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Summability characterizations of positive sequences

Douglas Azevedo and Thiago P. de Andrade

Abstract. In this paper, we propose extensions for the classical Kummer’s test, which is a very
far-reaching criterion that provides sufficient and necessary conditions for convergence and divergence
of series of positive terms. Furthermore, we present and discuss some interesting consequences and
examples such as extensions of Olivier’s theorem and Raabe, Bertrand and Gauss’s test.

1 Introduction

The Kummer’s test is an advanced theoretical test which provides necessary and sufficient conditions that
ensures convergence and divergence of series of positive terms. Below we present the statement of this result.
Its proof and some additional historical background may be found in [1], [4], [9].

Theorem 1.1. (Kummer’s test) Consider the series »_ a, where {a,} is a sequence of positive real numbers.

(i) The series . a, converges if and only if there exist a sequence {g,}, a real number ¢ > 0 and an integer

N > 1 for which
G,

n —nt1 26, n=>N.

An+1

(i) The series Y a, diverges if, and only if there exist a sequence {q,} and an integer N > 1 for which
> -L s a divergent series and

n a

n

q —qn+1 <0, n > N.

nan+1

Besides providing an extremely far-reaching characterization of convergence and divergence of series with
positive terms, the importance of Kummer’s test it is mostly ratified by its implications. For instance,
Bertrand’s test, Gauss’s test, Raabe’s test [9] are all special cases of Theorem 1.1. Kummer’s test may be
also usefull to characterize convergence in normed vector spaces [6, p. 7] and applications of this test can be
found in other branches of Analysis, such as difference equations [2], as well.

On the other hand, turning our focus to series of the form Y ¢,a,, there are only few results dealing
with this type of series. The Abel’s test and test of Dedekind and Du-Bois Reymond (see for instance, [4,
p. 315], [3]) are probably the most famous, since they deal with general series of complex numbers. These
tests provide conditions that ensure convergence by means of independent assumptions on {c,} and {a,}.
In this context, the main feature of our results (Theorem 3.1 and Theorem 3.2) is that they characterize
the relation between the sequences {a,} and {c,} in order to ensure necessary and sufficient conditions for
the convergence and divergence of the series Y ¢,a,, respectively. Moreover, we present some examples and
interesting consequences of this characterization. In particular, generalized versions of Raabe’s, Bertrand’s
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and Gauss’s test for convergence and divergence of series of the form > ¢, a,, are obtained. Another important
consequence of Theorem 3.1 is that it is possible to show that Olivier’s theorem (see, for instance [4, p. 124]
or [7], [8] for more information) still holds when the monotonicity assumption on the sequence of positive
terms {a,} is replaced by an additional assumption on a auxiliary sequence. We also present consequences
of Theorem 3.1 when it is combined to the well-know Abel summation formula and the Cauchy condensation
theorem. We refer to [4, pp. 120 and 313] for more details on these results.

The rest of the paper is organized as follows. In Section 2, we present necessary and sufficient conditions
for convergence/divergence of series generated by subsequences by extending Theorem 1.1. In Section 3 we
present the results dealing with convergence and divergence of series of the form > c¢pa,. The main ideia
is to obtain necessary and sufficient conditions by means of an extension of Theorems 2.1 and Theorem 2.2.
As we show, we characterize the relation between the sequences {¢,} and {a, } that ensures convergence and
divergence of the series. In Section 4 we present some consequences of the results obtained.

2 An extension of Kummer’s test: |

In this section we present a first extension of Theorem 1.1. Its main feature is that it showns that is possible

to obtain information about the summability of a sequence of positive real numbers based on the relation

between non-consecutive elements of this sequence. In partiular, the idea is to characterize the summability

of a sequence by comparing it to the elements of the translated sequence {an4m, n > 1}, for some m > 1.
The first main result of this section is presented below.

