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1 Introduction

The study of arithmetic groups is an important area of research with different and in-
teresting connections with other branches of mathematics, such as differential geometry,
number theory, ergodic theory, dynamical systems, among many others. Some examples
of this fruitful interaction can be found in the solution of long-standing open problems
in number theory, such as the Oppenheimer Conjecture due to Margulis, and the under-
standing of the structure of unipotent flows by Ratner (e.g. [25] and [26]).

The main developments in the theory of arithmetic groups have been carried out
mainly in research centers in Europe and United States. However, the interest in these
topics has increased among mathematicians based in Latin America, particularly in con-
nections with Riemannian geometry, ergodic theory, and dynamical systems, traditional
areas of research in countries such as Argentina, Brazil, Mexico, and Uruguay. This in-
creasing interest creates a great opportunity to connect a well-established area of research,
the theory of arithmetic groups, to problems that are of interest to mathematicians in



On systole, kissing number, and volume of arithmetic manifolds

this part of the world. To accomplish this, we first need to heal a natural challenge: how
can we help students and researchers, from different areas of mathematics, to understand
the basic elements of the theory of arithmetic groups, usually seen as very technical?
The purpose of this expository article is to give a down-to-Earth introduction to the
notion of an arithmetic group and an arithmetic manifold. To achieve this we have decided
to bring two geometrical questions relating to the growth of systoles and kissing numbers
in hyperbolic manifolds, as a motivational guide, whose answers so far are given by the
use of arithmetic manifolds. As a consequence, we answer these questions in detail for
dimension 2, we mention what is known for hyperbolic manifolds of higher dimension, and
also for other locally symmetric spaces. We end the exposition with some open questions.

2 Two guiding questions

2.1 Hyperbolic manifolds

A hyperbolic n-manifold is a differentiable manifold of dimension n > 2 together with a
complete Riemannian metric of constant sectional curvature equal to —1. The upper-half
model of the hyperbolic n-space is given by

H" = {z = (z0,21,...,%,) € Rz, > 0}
together with the Riemannian metric ds? = w. The n-manifold H" is the
unique simply connected manifold with sectional curvature —1 (up to isometry). The
isometry group Isom(H") is isomorphic to the Lie group SO(n,1). So, M is a hyperbolic
n-manifold if and only if there is a subgroup I' < SO(n, 1) acting proper discontinuously
on H" and without fixed points, such that M = I'\H". In case that I" has fixed points,
M is called a hyperbolic orbifold.

One of the most important results that drove the study of hyperbolic geometry is the
so-called Uniformization Theorem, proved by Poincaré and Koebe in the beginning of the
twentieth century. It states that any compact orientable topological surface S, with genus
g > 2 admits a Riemannian metric locally isometric to (H?, ds?). In other words, there
exists a torsion-free subgroup I' < Isom™ (H?) such that S, is diffeomorphic to the quotient
['\H2. The volume of a hyperbolic orbifold turns out to be a topological invariant. The
first instance is given by the Gauss-Bonnet Theorem. For a compact hyperbolic surface
S of genus g, it states that

area(S) = 27(2g — 2).

For higher dimensions, it follows from results by Gromov and Thurston on simplicial
volume. Our driving questions in this article look for relations of the volume with other
geometric invariants on a hyperbolic manifold: the systole and the kissing number.

Definition 2.1. Let M be a hyperbolic manifold of finite volume. The systole of M,
denoted by sys(M) is defined as

sys(M) := inf{l(«) | @ is a non-contractible closed geodesic on M}

3
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where ¢(«) denotes the length of a. The kissing number of M, denoted by Kiss(M), is
given by

Kiss(M) = #{[a] # 0 | a closed geodesic on M with ¢(a) = sys(M)}

where [a] denotes the free homotopy class of a.

These are well-defined invariants since, in negative curvature, there are finitely many
closed geodesics with the same length.

2.2 Systole and volume of hyperbolic manifolds

The first relation between systole and volume can be found in dimension 2. For
hyperbolic surfaces, we have the following.

Proposition 2.2. Let S be a compact hyperbolic surface. Then

arca(s) | 2) |

sys(S) < 2log ( (1)

Proof. For any compact Riemannian surface S, the injectivity radius is equal to M,

2
sys(9)

i.e., for any point p € S, the ball centered at p of radius === is an embedded ball. Now,

the area of a ball Bx of radius R in H? is equal to 2m(cosh(R) — 1). For any embedded
ball By we have that area(S) > area(Bp) and then, taking R = 225) we get

2
area(S) 41> cosh (SYSQ(S)) 5 €

sys(S)
2

2 2
and we obtain the desired formula by applying the logarithmic function. O
In dimension greater than two, we have the following estimate (see e.g. [6]).

