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On commutativity of 3-prime near-rings with
generalized («, 3)-derivations

Abdelkarim Boua and Ahmed Y. Abdelwanis

Abstract. Let A be a 3-prime near ring and o, 8 : N' — A be endomor-
phisms. In the present paper we amplify a few outcomes concerning gener-
alized derivations and two-sided a-generalized derivations of 3-prime near
rings to generalized (a, §)-derivations. Cases demonstrating the need of the
3-primeness speculation are given. When 8 = idy (resp. a = 8 = idy),
one can easily obtain the main results of [1] (resp.[7]).

1 Introduction

In the present paper, A is a zero symmetric right near-ring i.e. non empty set
together with two binary operations ” +” and ”.” that satisfies (N, +,0) is a group
(not necessarily abelian), (N, .) is a semigroup, for all z,y, 2 € N (z+y)z = zz+yz
("right distributive law”) and n0 = 0 for all n € N. Z(N) is the multiplication
center of N, that is, Z(N) = {z € N |xzy = yz forall y € N}. Note that
0€ Z(N),so0 Z(N) # 0. Usually N will be 3-prime near ring, that is, will have the
property that Ny = {0} for z,y € N implies z = 0 or y = 0. Nonempty subset [
of NV is called a semigroup right ideal or a semigroup left ideal if IN' C T or NT C I
respectively; and I is said to be a semigroup ideal if its both a semigroup right
ideal and a semigroup left ideal. Recalling that A/ is 2-torsion free if 22 = 0 implies
z =0 for all z € N. An additive mapping d : N' — N is said to be a derivation
if d(xy) = zd(y) + d(x)y for all z,y € N, or equivalently, if d(zy) = d(z)y + zd(y)
for all z,y € M. As in [8], an additive mapping F : N' — A is a right or left
generalized derivation with associated derivation d if F(zy) = F(z)y + zd(y) or
F(zy) = d(z)y + zF(y) holds for all z,y € N respectively.
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Let o, 8 : N — N be endomorphisms, an additive mapping d : N' — N is
called (o, 8)-derivation, if d(zy) = a(z)d(y) + d(z)B(y) for all z,y € N, and or
equivalently from [3] that d(zy) = d(z)B(y) + a(x)d(y), for all z,y € N.

Now we give an example of a (a, 3)-derivation on a near-ring N which is not
a derivation.

Example 1. Let S be a zero-symmetric near-ring. Define N and d, o, 8 : N — N
by:
z 0 z 0 z 0
w={(5 ) revesh (5 ) -(00)
z 0 z 0 z 0 0 0
(5 5)=(50) = (3 3)-(37)

Clearly N is a zero symmetric near-ring, d is a (a, 3)-derivation on A but not
a derivation.

Let o, 3 : N — N be endomorphisms. An additive mapping F' : N — N is
called a right generalized (o, 3)-derivation (resp. left generalized (o, §)-derivation)
if there exists a («, 3)-derivation d such that F(zy) = F(2)8(y) + a(z)d(y) (resp.
F(xy) = d(z)B(y) +a(x)F(y)) for all ,y € N'. Moreover, F is called a generalized
(a, B)-derivation if F' is both right generalized («, 3)-derivation and left generalized
(a, B)-derivation. Clearly the notion of generalized («, 3)-derivations includes those
of (e, B)-derivations (when F' = d) of derivations (when F' = d and a = 8 = idy,
where idys is the identity map on N) and of generalized derivations (which is the
case when o = [ = idy). Hence the concept of generalized («, ()-derivations
includes those of derivations, generalized derivations and («, 8)-derivations.

Now we give an example of a generalized (a, §)-derivation F' associated with
(a, B)-derivation d on a near-ring such that F' is not a (a, §)-derivation of N.

Example 2. Let S be a zero-symmetric near-ring. Let us define A/, d, F and

a,B: N — N by:

0 z 0 z 0
0)’ F(O y>_<0 y>
0 z 0 z 0
y) and5<0 y>_(0 0)‘
Clearly N is a zero symmetric near ring, d is a («, §)-derivation of N, and F is
a generalized («, §)-derivation associated with d, but F' is not a («, §)-derivation
of NV.
We will write, for all z,y € N,

[,y =2y —yzr and zoy=ay+yz
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for the Lie and Jordan products, respectively. Usually, we denote

[#,ylap = alz)y —yB(z) and (zoy)as = alz)y+yb(z),

for all z,y € N. In particular [2,ylidy idy = [2,y] and (@ 0 Y)idy iay = T 0y, for
all z,y e V.

