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Invariance analysis and some new exact analytic
solutions of the time-fractional coupled
Drinfeld-Sokolov-Wilson equations

Astha Chauhan, Rajan Arora

Abstract. In this work, the fractional Lie symmetry method is used to find
the exact solutions of the time-fractional coupled Drinfeld-Sokolov-Wilson
equations with the Riemann-Liouville fractional derivative. Time-fractional
coupled Drinfeld-Sokolov-Wilson equations are obtained by replacing the
first-order time derivative to the fractional derivatives (FD) of order « in
the classical Drinfeld-Sokolov-Wilson (DSW) model. Using the fractional
Lie symmetry method, the Lie symmetry generators are obtained. With the
help of symmetry generators, FCDSW equations are reduced into fractional
ordinary differential equations (FODEs) with Erdélyi-Kober fractional dif-
ferential operator. Also, we have obtained the exact solution of FCDSW
equations and shown the effects of non-integer order derivative value on the
solutions graphically. The effect of fractional order « on the behavior of
solutions are studied graphically. Finally, new conservation laws are con-
structed along with the formal Lagrangian and fractional generalization of
Noether operators. It is quite interesting the exact analytic solutions are
obtained in explicit form.
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1 Introduction

Water waves in oceans is always a topic of great interest for researchers. However,
the phenomena is very complex and no single model is available that may describe
the fully non-linear dynamics of the waves. Many mathematical models have been
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proposed by researchers for simpler case where the pressure difference in vertical
direction is negligible. It means the horizontal length scale (wavelength) is larger
than the depth of the fluid. Further, the fluid is ir-rotational. In the recent few
years, many modified models of the problem have been proposed by researchers by
using Fractional Derivatives (FD) (a derivative of arbitrary order). However, the
topic of fractional derivatives is quite old and reported first in 1695 by G.W. Leib-
niz, its application remains limited till last century. In the last decade, researchers
have recognised the usefulness of FD to adequately model a problem than the tra-
ditional integer derivatives. Fractional order differential equations are the general-
izations of classical integer-order differential equations. Many researchers are de-
voted to the interpretation, properties and applications of fractional order integrals
and derivatives [23], [29], [39]. In the recent years, fractional differential equations
(FDEs) have been studied frequently to model various physical problems in hydrol-
ogy, visco-elasticity, mechanics, neurons, image processing, physics, control-theory,
electrochemistry and finance [2], [3], [11], [13], [28], [30], [31]. Fractional differential
equations (FDEs) attract considerable interest in the various fields of engineering
and science. Many powerful and efficient methods have been developed to obtain
the exact and numerical solutions of FDEs like (G’/G)-expansion method [37],
functional variable method [17], modified trial equation method [25], exponential
function method [42], sub equational method [38], homotopy perturbation method
[40] and so on.

The Lie symmetry method was first introduced by Sophus Lie [16]. The main
aim of this method is to obtain the infinitesimal generators which leaves the con-
sidered differential equation invariant in form. This method provides powerful
structure in the working of differential equations. Adapting the Lie group anal-
ysis method and proposing the prolongation formulas for fractional derivatives,
Gazizov et al. [12] studied the symmetry properties of fractional order differential
equations with the help of Riemann-Liouville and Caputo fractional derivatives
[8]. Since few attributes of FD are non-identical to the integer order derivatives,
obtaining the Lie symmetries and the conservation laws for fractional partial dif-
ferential equations (FPDEs) are of interest for researchers. Despite the importance
of conservation laws in internal properties and, existence and uniqueness analysis
of differential equations, the conservation laws for FDEs are not widely discussed.
The real-world physical processes can be better modeled by FDEs rather by integer
order differential equations. Fractional order representations possess long memory
characteristics that makes the system behave in more realistic manner.

Most phenomena in Physics, Astrophysics and fluid dynamics are non-linear in
nature. Among these non-linear phenomena, the dynamics of water waves in ocean
is quite fascinating. Many models have been proposed for the shallow water waves
involving mostly integer order derivatives. Fractional order derivative significantly
affects the properties of the equation. In the recent few years, lot of studies have
appeared on the "Fractional Derivatives (FD)” to model these problems more ac-
curately. We have considered the time-fractional coupled Drinfeld-Sokolov-Wilson
equations (FCDSW) [33], [35] which are used are used to describe the model of
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shallow water waves.