Proposition 2.3. For any compact hyperbolic n-manifold M , there exists a constant ¢,, > 0
depending only on n such that

sys(M) < - i . log(vol(M)) + c,. (2)

Proof. We argue as in the proof of Proposition 2.2. The volume of an n-dimensional
hyperbolic ball B}, of radius R > 0 is given by the formula [31, Ex. 3.4.6, page 79

R
vol(B%) = vol(S" 1) / sinh™ ™! (t)dt,
0

where vol(S"~1) denotes the volume of the Euclidean sphere of dimension n — 1. Since
sys(M)

vol(M) > vol(Beys ), we need to bound from below the integral [, ?  sinh™ ' (¢)dt.
2
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Let us assume first that sys(M) > In2. Since sinh(¢) > 0 for ¢ > 0, and sinh(t) > ¢!

1
1
for t > %, we get in this case that

sys(M) sys(M) sys(M)
2 2 2

1
sinh™ ™ (t)dt > sinh"* (t)dt > ’ — ettt
0 @ @ 4TL—1
and then "
vol(S"™Y) [T iy
vol(M) > = /n@) e dt.

2
From this, we obtain that

2 ]. M 4n_1 —1 n—1) log
sys(M) < log (VO( )4t (n—1) Loy (2))

n—1 vol(Sr—1)
4n—1(n o 1) 6(n*1)210g(2) )

wol(S™ 1) T vol(M)

n —

_ 2 : log(vol(M)) + log (

Due to the Kazhdan-Margulis Theorem, there is a constant v, depending only on n
such that vol(M) > wv,. Therefore, equation (2) follows with

A 47 1(n — 1) N o o) E2)
n =08 vol(Sn—1) Un, '

If sys(M) < In(2), we can increase the constant ¢, by In(2) if necessary, so equation (2)
still holds. O

When the hyperbolic manifold M is non-compact, the argument of the injectivity
radius does not apply. Work by M. Gendulphe [16] implies that for any non-compact
hyperbolic manifold M with finite volume, we have

sys(M) < 2log(vol(M)) + d, (3)

where d; > 0 is an explicit constant depending on the dimension of M. It is worth to
note that for n = 3, G. S. Lakeland and C. J. Leininger proved that

sys(M) < 3 log(vol (M) + db, (4)

for some uniform constant dy > 0 [22].

Using Teichmiiller theory, we can deform the metric on a hyperbolic surface S, keep-
ing it hyperbolic with the same area, to obtain a new metric having arbitrarily small
closed curves, and hence arbitrary small systole. The existence of compact hyperbolic
3-manifolds with arbitrarily short closed geodesics follows from Thurston’s hyperbolic
Dehn surgery theorem [35, Thm. 5.8.2]. In 2006, I. Agol constructed compact hyperbolic
4-manifolds with arbitrarily short systoles [1], and M. Belolipetsky and S. Thomson in
2011 adapted Agol’s method to any dimension [3] (see also [4, Remark on Section 9]).
More recently, other constructions of closed hyperbolic manifolds with arbitrarily short
systole have been obtained, see [13, Thm. 1 and Thm. 4].

>
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2.3 Kissing number and volume of hyperbolic manifolds

In 2013, Hugo Parlier proved that the kissing number of a hyperbolic surface is
bounded from above in terms of the area of the surface, which can be expressed in terms
of the genus by the Gauss-Bonnet Theorem.

Theorem 2.4 ([30, Thm. 1.3]). There exists a constant U > 0 such that any closed
hyperbolic surface Sy of genus g satisfies

2
. 9
<U- .
Kiss(S,) <U gy (5)

For non-compact hyperbolic orbifolds of finite area, the corresponding result was ob-
tained in 2016 by H. Parlier and F. Fanoni.

Theorem 2.5 ([15, Thm 1.1-1.2]). Any hyperbolic surface S with genus g > 1 and n cusps,
such that 3g — 3 +n > 0, satisfies

Kiss(S) < C(g + n)ﬁ, (6)

sys(S) < 2log(g) + K (7)

for some universal constants C' >0 and K < 8.

For n > 2, Theorem 2.4 was generalized by Maxime Bourque and Bram Petri in 2022.

Theorem 2.6 ([6, Cor. 1.2]). For every closed hyperbolic n-manifold M it holds that

| vol(M)?
Kiss(M) < A, log(1 + vol(M))

(8)

for certain constant A,, > 0 depending only on n.

So far, it is not yet known whether there is a version of Theorem 2.6 for non-compact
hyperbolic manifolds of finite volume.
2.4 Two guiding questions

We have seen that there exist hyperbolic manifolds with arbitrarily short closed
geodesics. In general, it follows from a classical result of Anosov that a generic Rie-
mannian manifold has at most one systole [2]. So, it is natural to ask to what extent
inequalities (1)—(8) are optimal. One way to formalize this is by bounding from the other
side as follows:

Question 2.7. Is there a constant C'; > 0 such that

. sys(M) )
lim sup ( > (47
vol(M)—o0,dim(M)=n log(VOI(M>> '
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Question 2.8. Is there a constant C > 1 such that

<10g(KiSS(M))

y
Ly log(vol(M))

vol(M)—oo,dim(M)=n

)z

Suppose that there is a sequence of finite volume hyperbolic manifolds M; whose
volumes tend to oo, such that

. VOI(J\4Z‘)1+E
Kiss(M:) 2 1o (vol 2] ®)
for some € > 0. Then, [6, Thm 1.1] implies that sys(}M;) is essentially bounded from below
by 25 log(vol(M;)) (see the introduction of [11] for more details).