In the present paper, we generalize Theorems 3.1 and 3.5 of [1], Theorems 2.9,
2.10, 3.1, 3.2, 3.3 and 3.5 of [7].

2 Preliminaries

We begin with the following lemmas which are essential in the following two sec-
tions.

Lemma 1. [6, Lemmas 1.2 (i), 1.2 (iii) & 1.3 (iii)]. Let N be a 3-prime near-ring.
(i) If z € Z(N') ~ {0}, then z is not a zero divisor.
(ii) If z € Z(N') ~ {0} and zz € Z(N), then x € Z(N).
(iii) If z centralizes a non zero semigroup left ideal, then z € Z(N/).

Lemma 2. [6, Lemma 1.3 (i)]. Let N be a 3-prime near-ring. If I is a nonzero
semigroup left ideal (resp. semigroup right ideal) and z is an element of N such
that I = {0}, (or Iz = {0},) then z = 0.

Lemma 3. [6, Lemma 1.4 (i)]. Let N be a 3-prime near-ring and I is a nonzero
semigroup ideal of N'. If z,y € N" and xIy = {0}, then x = 0 or y = 0.

Lemma 4. [6, Lemma 1.5]. Let N be a 3-prime near-ring. If Z(N') contains a non-
zero semigroup right ideal or a semigroup left ideal, then N is a commutative ring.

Lemma 5. [3, Lemma 2.2]. Let d be a («, 3)-derivation on a near-ring N'. Then
N satisfies the following partial distributive laws:

() 2(a(z)d(y) + d(z)B(y)) = za(x)d(y) + zd(x)B(y) for all z,y, z € N.
(i) z(d(x)B(y) + a(z)d(y)) = 2(d(z)B(y) + za(x)d(y) for all z,y,z € N

Lemma 6. [9, Lemma 4]. Let N be a 3-prime near ring and d : N' — N be
a nonzero («, §)-derivation. If I is a nonzero semigroup left ideal or a semigroup
right ideal, then d(I) # {0}.

Lemma 7. [9, Theorem 2|. Let N be a 3-prime near ring and I is a nonzero
semigroup left ideal of N'. If N admitting a non-trivial («, 3)-derivation d such
that d(I) C Z(N), then N is a commutative ring.

Lemma 8. Let N be a 3-prime near-ring and «, 8 maps of N such as « is additive.
If N admits an additive mapping F', then the following assertions are equivalent:

(i) F(zy) = F(x)B(y) + a(z)d(y) for all z,y € N,
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(ii) F(zy) = a(z)d(y) + F(z)B(y) for all z,y € N.
Proof. (i) = (i1) Assume that F(zy) = F(x)8(y) + a(z)d(y), for all z,y € N, so
F((z +2)y) = F(z +2)B(y) + a(z + 2)d(y)
= F(2)B(y) + F(2)B(y) + a(z)d(y) + a(z)d(y) for all z,y € N,
and
F((z +2)y) = F(xy) + F(zy)
= F(x)B(y) + a(z)d(y) + F(x)B(y) + a(x)d(y) for all z,y € N.

Comparing the two equations, then we get
F(z)8(y) + a(z)d(y) = a(z)d(y) + F(z)B(y) for all z,y € N.
Similarly, we can prove the other implication. O

Lemma 9. [10, Lemma 2.2]. Let F be a generalized («, )-derivation of near ring
N associated with d. Then

2(F(2)B(y) + a(z)d(y)) = 2F(2)B(y) + za(x)d(y) for all z,y,z € N.
We need the following lemma in the next sections

Lemma 10. Let N be a 2-torsion-free 3-prime near-ring and I is a nonzero semi-
group ideal of N'. If o and 8 are automorphisms on N, then there exists x,y € I
such that (zoy)a.p # 0.

Proof. We demonstrate by disagreement, we isolate the confirmation of this lemma
into two sections, in the initial segment we demonstrate that A/ is a commutative
ring, situated in this property in the second part we get the disagreement.

