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Invariant bilinear differential operators

’ Pavel szman‘

Abstract. Let M be an n-dimensional manifold, let V' be the space of a representation
p: GL(n) — GL(V). Locally, let T'(V') be the space of sections of the tensor bundle
with fiber V' over a sufficiently small open set U C M, in other words, T'(V) is the
space of tensor fields of type V on U. In T'(V'), the group Diff (U) of diffeomorphisms
of U naturally acts by means of p applied to the Jacobi matrix of the diffeomorphism
at the point.

Here, I give the details of the classification of the Diff(M)-invariant differential
operators D : T'(V1) @ T(V,) — T'(V3) for irreducible fibers with lowest weight. Up
to dualization and the permutation of arguments T(V;) @ T'(Va) ~ T'(Va) @ T(V1)
a.k.a. “twist”, these operators split into 9 types of operators of order 1, four types of
order 2 and 3 types of order 3. The operators of orders 2 and 3 are compositions of
1st order operators with one exception: an indecomposable 3rd order operator which
exists only for n = 1. There are no operators of order > 3.

Amazingly, almost each 1st order operator determines a Lie superalgebra structure
on its domain. Moreover, this Lie superalgebra is almost simple (is a central extension
of a simple one or contains a simple ideal of codimention 1).
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Preface

Several years ago Leites told me that the book [KMS] devoted to natural differential
operators contains a complaint that the details of the proof of my classification were never
published nor preprinted. Actually, they were deposited to VINITI and contain not only
the proof in the general case but also the proof in the divergence-free case. However, it
was not easy to retrieve anything from VINITI depositions even during Soviet period, now
they are, it seems, totally inaccessible.

Here are the details of the proof in the general case; the divergence-free case adds
only several compositions of operators, so I skipped it; for formulation, see [G2]. T also
skipped verification of invariance of several operators, the fact being known, more or less,
to Niujenhuis, and by now can be considered “well-known”.

In view of plans greater than the proof of the claims in my Ph.D. thesis’ results (these
plans are described in [GLS]), Leites arranged translation and typing of the proof. Here is
this version.

[ want to warn the reader. There are two detailed expositions of the proof (a draft
and the final version of my thesis). In the final version, the proof is absolutely correct,
but it is written very succinctly and proof modified (as compared with the draft versions)
with the peculiarities of the case under study being taken into account. As a result, the
proof is shorter (which was my goal), but is difficult to generalize to other algebras or to
infinite-dimensional fibers.

Stockholm, 2006.
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Introduction
1. Invariant operators: an overview

By invariant operators we will mean operators acting in the spaces of tensor fields (or
sections of other types of vector bundles) which have the same form in any (curvilinear)
coordinate system on the fixed manifold M.

The importance of such operators became manifest after discovery of the relativity
theory. Indeed, according to equivalence principle, the motion of a body in the gravitational
field is equivalent to the motion in the absence of the field but in a non-inertial coordinate
system, with curvilinear coordinates if the gravitational field is non-homogeneous. Thanks
to Einstein equations, the action of the gravitational field on bodies is expressed via the
metric of the space. Invariance of the Einstein equations is a mathematical formulation of
the equivalence principle.

Similarly, invariant operators should always appear whenever there exists either a re-
lation between tensor fields (or sections of vector bundles depending on higher jets of the
diffeomorphism group), or a condition on a tensor field, or an algebraic structure, etc.,
that do not vary under the changes of coordinates.

Examples: Lie algebra structure on the space of vector fields, the Stokes formula, the
equation of a geodesic curve, condition for a local rectifiability of a pair of vector fields,
condition for local integrability of a distribution, etc., or, if we confine ourselves to analytic
coordinates only, Cauchy-Riemann equations, etc.

By tensor fields we will mean sections of the bundle

EP(M) = (TM)*? @ (TM*)%1.
By \-densities we mean sections of Vol* = (Q4mM)®A: the space is well-defined as a module
over the group of diffeomorphisms for non-negative (and by dualizing for all) integer values
of A, but infinitesimally, on the level of the “Lie algebra of the group of diffeomorphisms”,
the action of the Lie algebra can be defined for any A. As we will show, for such Lie algebra
one can take the Lie algebra of vector fields with polynomial or formal coefficients and the
action of the vector field in Vol* is just the multiplication by divergence with factor .
In this paper we consider the unary linear differential operators

I'(M, E? @ Vol (M)) — T'(M, E. @ Vol*(M))
and bilinear differential operators
I'(M, EP' @ Vol (M)) x T(M, E2 @ Vol**(M)) —s T'(M, EL ® Vol"(M)).
The simplest linear invariant operator is the differential of a function

N~ Of
fde;dxlaxi.