Theorem 2.1. Let {a,} be a sequence of positive real numbers and m > 1 any fized positive integer.
If there exists a positive sequence {q,} such that
an

q — Gntm = G

n
an+m

for some ¢ > 0, for all n sufficiently large, then Y a,, converges. The converse holds as well.
Proof. From the assumption we get that

Gnln — GnimGnim = COnim,

for all n > N, for some N large. Hence

N+k N+k
§ Gnln — GptmQntm = C § Aptmy
n=N+1 n=N+1

for all k¥ > 1. That is, by the telescopic sum and considering without loss of generality k > m, we have

dN+1aN+1 + - T N4mOAN+m — ON+k4+1dN+k+1 — " * = ON+k+mdN+k+m
N+k

ZC Z an+m7

n=N+1
for all k > m. Since {a,} and {¢,} are positive, the left side of previous inequality is less than gy yian+1 +
+++ gN+maN+m and then the series > a4, converges. Therefore, > a,, also converges.
Conversely, if > a, converges, > a, = S say, then let us write > ayym—1 = Sm, for m > 1, positive
integer. Let us define {g,} as

n
Sm - Zi:l Ai+m—1

Gn = , n=12,3,...,
anp
thus, for this {g,} we have that
+
[e2% Z:L::j_l Ait+m—1
qn — 4n+m =
Ap4+m An4m

Apt+m+1 + -+ Gnyom—1

Qp4m

> 1,
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for all n > 1. The proof is concluded. [ ]

We proceed by presenting a divergence version for the previous theorem.

Theorem 2.2. Let {a,} be a sequence of positive real and m > 1 a fized positive integer. If there exists
a positive sequence {q,} such that > qi diverges, qna, > ¢ >0, and

an

dn — Gn+m S 0;

an+m,
for all n sufficiently large, then Y | a,, diverges. The converse holds, as well.

Proof. From the assumptions we obtain that there exists N > 0 such that

Qn

dn — Gntm < 0,
aner
for all n > N. As so,
1
c S an+ma
Qn+m

for all n > N. Since Y 1/q, diverges, we obtain from the comparsion test that > a,, diverges.
Conversely, suppose that > a,, diverges. Define for each n > 1

Dy G

Qn

dn =

Note that the definition implies ¢; = 1, hence a,q, = Z?:l a; > ay, for all n > 1, that is, anq, > a1q; >0

for all n > 1. Clearly
an

q — Qn+m < 0,

n
aner
for all n > 1.
Let us now show that q% diverges. From the divergence of > a,, given any positive integer k there
exists a positive integer n > k such that

ag + - +an >ar+-+ag1. (1)
Due to (1),
n
1 a a
=k 4y
]:kq] a1+...+ak a1+...+an
> a7k+...+a7"
ar + -+ ap ar+---+ap
B 1
T it tan—1 | q
“atoten T 1
S 1
5"
Hence, Z?Zl % is not a Cauchy sequence. Therefore the series qi diverges. [ ]
J n

3 Extension of Kummer’'s test: |l

Let us now turn our atention to series of the form _ cpa, with positive terms. The central idea in the
following result is that it characterizes the relation between the sequences {¢,} and {a,} in order to ensure
the convergence of the series. The reader will note that the proof follows the same lines as the proof of
Theorem 2.1 and also, that it could be obtained by some changes in the proof of Theorem 1.1, nevertherless,
as the reader will also note, our proof provides important informations about the relation between the
sequences {a,} and {c,}.
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Theorem 3.1. Consider the series Y cpan with {an} {cn} sequences of positive real numbers. The series
> enan converges if and only if that there exist a sequence {q,} of positive real numbers and a positive

integer N > 1 for which
an

q — Gn+1 = Cpy1, N> N

n
a7z+1

Proof. Let us show that > ¢pa, converges. For this, note that the condition

a
dn o dn+1 Z Cn+1, n Z N
an+1
implies that
anGn > @n41(qn+1 + Cny1), n > N. (2)

That is,

angn > an+1(qN+1 + CN41)

> ant2(gN+2 + eNt2) + ant1CN 1

k

AN+kqN+k T Z CN+iON+i
i=1

v

k

> ZCN+iaN+i >0,
=1

for all integer k£ > 0. This implies the convergence of >_ ¢, ay,.
For the converse, suppose that S := 3" ¢,a, and let us define

n
o S — Zi:l C;a;
= ——

(2293

tn n>N. (3)

For this {g,}, clearly g, > 0 for all n > 1 and it is easy to check that

an

q — Q4n+1 = Cn+1, n > N. n

n
Ap+1
Some remarks:

(i) One can observe that it is, of course, possible to reduce any series to this form, as any number can be
expressed as the product of two other numbers. Success in applying the above theorem will depend on
the skill with which the terms are so split up.