Assume on the contrary that (zoy)s,g = 0 for all z,y € I, then a(z)y = —yB(x)
for all x,y € I. Replacing y by yz in the last equation and using it, we obtain

olz)yz = —y2B(z)
= (—y)(zp(x))
= (—y)(—a(z)z)
= (—y)(a(—x)z) for all z,y,z€ [
which implies that
(a(z)y + ya(—x))I = {0} for all z,y e I.

Using Lemma 2, we get a(—x)y = ya(—x) for all x,y € I. Taking ny in place of
y, where n € N, we obtain

a(—x)ny = nya(—x)

=na(—x)yforall z,ycI,neN
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which reduces to [a(—z),n]I = {0} for all z € I, n € N. Using again Lemma 2, we
get a(—z) € Z(N), for all z € I, i.e. a(—I) C Z(N). Since « is an automorphism
of N, then —I C Z(N') and using the fact that —I is a nonzero semigroup right
ideal. Thus N is a commutative ring by Lemma 4. In this case, our hypothesis
implies that

=«

(x)y + yB(z)
a(z)y + B(x)y
= (a(z) 4+ B(x))y for all z,y € 1.

It follows by Lemma 2 a(z) + B(x) = 0 for all x € I. ie. f(z) = —a(z) for all
z € 1. So for every n € N and z € I, we get

—a(n)a(z) = —a(nx)
= B(nx)
= B(n)B(x)
= B(n)(—a(z))
= —fB(n)a(z) for all z € l,neN.

Which implies that a(n)a(x) = 8(n)a(z) for all x € I, n € N. So

(a(n)a(z) = B(n)a(z)) =0
= (a(n) — B(n))a(z) for all z € I,neN.

Thus by Lemma (2), we get a(n) = B(n) for all n € N. But a(z) = —3(z) for all
x € 1. So B(z) = —p(x) for all z € I, and using 2-torsion freeness of N, we get
26(x) = 0 = B(x) for all z € I. Hence S(I) = {0}, but S is an automorphisms,
which implies I = {0}; a contradiction. O

Lemma 11. Let N be a 3-prime near ring, I is a nonzero semigroup left ideal and
a, B be automorphisms on N. If x € N and [z,ylapg = 0 for all y € I, then
x € Z(N).

Proof. Let x € N such that [z,y]o 3 = 0 for all y € I, then a(z)y = yB(z) for all
y € I. Replace y by ty, where t € N, we get

a(x)ty = tyB(z)
=ta(x)y for all ye I,t e N.

Then [a(z),t]y =0 for all y € I, t € N. By Lemma 2, we obtain a(x) € Z(N),
but « is an automorphism, so z € Z(N). O

3 Commutativity conditions and («, 3)-derivations
In this section, N is assumed to be a zero symmetric near-ring and o, 3 : N — N
are automorphisms.

Our next theorem is a generalization of [1, Theorem 3.1] and [7, Theorem 2.9)].
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Theorem 1. Let N be a 3-prime near-ring. If I is a nonzero semigroup ideal and
d is a nonzero (o, 3)-derivation on N, then the following assertions are equivalent:

(i) [, Ylap € ZWN) for all z,y € I;
(ii) [d(x),Yla.p € Z(N) for all z,y € I;
(iii) N is a commutative ring.

Proof. (ii

1) = (i) and (i4i) = (i9) are obvious.
(i) = (i

1) Assume that
[z,Ylap € Z(N) forall z,yel. (1)
Replacing y by yS8(x) in (1) and noting that [z, y8(z)]a.s = (2, Y]a.s8(z), we get
[z,y]lapb(x) € Z(N) forall z,yel. (2)
By Lemma 1 (ii), we conclude that for each z € I, we have
[2,y]las =0 or B(z) € Z(N) forall z,y € I. (3)
But 3 is an automorphism, so (3 implies that
[2,ylag =0 or x € Z(N) forall z,y el (4)

By Lemma 11, we get # € Z(N) for all x € I, i.e I C Z(N). Hence N is
a commutative ring by Lemma 4.

