(xl) + dj

= F (xl) + k + dj = Fl(xl)− l + k + dj

= xl − l + k + dj = xk − j − l + k + dj,

which holds if and only if
k − l = j − dj = j(1− d).

That is, p(xk) = p(xl) if and only if k − l ∈ (1 − d)Z. Therefore, the points
p(x0), p(x1), . . . , p(x|d−1|−1) are all distinct, and hence Fix(f) ≥ |d− 1|.

We are thus led to the problem of finding fixed points for lifts F : Ã → Ã. Observe
that Ã is topologically a plane, and moreover, if f : A → A is a covering map, then
F : Ã → Ã is a plane homeomorphism.

This simple observation is key: if we are dealing with coverings, we can now apply the
fixed point theory for homeomorphisms of the plane, which is of course highly developed.
In particular, in the case where the orientation is preserved, we can use Brouwer’s Theory.
And even in the general case, when the map f : A → A is just continuous, we have
Lefschetz index defined on simple closed curves that will come in handy.

Theorem 3.5 ( [22]). Let f : A → A, where A = S1 × (0, 1), be a covering map with
deg(f) = d and |d| > 1. Suppose moreover that there exists a compact essential continuum
K ⊂ A such that f(K) ⊂ K. Then Fix(F ) 6= ∅ for every lift F : Ã → Ã.

Note that this result is strictly a consequence of degree; an irrational rotation of the
open annulus has no periodic points, and has every essential circle as a compact invariant
subset. We include here the proof in the orientation preserving case, to show how it
relates beautifully to Brouwer’s theory:

Proof. (orientation preserving case). Let F : Ã → Ã be a lift of f and H : K̃ → R be
given by Theorem 3.2. Observe that H−1(0) ⊂ K̃ ⊂ Ã is nonempty, since K is essential.
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Moreover, it is compact and invariant; therefore, since we are assuming that f preserves
orientation, Brouwer’s Fixed Point Theorem ensures that Fix(F ) 6= ∅.

When the orientation is reversed, we use Kuperberg’s theorem [28] instead. We refer
the reader to [22] for details.

As a consequence, we have:

Theorem 3.6. Let f : S2 → S2 be such that it restricts to an annulus covering f : A → A.
Suppose, moreover that there exists an essential invariant continuum K ⊂ A such that
f(K) ⊂ K. Then, f has the rate.

It is worth comparing this result against the fixed-point free degree 2 covering example
(r, θ) 7→ (2r, 2θ), where every point is wandering. One may ask if the existence of a non-
wandering point is enough to assure the rate (or even the existence of a fixed point).
Example 7.1 in Section 7 shows that this is not the case.

3.3 Lefschetz index

There is another way to get fixed points for plane maps, that does not require the
homeomorphism hypothesis: the Lefschetz fixed point theorem. We recall that the Lef-
schetz index i(γ, F ) is defined over a simple closed curve γ that is disjoint from the fixed

point set of F . It equals the degree of the circle map t 7→ F (γ(t))−γ(t)
||F (γ(t))−γ(t)||

(we are assuming

here t 7→ γ(t) is a homeomorphism defined on S1).
The following lemma is well-known:

Lemma 3.7. If F : R2 → R2 is continuous, and γ ⊂ R2 is a simple closed curve such
that i(γ, F ) 6= 0, then there exists a fixed point of f in the bounded component of the
complement of γ.

We include Aldo Portela’s proof here, as it is the easiest, most elegant that we know
of:

Proof. (Aldo Portela). Let U be the bounded component of the complement of γ. If F
has no fixed points in U , then i(α, F ) = i(γ, F ) 6= 0, where α is any simple closed curve
contained in U . In particular, we can take α = ∂B(x, ǫ), where x ∈ U and ǫ is small
enough such that f(B(x, ǫ)) is contained in the complement of the closure of B(x, ǫ). It
is now straightforward to compute i(α, F ) = 0, a contradiction.

In what follows we relate Lemma 3.7 to the rate problem. We have seen in the previous
section that in order to have the rate for f : A → A, we have to find fixed points for any
lift F : Ã → Ã. The universal cover Ã can be thought as having four “ends”: bottom,
upper, right and left. We will refer to proper lines connecting the bottom and upper ends
of Ã as “vertical” lines, and to proper lines connecting the left and right ends of Ã as
“horizontal” lines.

Another simple idea gives the rate for maps of the annulus of degree d, |d| > 1: any
lift F will push vertical lines that are sufficiently far to the right or left strictly to the
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right of themselves, or strictly to the left of themselves (we are using |d| > 1 here). So,
with hypothesis guaranteeing that horizontal lines are also pushed strictly above them, or
strictly below them, one can calculate the Lefschetz index of a simple closed curve formed
by intersecting appropriate pairs of vertical and horizontal lines. This is formalized as
follows:

Lemma 3.8 ([23]). Let α and β be disjoint simple proper lines in the plane, each one of
which separates the plane. Let γ and δ be another pair of disjoint curves separating the
plane. Assume also that each γ and δ intersect α in one point and β in one point. Now
let Γ be the simple closed curve determined by the four arcs of the curves delimited by
the intersection points, with the positive orientation. Now let f be a map defined on Γ
such that f(Γ ∩ α) is contained in the component of the complement of α that contains
β, f(Γ ∩ β) is contained in the component of the complement of β that contains α, that
f(Γ∩δ) is contained in the component of the complement of γ that does not contain δ and
that f(Γ∩ γ) is contained in the component of the complement of δ that does not contain
γ. Then the index of f in Γ is equal to 1. 1

Moreover, a similar statement can be proved when f(Γ ∩ δ) is contained in the com-
ponent of the complement of δ that does not contain γ and f(Γ ∩ γ) is contained in the
component of the complement of γ that does not contain δ; in this case If(Γ) = −1.
Therefore, we have the following:

Theorem 3.9 ([23]). Let f : A → A be a degree d map of the annulus, where |d| > 1.
Each one of the following conditions imply that f has the rate.

