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A generalization of certain associated Bessel functions in connection
with a group of shifts

Junesang Choi, Ilya A. Shilin

Abstract. Considering the kernel of an integral operator intertwining two realizations of the group
of motions of the pseudo-Euclidean space, we derive two formulas for series containing Whittaker’s
functions or Weber’s parabolic cylinder functions. We can consider this kernel as a special function.
Some particular values of parameters involved in this special function are found to coincide with certain
variants of Bessel functions. Using these connections, we also establish some analogues of orthogonality
relations for Macdonald and Hankel functions.

1 Introduction and preliminaries

It is well known that any Lie group depends on a finite set of continuously changing parameters. The cardi-
nality of this set is small for a group of a low dimension. In this case, the matrix elements of representation
operators, the matrix elements of bases transformations, kernels of the corresponding integral operators, in-
tertwined different realizations of representations, can be expressed in terms of classical special functions. For
more complicated groups, the above matrix elements and kernels of subrepresentations to some subgroups
and kernels of intertwining operators are found to yield new special functions, which can be considered either
generalizations or analogues of known (classical) special functions. For instance, in [13], the matrix elements
of the restriction of the representation of Lorentz group on some diagonal matrices were shown to be able
to be expressed in terms of modified hyper Bessel functions of the first kind. The connection between these
matrix elements written in two different bases of a representation space leads to new formulas for series
containing above-mentioned hyper functions and converging to (ordinary) modified Bessel functions.

Vilenkin [15] showed that many known and new properties of variants of Bessel functions are related to
representations of the group 1.SO(1,1) (denoted by M H(2) there) of motions of the pseudo-Euclidean plane
and group M (n) of motions of Euclidean n-dimensional space. In this paper, we consider an one-parameter
subgroup in more complicated group I50(n, 1) and show that the kernel of an intertwined integral operator
can be considered as a generalization of Macdonald and Hankel functions, in a sense that some simple cases
of the kernel coincide with those variants of Bessel functions.

Recall that the pseudo-Euclidean (n + 1)-dimensional space of signature

{— ..., —+}

MSC 2020: Primary 33C10, 33C80; Secondary 33B15, 33C05
Keywords: Macdonald function; Hankel functions; Whittaker Function; group 1.50(n, 1); motion of pseudo-Euclidean space;
generalization of Bessel functions; orthogonality relations
Affiliation:
J. Choi — Department of Mathematics, Dongguk University, Gyeongju 38066, Republic of Korea
E-mail: junesang@dongguk.ac.kr
I.A. Shilin — Department of Higher Mathematics, National Research University MPEI, Krasnokazarmennaya 14,
Moscow 111250, Russia
E-mail: shilinia®mpei.ru
I.A. Shilin — Department of Algebra, Moscow State Pedagogical University, Malaya Pirogovskaya 1, Moscow 119991,
Russia
E-mail: ilyashilin@li.ru



104 J. Choi, I.A. Shilin

is the linear space in R**! endowed with the bilinear form

n
1(,Y) = Tni1Yns1 — Z TilYi -
i=1

Here and throughout, let N, Z, R, R, and C denote the sets of positive integers, integers, real numbers,
positive real numbers, and complex numbers, respectively, and let Ny := NU {0} and R} := R+ U {0}. Let
ii(x) = p(z, x) be the corresponding quadratic form. A motion of the pseudo-Euclidean space is an isometry
with respect to the distance \/fi(x) that preserves orientation. These motions form a group denoted by
ISO(n,1). For any g € I1SO(n,1) and any z € R"*! we have

9(x) = gox + g1,

where go € SO(n, 1) and g¢; is a shift vector. Therefore, g = g(go,91). Let D be the linear space consisting
of infinitely differentiable functions defined on the upper cone ji(xz) = 1, where = (z1,...,2,+1) with each
T; € RT.