Then, a solution to Question 2.8 gives an answer to Question 2.7. However, little is
known about Question 2.8. We will see that an answer to Question 2.8 can be obtained
from hyperbolic manifolds that are arithmetic (see Theorem 5.1 and Section 6.3). In the
remainder of this article, we will do so for hyperbolic surfaces, and it will serve us as an

introduction for the theory of arithmetic groups and arithmetic manifolds.

3 Hyperbolic surfaces and the trace-length relation

In this section, we recall some facts about hyperbolic surfaces and their connection to
the real Lie group PSLy(R). Most of these facts are well-known and can be found, for
instance, in [19)].

3.1 Constructing hyperbolic surfaces

Consider the matrix group SLy(R) given by

SLy(R) = {(‘é g) ca,b,c,d € R and ad—bc:l}.

Any matrix 7 = (Z Z) € SLy(R) defines a Mobius transformation 77, : H? — H?
given by
az+0b
T = 10
'Y(Z) CZ‘I—d ( )

and T, preserves the metric and orientation of H?. That is, 7, € Isom™(H?). We will
use 7y or T, interchangeably. Observe that 7, = 7", and then we get a well-defined map
from PSLy(R) = SLy(R)/{+ 1} to Isom™ (H?) given by

¥ : PSLy(R) — Isom™ (H?)
vy =T,
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It turns out that 1 defines a group isomorphism between PSLy(R) and Isom™(H?) [19,
Section 1.3]. The group SLy(R), with the topology as a closed subset of R?, is a locally
compact topological group. With respect to the quotient topology induced by SLy(R),
the group PSLy(R) inherits the structure of a locally compact topological group. In this
way, the isomorphism ¢ allows us to look at Isom™ (H?) as a locally compact topological
group with respect to the topology of PSLy(R). With this topology, we can understand
when a group I' < Isom™ (H?) acts proper discontinuously without fixed points on H?.

Proposition 3.1. A subgroup I' < Isom™ (H?) acts proper discontinuously without fired
points on H? if and only if I is a discrete and torsion-free subgroup.

Therefore, the problem of constructing hyperbolic surfaces is translated to the problem
of constructing discrete and torsion-free subgroups on PSLy(R) = Isom™ (H?).

Definition 3.2. A Fuchsian group is a discrete subgroup of PSLy(R).

The theory of arithmetic groups provides a way to construct Fuchsian groups, the
so-called arithmetic Fuchsian groups. We will see an instance of this in Section 4.

3.2 Trace-length relation

Equation 10 also defines an action of PSLy(R) on the boundary dH? = R U {cc}, so
PSL,(R) acts on the compactification H2 = H? U 9H?, which is homeomorphic to the
2-dimensional disc D?. An element can be characterized in PSLy(R) according to its fixed
points on H?2 as follows. An element € PSLy(R) is called:

e Elliptic, if ~y fixes a point in H2.

e Parabolic, if v has no fixed points in H? and has a unique fixed point on OH?.

e Hyperbolic, if v has no fixed points in H? and has two fixed points on OH?.

The following is a basic fact that can be obtained directly from the definition above.
Proposition 3.3. Let § € PSLy(R). Then

e (3 is elliptic if and only if |trf3] < 2.

e [ is parabolic if and only if |trf| = 2.

e (3 is hyperbolic if and only if |trf| > 2.
Here tr(B) denotes the trace of a representative of 5 in SLa(R).

Definition 3.4. Let v € PSLy(R) be hyperbolic. The translation length of v is defined as:

C, = inf {di(2,7(2)); z € H*} .
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Let S = I'\H? be a hyperbolic surface. The set of conjugacy classes of hyperbolic
elements in I' is in bijection with the set of free homotopy classes of closed geodesics in
S. For any hyperbolic element v € T, the two fixed points 21, z, € OH? of v determine a
geodesic &, in H? invariant by the action of 7. The value £, is equal to dg:(z,v(z)) for
any z on a.. Moreover, &., projects on a closed geodesic ., of I'\H? of length ¢(cv,) = ¢,,.
Conversely, a closed geodesic « corresponds to a deck transformation v € I'. Also, « lifts
to a geodesic & on H? with two distinct endpoints in OH?. Since v corresponds to a there
is a g € I' such that gyg~! leaves & invariant. It means that the end points of & are fixed
points of gyg~!, and then gyg~! is hyperbolic. This implies that v is hyperbolic.