(ii) Note that in the first part of Theorem 3.1, the assumption of positivity of the sequences {a,} and {c,}

can be replaced by the following assumptions: {a,} is positive and {¢,} is such that Zle cia; > 0 for
all k sufficiently large.

Next, we presente a version of Kummer’s test for divergent series of the form ) ¢,a,. The reader will
note that it is more restrictive when it is compared to Theorem 1.1-(i7) however it may be suitable in some
cases.

Theorem 3.2. Consider the series >, cpan, with {a,} {cn} sequences of positive real numbers.

(i) Suppose that there exist a sequence {q,} and a positive integer N for which

an

q —qn+1 < —Cpg1, n2>N

n
An+41

with Y q% being a divergent series. Then > ay, Zé, S(gn — en)an and Y qna, diverge. If, in
addition, - & diverges then ) cnay diverges.
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(i) Suppose that both series > cpa, and > a, diverge. Also, suppose that for every m € N there exists
r>m, r €N, such that
am+"'+ar Zcmam+"'+crar-

Then there exist a sequence {qn} and a positive integer N > 1 such that > i diverges and

an

q —n+1 < —Cpg1, N >N

n
Ap41

Proof. To prove (i) note that {g,} satisfies

qnQn

p41 > —————, n=>N, (4)
Qn+1 - Cn+1
0<gnt1—cnt1 <@ny1, n=>N (5)
and

0<cp+1 < Gnt1, n>N.

By last inequality and comparsion test we see that > i diverges. Next, using (4) successively we see
that

gNaN

\%

AN+1

9

T gN+1 — CN+1
AN+1GN+1 > ANGNGN+1

gn+2 —cnt2  (avt2 —ens2)(gngr —engr)’

aNt2 2

and in general,
ANANGN+1 - - -N+k E>0 (6)

qN+1 — CN41) - (A4t — CNgrp1)

AN+k+1 = (

From (5) and (6) we get
ANAN g > . (7)

AN +k+1 > )
AN +k+1

oo o0 1
E AN+k+1 > GNGN E S —
0 —0 gN+k+1

Thus

and therefore Y a,, diverges. From (6)

ANANGN+1 - - -dN+k
gN+1 — CN+1) e ((IN+k - CN+k)’

k>0,

(gN+k+1 — CN+k+1)ANFE+1 > (

and applying once again (5) we obtain that

AN +k+10N+k+1 > (QN1k+1 — CN4k+1)AN+k+1 > angy >0, k> 0.

This last set of inequalities implies that

nlgrolo qN+k+1a0N+k+1 70 and (gN+k+1 — CN+k+1)aNFE+1 F O,

lim
k—o00
so both series > gna, and > (g, — ¢, )a, diverge.

Note that from (7) we obtain that

CN+k+1
CN+k+1GN+k+1 > aNgN——, k> 0. (8)
dN+k+1

Therefore, if > ox diverges, then it is clear that > enay, diverges.
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In order to prove (ii) define

n
1 Ca;
Qn:ZZ_lzl7 n>1.
27
Clearly, this is a sequence of positive real numbers that satisfies

an

q —Gn+1 < —Cpy1, n2=>1

n
an+1

Let us show that " - diverges by concluding that the sequence {s;}, defined as s, = k
q

for each

k > 1, is not a Cauchy sequence. Since Y. ¢pa,, is divergent, given m € N there exists k > m, k € N, such

that

CmQm + -+ -+ Ccpap > c1a1 + -+ Cp—1Gm—1.