For any 7 € C, we consider a map T, defined by

T,: I1SO(n,1) — GL(D), s exp (—7ulgr,2)) flgy ')

where GL(®) is the multiplicative group of linear operators of © whose rank is nonzero. Since for any
9,9 € I1SO(n,1) and any x € R**! we have

gg9(z) = g(gox + g1) = Gogox + gog1 + g1 -

So we obtain gg = §(go, §1), where go = gogo and g1 = Jog1 + g1. Then

[7-(9)T7(9)](f ()] = [T7(9)]((exp ( = T4(91,2)) f(g5 @)
= exp(—7, (g1, 7)) f(go ') -

We thus find that T’ is a homomorphism.

In order to simplify the representation of the group SH (n+1) of hyperbolic rotations in R™*1, Vilenkin [15,
Chapter 10] employed the so-called horosphere method. Indeed, Vilenkin used the Gelfand-Graev integral
transformation, which maps f € © into the space L of &-homogeneous functions defined on the intersection
of the cone fi(x) = 0 and the plane x, 11 = 1. Let K = (ko,...,ky_2) € Z" Y ko = k1 ... > ky_3 > |k,_2,
C7. be the Gegenbauer polynomials, and

_ 1 n

(AK)2 = 2” 37'(' éF 1(5)
y ﬁ 92kit1 = (fy — ko1 )(2ki + 10— 2 — T2 (252 + kiyr — 1)

i—0 F(kz + kiJrl +n—1— 2) '

It was shown that for any f € D, the ‘coordinates’ ax of the image of f (arising after action of Gelfand-Graev
transform) with respect to the basis

n—3
n—i—2
Ex(z) = Ak H Cki_zkHlH(cos On—i-1) sin®it! On—i—1 exp(Likn,—2p1)
i=0

(where Ay, is the normalizing factor) can be expressed as the integral transform (see [15, Entry 10.5.4])

ax = [f](o) = / ker(z, K, o) f(z)dz.

fi(z)=1
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Here the kernel ker(z, K, o) coincides with the matrix elements of the SH(n + 1)-representation in the space
L situating in the ‘zero’ column which is exactly described by formula [15, Entry 10.4.9]. The corresponding
formulas for the inverse transform are given by (see [15, Entries 10.5.5 and 10.5.6])

n—n c+ioco
— (=) 7 i I=n r(x —n—o)do
0= gty 2 [ @ loot(ma) M ax (o) kerta, K. 1 )do. (1)

c—ioco

Here and elsewhere, i = v/—1 and 7 is the remainder of n divided by 2, that is, either n = 0 or n = 1. We also
recall some functions and notations, which are used in the following sections. The generalized hypergeometric
series ,Fy (p, ¢ € Np) is defined by (see [12, p. 73]):

qu

ar,ap | > (al)n...(ap)nﬁ
Bl,...,ﬂq;z‘| ngo (Bl)n(ﬁq)n n!

=, Fo(an,...,0p; B1,...,B4:2)

where (A), denotes the Pochhammer symbol which is defined (for A, v € C), in terms of the familiar Gamma
function T, by

o) ' +v) 1 (v=0;2eC\ {0}
YT AA+1) ... +n—-1) (r=neN;Ae),

it being understood conventionally that (0)g := 1. The Gegenbauer function C7(2) is defined by (see, e.g., [11,

p. 791])
T2\ + ) 11—z
A _ _ . .
C”(Z)_F(QA)F(V+1)2F1< B2+ VAt 5 — )

the cases v = n € Ny of which are the Gegenbauer polynomials. The associated Legendre function of the
first kind P#(z) is defined by (see, e.g., [11, p. 795])

1 5 1—2
PG = iy (35) 2B (v b 1 =) (2)

(larg(z £ 1) <m; peC\N).
The confluent hypergeometric function W is given by (see, e.g., [8, Entry 13.6.21])
1
U(a,b;z) =27 %F (a, a—b+1;—; 77> .
z
The Whittaker function of the second kind Wy, ,,(#) is defined by (see, for instance, [4, p. 264, Eq. (5)] and [8,

p. 334, Entry 13.14.3])

. 1 1 1
Wn,u(2)=€72“2Fo(*—Fv+u,§—H—u;—;—;) (3)

1 1 _
57n+u,§fn—u€C\Zo).