1. Both ends of A are attracting.

2. Both ends of A are repelling.

Theorem 3.10 ([23]). Let F be a map of the open annulus A that interchanges the ends
of A. If | deg(F )| > 1, then F has the rate.

Note that this last one can be seen as a forcing, Sarkovskii-type, result: let f : S2 → S2

be a degree d map, where |d| > 1. If f has a 2-periodic totally invariant cycle, then it has
the rate.

4 Thurston maps with parabolic orbifolds

We saw in the previous section that if a branched covering f : S2 → S2 has exactly
two critical points {p, q} verifying f−1({p, q}) = {p, q}, then f restricts to a self-covering
of the open annulus. For a sphere branched covering, this specific critical configuration is
very restrictive, but as we have seen, quite interesting.

1Many years later I realized that Lemma 3.8 can be used to give a proof of Brouwer’s theorem for
orientation preserving plane homeomorphisms. This proof is included in Section 8.
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In this section we dive further in this direction and focus on the structure of the
postcritical set: are there hypotheses on this set that guarantee the desired growth rate?
We showed in [27] that for Thurston maps with parabolic orbifolds either the growth
rate is satisfied, or the structure of the postcritical set is exactly as in the counterexample
(r, θ) 7→ (2r, 2θ): there are exactly two critical points which are fixed and totally invariant.
We will define Thurston maps and parabolic orbifolds soon, but we first give a little
context.

Thurston maps with parabolic (also called non-hyperbolic) orbifolds were completely
classified in [11]. It turns out that these maps can be lifted to degree d covering maps
(|d| > 1) of either the open annulus or the torus, or even act directly on the open annulus
by restriction (for example, when there are exactly two totally invariant critical points as
in the map (r, θ) 7→ (2r, 2θ)). So topologically, parabolic orbifolds are quotients of torus
or open annulus endomorphisms2, where the quotient may be trivial.

The theory of torus endomorphisms is of course well understood, even from the point of
view of the growth rate inequality, because of compactness and homological considerations.
The theory of open annulus endomorphisms was discussed in Section 3 of the present work.
As a consequence, these very special maps (Thurston maps with parabolic orbifolds)
provide a perfect environment to tackle this elusive growth rate problem.

The growth rate inequality for expanding Thurston maps was already known. It was
shown in [29] that each expanding Thurston map has deg f +1 fixed points, counted with
appropriate weight. The definition of an expanding Thurston map is rather technical and
we will not discuss it here, but we refer the interested reader to the excellent book [4].

We do not assume our maps to be expanding, but more importantly, even when they
are expanding, our proofs are entirely different. We gave purely topological proofs of the
results, using only elementary algebraic topology and the Lefschetz fixed point theorem.

Definitions and notations

If f : S2 → S2 is a branched covering, we denote by degx f the local degree of f at x. We
will call Sf = {x | degx f > 1} the critical set of f , and Pf = ∪n>0f

n(Sf) the postcritical
set.

A Thurston map is an orientation preserving branched covering of the sphere onto itself
such that the postcritical set Pf is finite. The ramification function νf of a Thurston map
f is the smallest among functions ν : S2 → N∗ ∪ {∞} such that:

• ν(x) = 1 if x /∈ Pf ;

• ν(x) is a multiple of ν(y) degy(f) for each y ∈ f−1(x).

The orbifold associated to a Thurston map f is the pair Of = (S2, νf). Note that
{p ∈ S2 : νf(p) ≥ 2} = Pf is a finite set. If we label these points p1, . . . , pn such that
2 ≤ νf (p1) ≤ . . . ≤ νf (pn), then the n-tuple (νf(p1), . . . , νf (pn)) is called the signature of

2The converse statement is also true: quotients of torus and annulus endomorphisms have parabolic
orbifolds. This was proved by the author and S. Llavayol in [30].
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(S2, νf). Thus the numbers appearing in the n-tuples are the values of the ramification
function, which assign “weights” to points in Pf .

The Euler characteristic of (S2, νf) is

χ(Of ) = 2−
∑

x∈Pf

(

1−
1

νf(x)

)

.

A Thurston map has parabolic orbifold if χ(Of ) = 0. A Thurston map has a parabolic
orbifold if and only if degp f ·νf (p) = νf(f(p)) for all p ∈ S2 and if and only if the signature
of Of is (∞,∞), (2, 2,∞), (2, 4, 4), (2, 3, 6), (3, 3, 3) or (2, 2, 2, 2) (see, for example, [4,
Proposition 2.14]). If there is no place for confusion, we will often write ν instead of νf
for the ramification function.