Example 3.5. Consider a real number A > 1 and let § € SLy(R) be the matrix

8= (g A‘L) | (11)

Then, 3 is hyperbolic, and has fixed points 0, oo in OH?. Moreover, /3 leaves invariant the
geodesic a(t) = e'i in H2. Taking z = 4, the translation length of 3 is given by

lg = du2(i, B(1)) = dp2(i, A\*) = 2log(N).

The previous example shows a connection between the eigenvalues of 5 and ¢4 for 3
in the form (11). In general, the translation length can be read from the trace of the
corresponding element in PSLy(R) as the following proposition shows. We include a proof
as it is short, and similar arguments can be used in higher dimensions.

Proposition 3.6 (Trace-length relation). Let v € PSLy(R) be hyperbolic. Then

cosh (f_) _ L6l

2 2
In particular, €, > 2log (| tr(v)| — 1) > 0.

Proof. Since |tr(y)| > 2 and det(y) = 1 we have that ~ is conjugated in PSLy(R) to a
matrix in the form (11). That is, there is § € PSLy(R) and A > 1 such that

A0
-1 _

Since T} is an isometry of H?, we have that ¢, = ETﬁ AT By Example 3.5 we get
then that ¢, = 2log(\). Therefore,

. (&) eF +e T AN [tr(y)

2 )~ 2 2 9

Ly

2 +1

l
Now, since ‘ > cosh (%) we obtain that ¢, > 2log (| tr(y)| — 1) >0 O

9
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4 Arithmetic Fuchsian groups

The goal of this section is to introduce the class of Fuchsian groups that are arithmetic.
These groups are generalizations of SLy(Z), and the general construction involves groups
of units of quaternion algebras over number fields with certain conditions. To keep the
presentation simpler, we have restricted to the class of arithmetic Fuchsian groups defined
over Q. We have chosen an exposition that naturally leads to quaternion algebras from
the group SLo(Z) itself.

4.1 The modular group

We can construct discrete subgroups of PSLy(R), so Fuchsian groups, by projecting
discrete subgroups of SLy(R). The simplest example is the so-called Modular group

' =SLy(Z) = {(Z 2) ca,b,c,d € Z, ad—bc:l}.

The modular group and this representation is widely known and used, for instance in
research on dynamical systems and geometry. There is another representation of SLy(Z)
that is less known among researchers in these areas, but well-known in algebraic number
theory. That is, SLy(Z) as the group of integer points of the group of units of a quaternion
algebra over Q. This is the point of view that will help us to construct the class of
arithmetic Fuchsian groups mentioned above. Let us rewrite SLy(Z) following three steps:

Step 1
Take A = M5(Q), the algebra of 2 x 2 matrices over Q.

Step 2

Consider the group A' C A of rational matrices with determinant 1, that is

A1:SL2(@)={<‘2 g) EA:ad—bc:l}.

Step 3

Inside A', we select matrices with integer coefficients:

Az =4 (" Y caiad—be=1, abedezl.
c d

Now, to introduce arithmetic groups over Q, let us rewrite the algebra A = M5(Q) as
follows.

L . . To+2T1 T9+ T3 .
A—Mg((@)—{x—(x2_x3 $o—1'1) xle(@}

S T I A R P e

10




On systole, kissing number, and volume of arithmetic manifolds

Note that, under this representation x = <x0 T Tt :53) lies in SLy(Z) if and
T2 — X3 To — T1

only if 2z¢, 21,279,223 € Z and x3 — 23 — x3 + 22 = 1. Now, denote by 1,4, 5, k the

matrices
(L0 (10 (o ,_(0 1
—\o 1) "“\o =1) 77 \1 o) T a1 0)

Then, in A we have the relations
it=1, =1, ij=—ji=k
det(r) = 23 — 23 — 23 + 3.
tr(z) = 2xo.
Thus, steps (1)-(3) can be rewritten as follows:
A={z=wo+ai+32j +xs3k| 2, €Q, ¥ =1, j> =1, ij = —ji =k},

Al ={reA|af—a]—2}+25=1u1€Q},
ANZ)y={z e Alal—al —al+ai =121, €L}.

Let K be a field. A quaternion algebra over K is a 4-dimensional non-commutative
K-algebra which has a basis {1,1, j, k} such that
a,b
K

A:Aa,b:< )={$:$0+$1i+$2j+$3]€‘$i€f{7 izzaajzzbaij:—ﬂ:k}

for some a,b € K*. We have just seen M,(Q) is a quaternion algebra over Q. Exploiting
this reinterpretation of SLy(Z) will allow us to construct more examples of Fuchsian
groups.
4.2 Arithmetic Fuchsian groups defined over Q.