Recall the following relation (see, e.g., [8, Entry 13.14.3])

(larg(2)] < 12| > 0;

2 1
W n(2) = 23 e \11(5 — K+ p 20+ 1;z) . (4)

The parabolic cylinder function D, (2) is given by (see, for instance, [2, p. 674] and [11, p. 792])
v L2

2°27 47
The modified Bessel function of the 1st kind I,,(z) is given by (see, e.g., [11, p. 794])

Dy(z) = 256*%\1/(—

L(2) = ﬁ(%)yoﬂ(—w—k 1; %) — e T, (e%2),
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where J,(z) is the Bessel function of the 1st kind given by (see, e.g., [11, p. 794])

61 e O v 5).

The MacDonald function (modified Bessel function of the 3rd kind) K, (z) is given by (see, e.g., [11, p. 794])

W[—LV(Z) - IV(Z)]

Ko(2) = 2 sin(vm)

, (veC\1Z), (5)

whose integral representation of pure imaginary index v = it and the argument z = = € R was used as a
definition in [3, p. 873, Eq. (16)]:

K (z) = /e‘“os}”‘ cos(tu) du .
0

The Hankel functions of the first and second kind (the Bessel functions of the third kind) are given, respec-
tively, by (see, e.g., [2, p. 675])

HV(z) = J,(2) +iY,(2) and HP(2) = J,(2) —iY,(2),
where Y, (z) is the Bessel function of the second kind (the Neumann function) (see, e.g., [2, p. 677])

cos(vm) Jy(2) — J_,(2)
cos(vm)

Y. (2) = , (reC\2z).

The Kronecker symbol d,, ,, is defined by 6,,,, = 1 when m = n and 6, , = 0 when m # n.

2 Kernels of integral operators of the subrepresentation to the subgroup of shifts
along the axis Ox,, 41
Consider the subgroup
H = {h(}) := g(diag(1,...,1),(0,...,0,A)) | A € R}
in M(n,1). In this section and elsewhere, we deal with the integral operator B which acts in the ‘space of
functions a (o)’ and corresponds with the representation operator Ty (h())), where h(X) € H.
Lemma 2.1. For any h(\) € H, the integral operator B can be written as a Barnes integral
c+ico
Blak (0)] = / ker(r, \;n, K, 0,6)az (6)dé,

c—ioco

where the kernel admits the integral representation
n+1

ker(, A, K, 0,8) = [(=1)% cot(n6)8,0 + (1) 2 6,1]27 (=0,

< ()1 (641 — 1) /Pi T EmP e (6)
1

Proof. The inverse transform formulas (1) (which will be applied in this proof) coincide for even and odd

cases up to factor £ cot(mwo). Therefore, it is sufficient to prove the result for an arbitrary odd n. Introduce

the following parametrization on fi(z) = 1, where x = (z1,...,%p41) With z,11 € RT (see [15, Entry 10.1.1]):
n—1
Z 0,5 sinh 6, H sin 0, Z 0t €0860;_1 + 6; pt1coshb,,
7j=1 s=1 t=2

0, € [77’1’,7’(],02,...,0“_1 S [0,71'],9" S RS_
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Given z = (x1,...,%p41) with z,41 € RT, the corresponding SH (n + 1)-invariant measure on ji(z) = 1 is
given by (see [15, Entry 10.1.6])
n—1
da = sinh" "' 6, [ [ sin*~" 0, d6; .
i=1

Then we find from [15, Entry 10.4.9] that
ker (z, K, o)
= (=1)"257'0(0 4+ 1)I (0 — ko + 1) sinh' ™% 6, exp(ik,_261)

ny T 22kt i (g ok — i — 2) (kg — ki) (22 4 kir — 1)73
x {F(*> H T (n 4 ki + kivy — i — 2) }