The invariance of this operator is one of the fundamental theorems of Calculus.
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A generalization of this operator is the exterior differential of differential forms
d: QP — Qrtt
It turns out that
d is the only linear invariant differential operator of nonzero order

acting in the spaces of tensor fields with irreducible fibers. This was proven for more and
more general tensors: for differential forms ([P], 1959), for covariant tensor fields ([L],
1973) and, finally, for general tensors independently and by different methods by Rudakov
[R1] in 1973, Terng (Ph.D. Thesis, 1976, see [T]), and Kirillov [Kil] in 1977.

Consider bilinear operators. Historically, the first and most known first order differen-
tial operator is the Lie derivative

L:T(M,TM) x (M, E? @ Vol*(M)) — (M, E? @ Vol*(M)).

Particular cases of this operator: the bracket of vector fields and operators representable
as compositions of d and zero order operators.

In the first half of XX century, after works by Einstein and Hilbert on general relativity,
researchers started a systematic search of invariant operators. Veblen explicitly formulated
the problem at the 1928 Mathematical Congress in Bolognia [V]. In 1940 and 1954,
Schouten found two new invariant operators:

D(M,A*TM) x T'(M,NTM) — T'(M, A*"=1T M)
and
L:T(M,EF(M)) x T'(M, ES @ Vol*(M)) — T'(M, T*M ® Vol(M)).

called the anti-symmetric and Lagrangian concomitant, respectively.
Schouten also observed that the Poisson bracket can be interpreted, if one restricts to
functions homogenous on fibers, as a first order invariant operator (symmetric concomitant)

P:T(M,S*TM) x T'(M,S'TM) — T'(M, S*"=*TM).

In 1955, a student of Schouten, Nijenhuis, found one more invariant operator (the Nijenhuis
bracket) on the space of vector-valued forms (see [N1])

N :T(M,TM @ A*T*M) x T(M,TM @ A'T*M) — T'(M,TM ® A*'T*M).

During the next 20 years various applications of these operators were studied ([Bu], [FF1],
[FF2], [N2], [Tu]).

In 1977-78 in my BS and MS theses, I have completely classified bilinear invariant
differential operators for dim M < 2, see [G1]. Three new operators were found, denoted
in what follows F', G, and P*.
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A. Kirillov noticed (see [Kil]) that by means of the invariant pairing (index ¢ indicates
that we consider fields with compact support)

B : T (M, EX(M)) x T(M, ES @ Vol(M)) — R

one can define the duals (with respect to the first or second argument) briefly referred in
what follows as the first and second duals or 1-dual, B'*, and 2-dual, B**, of B.

Clearly, if B is invariant, so are its duals. It turned out that the lagrangian concomitant
is dual to the Lie derivative, whereas the operators dual to the other two Schouten’s
concomitants and to the Nijenhuis bracket turned out to be new.

In the same paper, Kirillov generalized to dimensions dim M > 2 the above mentioned
operator F"

F:T(M,APT*M @ Vol*) x T'(M, ANT*M ® Vol') — T'(M, APTT* M @ Vol ),

(AT M)®* for k>0
(AT*M)®R) - for k> 0.

Observe that when we are not interested in rational representations of the group of lin-
ear changes of coordinates but allow ourselves to speak about infinitesimal transformations,
we can consider not only integer values of k& but any real or complex ones.

And the last (as we will see) invariant bilinear differential operator

where Vol* :=

G : T(M,A\PT*M @ Vol*) x T(M,NT*M ® Vol') — T(M, APT'T* M @ Vol*),

was discovered in 1980, see [G1]. The operator is a generalization of two operators: the
anti-symmetric Schouten concomitant and its dual.