Theorem 4.1 ([27]). Let f : S2 → S2 be a Thurston map with parabolic orbifold and degree

d, |d| > 1. Then either the growth rate inequality lim sup
n→∞

1

n
log(#Fix(fn)) ≥ log |d| holds

for f or f has exactly two critical points which are fixed and totally invariant.

It follows that a Thurston map with parabolic orbifold either satisfies the growth rate
inequality or the signature of f is (∞,∞) and Pf = Sf = {p, q} ⊂ Fix(f).

The proof of this theorem is done case by case, analyzing the six possible signatures
for parabolic orbifolds. Regarding the signature (∞,∞), we point out the following: if a
map in this class does not satisfy the growth rate, then necessarily p and q are fixed (and
not a period-2 critical cycle). This is stated in [23, Remark 4(2)] and was explained in
Theorem 3.10 in the previous section.

Proof. (Sketch in the general case:) The key is to show that each parabolic map

f : S2 → S2

lifts to a map
F : X → X

under a branched covering projection

π : X → S2,

where X is either the annulus or the torus, and π is finite-fold.
Therefore, if a lift F : X → X has the rate, then f also has the rate. Indeed, for every

iterate k, the fixed points of fk are at least a fixed fraction of those of F k.
In order to prove the existence of the lifts, we use the classical lifting criterion: parabol-

icity provides exactly the homotopical condition required for lifting.
In order to prove that a lift F : X → X has the rate one uses the deck transformations

of the covering projection π. If one lift F does not have the rate, then there exists
T ∈ Deck(π) such that TF has the rate. In the annulus case, which reduces to the
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(2, 2,∞) signature, one uses again Theorem 3.10, as if one lift F fixes the end of the
annulus, then the other one interchanges them (π is the usual two-fold branched covering
from the annulus to the plane in this case). For each of the remaining (toral) signatures,
one just needs to check that the lift F : T2 → T2 has hyperbolic action on homology
in order to verify the rate. Indeed, it follows from [8, Theorem 1.2, p. 618] that if all
eigenvalues of F∗ : H1(T,Z) → H1(T,Z) are different from 1, then F satisfies the growth
rate inequality. Again, if one lift F : T2 → T2 has non-hyperbolic homology action, one
can find T ∈ Deck(π) such that TF acts hyperbolically on homology. This is due to the
very specific geometries of the branched coverings π arising from parabolic orbifolds. For
much more on this last point we refer the reader again to [4].

To finish this section, we point out the following. We have seen that parabolic orbifolds
come with a surface covering associated to them, and therefore with a plane homeomor-
phism associated to them. As already explained, pairing this together with Brouwer and
Nielsen theory guarantees the growth rate inequality in this setting, apart from a well
known exception. This means that for parabolic orbifolds, the obstructions for not ver-
ifying the growth rate inequality are completely understood: f has exactly two critical
points which are fixed and totally invariant. It would be then desirable to have a program
to link the theory of plane homeomorphisms with hyperbolic orbifolds as well.

5 Topological polynomials

In this section, we still consider sphere branched coverings, but drop the parabolicity
condition and make the following assumption instead: there exists a proper, open, simply-
connected and completely invariant region R ⊂ S2. These two assumptions (branched
covering + completely invariant simply connected region) are strong assumptions, but
there will be more, since many examples of maps not having the rate satisfy these two
assumptions (we discuss many of these examples in Section 7). These examples also
satisfy that there are exactly two fixed critical points of multiplicity d− 1, one in R and
the other one in the boundary of R. It follows that f can be thought of as a covering map
of the open annulus R2\{0}, and such maps were discussed in Section 3.

In the case that the boundary of R is locally connected, we showed that outside this
very particular post-critical configuration, the growth rate inequality is verified:

Theorem 5.1 ([25]). Let f be a degree d branched covering of the sphere, where |d| > 1.
Assume that there exists a completely invariant simply connected region R whose boundary
is locally connected. Assume moreover that it is not the case that there exists only one
critical point in the boundary of R that has multiplicity d − 1 and is fixed by f . Then, f
has the rate.

We do not know if the hypothesis on local connectivity is necessary. A main ingredient
in the proof of Theorem 5.1 is that f extends continuously to the prime end closure of R.
This extension of f induces a map f̃ of the circle that turns out to be a degree d covering,

12
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despite the fact that f could have critical points on the boundary of the region R. It
follows that for every positive n, f̃n has at least |dn − 1| fixed points. As the boundary
of R is locally connected, to each periodic point of f̃ corresponds a periodic point of f in
the boundary of R. However, this correspondence is not injective, so in order to get the
rate one has to understand how many different f̃ -periodic prime ends correspond to the
same point in the boundary of R.

An example to have in mind is when f is a complex polynomial with connected and
locally connected Julia set. Then f has a superattracting fixed point at infinity and the
region R is its basin of attraction, which is the complement of the filled Julia set. Figure
1 shows different periodic rays landing at the same point, namely the periodic orbit
1/7 → 2/7 → 4/7 is reduced to a point in the boundary of R. More figures illustrating
this phenomenon can be found in [31, Chapter 18].