Diu + aww, =0, (1)
Diw + bwygs + cwuy, + duw, = 0. (2)

Here « denotes the order of FD with 0 < o < 1 and a, b ¢ and d are nonzero
constants. For aw = 1, Egs. (1)-(2) represent the classical DSW equations, which
was first introduced by Drienfel’d and Sokolov [9], [10] and studied by Wilson [41].

In the recent years, many numerical and analytical solutions of FCDSW equa-
tions have been presented by the researchers due to its wide applications in the
modeling of water waves. Yao et al. [18] have studied the bifurcations of travel-
ling wave solutions of generalized DSW equations. Recently, Sahoo and Ray [33]
have obtained the double-periodic solutions of FCDSW equations in the shallow
water waves.

In this work, we have obtained the explicit solution expression of FCDSW
equations. We have applied fractional Lie group method to obtain the symmetry
properties and conservation laws for the FCDSW equations. Using the Lie symme-
try transformations, the time fractional coupled DSW equations are reduced into
fractional differential equations with Erdélyi-Kober operator. The fractional order
differential equations are in Euler-Lagrange forms. Therefore, the conservation laws
of these equations is obtained by using the Noether’s theorem by Lie symmetries.

The primary contents of this paper are as follows: A brief introduction is given
in detail about the fractional order differential equations in section 1. Section 2
contains preliminaries in which definition of fractional derivative and the basic idea
of fractional Lie symmetry method are presented. In section 3, we have applied the
proposed method to the FCDSW equations and determined the symmetry genera-
tors of fractional equations. Using these symmetry generators, FCDSW equations
are reduced into the fractional ordinary differential equations with the help of
Erdélyi-Kober fractional differential operator with Riemann fractional derivative.
In section 4, exact solution of FCDSW equations is obtained and the nonlinearity
property of the solution is studied with the help of two and three dimensional plots.
In section 5, new conservation laws have been developed along with new conserved
vectors using new conservation theorem and fractional generalization of Noether
operators. In section 5, conclusion is presented about the whole study.

2  Preliminaries
2.1 Definition of Fractional derivative

The Riemann-Liouville FD of a function u(z,t), for order o > 0, is defined as
follows [4], [14], [26], [34]:

D u(z,t) (3)

m ot
_ m% O(t—a)m_"_lu(a,x)da, m—1<a<mmeéeN,t>0,
%, a=méeEN,

where I' denotes Euler’s gamma function.
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2.2  Basic ldea of the Proposed Fractional Lie Symmetry Method
We have considered the coupled time fractional non-linear PDEs with two inde-
pendent variables given in the following form:
D?u = f((E, t7 Uy Ugy Uty Ugyy Ugpgr, W, Wy, Wi, Weyy Wegax, - - - )7 (4)
Df‘w = g(x, by, Uy Wty Uggy Uy Wy Wa, Wiy Wy, Wagay - - - )a (5)
where a > 0 and subscripts represent the partial derivatives.

Consider the following symmetry generator of one-parameter Lie group of trans-
formations under which Eqs. (4) and (5) remain invariant

F =t et w) + O(E),
t =t+er(x,t,u,w) + O(e?),

i = u+ en(z,t,u,w) + O(e),
W =w+ ev(z,t,u,w) + O(e?),
D&t = Dfu + en®™(z,t, u,w) + O(e?), (6)
Db = Dfw + ev™t (z,t, u,w) + O(€?),
ou  Ou . 9
%= Ba + en®(x,t, u, w) + O(e”),
ow Ow . 9
% 9a + ev®(x,t,u, w) + O(e%),
Pw  Pw .
555 —%—i—eu (z,t,u,w) + O(€?),

where € is the group parameter and &, 7, 7 and v are the infinitesimals of the trans-
formations.
The infinitesimal generator X can be written in following form:

X =&(z, t,u, w)0; + 7(x, t,u, )0 + n(x, t,u, w)0y, + v(z,t,u, w)dy.  (7)

The k-th order prolongation of the fractional vector field is given as

0 0 0 ; 0
P (oc,k)X - X a,t TT.od 2 8
" T e T o T e T B )
8 0 0 ; 0
a,t T T . TL... k> 1.
v owy v Owy v OWgye oty o

where the operators 7' and v* are extended infinitesimals [22] and n®t, v are the
fractional extended infinitesimals defined as follows:

™" = Dy () + €D (uz) — D (Eug) + Dit (w(Dy7)) — D (ru) + 7D (),
= Di¥(v) + £D“(wm) DY (éwy) + D§(w(Dyr)) — DY (rw) 4+ 7D (w),