The same paper [G1] contains the list of second and third order differential operators.
All of them are compositions of the exterior differential d and bilinear operators of orders
<1

If dim M = 1, there exists one more new operator determined on the weighted densities,
not on the usual tensor fields, namely

Ty : f(da)™?, g(dx)™ = (2(f"g — fg") = 3(f'g" — ["9) (dz)*®.

I discovered it in 1977, in my BS thesis.

In 1979, Feigin and Fuchs [FF1] generalized it for the m-linear operators and in 1982
they classified all the multilinear anti-symmetric invariant differential operators acting in
the spaces of weighted densities on the line [FF2].

The theorem on complete classification of differential operators acting in the spaces of
weighted densities on any manifolds is announced in [G1] and deposited to VINITI; here
is a slightly edited translation of the inaccessible deposition.
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2. Related results

Let an additional structure on M be fixed, e.g., a volume, or a symplectic structure,
or a contact structure. One can consider differential operators invariant with respect
to transformations preserving the structure. We can, of course, consider other types of
structures, such as metrics or combinations of several structures. But the method we use
works well when the Lie algebra of infinitesimal transformations is very asymmetric (has
more positive operators than negative ones) and close to simple.

For linear (unary) operators, the complete classification was obtained by Rudakov
[R1], [R2] for the general, volume preserving and symplectic cases. 1. Kostrikin [Kol]
described the contact case.

For bilinear operators, the complete classification was obtained for the general and
volume preserving cases in [G1] and for symplectic case (partly) in [G2], [G3]. I conjecture
that these partial results are final as far as indecomposable operators are concerned, i.e.,
other, new, operators, if any, are compositions of the ones already found. Observe that
an explicit description of several operators in symplectic case is to be given though their
existence is proved [G3].

For the contact case, only small dimensions on supermanifolds corresponding to some
of the “string theories” are considered [LKW].

3. Methods

1) Reduction to canonical forms. For example, one can rectify any vector field or a volume
form in a vicinity of any non-singular point; in other words, there are coordinates in which
the components of these tensor fields are constants. This means that the rational invariant
differential operators in the space Vect(M) or Vol(M) can only be of order 0. In other
words, they are algebraic, point-wise ones.

C.-L. Terng [T] similarly proves that any rational invariant differential operators in
the spaces C(M), or Q' (M), or Q" (M) can be algebraically expressed via the exterior
derivative d.

Epstein [E] similarly proved (making use of Cartan’s results) that — and this is an
important statement —

any invariant differential operator on the quadratic forms can be algebraically expressed
via the curvature tensor and its covariant derivatives.

The tensor fields of more general form can not be reduced to a canonical form by
dimension considerations. Nevertheless, any tensor field can be represented as a sum of
several tensor fields each of which can be reduced to an affine form, i.e., to the form in
which the components of the field are vector-valued affine functions

flz)=a+ szxz

It is precisely this fact that Palais [P], Leicher [L] and C.-L. Terng [T] used to classify
linear operators.

Kirillov in [Kil] uses another method. He considers any linear invariant operator as
a morphism between two pairs of representations of the Lie algebra of vector fields and
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its subalgebra gl(n) of linear vector fields. One further makes use of the sophisticated
machinery of representation theory, in particular, Laplace operators on finite dimensional
gl(n)-modules.

Here we come closer to the heart of the matter: the local problem should be solved by
local means and Lie algebras should replace global discussions.

Rudakov [R1] started with the infinitesimal problem. His method applied to unary
operators boils down to simple Linear Algebra only slightly seasoned with some easy facts
from representation theory and is applicable to operators of any “arity”, not only binary.

The method can be further applied to description of irreducible representations of Lie
algebras and superalgebras of vector fields. In some cases the results directly follow from
the description of invariant linear differential operators and the Poincaré lemma or its
analogs (the general vector fields, see [BL]). Kotchetkov observed that sometimes (when
no analog of Poincaré lemma holds) the situation is more subtle, see [Ko], [Ko2].

Bernstein showed [BL] that local Rudakov’s problem is equivalent to the global one,
initially formulated (somewhat vaguely) by Veblen and in modern and lucid terms by
Kirillov.

Let me describe Rudakov’s method in more detail: it will be my main tool in this

paper.