1
7

2
7

4
7

Figure 1: Julia set for f(z) = z2 − 0.110 + 0.6557i

So, in particular, Theorem 5.1 is a topological version of the fact that complex poly-
nomials (with connected and locally connected Julia set) have the rate. Following the
polynomial analogy, the opposite situation corresponds to the case when all critical points
belong to the complement of the filled Julia set. We also gave a topological version of the
fact that such maps have the rate:

Theorem 5.2 ([25]). Let f be a degree d branched covering of the sphere, where |d| > 1.
Assume that there exists a simply connected open set U whose closure is disjoint from the
set of critical values and such that f−1(U) ⊂ U . Then f has the rate.

Going back to Theorem 5.1, we already pointed out that local connectivity is a tech-
nical hypothesis used only to guarantee that external rays land. If one wanted to push
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the proof forward, one has to consider the case where external rays land on proper sub-
continua of ∂R and try to fish for fixed points inside these continua. This strategy could
work if for instance one could prove that the impression of periodic rays (or at least of
enough of them) is contained in an injectivity region of f . Indeed, if that were the case,
one could get fixed points of the iterates fn by applying some Brouwer theory locally.
However, it may as well happen that the impression of every (periodic) prime end is the
whole set ∂R, in which case this particular strategy falls apart. The question that arises
then is whether or not that is possible.

It is fascinating that this is not known even in the holomorphic case. Indeed, whether
or not there exists a rational function with an indecomposable continuum as its Julia set is
a well-known unsolved problem (see [10]). Furthermore, it was not known until recently
if there existed branched coverings of the sphere of degree d, with |d| > 1, having an
indecomposable completely invariant continuum. In [26] such an example was given, and
we will discuss it in the next section. However, this example does not have a completely
invariant proper and simply-connected region. Moreover, it is not known whether or not
there exists a plane branched covering of degree d, with |d| > 1, having an indecomposable
completely invariant continuum.

In [14] the results in [10] were studied from a topological viewpoint, and were shown
to be purely topological (independent of the holomorphic assumptions).

It is known that certain indecomposable continua cannot be totally invariant subsets of
a sphere branched covering, and this will be discussed in Section 6. However, intriguingly
enough, the general question stands wide open.

6 Indecomposable continua

As explained in the previous section, the hypothesis of local connectivity does not
seem to be relevant in Theorem 5.1 and it is plausible that this hypothesis should be
replaced by decomposability instead. It is then natural to try to understand the examples
presenting totally invariant indecomposable continua. This turns out to be a rather
intricate endeavour.

We first point out that it is well known that surface homeomorphisms admit inde-
composable continua as invariant subsets. There are several methods to construct these
examples, and they can even be made minimal; in particular, periodic-point-free (see, for
example [17] and [3]). It is also well-known that the solenoid admits non-trivial connected
coverings (see [9]), but the solenoid is not embeddable in the sphere. It is also known that
for any integer k, the pseudo-circle is a k-fold covering space of itself (see [13] and [18]).
However, the following remains unknown: does there exist a plane branched covering with
a totally invariant pseudo-circle? That is, it is not known how to extend a self-covering
of the pseudo-circle to the whole plane so that the extension is a branched covering. It is
known how to extend it to a map of the annulus, which was already noted in [5]. More-
over, in [5] the rate was proven to hold for annulus maps preserving a pseudo-circle and
this result was generalized to all plane separating circle-like continua.

14
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6.1 A sphere branched covering supporting a completely invariant indecomposable

continuum

We proved the following:

Theorem 6.1 ([26]). There exists a branched covering f : S2 → S2 supporting a completely
invariant continuum K and satisfying the following properties:

1. f is smooth.

2. f has two attracting fixed points, each basin contains one of the two critical points
of f . The restriction of f to the immediate basins is injective.

3. The compact set K is the complementary set of the union of the basins: K is a
repellor with local product structure.

4. K is indecomposable, with infinitely many Wada lakes.

5. f satisfies the growth rate inequality.

6. Every C1 perturbation of f satisfies properties 2, 4, and 5 above. Every branched
covering which is also a small C∞ perturbation of f satisfies all the properties above.

In retrospect, the idea for the construction is very simple. We begin with a nonex-
panding Anosov endomorphism of the torus with two fixed points and perform the derived
from Anosov perturbation to transform both hyperbolic fixed points into sinks. The de-
rived from Anosov endomorphism was first introduced by F. Przytycki, see [33, Section 6].
In his paper, he offered the following remark, which I quote verbatim here due to its clear
relevance:

“(Caution: One usually makes a source in the case of a diffeomorphism, but this way
would be wrong in the case of an endomorphism).” Now, one considers the set K defined
as the complement of the basin of attraction of the sinks we created. In this way, we
get that K is a totally invariant repeller and an indecomposable continuum. To finish
our construction we just factorize to the sphere under a four points ramification branched
covering, where the ramification points of the covering projection are fitted exactly to
the sinks we created. Then some arrangements are made to obtain smoothness and the
remaining properties.

There is another possible approach: the linear Anosov can be first carried to the
sphere under the branched covering and then one can imitate the construction of the
Plykin attractor (that in our case would be a repeller). In this case, a derived from
pseudo-Anosov perturbation must be made to obtain the example (see [2] for the derived
from pseudo-Anosov perturbation).