— Dm(n) ( ) - utD:v(T)v

= Dy(v) — w, ( ) —we Dy (1),

= Dw(l/r) (f) - wa:tDac(T)a
( €T

= D:I: Ve ) wrszm(é-) - wxmth(T)7 (9)
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where D, and D; denote the total derivatives with respect to independent variables,
defined as

Dy = 0 + Oy + w0y + gt O, + WitOw, + Ut Oy + Wit Oy - - -
D;E = 8w + uwau + wwaw + ummaul + wwwawz + utmaut + wtwawt e

Now, we focus on the expressions for n%? and v**. The generalized Leibnitz rule
is given by

DE(On0) = 3 () D g nt), (10)
m=0

(2) T T(m +I;)(?(Zi)1 —m)’

Now, using Leibnitz’s rule (10) in the expressions of n®! and v*!, we have

where

7 = DY) — aDy(r) 3o
5 (2)oriorma (5 o
= DY) —aDi(r) Y (1)
mi < ) Dy w ;(mL)Dr“(ﬂDg—mw

The chain rule for a composite function is as follows (see [24]):

k e
) 3y () glaor S22 eor )

k=0 r=0

Using Egs. (10) and (12) in Egs. (11) with f(¢) = 1, we have
DE() = 0fn+ (mofu— uofm, ) + (nwaf‘w e

« —-m
+ Z ( )8{"%Da M 4 Z (m>8tm77wD? w+ piy + pia,

m=1

D (v) = 0f'v + (Vwaf‘w - w@tauw> + (Vuaf‘u - u@f‘uu) (13)

+ Z ( )amwaa My + Z ( )8{”uuD?‘mu+/\1 + A,

=1 m=1
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where
co m n j—1 _ _ )
- O (MY (YL 0t oy
251 _Tnzﬁ";j:Z = <m> (n) (T)j'l_‘(m+1_a)( U) otm (U )6tm_nauja
c© m n j—1 R B 3 )
- OV (MY(T)L D 2y
Mz_rnzﬁ;]=2r:0 <m> (”) (T>J'F(m+1a)( ) f%"(w )atmfnﬁwj’
co m n j—1 . _ B )
o a)/m\/j\1 (A om om—n+iy,
Alrnz—QnZQ]_2;<m> (n)<T)j'F(m+1—a)( ) 8t"(u )atm_nauj7
LSS () (MY () @ iy O
m—2n—=2j=2r—0 "W/ \TV/\T JIT(m+1-a) ot otm—nowi’

Thus, Eq. (11) yields

ot

(nu _ aDt<T>)af’u i+ (nwa?w - wafnw) T+

(2o (2 Jor ] i

+ 3 (8)ormnr o= S () pr@De .

m=1

Va,t:a?y—F(Vw—oth( ))6 w — wdy I/w—‘r( Ofu — udy Vu>—|—/\1+)\2

«Q m « m a—m
(2 )orva = (. )oren)|pe )
+ O DY M= Y DI(€) DY ™ w,. (14)
m m

The infinitesimal generator X must satisfy the invariance conditions [32] for Egs.
(4) and (5), which are given as follows:

Prio® X (Auw)|pu—o =0 and  Pri®® X (Aw)|aw—o =0, (15)
where Au = Dfu — f and Aw = Dfw — g.

3 FCDSW equations
3.1 Lie symmetries
The time fractional coupled DSW equations are as follows:

Difu + aww, = 0, (16)
Diw + bwygy + cwuy, + duw, =0, (17)
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where Dg*(u) and Dg(w) are Riemann-Liouville FDs of order « with respect to t.
Applying prolongation of fractional vector field on Eqgs. (16) and (17), we obtain

n*t 4+ awv® + avw, = 0, (18)
vt 4 cwn® + cvuy + dwr® + dyw, + b = 0. (19)

Now, using the Egs. (9) and (14) in the Egs. (18) and (19), we get the following
set of infinitesimals for FCDSW equations:

1 2 2
&= gac;;x +c1, T=c3t+co, 1= —gac;a,u and v = —gozcz),w, (20)

where ¢y, ¢ and c3 are the arbitrary constants.

Since the lower limit of the integral (3) is fixed, therefore for preservation of its
structure under the transformations (6), the condition 7(z,t, u, w)|t=9 = 0 should
hold. Therefore, co must be zero (i.e. 7 = cst).