Also, from the hypothesis, there exists r > m such that
am+"'+ar Zcmam+"'+crar-

Next, we split the proof in two cases: kK < r and k > r.
If £ <r, from (9) we see that

Cmam+"'+ckak+"'+crarZcmam+"'+ckak>Cla1+"'+cm—1am—l-

Thus, by (11) and (10)

T
Am

ar

am+...+ar

c1a1 + -+ cray
CmQm + -+ + Ccray

c1ay + -+ cray
1

ciai+-+Cm—_1am—1
Cm@m+-FCrar +1
< 1
2

v

v

and {sy} is not a Cauchy sequence. On the other hand, if k¥ > r we can use hypothesis again (now

to m; =7+ 1) and to obtain 71 > r + 1 such that

Qrg1+ -+ ap 2 Crp1Qpp1 + 0 Ay
Again, we can use the same argument to conclude that there exists ro > r1 4+ 1 such that
Q41+ F Ay 2 Cry g1 41+ Cry Oy
This procedure can be applied a finite number of times in order to obtain r; > k for which

Arg_yy+1F 0y 2 Gy 18y 41+ GGy

Summing up (10) with all these previous inequalities we obtain that

1
—_— +...+
an €1a1 + -+ CpmQm c1a1 + -+ crap

am+"'+arj Zcmam+"'+crjarj

with £ < r;. This reduces the proof to the previous case which we have already proved.

(11)

applied
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4 Some examples and consequences
The main goal in this section is to present some of the implications of the main results of this paper.
The next three theorems are extensions of the Raabe, Bertrand and Gauss test derived from Theorem 3.1
and Theorem 3.2. For more information about these tests we refer to [1], [4] and references therein.
Consider the sequences

a a
R, =n———(n+1)—cpp1 and RI=n———(n+1)+cps1,
Anp+1 Ap41

for all positive integer n.

Theorem 4.1 (Raabe’s test). Let > cpay be a series of positive terms and suppose that liminf R, = Ry and
limsup R,, = Ry. If

(i) Ry >0, then ) cya, converges;
(i1) Ry <0 and > c,/n diverges, then Y cpa, diverges.
Proof. (i) If Ry > 0, then for all n sufficiently large we have that

—(n+1)=cpp1 >0,
An41

hence Theorem 3.1, with ¢, = n for all n > 1, implies that the series > ¢,a, converges.

(ii) If Ry < 0, then for all n sufficiently large

Qn

—(n+1)+cpe1 <0.
Ap+1

Again, we have ¢, = n for all n > 1. So, due to the divergence of > ¢, /n, Theorem 3.2 implies that
> epay, diverges. [ |

Theorem 4.2 (Bertrand's test). Let Y cpay, be a series of positive terms.

(1) If

A1 n nin(n) ’
for some sequence {0, }, such that 0,, > 6 > 1, for alln > 1, then > cha, converges.
(ii) If
n 1 0, —cnt1

<144 LpCnit
Unt1 — Jrn+ nln(n)

for some sequence {6,}, such that 0, < 6 < 1, for alln > 1, and >_ ﬁ%) diverges, then Y cpan
diverges.
Proof. (i) From the assumption we get

an

nin(n) >nln(n) +In(n) 4+ cpy1 + On,

anJrl

for all n sufficiently large. That is,

nln(n) a

—(n+1lnn+1)>n+1)n (n) + 0 + cnta,
Ap+1 n

+1

for all n sufficiently large. It follows from the assumption on {6,,} that

n
Dn| —— n ,
(n+ )n<n+1>+9 >0
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for all n > 1 sufficiently large hence we conclude that

nln(n) In (n+1DIn(n+1) > ¢pi1,

An41

for all n sufficiently large. Therefore, the convergence of 3 ¢,a,, follows from an application of Theo-
rem 3.1.

(ii) Tt suffices to note that

nln(n) n (n+1)Inn+1) < (n+ 1)ln<

n
+ 071 — Cn+1,
An+41 1

n+

for all n sufficiently large. Since (n+ 1) In (HLH) + 0, <0 for all n > 1 sufficiently large we obtain

nln(n) In_ (n+ 1) In(n+1) < —cpy1,
Gn41
for all n sufficiently large. The conclusion follows from Theorem 3.2. [ ]

Theorem 4.3 (Gauss's test). Let Y cpan be a series of positive terms, v > 1 and {0, } a bounded sequence of
real numbers.