Let a,b € Q*, a > 0 and consider the quaternion algebra A,; over Q defined by

b
Aa,b = (a@ ) = {x :$0+$1i+$2j+3€3k‘$i € Q, i :@712 =b,ij = —ji = k}

Consider the map ¢ : A, — My(R) given by

N )

Straightforward computations show that ¢ is an injective Q-algebras homomorphism, and
that

det(p(z)) = 23 — ax? — bal + aba?
tr(p(x)) = 2.

11
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Following the previous section!, let

A;b ={z € Aup | 2§ — azi — baj + abzj =1} ;

A}l’b(Z) ={z €Ay | af —ar] —ba +abr; =13, € Z}.

Therefore, for a > 0, ¢ restricts to an injective group homomorphism between A}L,b
and SLy(R). So, p(A} ,(Z)) is a subgroup of SLy(R), in a similar way that SLy(Z) is. We
have arrived to the main definition of this section. Before, we say that two subgroups
I';, Iy < SLy(R) are commensurable if there is g € SLy(R) such that I'y Nglyg~! has finite
index in both I'; and gl'yg™!.

Definition 4.1. A group I' < SLy(R) is an arithmetic subgroup defined over Q, if T is
commensurable with (A} ,(Z)) for some a,b € Q*,a > 0.

It is not difficult to see that @(A},(Z)) is a discrete subgroup of SLy(R). How-
ever, a fundamental theorem, which is a wide generalization due to Borel and Harish-
Chandra (see [5]), states that (A} ,(Z)) has finite co-area in SLy(R). The compactness
of ¢(A,,(Z))\H* depends entirely on the arithmetic properties of A,y (see [27, Proposi-
tion 6.2.4]).

Theorem 4.2. Let a,b € Q*,a > 0 and A, be as in Section 4.2. Then
1. 9(AL4(Z)) is a discrete subgroup of SLy(R) of finite coarea.

2. (A, (Z))\H? is compact if and only if x5 — ax? — bxj + abxi = 0 has no solutions
in Q' — {0}.

Fuchsian groups that are arithmetic are called arithmetic Fuchsian groups.

Example 4.3. Let a = p be a prime p =3 mod 4 and b = —1. In this case, the equation
x3 — px? + x5 — pz3 = 0 has no non-trivial rational solutions. Indeed, if that happens,
we can suppose that z; € Z are relatively prime, and then 22 + 22 = p(2? + x3). This
contradicts the Sum of Squares Theorem, which states that a natural number, which is
a sum of two squares, necessarily has an even number of prime factors congruent to 3
mod 4.

From Theorem 4.2, we obtain that the group I' = (Al

»—1(Z)) is a cocompact arith-

metic Fuchsian group for the algebra A, ; = (%)

5 Hyperbolic surfaces with large systole and kissing number.

Now that we have introduced the class of arithmetic Fuchsian groups defined over
Q, we are able to provide answers to Question 2.7 and Question 2.8. It is important to

'In general, for Ay (Z) it is easier to take the coefficients lying in Z instead of in 1Z as in SLa(Z).
This difference is compensated by the commensurability condition.

12
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mention that the definition of the kissing number appears for the first time in works by S.
Schaller, and also in the first contributions to its growth for arithmetic surfaces [32-34].
The results that we will present in this section are due to P. Buser - P. Sarnak, and S.
Schaller. We will mainly follow the exposition in [34] together with ideas of [8, Sec. 4] to
prove the following result.

Theorem 5.1. There exists a sequence of finite area (compact and non-compact) hyperbolic
surfaces S; with area(S;) — oo such that:

1. Kiss(S;) > D - (area(S;))3 <
2. sys(S;) > 3 log(area(S;)) — ¢
For some constants e > 0,D > 0,c > 0.

In the compact case, Theorem 5.1 implies that

Corollary 5.2. Let S, denote a compact hyperbolic surface of genus g > 2. Then

lim sup <sys(5g)) > 4;

g—00 log g - §

log(Ki 4

lim sup <M) >4
g—o0 log g 3

Let us explain the strategy to prove Theorem 5.1. Let S = I'\H? be a hyperbolic
surface. First, by the discussion of Section 3.2 in order to have a large number of systoles,
we will need to ensure that there is a large number of hyperbolic non-pairwise conjugated
elements in I', which have the same trace. This will certainly produce a large number of
closed geodesics in I'\H? with the same length. However, they may not be systoles. So,
additionally we need to guarantee that such a large number of elements in I' with the
same trace also produce systoles in S. How to do so is not obvious at all.

The construction that will be presented in the following uses the arithmetic Fuchsian
groups introduced in Section 4, and produces the best possible answers to Question 2.7
and Question 2.8 that have been given so far. Following the goal of this expository
article, that is, to give a down-to-Earth introduction to arithmetic groups, we will first
prove Theorem 5.1 in the noncompact case. Here, all the geometric arguments hold also
in the compact setting, but the algebraic tools involved will make use of the modular
group SLy(Z). So, we will have the advantage to introduce all the main ideas in an easier
context, and the reader will see that passing to the compact case is only a matter of
technical work involving arithmetic groups. In the same spirit of making the exposition
easier, for the compact case, we will only make use of the family of surfaces introduced in
Example 4.3.