So, the symmetry generators to form a Lie algebra of Egs. (18) and (19) are
found as:

0
Xy == 21
1 835’ ( )
1 0 g 2 0 2 0

Theorem 3.1. A solution v = z1(x,t) and w = z3(x,t), is invariant solutions of

Eq. (4) and (5) iff
(i) uw=z(x,t) and w = z2(x,t) satisfy the FPDE (1) and (5), respectively;

(i) w = z1(x,t) and w = zo(x,t) are the invariant surfaces, i.e.

Xz =0 iff {(:v,if,u,w)[,%Jr7'(.1:,75,7%741)8@«#17(.13,15,71,10)%+1/(,1',t,u,w)di 2 =0,

t w

XZQZO Zﬁc E(:E,t,mw)%JrT(x,t,u,w)a%+7](1‘,t,u7w)£+I/(I,t,u,w)% 22:0'

3.2 Symmetry reduction of FCDSW equations

In this section, we obtain the reduced equations for (18) and (19) by imposing the
Lie symmetries. For the vector field X3, the characteristic equations will be

di _ @ _ du _ dw - (23)
ox 3t —2au —2aw
After solving the Eq. (23), we obtain the following similarity variables:
z=at"%, u= f(z)t*%a, w = g(z)t*%a (24)

Theorem 3.2. The transformations (24) reduce the Eqs. (16) and (17) in the
fractional non-linear ordinary equations given as follows:

@

(Pi‘s?’ “f) () + agg. — 0, (25)



70 Astha Chauhan, Rajan Arora

and
(Pi g> (2) + cgfs + dfgs + bgass =0, (26)

@

with the Erd é lyi-Kober fractional differential operator Py'® [15], [19] defined as

(Pg’“f> = nﬁl <T+j— 5% )(K”“ " ”‘f)(Z), (27)

=0
and
m—1 d
() - (o)
7=0
where
al+1, a¢ N,
ne{ B0 ey »
1[0, _ 1)a—1y—(T+a) 5
<Kg+oz7m—af> (Z) = T'(a) fl (u 1) u f(zu/f)du, a>0, (30)
f(z)a a =y,
and
L [0 _ 1ya—1,—(T+a) 5
(K;Jra,mag) (Z) = I'(a) fl (w 1) w g(zw/ )dwa a >0, (31)
9(2), a=0

are the Erdélyi-Kober fractional integral operators [19].

Proof: When m — 1 < a <m,m=1,2,3,..., from Riemann-Liouville FD, we
have

D u(z,t) = g;;{r(mla) /0 t(t—s)m—a—ls’%"‘ f(xss"‘)ds]. (32)

Let p = é, then ds = ——dp
So Eq. (32) can be expressed as

8m tm_% e 2a a
Diu(w,t) = 50 {) /1 (p—)mmoripmitzes f(Zps)dp}

T(m—a
e
B a (e (k) )] (3)
For z = 2t and a function ¢(z) € C*(0, 00), we get
tL5(2) =t (2) = ta(— S F 19 () = ~ 22 Lo 2). (34)

dt 3 3 dz
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From relation (34), Eq. (33) can be re-written as follows:

« am71 m—1—3a 5% a d 1-22 m—qa
o) =g (75 (=5 =) (47 ) ) )|
Repeating the same process m — 1 times, we obtain
5o T Sa a d 1-2a
Dputet) =t ] (1= 5 +i- 3o (K5 0) @) 0
0 3 dz
Using Eq. (27) in Eq. (36), we obtain

Diu(z,t) = s (P

(Pésf’ “ f> (2) + agg. = 0. (38)

For reducing Eq. (17), let m —1 < @ < m, m = 1,2,3,.... Then, from the
definition of Riemann-Liouville FD and using the similar procedure as above, we
have

g

—Sa 1-2
Diw(z,t) =t73 | P,

o

“a)(e) (39)

Therefore, Eq. (17) can be written into a non-linear FODE as follows:

(

4  Exact analytic solution of the FCDSW equations

From the similarity analysis, we have u = f(2)t** and w = g(2)t*?, where a; =
ag = —Tm and z = xt7b (b = %). In order to determine the exact explicit so-
lution expression of FCDSW equations, let us first introduce f(z) = A;2* and
g(2) = Ap2*2, The parameters Ay, Ao, ki and ko are the real valued constants. As

mentioned in the work of Costa et al. [7] and Bira et al. [6], we have

S5a

3’“9) (2) +cgf. +dfg. + bg... = 0. (40)

o =

Rl

o8 1 o [
o = T, O (41)

Putting 7 = % in the above equation, we obtain

0Pu 1 g [t
- - - = _ —Bra1—p+1 a1 —b
atF ~ T(1—p) Bt/o (L= Rg e flar

_ % [ a1—p1 <thb f) (z)}, (42)
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where
1

<Fgl’bf> (2) = 5 /01(1 — 7)1 f(z77b)dr.