We explain the details of our construction in what follows. We consider the linear
hyperbolic toral endomorphism A induced by the matrix
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A =

[

4 1
2 1

]

The map A : T2 → T2 is a nonexpanding Anosov endomorphism of degree 2; its
dynamics is well known, it has invariant stable and unstable foliations with dense leaves.
It is special meaning that the unstable space of a point does not depend on the preorbit
chosen to define it; it depends only on the point. This is well known not to be structurally
stable: generic C1 perturbations do not satisfy this property (see [33]).

Consider the equivalence relation x ∼ −x on

T2 = R2/Z2.

Note that T2/ ∼ is topologically a sphere, and that the quotient map

π : T2 → S2

is a degree 2 branched covering with exactly four critical points. These correspond to the
classes of the points

(

1
2
, 1
2

)

, (1, 0),
(

1
2
, 0
)

,
(

0, 1
2

)

.

Note also that A induces a map on the sphere simply because it is linear, but we will
previously proceed to perform a derived from an Anosov endomorphism (as introduced
in [33]). The fixed points of A are (0, 0) and (1/2, 1/2). Both can be turned into attractors,
creating as usual two new saddles. This procedure is well known and taking extra care
to note that the modification can be made symmetric with respect to the strong stable
manifold of the fixed points. It then follows that the new map A′ still preserves the
equivalence relation ∼ in T2. As is also well known, the unstable foliation remains the
same. It follows that A′ induces a map on the sphere f ′ so that πA′ = f ′π.

By construction f ′ is a degree 2 branched covering map. It has two critical points
that can be easily found by computing those points having just one preimage. The
critical points are π(1/4, 0) and π(1/4, 1/2) with corresponding critical values π(0, 1/2)
and π(1/2, 0). Moreover, the images of the critical values are the fixed points of f ′:
f ′(π(0, 1/2)) = π(1/2, 1/2) and f ′(π(1/2, 0)) = π(0, 0).

It follows by construction that f ′ is a (2, 2, 2, 2) orbifold (see Section 4 for the defini-
tion).

Note that as A is smooth, f ′ is also smooth except exactly at the critical points and
critical values where it is not even differentiable. These points belong to the basin of
attraction of the fixed points. We show next how to make a critical point c smooth, which
in our linear case can be easily done. Note that the preimage of an adequate ellipse E
around f ′(c) is a circle Sρ(c) of radius ρ centered at c such that f ′ is 2 : 1 from Sρ(c)
to E. Moreover, lines through c are carried to lines through f(c), which implies that, in
polar coordinates (centered at c and f ′(c)), one has f ′(r, θ) = (g(r, θ), h(θ)). In addition,

note that by linearity again, g(r,θ)
r

is bounded and bounded away from 0. Let now Φ be a
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C∞ function that is equal to the identity close to Sρ(c) and is equal to (r, θ) → (e−1/r2 , θ)
close to 0. Then f ′ ◦ Φ is C∞ at c and coincides with f ′ outside a neighborhood of c.

Finally we can make a new modification of this map so that the obtained map is also
smooth at the critical values (much easier because f ′ is locally a homeomorphism at these
points). We denote by f this last map.

Note that f has the rate; this is obvious from the construction, but it also follows
from Theorem 4.1. We refer the reader to [26] to see that f satisfies all the remaining
requirements of Theorem 6.1.

So, we have an example of a sphere branched covering supporting a completely invari-
ant indecomposable continuum, but the example is uninteresting from the point of view
of the growth rate inequality.

Moreover — and unfortunately — this map is not Thurston equivalent to a rational
map.3 It is a parabolic (2, 2, 2, 2) orbifold with associated torus map in the homotopy
class of Anosov, which is a well-known Thurston obstruction (see Section 4 for the defini-
tions and further references). So, even in the C0 setting it is unknown if a map supports
an indecomposable “Julia set”. More precisely, whether or not there exists a Thurston
map equivalent to a rational map having an indecomposable completely invariant con-
tinuum remains unknown. And adding to the shortcomings of our example, it is not a
topological polynomial, that is, it is not a plane branched covering. Plane branched cov-
erings were treated in Section 5, and were our main motivation to dive into dynamics of
indecomposable continua.

We remark that it remains unknown whether or not there exists a plane branched cov-
ering of degree d, with |d| > 1, having a completely invariant indecomposable continuum.

6.2 The Riemann-Hurwitz formula

At this point, the reader should be convinced that understanding the dynamics of
coverings and branched coverings on indecomposable continua is essential for deepening
our understanding of the dynamics of branched coverings f : S2 → S2.

Branched coverings of the pseudo-arc were first constructed in [37], and constructed
again and used in [6] to prove the Barge Entropy Conjecture. These are degree d branched
coverings with one critical point of multiplicity d−1. In [21] we provided an example of a
branched covering of the Knaster continuum with a different ramification portrait, whose
peculiarity is that it does not satisfy the classical Riemann-Hurwitz formula.

Recall that if f : T → S is a branched covering between compact surfaces, then the
Riemann-Hurwitz formula

χ(T ) = dχ(S)− r

holds, where χ is the Euler characteristic, d is the degree of f , and r is the number of
critical points counted with multiplicity.

3We will not define Thurston equivalence here, but we refer the reader to [4, Section 2.4]
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Theorem 6.2 ([21]). Let f : S2 → S2 be a branched covering of degree d ≥ 1. Let X ⊂ S2

be a non-separating continuum such that f−1(X) = X. Then X satisfies the Riemann-
Hurwitz formula 1 = d − r, where r is the number of critical points in X counted with
multiplicity.