The proof of (i) = (iii) is by the same way of the proof of (i) = (iii), and use
Lemma 7 instead of Lemma 4. O

It is worthy noticing that the results of Theorem 1 generalizes [1, Theorem 3.1],
if we put 8 = idys, and [7, Theorem 2.9], if we put a = 8 = idys.

If NV is 2-torsion free, Theorem 1 stays legitimate if we replace [z,ylo s by
(x 0Yy)a,p- In fact, we obtain the following result:

The next theorem is a generalization of [1, Theorem 3.5] and [7, Theorem 2.10].

Theorem 2. Let N be a 2-torsion free 3-prime near-ring. If I is a nonzero semi-
group ideal and d is a nonzero (o, o)-derivation on N, then the following assertions
are equivalent:

(i) (xoY)aa € ZWN) for all z,y € I;
(ii) (d(x)oY)a,a € Z(N) for all z,y € I;
(iii) N is a commutative ring.
Proof. (iit) = (i) and (ii%) = (i9) are obvious.

The proof of part (i) = (ii) of Theorem 2 is the same as the proof of (i) = (i)
of Theorem 1 with the same steps.
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(#4) = (791) Assume that
(d(z) o Y)a,a € Z(N) forall x,y € I. (5)
As above replacing y by ya(d(z)) in (5), we get
(d(x) o Y)a,aa(d(z)) € Z(N) for all x,y € 1. (6)
By Lemma (1) (ii), we conclude that
(d(z) 0oY)a,a = 0o0r a(d(z)) € Z(N) for all x,y € I. (7)
Again (7) implies that
(d(z) o y)a,a =0o0r d(z) € Z(N) forall z,y € I. (8)

Assume there exists z9 € I such that d(x¢) € Z(N). Since « is an automorphism
of N, a(d(xg)) € Z(N). Then (5) implies (y+y)a(d(xg)) € Z(N) for all y € I. By
Lemma 1 (ii), we obtain a(d(zg)) =0 or y +y € Z(N) for all y € I which implies
that d(x¢) = 0 or (y + y)y = y*> +y> € Z(N) for all y € I. Using again Lemma 1
(ii) with 2-torsion freeness of N, we get d(z9) =0 or y € Z(N) for all y € I which
means that d(zo) =0 or I C Z(N). By Lemma 4, we conclude that d(zo) = 0 or
N is a commutative ring. In this case (8) becomes

(d(z) oY)a,a =0 forall z,y €I or N is a commutative ring.

If (d(z) o y)a,o = 0 for all z,y € I. We get a(d(x))y = —ya(d(z)) for all z,y € I.
Putting yt in place of y, we obtain

a(d(—z))yt = yta(d(z))
= y(ta(d(z))
=ya(d(—z))t forall z,y,tel,

which implies that a(d(—z))y — ya(d(—x))I = {0} for all x,y € I. As a conse-
quence, a(d(—z))y = ya(d(—z)) for all z,y € I. Replacing y by ny, where n € N/
in the last expression and using it again, we arrive at a(d(—z)) € Z(N) for all
x € I. Since « is an automorphism of N, we obtain d(—z) € Z(N) for all z € I.
ie. d(—I) C Z(N) and N is a commutative ring by Lemma 7. O

Note that we can be obtain [1, Theorem 3.5] and [7, Theorem 2.10] from The-
orem 2 by choosing o = id .

The following example shows that one cannot discard the 3-primeness hypoth-
esis in Theorems 1 and 2.

Example 3. Let S be a 2-torsion free zero-symmetric near-ring which is not abelian.
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Let us defined AV, I and d, o, B : N — N by:

0 0 0 0 0 O
N = z 0 vy ryeSy, I= 0 0 y yesy,
0 0 O 0 00
0 0 O 0 0 O
dl 0y |=10 0y |,
0 0 0 0 00
0 0 0 0 0 O
al z 0 y |=|vyv 0 =z and 0 = idy.
0 0 0 0 0 O

It is clear that N is a 2-torsion free non 3-prime near-ring and I is a nonzero
semigroup ideal of A. Moreover, d is a nonzero («, 3)-derivation of N satisfying
the conditions:

[A, Bla.g, [d(A),Blag, (AoB)ag, (d(A)oB)as€ Z(N) forallA,Bel,
but N is not a commutative ring.