2/ -
=0

lJrko +kz+1 1 s kg
x P Bio 12 (cosh#,,) HCk " ki (cosOp—_;—1)sin™+1 0, _; 4

and [T (h)][f(x)] = exp(—7Acosh8,) f(x). Therefore we obtain

E c+ioco
Blak(0)] = mz / (0)n—1a3(6)do
2 K ¢ ico

x ker(z, K, o) ker(z, K,1—n — &) / exp[+i(kn—2 — I%n,g)el] dé,

—T

i1 1 1+1 1 . )
X H/ i i (cosOp_;i— 1)01«,; Fin (cosOp—i—1)
1=0 0

X sin i+1+ki+1+n7i72 Hn,i,l d9n,i,1
400 .

x / Py 7% (cosh 0,) PL," % (cosh 0,,) sinh 0, A6,
0

Obviously Blag(o)] = 0 for k,_o # kyp_o. Otherwise, in view of orthogonality property for Gegenbauer
polynomials (see, e.g., [1, p. 198])

21_2’\7TF(]<5 + 2@)(51€)m
El(k +0)T2(0)

1
Ja-a) g cg ) do =

we see that the integral

™
Ttkn_2

1 7. ~
/C’,c e (cos Gg)C’ij"}: (cos ) sinfn-2Tkn—2+1 9, 49, = 0
n— n— n—3 " Kn—-2
0
for k,,_3 # kn_s. Since, for K = K

s

/ exp[£i(kn—o — kn_2)01] d6; = 2

—T
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and

n—3 ™ )
noig g S 1
[T [t eostumine 7

. ki —k1+1
=0 0

COs 9n—z‘—1)

. ) L. i _ n
X Slnk1+1+k1+l+n =2 Gn—i—l den_i_1 =7" 2 {F(

we have

Blax(0)] = (—1)"F 2il(0 + DI~ (1 + o — ko)

c+ioco

X / (6)n1(2 — 1 — 6)a (6) d&

/ PR 0P (1) exp(—ra dt
This completes the proof.
We find from Lemma 2.1 that the kernel k??r(r, A;n, K, 0,6) does not depend on kq,
1;;3}(7'7 xn, K 0,0) = 1;;;1’(7’, An,ko,0,0).

Lemma 2.2. The kernel 12&(7’, Ain, ko, 0,0) admits the following series representation:

e The case n =10
lzgr(T, X;n, ko, 0,0)
= (—1)%(27'/\)_Wicot(7r&)
X (fa)k (6 + 1 — 1y (6)n1 [F (% + ko)] B

g)i(kofo—)i 1—%—k0—i1+5’ nk‘o o,
XZ i 4F3{ 5+ ko, 5 + zl—l—a—ko—z

Y
X Wa-;—& _ko_ivnﬁ—o‘;—é‘—l (27‘/\)

o The other case n =1

ker(r, Ain, ko, ,6) = (—1)F (20A) 5 i(=0)iy (6 + 1 — 1),

X ()n-a [F (ﬁ + kO)]_l i (1-0—5),(ko—0)i

i!
i=0

1—2 —kog—i,2+6,n+ko+06—1,—i;
2 D) 9 9 ’
X4F3{ %—I—ko,%—a—i,l—i—a—ko—i;l
X Wl+d;&7n7k07i’ag& (27’)\)

Joawr] ™

., kn_o, in fact,

Proof. We prove this theorem only for the case n = 1. Using (2) and a product formula of functions ,F; (see

e.g., [11, p. 441, Entry 7.2.3-44])

e Gps a, ... ar,
qu[ bi... by; CZ]F[ by, ... ] Z% ,



Associated Bessel functions related to one group of shifts 109

where
11 (a)
c a;i); . . . A AL
;= j=1 J F —z,l—b1—z,...,l—bq—z,al,...7ar, (_1)p+q+1é
t— ~ a _ qtrt+1ipts . .7 A )
it TT (b5)s l1—ay—1,...,1—ap—1,b1,...,b; ¢
j=1
we obtain
[P 0P @ e(-ranar o)
1
21—0’—?7
(5 + o)
Xi(l—a—%)i(ko—o)i —i,6+n+tho—16+% 1-ko—i—%
pard it (2 + ko), Y 24k, 240 —i, 140 —ko—i
(oo}
x exp(—TA) /t%Jrk"H*l (t+ 2)0_&_k°_i_% exp(—7At) dt. (10)
0