Proof. Let γ be a simple closed curve separating X and all critical values of f outside X .
Let U be the connected component of S2\γ containing X . Note that there is only one
connected component of the complement of f−1(γ) containing X , and therefore f−1(U) is
connected and equals this component V . Now, the Riemann-Hurwitz formula 1 = d − r′

holds for f |V : V → U , where r′ is the number of critical points of f in V counted with
multiplicity. By the choice of γ, the critical points of f in V equal the critical points of
f in X , and the result follows.

Remark 6.3. The previous theorem allows us to prove that certain branched coverings
acting on planar continua do not extend to branched coverings of the plane or the sphere
just by looking at the intrinsic dynamics on the continua.

Corollary 6.4. Let f : X → X be a branched covering of degree d, where X is a non-
separating planar continuum. If f extends to a degree d branched covering of the sphere,
then f : X → X satisfies the Riemann-Hurwitz formula 1 = d− r, where r is the number
of critical points in X counted with multiplicity.

One could expect that this formula would hold for branched coverings defined on
arbitrary continua, where one would need to accommodate every definition (note that
even the definition of a covering map is shady when the underlying space is not locally
connected). However, as will be explained below, even in simple cases where the definitions
adapt trivially, the formula may fail.

We proved in [21] that any branched self-covering of the Knaster continuum does not
verify the Riemann-Hurwitz formula, and therefore cannot be extended to a branched
covering of the sphere. This result shows that studying intrinsic dynamics of coverings
and branched coverings on indecomposable continua is a useful tool, even if our goal is
understanding their interaction with an ambient space dynamics. It also rules out the
possibility of the Knaster continuum as a totally invariant set for a branched covering of
the sphere. We expect this kind of result to generalize for a wider class of indecomposable
continua.

Lemma 6.5 ([21]). Let K be the Knaster continuum and f : K → K be a degree d branched
covering, d ≥ 1. Then f has exactly one critical value p: the endpoint of K. Moreover, p
is fixed and regular, and any other preimage of p is a critical point of multiplicity 1. In
particular, d is odd and there are exactly d−1

2
critical points.

Proof. Note that any point other than p in K is locally homeomorphic to C × I, where
C is the Cantor set and I = (0, 1). This implies that p must be fixed and regular. Any
other preimage of p is a point with local structure C× I which is mapped to the endpoint
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of K. Then, necessarily the point is critical and its multiplicity is 1 (as composants are
sent to composants, the critical points are critical points of interval maps).

Corollary 6.6. Let f : K → K be a degree d branched covering, d ≥ 1. Then f does not
satisfy the Riemann-Hurwitz formula d− 1 = r.

Because of Theorem 6.2, this allows us to rule out the possibility of the Knaster
continuum as a “Julia set” for a branched covering of the sphere.

We finish this section with a question. We have seen that indecomposability is an ob-
struction to proving the classical Riemann-Hurwitz formula for arbitrary (non-separating)
continua. Is it the only one?

7 Examples

This section contains a potpourri of examples that are relevant to everything discussed
in this paper.

7.1 Recurrence and periodic orbits

As in the fixed-point-free degree-2 covering example (r, θ) 7→ (2r, 2θ), every point is
wandering, so one may ask if the existence of a non-wandering point is enough to assure
the existence of a fixed point. The next example shows that this is not the case.

We will construct a degree 2 covering f : (0,+∞)×S1 → (0,+∞)×S1 such that there
is a compact set K satisfying f(K) = K and Per(f) = ∅. In this example K is a Cantor
set (recall that if K is an essential continuum, then f has the rate by Theorem 3.5).

We first explain how to construct a degree 2 circle covering having a wandering interval
(we call this map a “degree 2 Denjoy” and this construction was communicated to us by
Edson de Faria).

Let g1 : S
1 → S1 be a Denjoy homeomorphism with a wandering interval I. Take an

open interval I0 ( I and an increasing function h : I → S1 such that h(I0) = S1 and
h|I\I0 ≡ g1 (see Figure 2 (a)). Let g : S1 → S1 be the map

g(x) =

{

g1(x) if x /∈ I
h(x) if x ∈ I

Note that g is a degree 2 covering of the circle and g1(I) is a wandering interval for g.
Besides, if x0 ∈ g1(I) then K1 = ωg(x0) is a Cantor set and K1 ∩ Per(g) = ∅.

We are now ready to construct our example f : (0,+∞)×S1 → (0,+∞)×S1, which has
the form f(r, θ) = (φ(r, θ), g(θ)), where φ is to be constructed. Let ϕ : (0,+∞) → (0,+∞)
be as in Figure 2 (b). Define φ(r, θ) = ϕ(r) + rd(θ,K1).

Note that f has the following properties:

1. K = {1} ×K1 is compact and f(K) = K.

2. f has no periodic points in K, because K1 ∩ Per(g) = ∅.
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Figure 2:

3. If θ is periodic for g, then fn(r, θ) → ∞.

Therefore, Per(f) = ∅.
Note also that this example can be made C1, if we use the square of the distance in

the definition of φ and enough regularity for the rest of the functions.