4 Commutativity conditions and generalized (o, (3)-derivations

In this section, N is assumed to be a zero symmetric near-ring and o, 3 : N = N
are automorphisms.
The next theorem is a generalization of [7, Theorem 3.1].

Theorem 3. Let N be a 3-prime near-ring and [ is a nonzero semigroup ideal. If N
admits a generalized (o, 3)-derivation F' associated with a nonzero («, 8)-derivation
d such that F([z,y]) = [d(z), B(y)] for all z,y € I, then N is a commutative ring.

Proof. Assume that
F([z,y]) = [d(z),B(y)] forall z,yel 9)
Replacing y by y in (9), we get
[d(z), B(yx)] = F([z,yz]) = F(lz,ylz) forall z,yel (10)
Moreover, since [d(z), 3(z)] = 0 for all z € I. So
[d(z), B(yx)] = [d(z), B(y)]B(x) = F([z,y])B(x) forall z,yel.  (11)
From (10) and (11), we get
F([z,ylz) = F([z,y]))B(z) = F([z,y])B(z) + a([z,y])d(z), forall z,y € I.
So a([z, y])d(x) = 0 for all 7,y € I. But o is an automorphism, so

([z,y))a~(d(z)) =0 forall z,y € I. (12)
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Substituting zy for y in (12), where z € N, and use it to get

(zzya” ! (d(x)) = 2yza” ! (d(z))
= zxya~*(d(x)) forall z,y € I,z€ N.

So [z, z]Ia~ (d(z)) =0 for all z € I,z € N. Tt follows that
x€ZWN)or dz)=0 forall zel. (13)

Suppose there is zo € I such that zo € I N Z(N), then from (9), it is clear that
0 = F([zo,y]) = [d(x0),B(y)] for all y € I. So d(x0)B(y) = B(y)d(xo) for all y € I.
Since f is an automorphism, then d(xzg)y = yd(zo) for all y € I which implies
that d(z¢) centralizes I and d(zg) € Z(N) by Lemma 1(iii). According to (13),
we conclude that d(I) C Z(N), and hence N is a commutative ring by application
of Lemma 7. O

Take F' = d in Theorem 3, we obtain the following corollary:

Corollary 1. Let N be a 3-prime near-ring and I is a nonzero semigroup ideal. If
N admits a nonzero («, 3)-derivation d such that d([z,y]) = [d(z),B(y)] for all
z,y € I, then N is a commutative ring.

If we put 8 = idp, F' = d in Theorem 3, we obtain the following result:

Corollary 2. Let N be a 3-prime near-ring and I is a nonzero semigroup ideal. If N
admits a nonzero (a, 1)-derivation d, such that d([z,y]) = [d(z),y] for all z,y € I,
then N is a commutative ring.

Note that if we take a = 8 = idy in Theorem 3, we get [7, Theorem 4.1]. The
next theorem is a generalization of [7, Theorem 3.2].

Theorem 4. Let N be a 3-prime near-ring and [ is a nonzero semigroup ideal. If N
admits a generalized (o, 3)-derivation F associated with a nonzero («, §)-derivation
d such that d([z,y]) = [F(x), B(y)] for all z,y € I, then N is a commutative ring.

Proof. As in the proof of Theorem 3, we get [z, 2][a~!(d(z)) = 0 for all z € I and
z € N. Therefore
xe€Z(WN)or dz)=0 forall ze€l. (14)

Suppose there exists zg € I N Z(N), then F(zo) € Z(N) and F(z3) € Z(N). So
F(23) = F(z0)B(z0) + awo)d(wo) € Z(N). But a(zo), B(zo) and F(xo) are in
Z(N) for all z € I'N Z(N). Thus by lemmas 8 and 9, we get a(zq)d(xo) € Z(N).
By Lemma 1 (ii), we obtain either a(zg) = 0 or d(zg) € Z(N). Since « is an
automorphism, then (14) becomes d(z) € Z(N) for all z € I. So d(I) C Z(N') and
N is a commutative ring by Lemma 7. O

Not that if we take @ = 8 = idy in Theorem (4), we obtain [7, Theorem 4.2].
We now concentrate practically equivalent to conditions including anticommutators
z oy. Our next theorem is a generalization of [7, Theorem 3.3].
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Theorem 5. Let N be a 2-torsion free 3-prime near-ring and I a nonzero semigroup
ideal. Then N admits no generalized («, 3)-derivation F with associated an («, 3)-
derivation d such that d(Z(N)) # {0} and d(z oy) = F(x) o f(y) for all z,y € I.