Using a known integral formula (see, e.g., [10, Entry 2.3.6.-9)])
a—1 —B_—pt _ a—p . A
7t 4 u) e P dt = T(a)u® PU(; 1+« — B5up)
0

(larg(w)| < 7, min{R(«), R(p)} > 0)

and the relation (4), we complete the proof for the case n = 1. Similarly the case n = 0 can be shown. [ ]

We find from Lemma 2.2 that the kernel 1;&(7', A;n, ko, 0,0) depends on the product w := 7, in fact,
1:6}(7‘, Ain,ko,0,0) = lggr(u;n, ko,0,0).

It is noted that some particular values of parameters of l;;r(u;n, ko,0,0) can yield certain other series
representations. For example, replacing ¢ by o + % in (10), we can use a known formula (see, e.g., [10, Entry
2.3.6.-12))

/t"_l(x + u)faf%e_pt dt = 2au_%r(a)€%D72a <\/2]T“) (11)
0

(larg(u)| < 7, min{R(x), R(p)} > 0).

Then we may obtain the series involving the product of 4F3 and the parabolic cylinder function.

3 Series representations of Macdonald functions

Using the result in Lemma 2.2, the Macdonald function in (5) can be expressed as a series involving the
Whittaker function of the second kind Wy, ,(z) (3), asserted in the following theorem.

Theorem 3.1. Let n be even and R(u) > 0. Then

o+l 1 > —0); 1—0’—5 .
KaJrnzl(u):(Qu)_zﬂ‘?Z( ) ( )ZW%7-7%(2’IL). (12)

il
=0
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Proof. Considering that, for any permutation s acting on the set {a1,...,ap} containing zero,
s(ar),..,s(ap); | _
qu{ by by 2] T
we obtain from (8) that

(~D)Zir(n—1) X (—0)i (1 -0 — g).W
nto s z o _; gtn-1 (2u)
m(2u) * T (2) ;) il 27h

kAe/r(u; n,0,0,0) =

Also, in view of the identity
T

sin(7z) =TT -2),

we have

From (2), we get

Therefore,

ker(u; n,0,0,0) = W/pl‘g (O = 1)F 72 exp(—ut) dt.

F+o—1
1

Using a known integral formula (see, e.g., [11, Entry 2.17.7.-5])

Nl=

/(t2 — b2)7% exp(—pt)P[f(%) dt = (%b) p"“_%Kl,+%(bp)
b
(beRT, R(p) > 0,R(n) <1),

we get

(1) i(2u) 7" (n — 2)!
3 n—1 o_(u) .
m2T (3) =t

Finally, equating (13) and (16) leads to the desired identity (12).

lzgr(u; n,0,0,0) =

The particular case n = 2 of (12) gives

. o41 (2u) .

fes
=2

P R (G
Kypi(u)=(2u)™ = 72y i w
j=0

4 A series involving parabolic cylinder functions
A series associated with parabolic cylinder functions can be evaluated as in the following theorem.