For both the non-compact and compact cases, we will use the following:

Definition 5.3. Let I be a Fuchsian group. An element v € T is primitive if v = ¥,
g eI implies k =1 and v = S.

13
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5.1 The non-compact case.

Let us consider the modular group I' = SLy(Z) with the associated modular surface
S = T'\H2. Although S is not a smooth surface, as I has elliptic elements, S will serve as
a base space from where the surfaces S; will be constructed. First, let us see that there
are a large number of non-pairwise conjugated matrices in I' with the same trace. For
any v € SLy(Z) we denote by [y] the conjugacy class of v in SLy(Z).

Theorem 5.4 (see [9]). Let
po(t) = #{[v] € SLa(Z) primitive, |tr(y)| =t}.
For any € > 0 there exist T'(€) > 0 such that
po(t) >t for allt > T(e).

Now we will construct surfaces that will serve to our purpose. For each N € N, define
['(N) as the principal congruence subgroup of level N of SLy(Z), given by

T(N) := ker (SLQ(Z) v, SLQ(Z/NZ)> ,

where my denotes the reduction map mod N. Then I'(N) is a normal subgroup of
SLy(Z). The quotient Sy = T'(N)\H? is a finite-sheeted covering space of S, and it is
called principal congruence covering of level N of S. The next result shows that Sy is in
fact a hyperbolic surface and tells us how to detect the systoles in Sy.

Lemma 5.5. Let N > 2 and I'(N) be the principal congruence subgroup of level N of

(a) For~ € T(N), if | tr(y)| # 2 then | tr(y)| > N? — 2.
(b) For 3 €T with |tr(B8)| = N, then —% € T'(N) and —(? represents a systole of Sx.
(c) Sy is a non-compact hyperbolic surface with area(Sy) < area(S) - N3.

14z gy
z 14w
equation det(y) = 1 is equivalent to the equation

Proof.  (a) Let v € I'(V) such that v = ( ), z,y,z,w € NZ. The

r+w+azw—zy=0

Therefore z +w € N?-Z. Since 7 is not parabolic by assumption, then z +w # 0 so
|z+w| > N2. Tt follows by the triangle inequality that | tr(y)| = |2+x+w| > N?—2.

14
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(b) By the Cayley-Hamilton Theorem, /3 satisfies the equation
X2 —tr(f)X+1=0

thus
—5% = —tr(B)B+1=1 mod N.

We also get that tr(—3%) = —N? + 2, and then | tr(—3?)| = N? — 2. From (a), —3?
defines a systole of Sy.

(¢) From (a) we get that ['(/V) has no elliptic elements, so Sy is smooth, and then Sy
is a hyperbolic surface. Since [I' : I'(V)] is finite, then

area(Sy) = area(S) - [I' : ['(N)]
< area(S)|SLy(Z/NZ)|.

The result follows from the fact that [SLo(Z/NZ)| = N* - T, y(1 = -5) < N?, where
the product is taken over the prime integers dividing V. O

We can now prove Theorem 5.1 in the non-compact case.
Theorem 5.6. For N sufficiently large, Sy satisfies

area(Sy )3
202 ’

sys(Sy) > %log(area(SN)) — <2 log(2) + % log(vo)) ,

Kiss(Sy) >

for any € > 0, where vy = area(S).

Proof. For any ¢ > 0 let &' = 3¢, T'(¢') given by Theorem 5.4, and take N > T(¢).
The group T' = PSLy(Z) has uo(N) > N'=¢ conjugacy classes of primitive elements of
trace =N, namely S, fs, . .., Buo(v)- By Lemma 5.5, the elements —7, —f3, ..., — io(N)
represent distinct systoles in Sy.

Denote by X (V) the set of elements v € I'(N) with |tr(y)| = N?—2. So, the elements
—B%, =83, ..., =B ) belong to X(N). Since I'(N) is normal in T, the group T'/T'(N)
acts by conjugation on X (N). Denote by 7 the class of v in I'/T'(N), and suppose that
v(—p%)y~! = — 2. The equation

V(87 =t (B) B+ )y =0

implies that v commutes with 3;, and therefore the fixed points of v and 3; in OH? are
equal. Since f; is primitive we get that v € (f;). So, 7 has order 2 in I'/T'(IV). This

implies that each geodesic —f? in Sy produces w distinct closed geodesics in Sy of
the same length.