4. Rudakov’s method for solution of Veblen’s problem

Let M be a connected n-dimensional manifold over R, and p a representation of GL(n, R)
in a finite-dimensional space V. Denote by T'(p) or T'(V') the space of tensor fields of type
p (or, which is the same, of type V), i.e., the collection of the sections of the bundle over
M with fiber V' (over an open set U). On T'(V), the group Diff M of diffeomorphisms of
M (the local ones, which send U into itself) naturally acts: let J4 be the Jacobi matrix of
A calculated in coordinates of points m and A~!(m), then set:

At)(m) = p(Ja)(t(A™ (m))) for A € Diff M, m € M,t € T(V). (%)

Any operator ¢ : T'(p1) — T(p2) is called invariant if it commutes with the Diff M-
action.

It is instructive to compare Rudakov’s and Kirillov’s approaches to Veblen’s problem.
First, they considered different categories, namely Kirillov immediately confined himself
to differential operators of finite order and to tensor fields.

Rudakov allowed not only tensor fields but arbitrary jets and did not bind the order of
the (differential) operator. His result shows (a posteriori) that

1) in spaces of jets higher than tensors (i.e., if the action depends not only on first
derivatives of the diffeomorphism, as in (x), but on higher derivatives) there are no invariant
differential operators (apart from scalar ones);

2) even if we consider arbitrary (irreducible) representations with lowest weight vector,
the restrictions on the weight that the invariant operator requires for its existence imply
that the representation is finite-dimensional.
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Observe that it is only due to the traditional reading of the term “tensor field” that we
consider finite-dimensional representations. It is more natural to consider, say, represen-
tations with vacuum vector (the lowest for the tensor fields and the highest for the dual
spaces), though, strictly speaking, we have to consider indecomposable representations in
this infinite-dimensional setting.

Observe also that none of the researchers mention non-local invariant operators: though
we all know an example of such an operator — the integral — it is unclear how to study
them.

5. The result

This paper contains

1) an enlarged reproduction of my Ph.D. thesis, i.e., I give a detailed proof of the
classification of binary differential operators listed in [G1] and [G2].

2) The interpretation of some of the operators in terms of Lie superalgebras seems to
be new and might be of interest for theoretical physicists.

Roughly speaking, the list of binary differential operators D : T'(V}) @ T'(Va) — T'(V3)
invariant with respect to the group of diffeomorphisms of M runs as follows. Up to du-
alization and permutation of arguments, the operators split into 9 types of order 1, four
types of order 2 and 3 types of order 3. Operators of orders 2 and 3 are compositions of 1st
order operators, except one indecomposable operator which only exists for n = 1. There
are no operators of higher order.

Amazingly, almost all 1-st order operators determine a Lie superalgebra structure on
their domain. Moreover, this Lie superalgebra is almost simple: is a central extension of
a simple one or contains a simple ideal of codimension 1.

3) In addition to the investigations from my thesis reproduced here, I also considered
the infinite-dimensional fibers. The result of this consideration is discouraging: for 2-
dimensional manifolds we do not get “really new” operators (the operators we got earlier
were realized in functions polynomial fiber-wise; now we consider nonpolynomial functions
also but this is all); to consider manifolds of higher dimensions seems to be a wild problem.

6. On open problems

A natural generalization of the above Veblen—Rudakov’s problem: consider operators in-
variant with respect to other simple Lie algebras (or superalgebras) of vector fields and
consider operators of greater arity: ternary, etc.

For the review of classification of unary operators (this task is completely performed
on manifolds and only partly on supermanifolds), see [L1].

The case of binary operators is, so far, considered on symplectic manifolds, see [G2],
[G3], and on general and certain contact supermanifolds [LKW]. Both results are partial.

The exceptional bilinear operator of order 3 was generalized in [FF1], [FF2|, where
m~ary anti-symmetric operators on the line are classified.

The generalization of the problem in all the directions mentioned is desirable, but we
give the priority to the operators invariant with respect to the Lie algebra that preserves
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the contact form on manifolds and various structures on the supercircle as having more
immediate applications.

A mysterious operator

Since in the absence of even coordinates, all operators in superspaces of tensors or jets
(with finite dimensional fiber) are differential ones (even the integral), Leites hoped that
having worked out this finite-dimensional model one could, by analogy, find new non-local
invariant operators for manifolds as well. The arity of such operators is, clearly, > 1. So
far, no such operator is explicitly written except an example of a symbol of such a binary
operator acting in the spaces of certain tensors on the line; see Kirillov’s review [Ki3].