Theorem 4.1. Let R(u) > 0. Then

> Te 2
;o 2% F(j + ;>D2j1(2\/a) = G\/a

(15)

(17)
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Proof. Taking the definition

of the Gamma function, from (6) we obtain

—~ 1 1 1 1
ker(u; 1,0,—7,0) = —,/ Pél(t)le (t) exp(—ut)dt
2 2i —2
b (18)
L /(t )% exp(—ut)dt = ——
= — exp(—u = .
V2ri P iv2muexp(u)
From the proof of Lemma 2.2 and (11) we get
-
ker (u, 1,0, — Z / t Jj d
i t+ 2 exp(ut)
(19)
\@e 9 o1
:77Ti ZQ jF(]+2>D_2j_1(V4U).
7=0
Now, equating (18) and (19) yields the desired identity (17). [ |

5 Orthogonality relations for kernels lzé;(u; n, ko, 0, 5)

It is noted that some particular cases of the kernel lz\e}(u; n, ko, 0,0) coincide with known variants of Bessel
functions. For example, applying (14) and two known integral formulas (see [10, Entries 2.3.5.-4 and 2.3.5.-5])

[ee] a B—%
/ (2 - az)ﬁfle—pt dt = F\(f’i) (2p> Kg_1(ap)
(min{R(3), R(p)} > 0)

and
o0

/eei)\t (2 - CLQ)B71 dt = eiy/al(B)2°~%

[e = +1;R(B) > 0, £R(N) <0 (0 < R(B) < 1, R(N) = 0)]

to (6), respectively, we obtain, for even n,

8 (ay)

|
7 N\
Q| >
N—
N|=
|
™
o
w\w
E
w\m

w3

ker(u;n,0,0,0) = (~1)F (2u) 7~ di(n — 2)1 1 (@)]AKE(U) (R(w) > 0)

2 pl

and

- n ntl 1l-n n+1 —1
ker(siw; n,0,0,0) = (~1)727 "% w = 7 31"F (n — 1) [r (g)} H ()
i

((_1)”%(@) > o) .

Therefore, the kernel ker(u; n, ko, 0, 6) as a function can be considered as a generalization of some functions

associated with the Bessel functions. Certain properties of lggr(u;n,ko,o, &) become generalizations and
analogues of those associated Bessel functions. Here, in order to prove a family of orthogonality relations for
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kAe/r(u; n,0,0,0) and kAe/r(u; n,0,0,5), we use a known integral formula belonging to the Kontorovich-Lebedev
integral transform (see, e.g., [6, Eq. (1.1)] and two references therein include the origin of this transformation)

o0

[ By Kigta) du = TP (i (), R(p)} > 0) (20)
2p sinh(7p) ’ ’
0
where ¢ is the Dirac delta function. In [9], several approaches of proof of (20) were given. In [14], (20) was
proved in a simpler way than those in [9] by appealing to a technique occasionally used in mathematical
physics.
Applying the the relation between Hankel and MacDonald functions (see [7, Eq. 5.33])

HH (0) = (=1)"2(xi) " exp (“UW;W”) K, [exp ((_1)2WT”> u]

o (20), we get an orthogonality formula for Hankel functions

7 2exp ((=1)"mp)d(p — p)
1) (1) __2exp ((=1)"mp)d(p— p

/u Hy, " (w)Hyy " (u) du = psinh(mp)

0

(min {R(p), R(p)} > 0).

In [6], the Kontorovich-Lebedev transform with Hankel function as a kernel was discussed in a detailed
manner.

Assume here that u € R. The orthogonality formulae for the kernel functions are given in the following
theorems.

Theorem 5.1. The following integral formula holds.

OON 1 .
/ker (u; 2,0, 3 +ip, O) ker(u; 2,0,
0

1
—§+iﬁ,0) du

6(p—p) . )
~dmp sinh(mp) (min {R(p), R(p)} >0). (21)

Proof. In view of (16), for any even n we have

_ 1— — 1—
ker (u; n, 0, Tn +ip, O) ker (u; n, 0, Tn +ip, 0)

[( —2)1?
T T 20 (2 Kip(u)Kip(u) . (22)
(5 - 1)!
Then, setting here n = 2 and integrating both sides of (22) with respect to u from 0 to co with the aid of (20)
gives (21). [ |

Theorem 5.2. The following integral formula holds.