15
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Note that y32y~1 # ﬁjz for i # j. Indeed, if y52y~! = ﬁjz for some i # j, the equations

V(B = NB;+1)y ' =0
B} —=NB;+1=0

imply that y3;v~* = ;, which is not possible since the 3; and ; are non I'-conjugated.
Thus, X (N) has at least N'==" . M elements. By Lemma 5.5(a) and Proposition 3.6
any element in X (V) induces a systole in Sy, and then
D/T(V)

5

Now, since area(Sy) = |['/T(N)] - area(T'\H?) < vy N3, with vy = area(I'\H?) we get
that

Kiss(Sy) > N1~

’
4—¢'

area(Sy) =N area(Sy) S area(Sy)3 area(Sy)3
200 208 B 202

Vo

Kiss(Sy) > (

On the other hand, for any v € I'(/NV) hyperbolic, combining Proposition 3.6 and
Lemma 5.5 we obtain that

N2
£, > 2log(| tr()] — 1) > 2log(N? — 3) > 2log (7)

= 4log(N) —2log(2) = %log(N?’) —2log(2)

>§kg(%§§%%)—2bg%

= glog(area(SN)) - (2 log(2) + glog(area(S))) :

Thus,
sys(Sy) > %log(area(SN)) - (2 log(2) + %log(area(S))) : O

5.2 Compact Case.

Let p € Z be a prime number such that p = 3 mod 4, and consider the quaternion
algebra over Q given by

Dy 1= (p@ )={$0+$1Z+$2J+3€3k‘$i€@7 2 =p, j*=-1, ZJ:—JZ:k}

By the discussion in Section 4 the group

r :A}u,b(Z) ={z € Auwp ‘ x; € L, xy — pri + x5 — pas =1}
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embeds as a cocompact Fuchsian group in SLy(R). For any N € Z the principal congruence
subgroup at level N of I' is defined as

I'(N)={zeA (Z)}:):OEI mod N, z1, 22,23 =0 mod N}.

p7_1

In this case, we do not have a version of Theorem 5.4. Instead, we can use the Prime
Geodesic Theorem for primitive closed geodesics (see [7, Sec. 9.6]), which implies the
existence of a sequence {t;} C N, t; — oo with

t;
logt;’

#{[x] € T'| tr x = t;, x primitive} ~ (12)
where [z] denotes the I'—conjugacy class of x. The rest of the proof follows the same lines
of argument as in the non-compact case.

6 Systole, kissing number and volume in higher dimensions.

6.1 Arithmetic orbifolds and congruence coverings.

We can resume the strategy in Section 5 as follows. Let S = I'\H? be an arithmetic
hyperbolic surface defined over Q, compact or non-compact. The length of closed geodesics
in S is related to the trace of hyperbolic elements in I (Proposition 3.6), and the number
of closed geodesics in S with the same length relates to the number of conjugacy classes of
hyperbolic elements in I" with the same trace. For any N € Z-5 consider the (principal)
congruence covering Sy = ['(N)\H? of S. The modular conditions defining I'(V) force Sy
to have a large systole; moreover, many non-homotopic curves realize this systole. That
is, I" has a large number of non-conjugate hyperbolic elements with trace N (Theorem 5.4
and equation 12), all of them producing a systole on Sy with large length Theorem 5.6.

In order to keep the exposition not complicated, we do not plan to give the general
definition of arithmetic orbifold and congruence covering. The technical details can be
found in the articles that will be referenced below. Instead, we will give the main ideas,
and hope that they will help the reader to follow the original arguments cited.

The fundamental group I' of an arithmetic orbifold M has a representation as a matrix
group I' = G(Oy), with entries in the ring of integers Oy of a number field k, where G
is an algebraic k-subgroup of some GL,(C). The group G is crucial, and its construction
will depend on each type of orbifold considered. In our previous example, k = Q, O, = Z,

and G = A}Lb where A = (%’) with a,b € Q*,a > 0. For any ideal I C Oy, the kernel

of the reduction modulo I map defines a finite index subgroup I'(I) < T, the principal
congruence subgroup of I' at level I, which induces a finite sheeted cover M; of M, called
the principal congruence covering of M, in the same way that Sy was defined in Section 5.
A congruence subgroup of I is a subgroup A < I' containing some I'(1).

17
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6.2 Systole and volume in higher dimensions.

Congruence coverings are natural covering spaces in any arithmetic locally symmetric
space. We will mention the geometric results answering Question 2.7 and Question 2.8 in
higher dimensions that have been obtained in the last few years, including other locally
symmetric spaces, such as Hilbert modular varieties, arithmetic hyperbolic manifolds
of the second type, complex and quaternionic hyperbolic manifolds, and special linear
manifolds.

It is natural to expect that congruence coverings of arithmetic hyperbolic n-manifolds
attain the logarithmic bound for their systole. In fact, comparing the geometry of the
fundamental group of a compact hyperbolic manifold with the geometry of H" it is possible
to show that there are positive constants C3, Cy depending only on n such that

sys(My) > Cslog(vol(My)) — Cy.

The proof can be found in [18, Prop. 10] (cf. [17, 3.C.6]). Although it shows that the
systole of congruence coverings is bounded by a logarithmic function of the volume, the
proof uses rough comparisons between the geometry of I'(I) and H", and it does not give
a precise value for the constants C3 and Cj.