7.2 A Kan-like example without periodic points

We have given two examples of covering maps of the annulus without periodic points.
The first one, given in the introduction, is (r, θ) 7→ (dr, dθ). Every point is wandering
in this example, wandering from one end of the annulus to the other. The second one
was given above in Example 7.1: in this case the map has nonempty nonwandering set.
Nevertheless, every wandering point wanders from one end of the annulus to the other.
Note also that if both ends are attracting or both repelling, or if the ends of the annulus
are exchanged, then the map has the rate (see Theorems 3.9 and 3.10 in Section 3.3). In
all the examples we have seen so far, if a map does not have the rate, one end is attracting
and the other repelling. Is this necessary?

Let f : S1 × (0, 1) → S1 × (0, 1), (z, x) 7→ (z3, ϕz(x)), where ϕz is an increasing
homeomorphism of the interval (0, 1) for each z, such that ϕn

1 (x) → 1 and ϕn
−1(x) → 0 for

every x. This implies that the ends of the annulus are neither attracting nor repelling and
that the map has no fixed points. We will show here that such a map can be constructed
without any periodic point. This example was communicated to us by the referee of [22].

Let A = S1 × R and assume that the map is given by f(z, x) = (z3, x + tz) where tz
varies continuously with z and the set of numbers {tp} with p periodic of m3 is rationally
independent. This means that f has no periodic points, because if {p1, . . . , pn} is a
periodic orbit of z3, then fn(p1, x) = (p1, x +

∑

i tpi), but by assumption
∑

i tpi 6= 0. To
construct the function tz choose a rationally independent sequence {ai : i ≥ 0} of positive
numbers and enumerate the periodic points of m3 as {pn : n ≥ 0}, with p0 = 1, p1 = −1.
Define by induction a sequence of functions z 7→ tnz beginning with any continuous function
t0z such that t0p0 = a0 and t0p1 = 0. Given n > 0 define tnz as follows: tnz = tn−1

z outside a
neighbourhood of pn not containing any pi for i < n, 0 ≤ tn−1

z − tnz < 2−n and tnpn ∈ anQ.
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Note that the sequence of functions z 7→ tnz converges uniformly to a function z 7→ tz
satisfying the required properties.

7.3 An annulus covering of degree d that is not semiconjugate to z
d acting on S

1

In this section we let A = (0, 1)× S1 be the open annulus, and md : S1 → S1 be the
function given by md(z) = zd.

We denote by γ1∧γ2 the algebraic intersection number between two arcs in A whenever
it is defined. In particular, when both arcs are loops, when one of the arcs is proper and
the other is a loop or when both arcs are defined on compact intervals but the endpoints
of any of the arcs do not belong to the other arc. By convention, we set c ∧ γ = 1 if
c : (0, 1) → A and γ : [0, 1] → A satisfy:

c(t) = (t, 1), γ(t) = (1/2, e2πit).

Note that the arc c joins one end of the annulus to the other, and its intersection
number with any loop in A gives the homology class of the loop. If α is a loop in A,
denote by jα the concatenation of α with itself j times.

Proposition 7.1 ([24]). Let f be a covering of the open annulus A and assume that f
is semiconjugated to md. Then the following condition holds: (*) For each compact set
K ⊂ A there exists a number CK such that: given α ⊂ A a simple closed curve, n ≥ 1
and j ∈ [1, . . . , dn−1] then any fn-lift β of jα with endpoints in K satisfies |β ∧ c| ≤ CK .

Proof. Let h be the semiconjugacy between f and md and let h̃ and f̃ be the lifts of h and
f verifying h̃f̃ = dh̃. Take a, b ∈ (0, 1) such that the set K̃ = [a, b]× R contains π−1(K).
By Theorem 3.2 in Section 3, there exists a constant M such that |h̃(x, y) − y| ≤ M
whenever (x, y) ∈ K̃.

Take α, n, j and β as in the statement. Let β̃ be a lift of β to the universal covering.
As the endpoints of β belong to K, the extreme points (x1, y1) and (x2, y2) of β̃ belong to
K̃. Note that it is enough to show that |y2 − y1| is bounded by a constant CK . We will
prove that this holds with CK = 2M + 1.

Note that f̃n(x1, y1) and f̃n(x2, y2) are the endpoints of a lift of jα to the universal
covering. This means that |f̃n(x1, y1)− f̃n(x2, y2)| = (0, j). It follows that

|h̃(f̃n(x1, y1))− h̃(f̃n(x2, y2))| = j.

Then,

|dnh̃(x1, y1)− dnh̃(x2, y2)| = |h̃(f̃n(x1, y1))− h̃(f̃n(x2, y2))| = j ≤ dn,

so |h̃(x1, y1)− h̃(x2, y2)| ≤ 1. Finally, using that the endpoints of β belong to K, it follows
that

|y1 − y2| ≤ |y1 − h̃(x1, y1)|+ |h̃(x1, y1)− h̃(x2, y2)|+ |h̃(x2, y2)− y2| ≤ 2M + 1.
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Now we will construct f , a covering of the open annulus for which the condition (*)
introduced in the previous proposition does not hold, and therefore f is not semiconjugate
to md.