After some manipulation, Eq.(42) can be rewritten as

or d a
at;j’t(1113|:<1ﬂ+a1bzdz) <FB17bf>(Z):| (43)
In the similar manner, we can find ‘3;7}3“ as follows:
2Pw as—f d az, b
S5 =t L= B+ax = bz | F5*'g ) ()] (44)
u
4 _
a=0z
3 — — = a=0:
............. a=0<

0.0 0.2 04 0.6 0.8 1.0

Figure 1: 2D profiles of the solution u(z,t) for 0 < o < 1 and fixed x.

Substituting Eqs.(43) and (44) in Egs.(16) and (17), we obtain

|:<1 —B+a — szz) (Fgl’bf> (Z):| +agg. =0,
|:<1 — /8 + ag — bZC;lZ) <Fgg’bg> (Z):| + bgzzz + Cgfz + dfgz =0. (45)



Invariance analysis and analytic solutions of DSW equations 73

Figure 2: 3D profiles of the solution u(z,t) for (a) a = 0.2 (b) « = 0.3 (¢) a = 0.4.

After calculating the operators Fgl’b(zkl) and Fg* ®(2%2) as in the work of Costa
et al. [7], we obtain

1
Fgl’b(zkl) = 711(11_ 5 /0 (1-— T)*BTalzle*bkldT
F(l +a; — bkl) ki
F(2—|—a1—bk1—ﬂ) ’
F(l “+ ag — bkg) ko

Faz,b k2y 46
Using (46) in Eqgs. (45) we obtain
I'(1+ a1 — bki) k 2_2ky—1
Az ko A52°727% =0,
T(1+ a1 — bk —§) 17 T amaze
Ao2™ 4+ bkoAg (kg — 1) (ko — 2)2"2 47
Tl +as — by — §)2° + bk Az (ko — 1) (k2 — 2)27 7"+ (47)
cky Ay Ag2FrTR2=l o dly Ay Ag2hithe—1 (48)
Substituting 8 = «a, a1 = as = —2?0‘7 b= 5 in (47) and for k; = ko = 1, we obtain
— 1 I'(1 -
A =— L Gl and Ap = (1-a) (49)

(c+d)T(1 —2a) Viae+a)y (1 —2a)
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0.0 0.2 04 0.6 0.8 1.0

Figure 3: 2D profiles of the solution w(z,t) for 0 < o < 1 and fixed z.

Hence the solution of original coupled FPDEs can be written as

1 Tl-a) =z

wEt) = O T —20) 1

(50)

and
1 'l—a) x

Via(e+d)} I'(1—2a) te
The above solution is called a dipole solution or singular solution. From Figures
1-4, one can observe that a change in the value of « affects the soliton behaviour

in a fundamental way [1], which results that FD can be used to change the shape
of waves without changing the nonlinearity and dissipative effect in the medium.

w(z,t) =

(51)

5 Conservation laws

In this part, the conserved vectors for the FCDSW equations using the new conser-
vation theorem are determined. The conservation laws [27], [36] for the FCDSW
equations have been also obtained.

The conservation laws for Egs. (16) and (17) are defined as a vector field
T = (T',T?), where T* = T*(z,t,u,w,...) and T? = T?(z,t,u,w,...) are called
conserved vectors for Eqs. (16) and (17), if T and T? satisfy the conservation
theorem given as follows:

[D:T" + D;T%16),17) = 0. (52)
The formal Lagrangian of Egs. (16) and (17) is obtained as

L = v (z,t)(Dffu 4+ aww,) + 2 (2, t)(Difw + cuzw + duwy + bwyzy). (53)
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Figure 4: 3D profiles of the solution solution w(z,t) for (a) a = 0.2 (b) a = 0.3 (c)
a=04.