In dimension 3, M. Katz, M. Schaps, and U. Vishne found a precise lower bound for
the systole along congruence coverings

Theorem 6.1 (see [20, Thm. 1.8]). There exists a sequence M, of hyperbolic 3-manifolds
with vol(M;) — oo, such that

2
sys(M;) > 3 log(vol(M;)) — ¢,

where ¢ is a constant that does not depend on M.

Extending the ideas in [20] to congruence coverings of arithmetic hyperbolic manifolds
in higher dimensions, the following was proven by the author in [29].

Theorem 6.2. For any n > 2, there exists a sequence M; of compact hyperbolic n-
manifolds with vol(M;) — oo, such that

sys(M;) > log(vol(M;)) — ¢,

8
n(n+1)
where ¢ is a constant that does not depend on M.

Together with C. Doéria, we also proved that the constant ﬁ is optimal along
principal congruence coverings (see the appendix of [29]). This implies that C; = ﬁ
holds as an answer to Question 2.7 for compact hyperbolic n-manifolds.

Question 2.7 has also been studied for other types of arithmetic locally symmetric
spaces. For an arithmetic locally symmetric space of dimension n, there are congruence

coverings M of M satisfying the inequality
sys(Mp) > C'log(vol(M;)) — d,

18
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where d is a constant that does not depend on M;. The constant C' depends on the type
of M. We will summarize in Table 1 what is known so far about systole growth on other
locally symmetric spaces. Also, we will indicate in which cases the provided C' is known
to be optimal.

C M Is C' optimal? Reference
ﬁ Hilbert modular variety yes Murillo [28]
ﬁ Real hyperbolic of type 11 not known Kim [21]
ﬁ Complex hyperbolic not known Kim [21]
ﬁ Compact quotients of (H?)" not known Cosac-Déria [10]
m Quaternionic hyperbolic manifold yes Emery- Kim-Murillo [14]
n(i\fz) Special linear manifold not known Lapan—Meyer [23]

Table 1: Systole growth in different types of arithmetic orbifolds

6.3 Kissing number in higher dimensions.

As it was mentioned in Section 2.4, an answer to Question 2.7 can be obtained from an
answer to Question 2.8, but the latter is more difficult. The first construction of hyperbolic
3-manifolds with large kissing number was obtained by this author in collaboration with
C. Déria. More precisely, the following result was obtained in [12].

Theorem 6.3. There exists a sequence M; of non-compact finite volume hyperbolic 3-
manifolds with vol(M;) — oo, such that

31

VOI(MZ) 24

Kiss(M;) > c- log(vol(M;))

for some constant ¢ > 0 independent of M.

A Bianchi orbifold is the quotient of H? by PSL(Op) for some D > 0, where Op
denotes the ring of integers of the quadratic imaginary number field Q(v/—D). These
orbifolds can be seen as models for non-compact finite volume arithmetic hyperbolic 3-
manifolds, and generalize the modular surface discussed in Section 4.1. In fact, for any
non-compact finite volume arithmetic hyperbolic 3-manifold, there is a Bianchi orbifold
with a finite-sheeted hyperbolic cover in common (see [24, Thm 8.2.3]). The manifolds M;
in Theorem 6.3 are congruence coverings (not necessarily principal) of Bianchi orbifolds.
Later on, together with C. Déria and E. Freire, we extended Theorem 6.3 to compact
hyperbolic 3-manifolds, and also improved the constant %, see [11]. In the same work, we
prove the following using congruence coverings of certain compact arithmetic hyperbolic
orbifolds of higher dimension.

Theorem 6.4. For any n > 2, there ewists a sequence of compact hyperbolic n-manifolds
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M; with vol(M;) — oo such that

1
, vol(M;)" mtFD
Kiss(M;) > J
iss(M;) > ¢ log(vol(M))

for some constant ¢ > 0 independent of M;.

6.4 Open questions.

We would like to finish the exposition with some open questions that complement
Questions 2.7 and 2.8.

Question 6.5. In most of the cases in Table 1, the constant C' is expected to be not opti-
mal, except possibly for compact quotients of (H?)". What is the best possible constant
C for the locally symmetric spaces in those constructions?

Question 6.6. Is there a non-compact version of Theorem 2.67 We are not aware of
this result even for n = 3. It is expected that a careful analysis of the techniques in
Theorem 2.6 holds.

Question 6.7. Is it possible to get a version of Theorem 2.6 for locally symmetric spaces,
compact or not, which are not hyperbolic?

Question 6.8. To the best of our knowledge, the results in Section 6.3 are the only known
results that give an answer to Question 2.8 in any dimension. Is it possible to obtain
similar results for other types of locally symmetric spaces, which are not hyperbolic?

Question 6.9. Suppose that M is a hyperbolic manifold satisfying inequality (9) for some
€ > 0. Is M necessarily arithmetic?
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