Proof. Assume that
d(xoy)=F(x)of(y) forall z,yel. (15)

Let z € Z(N) such that d(z) # 0. Replace y by zy in (15), so we obtain

(F(z) o B(y)B(z) = d((zoy)z) forall z,yel. (16)
So we get
d(zoy)B(z) = d((xoy)z)
=d(xoy)B(z) +a(xoy)d(z) forall xz,yel

So that a(xoy)d(z) =0 for all z,y € I. But d(z) € Z(N) — {0}, then a(xoy) =0
for all z,y € I i.e x oy = 0 for all z,y € I, so with tensionless this contradicts
with [7, Lemma 2.8]. O

The following theorem is a generalization of [7, Theorem 3.5].

Theorem 6. Let A be a 2-torsion free 3-prime near-ring and I a nonzero semigroup
ideal. Then there exists no generalized («, 3)-derivation F' with associated nonzero
(o, B)-derivation d such that [d(z),5(z)] = 0 and d(z) o f(y) = F(z oy) for all
z,y € 1.

Proof. Assume that
[d(z),8(z)] =0and d(z)ofB(y) = F(xoy) forall z,y e I. (17)
Replacing y by yx in (17), we get
d(z)o B(yz) = F((xoy)x) forall z,y e I. (18)

Since F((z o y)z) = F((x oy))B(x) + a((z o y))d(x) for all z,y € I. So (17) and
(18) yields

d(z) o Byx) = (d(z) o 5(y))5(x)

Which reduces to
zya~t(d(z)) = —yzra~(d(z)) for all x,y € I. (19)
Replacing y by zy in (19), where z € N, and use it to get
—zzya~ Y (d(z)) = zyza~(d(z))

= 2(~aya~'(d(z)))
= z(—2)ya~'(d(x)) forall z,ycl,zeN
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which implies that

[z, 2]Ia"(d(x)) = {0} forall z€1,z€N.

It follows that
—x€ZN)or d(z)=0 forall ze€l. (20)

Suppose there exists xo € I such that —z¢g € Z(N). Using our hypothesis, we
obtain d(xg) o B(x3) = F((xg o x9)wo) which implies that

(d(z0) o B(x0))B(x0) = F(x0 0 20)B(20) + (0 © T0)d(20)-

Using (17) it is easy to get a(xgoxo)d(xo). By 2-torsion freeness together with the
fact that o is an automorphism of A/, we can conclude that z3a~(d(zg)) = 0. Since
—xo € Z(N), it is clear that (—zo)> = 22 it follows that (—z0)’a = (d(z0)) = 0,
so (—z0)N(=z9)Na~1(d(zo)) = {0}. By 3-primeness of N, it is obvious that
a~1(d(zg)) = 0 and therefore d(zg) = 0. In all cases d(z) = 0 for all # € I which
is a contradiction with our assumption. O

The following example shows that the 3-primeness hypothesis in Theorems 3—6
cannot be discarded.

Example 4. Let S be a 2-torsion free zero-symmetric near-ring which is not abelian.
Let us defined NV, I and d, F,a, 8 : N — N by:

0 =« 0 0 0 0
N = 0 0 0 z,ye Sy, I= 0 0O yesy,,
0y O 0 y 0
0 =z O 0 0 0
F=d d|y 0 0 0 |=1]00 01,
0 vy O 0y O
0 = O 0y O
a=1idy and B[ 0O 0 0 =0 0 O
0 vy O 0 =z O

It is clear that N is a 2-torsion free non 3-prime near-ring, I a nonzero semigroup

ideal of N and F is a generalized (o, 8)-derivation associated with a nonzero («, 3)-
derivation d such that:

F([A, B]) = [d(A), B(B)], d([A,B]) = [F(A),B(B)], [d(A),
F(AoB)=d(A)oB(B), d(AoB)=F(A)opB(B)

for all A, B € I, but N is not a commutative ring.
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