(i) Suppose that there exists a i € R such that 0,, > (1 — pu)n?~1 holds for all n sufficiently large. If

Cn+1  p 0

a
—>1+ +—+n—’;7

Qnt1 n n
holds for all n sufficiently large, then >_ c,a, converges.

(ii) Suppose that there exists a i € R such that 6, < (1—u)n"~1 holds for all n sufficiently large. If > c,/n
diverges and

<1 Gty B B

A1 n n nY

An

for all n sufficiently large, then > cpay, diverges.

Proof. (i) From the assumption we obtain that

Qp, 6n
o —(n+1) ch+1+(#—1)+ﬁ,
for all n sufficiently large. Taking N > 0 such that 4 — 1+ nf’y’ll >0, for all n > N, we concude that
="~ (n41) > coyr,
Gp41

for all n > N. Therefore, by Theorem 3.1, the series > ¢,a, converges.

(ii) Due to the assumptions on (i), we have that p — 1+ nfil < 0 and
an n
n —(n+1) < —c +(p—-1)+ < —cp+1,
Unt1 ( ) —= n+1 (l’[' ) n,.y_l = n+1
for all n sufficiently large. The conclusion follows from an application of Theorem 3.2. [ ]

Theorem 3.1 also allows us to provide a different approach for the well-know Cauchy’s condensation test,
which we present in the next lemma.
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Lemma 4.4. [/, p. 120/(Cauchy’s condensation test) Let {a,} be a decreasing sequence of positive numbers.
Then Y~ a,, converges if, and only if, > 2™asn converges.

For a decreasing sequence {a,} of positive real numbers, combining Lemma 4.4 with Theorem 3.1, we
obtain a the following characterization of convergence.

Theorem 4.5. Let > a, be a series with {a,} being a decreasing sequence. Then Y a, converges if, and only
if, there exists a sequence {q,} of positive numbers such that

Gn — 2Qn+1 > 2a9n+1,
for all n sufficiently large.

Proof. By Lemma 4.4, > a,, coverges if, and only if, > 2"agn converges. On the other hand, an application
of Theorem 3.1 with a,, = 2" and ¢, = agn» show us that ) 2"agn converges if, and only if, there exists
a sequence {¢,} of positive real numbers such that

In = 2qn+1 2> 2agn+1,
for all n sufficiently large. The proof is concluded. ]

To close this section of applications we present a result related to the Olivier’s Theorem, which is stated
below.

Lemma 4.6 ([4, p. 124] or [7]). Let {a,} be summable decreasing sequence of positive real numbers. Then
limna, =0.

We are going to show that it possible to recover the same Olivier’s asymptotic behavior for {a,} with-
out the decreasigness assumption on {a,}. Instead of using the monotonicity, we consider an additional
assumption on the sequence {g,} (that auxiliary sequence of Theorem 3.1).

Theorem 4.7. Suppose that {a,} is a sequence of positive numbers. We have that Y a,, converges if, and
only if, there exists a sequence {qn} of positive numbers such that

n+1
n

an ~Gnt1 > (N4 1)anyi1,

for all n sufficiently large. Moreover, if {q,} satisfies

. n+1
lim ¢,

—Qqn+1 = 07

then lim na,, = 0.

Proof. Tt is clear that Y a, converges if and only if > %nan also converges. From Theorem 3.1, with a,, = 1/n
and ¢, = na,, we can conclude that Y a,, converges if, and only if, there exists a sequence {g,} such that

n+1
n

dn — Qnt1 = (n + 1)an+17

for all n sufficiently large. Hence, lim na,, = 0 certainly occurs when the sequence {g,} above is such that

. n+1
lim ¢,

—Qqn+1 = 0. |

For more information on this asymptotic behavior of summable sequences of positive numbers we refer
to [5], [7], [8] and references therein.
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