Let {an : n ∈ Z} be an increasing sequence of positive real numbers such that an → 0
when n → −∞ and an → 1 when n → +∞. Define the annuli An as the product
[an, an+1] × S1, for each n ∈ Z. Let also λn be the affine increasing homeomorphism
carrying [0, 1] onto [an, an+1]. Define f(x, z) = (λn+1λ

−1
n x, z2) for every n ≤ −1, that is,

(x, z) ∈ ∪n<0An.
Assume f constructed until the annulus An−2 for some n and we will show how to

construct the restriction of f to An−1. We will suppose that f(ak, z) = (ak+1, z
2) for every

k ≤ n− 1 and every z ∈ S1.
Let α be a curve in A0 such that:

1. α joins (a0, 1) with (a1, 1).

2. The lift α0 of α to the universal covering that begins at (a0, 0), ends at (a1, n).

3. β := fn−1(α) is simple.

Note that fn−1 is already defined in A0. To prove that such an α exists, take first any
α′ satisfying the first and second conditions. Then fn−1(α′) is a curve joining (an−1, 1)
with (an, 1). Maybe fn−1(α′) is not simple, but there exists a simple curve β homotopic
to fn−1(α′) and with the same extreme points. Then define α as the lift of β under fn−1

that begins at the point (a0, 1).
Choose any simple arc β ′ disjoint from β and contained in An−1, joining the points

(an−1,−1) and (an,−1). Note that f−(n−1)(β ′) is the union of 2n−1 curves all disjoint from
α. Choose any one of these curves and denote it α′. Note that it does not intersect α.
Note also that there is a lift α′

0 of α′ that begins in a point (a0, t) and ends at (a1, n+ t)
in the universal covering. Now, choose a point Y ∈ α′ whose lift Y ′ in α′

0 has second
coordinate greater than n, and a point X in α whose lift X ′ in α0 has second coordinate
less than 1/2.

Note that fn−1(X) ∈ β and fn−1(Y ) ∈ β ′. The complement of β ∪β ′ in the interior of
An−1 consists of two open discs, each one of which is homeomorphic to the complement of
s in the interior of An, where s is the segment {(x, 1) : an < x < an+1}. So, it is possible
to take a homeomorphism from each of these components and extend it to the boundary
in such a way that the image of β is s and the image of β ′ is also s, and carrying X and
Y to the same point p ∈ s. If the homeomorphisms are taken carefully, they induce a
covering f from An−1 to An. Now take a simple closed curve γ contained in An and with
base point p. Note that if j = 2n/2, then the curve jγ lifts under fn to a curve joining
X to Y . But the difference between the second coordinates of Y ′ and X ′ is greater than
n− 1. It follows that the intersection number of a lift of jγ and the arc c in A0 exceeds
n− 1.

As this can be done for every positive n, taking K = A0 in Proposition 7.1, it follows
that f does not satisfy condition (*).
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8 Proof of Brouwer’s theorem

This paper contains this one tiny original piece of work: a new proof of Brouwer’s
fixed point theorem for orientation preserving plane homeomorphisms. Actually, of the
part that says that period 2 implies fixed point.

In the 80’s Fathi wrote an amazing paper [12], where he gave an easy-to-understand
proof of the following:

Theorem 8.1 ([7]). Let f be an orientation preserving plane homeomorphism with a non-
wandering point. Then it has a fixed point.

More importantly, he reduced the proof of that theorem to proving the following:

Lemma 8.2. Let f : S2 → S2 be an orientation preserving homeomorphism. If f has a
periodic point of period 2, then it has at least two fixed points.

The purpose of this section is to give an even simpler proof of this previous lemma
using Lemma 3.8 in Section 3.3.

Proof. Let p ∈ S2 such that f(p) = q, f(q) = p and let A = S2\{p, q}. We identify A
with S1 × (0, 1) and its universal covering Ã with R × (0, 1). Note that as f preserves
orientation, F (x+ (1, 0)) = F (x)− (1, 0) for any lift F : Ã → Ã.

Note also that it is enough to show that any lift F : Ã → Ã of f has a fixed point.
Indeed, if F (x) = x and (F + (1, 0))(w) = w, an easy computation shows that x and w
project to different points in A (all of this is already contained in Fathi’s paper). Now,
to see that any lift F : Ã → Ã of f has a fixed point, we use Lemma 3.8 in Section 3.3
to obtain a simple closed curve Γ such that i(Γ, F ) = 1. The lines α and β can be taken
to be the lifts of two simple closed loops around p and q respectively, and the lines γ and
δ can be chosen as proper lines connecting both ends of Ã that are sufficiently far to the
left and right respectively. Now, f(p) = q, f(q) = p and F (x + (1, 0)) = F (x) − (1, 0)
imply that the hypotheses of the lemma are satisfied, and therefore i(Γ, F ) = 1. Now, by
Lemma 3.7, F has a fixed point.

9 Concluding remarks

This survey shows that we are still far from understanding the precise obstructions
preventing a map f : S2 → S2 from satisfying the growth rate inequality. Instead, we
currently have an intriguing assortment of methods, ideas, and results that have yet to
align into a coherent whole.

A central problem is understanding fixed point properties on indecomposable continua,
a question as old as the field itself. Equally important is determining whether (and how)
dynamics defined on such continua can be extended to their ambient spaces.

Finally, it would be very interesting to establish a method to link the theory of
plane homeomorphisms to general sphere endomorphisms, like it was done naturally with
parabolic orbifolds.
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