Here wy and ~y; are the functions of x and t.
The Euler Lagrangian operators are defined as follows:

1) 0 0 5 0 3 0 0
o _9 _ ay_ 9 4
ou  Ou De Ouy +D; Olpy Dy gz o+ (DF) D’ (54)
and
) 0 0 5 0 3 0 0
2 -2 _p, - D e (DY) L
ow  Ow p Ow, +D; OWga T OWg g +e+ (D7) ODgw (55)

where (D) is the adjoint operator of fractional differential operator Dy, given as
follows:
(DF)* = (=)™ Dy,

where I7"~“ is the right-hand-sided fractional integral operator of order m — a,
which is defined as

Bt = s | o

P(m-—«

where m = [a] + 1.
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So, the adjoint equations can be written as

oL

—— =0 and fracd Léw = 0. (56)
ou

The component of conserved vectors are obtained by applying Noether operators to
the Lagrangian. The fractional Noether operator for ¢t-component can be written
by the following formula [5], [20], [21]:

m—1

~ oL oL
1 _ k ha—1—k k m Dm
Tl X 0D Dl s - (W D)

m—1

oL oL
_1\kpa—1-k k _ m
B L I ()
Here,

100 = iy | 252890 . (58)

Here I denotes the identity operator, and W1 = n—ru;—€u, and Wy = v—1w;—Ew,,
denote the Lie characteristic functions.
The other conserved vector T2 for z-component is represented as

oL oL oL
=¢I Dy —— +(D,)? —...
=&+ [81@ T iy + (Da) OUgpy } (59)
oL oL oL
W — Dy +(D,)? -
B |:8w.L OWgs +(Da) oWy :|
oL oL oL oL
oL oL
+ (D) (W) — |+ (D2)? (W) — (60)
aumz a TTT
Now, the Lie characteristic functions for the vector X3 are obtained as
Wy = — Szu, — tug — 2—au (61)
1 — 3 x t 3 )
«a 2c0
Wy = —gﬂsz — tw; — ?w. (62)

Now, substituting the value of the Lagrangian (53) in Eq. (57) and (59) and
using the values of W7 and Wy from Eqgs. (61) and (62), we have obtained the
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t-component of the conserved vector for X3 as follows:

= oL oL
Tl = TI+ ‘Dta_l(Wl)D?aDa +I<Wl,DtaDa >

oL oL
a—1
+ DY (W) DY taDa +I(W2,DfaDa >

2 2
flef—l < _ %xum — tuy — Sau) + I{( — %muz — tuy — ?)au> , (’71)t]

2 2
+ 'ygD;Ll < _ %xww — twy — ?)aw) + 1 {( — %xww — twy — 3aw) R (’72)15:| .

(63)

Also, the z-component of the conserved vector for X3 is obtained in the following
form:

. 0 0 0
= ¢+ W {aui] + W {asz + (D’”)Qawfm] (64)
Dga(Wz)[—DxaL} +(D2p ) [ 52 ]

2
=b(y2)z (awz + 3 —TWgy + twm) —b(v2)zx ((;jxww + tw; + ?)aw) (65)

o 20
- va gsvwwz + twwy + ?w

a 2 « 2«
+ o [du( - gmwz - ?w — twt) + cw( — gqu — tuy — 3u> (66)
+ b( Wz + tWaat + 3 xwlm)} ) (67)

6 Conclusion

In this article, we have applied the fractional Lie symmetry group-theoretic method
to solve the time FCDSW partial differential equations. Firstly, we have deter-
mined the Lie point symmetries for FCDSW equations. Using the Lie symmetries,
the time fractional coupled system of equations is transformed into a system of
FODEs with the help of fractional Erdélyi-Kober differential operator. Using the
symmetry analysis, we have obtained the exact solution of the FCDSW equations
in explicit form. The effects of fractional order « on the solution’s behaviour are
shown graphically. From the figures, one can observe that a small change in the
value « affects the soliton behaviour and the shape of wave, without changing the
nonlinearity in the medium. With the help of Noether operators and new conserva-
tion theorem, the new conserved vectors are obtained successfully along with formal
Lagrangian, which are used in the study of global behaviour and the stability of
solutions of FCDSW equations. One can use conservation laws for mathematical
analysis to develop appropriate numerical methods and for stability, uniqueness
and existence analysis.
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In this work, we have discussed only one vector field for both the systems for
symmetry reductions; however, for remaining vector fields, the symmetry reduc-
tions can also be discussed. We have avoided the discussion of remaining vector
fields due to the lack of physical importance of their results. There are some possible
extensions of this study, e.g. symmetry analysis for space-time fractional systems
of non-linear PDEs with or without variable coefficients. Some of the extensive
work will be discussed in the future work.
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