7 1 1
/ker(u,Q,o 0, - +1p)ker(u 2,0,0, — iﬁ) du
0

~1 4 ip) rsinh(n
- QL;)SMM)( p)5(P —p)  (min{R(p), R(p)} > 0).
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Proof. We derive from (2) that P (z) = 27/{T'(v + 1)}~1(22 — 1)?. Applying it to (6), we obtain

— 1 T o oo . -
ker(u;n,0,0,6) = %/Pi%i&(t)(ﬁ —1)% Ze v dt.
0

Using (15), we get

n—1 "
and, therefore,

2

oo

—~ 1 —~ 1
/ker (u;Q,O,O7 —3 + ip) ker (u;Z,0,0, ——+ iﬁ) du
0

C (i+ip) (- +ip) °°u71 -
~ 2mcoth(mp) coth(nﬁ)o/ K, (u)Kip(u) du.

Applying (20), we complete the proof.

Theorem 5.3. The following integral formula holds.
[~ 1 . N\ 1
/ker <u; 2,0, —5 +ip, O> ker(u; 2,0,0, —5 + 1p) du
0

=‘“jﬁﬁ§$ﬁ”<mmwmﬁmn>M~@$

Proof. Integrating both sides of the equality

~ 1 ~ 1 icoth
ker(u; 2,0, ~3 + ip, 0>ker(u; 2,0,0, —5 + iﬁ) = %Kip(u)f{iﬁ(u)
with respect to u from 0 to co with the aid of (20), we derive (23)

|
Theorem 5.4. The following integral formula holds.
/lge}(u; 1,0,0,ip)ker(u;3,0,0, —1 + ip) du
0
p+i R . .
—__PTY s— :
ey 4) (min{R(e). %@} > 0)
Proof. We obtain from (2) that for any odd n
n—1 oo
__ —1)"2 (6 N _n _n _
ker(u;n,0,0,5) = %/Pﬁ_g OP L2 (e ™ dt
21 2 20
- ! (24)
)T i(6),
(D) i(@)s .

Integrating both sides of

. . A2 . A
ker(us 1,0, 0, ip)ker(u; 3,0,0, —1 +ip) — — 2+

D Ky (1) K (0)

and using (20), we complete the proof.
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Theorem 5.5. The following integral formula holds.
t/R&(u;LijO)E&(uﬁxao,—l+&ﬁ)du
0

_ _lpHDip=p) )
= T Sumb(mp)  (WdR() R(P)} > 0). (25)

Proof. For any odd n, we have

—~ —1) 2 (0)p— T _n _n _
ker(u;n,0,0,0) = ED 2 O /PéJr(2,71(7f)lD7%2 (t)e vt dt
1

2i
" (26)
12 i(0).
- %Kﬂ% (u) .
(2u) 2 /al'(%)
The equality (25) follows from the identity

—~ L o ip(—1+ip)
ker(u;1,0,ip, 0)ker(w; 3,0,0, -1 +ip) = ————= K, (u) Kip(u). [ |

U

6 Concluding Remarks

In this paper we have shown that the kernel Egr(u; n, ko, o, ) plays the same role as the function P! = and
the kernel K (w,z,g) in [11] in the sense that some particular cases of P!, reduce to Jacobi and Legendre
polynomials, Legendre and Bessel functions, the kernel K(w,z,g) can be expressed in terms of gamma

function. Here, properties of the kernel function ker(u;n, ko, o,d) yield those identities corresponding to
variants of Bessel functions and their related functions. For example, choosing ¢ = 0 in Theorem 3.1, we
obtain the well-known relation [5, Entry 9.235.2]

[T

For other examples, the particular cases of of (24) and (26) when p = p give the following integral formula:

T . T s . sech(mp)
k i1 du= [ k .1 du=-_22F
/ €T (u7 aoalpv 0) U / er (u’ ,0707110) U 1672
0 0

which may be considered as an analogue of the following known integral formula [3, Lemma 2.3]

™

p(2mu))?du = ——.
,()/[K—m(2 )hd 8 cosh(mp)
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