Recently, this operator was demystified, see [lToMal]. Later on, Bouarroudj and Leites
classified bilinear differential operators on 1-dimensional supervariety over algebraically
closed fields of characteristic p > 0 and found several generalizations of what they called,
after Feigin and Fuchs, the “Grozman operator”, see [BoLe].

1 The list of operators
Let Q' = T(A%(id)) be the space of differential i-forms, Q" = & Q. Recall that n = dim M;
let Vol = Q™ and let Vol* for A € C be the space of A-densities. This is a rank 1 module
over functions F = QO with generator vol. Observe that the action of Diff M is not defined
on Vol* unless X is integer, but the Lie algebra vect(n) naturally acts on Vol* for any A by
the formula

Lp(vol}) = \div(D)vol’ for any D € vect(M).
We will consider this later wider problem: classification of vect(M )-invariant differential
operators.

1.0. Zero order operators

Obviously any zero order differential operator
Z:TWV)@T(Vy) — T(W)

is just a scalar one and is the uniquely defined extension of a morphism of gg-modules in
Hom(V; ® Vo, W).

1.1. First order operators

P Q" ®T(p2) — T(ps) (w,t)— Z(dw,t); (Py)
where Z is the zero-th order operator — extension of the projection p; ® ps — p3 onto
the irreducible component; the operator P;? is of the same form, whereas Pj! is of the

form
Pit:T(p) @ T(p) — Q" Pil(t,t2) = d(Z(t,12)),

where Z : T(p1) @ T(p2) — Q"1 for r > 0.

The Lie derivative:
Py : Vect @ T(p) — T(p); (P»)



138 Pavel Grozman

the operator P;? is also the Lie derivative, whereas Py! is Schouten’s “lagrangian concomi-
tant”.
Schouten’s “symmetric concomitant” or the Poisson bracket:

Py = PB : T(SP(id")), T(S(id*)) — T(SPT1*(id")); (Ps)

for p = 1 the operator reduces to the Lie derivative, for p = 1 to P;; the duals of P5 are
also of the same (up to the permutation of arguments 7°) form:

P;?: T(SP(id%)), T(S(id)) @ Vol* — T(SPT471(id)) @ Vol*.

The Nijenhuis bracket. This bracket is a linear combination of operators P, P;1, their
composition with the permutation of arguments (a.k.a. twist) operator

T:-TV)RTW) —TW)xT(V),
and an “irreducible” operator sometimes denoted in what follows by N
Py : QF ®, Vect, Q¢ ®, Vect — QP ®, Vect (Py)
defined as follows

P4<0.11 X Dl,WQ X Dg) = (wl N OUQ) X [Dl, D2]+
(w1 N LD1 (wg) + (—1)p(“1)dw1 N LD, (CL)Q>) ® D2+
(—LD2 (wl) A Wa =+ (_1)p(w2)LD2 (wl)d A\ WQ) X Dl.

The invariance of the Nijenhuis bracket is a corollary of the following observation. It is
evident that for a fixed wy ® D; € QF®, Vect, the operator D' : QF®, Vect x ' — Q' given
by the formula (here B(a,b) := B(b,a) is the twisted operator, ¢p is the inner derivation
along D)

D'(w1 ® Dy,ws) = D*(w; ® D1, ws) + D(w; ® Dy, ws) =

d(w1 N LDl(WQ)) + (—1)p(wl)w1 A LD, (dw2) =

dwl N Lp,Wa + (—1)p(w1)u)1 VAN LD1 (u)z).

is a superdifferentiation of the supercommutative superalgebra 2.
Observe that the gl(n)-module A*(id) ® id* is reducible:

Af(id) ® id* = R(1,0,...,0,—1,...,—=1) ® R(0,...,0,—1,...,—1).
k k—1
Therefore, the operator N splits into the direct sum of several operators. One of them,
that we did not consider before, will be denoted N or Py, namely the projection onto the
first component:

N :T(R(1,0,...,0,—1,...,—1)) x T(R(1,0,...,0,—1,...,—1)) —>
k l
T(R(1,0,...,0,—1,...,—1))
N———
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There is also a dual operator:

N*2:T(R(1,0,...,0,—1,...,—1)) x T(R(0,...,0,—1,...,—1),—2) —»
k l
T(R(0,...,0,—1,...,—1),—2)
k—+l1

The following operator is just a composition of the exterior derivative and a zero order
operator:

Py QP Q7 — QPFTTL ) Wy e (—1)P@a(dwywy) 4 b(widws), where a,be C. (Ps)
Let |p]? + |v|* # 0. Define

Q. 0Op q p+q+1
P QWQV — Q1

by setting
wyvol" | wyvol” +— (V(—l)p(wl)dwlwg — pwidws) vol' . (Fs)

Denote the Schouten bracket:
P72Lp,LqHLp+q_l. (P7)

Define a generalization Py : L, LI — Lﬂi?fl of the Schouten bracket (on manifolds,
for p + g < n; on supermanifolds of dimension n|1, for p,q € C) by the formula

Xvol", Yvol" — (v —1)(p+v—1)divX - Y + (=1)P) (= 1) (g + v — 1) XdivY —
(n—1)(v — 1)div(XY)) vol"*",

(Fs)
where the divergenc§ of a polyvector field is best described in local coordinates (z, %) on
the supermanifold M associated to any manifold M, cf. [BL].

The operators dual to P, P;, Ps are, as is not difficult to see, of the same form,
respectively.

1.2. Operators of order > 1
All of them are reduced to compositions of operators of orders < 1:

Sp: QP xQ — T(R(O,...,0,—1,...,—1,=2,...,—2), where k + 2l =p+q+2, (5)

/N

k l

defined to be
Sl(wl, WQ) = Z(dwl, dU.)Q);

Sr QP x T(R(1,...,1,0,...,0,—1,...,—1) — Q, (S7)
Stw,t) = dZ(w, 1);
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Sy QML X QP @ Vol — QP @ VolF (S2)

defined to be
So(w, t) = F(dw,t);
Sy P @ Vol x Q1P @ Vol "1 — (S3)
defined to be
S3(a.b) = dF(a,b);
T x Qv QO @ Vol?, (Th)

defined to be
T1<(J.11,(JJ2) = F(dwl, d(.x.)g);
Ty Q" x Q" @ Vol 2 — Q) (T7)
defined to be
T} (w,t) = dF (w, t);

If we abandon requirement of rationality of densities in the definition of operators
F, G and Sy, then for n = 1 we obtain one more (irreducible, i.e., not factorizable in
a composition) invariant operator

Ty : Vol ™** x Vol ™** — Vol°/?, (Th)
defined to be
Ty : (fvol =2, guol=2/%) — (2" g — 2f¢" + 3f"q — 3f'g")vol®/.

1.2.1. Theorem. FEvery bilinear invariant differential operator acting in tensor fields on
a connected smooth manifold is a linear combination of the above operators and the ones
obtains from them by a transposition of the arguments.

2 The beginning of the proof

Consider the group G = Diff M of local diffeomorphisms of M. In some sense, its Lie
algebra is g = vect(M), the Lie algebra of vector fields on M. Let G(xg) be the stabilizer
of g € M; its Lie algebra is g(zo) = {£ € g | £(x9) = 0}. There exists a neighborhood U
of xy over each point of which the fibers can be identified with a “standard” fiber V', then
g acts on the tensor fields, the elements from 7'(V'), via the formula

Llpov) =Y 620 avt Y e p(E, o
i=1 ¢ J

1,j=1

where p € C®°(U),veV,{=>"", fz-a%i € g and {E’ #i=1 1s the standard basis of gl(n)

consisting of matrix units. The space [(V*) = K(01,...,0,) ® V* of differential operators
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whose coefficients are linear functionals on V' is a g-invariant subspace of (T'(V))*. The
pairing of I(V*) with T'(V') is determined by the formula

OV, fRv) =0f |4=0 (V,v),

where 0 € K[0y,...,0,], f€ C®(M),ve V,v € V* and f ® v is a representation of the
section s € T'(V) in coordinates. The action of g is found from the formula

(I(0@v'), f @) = =(0 @V, Le(f ©v)) =
—(90&f) amo (v, 0) = 32, O(FES) lamo (V' p(e])0) =

(=00 Jomo @V + 32, (00 521) lomo @p" (D', f @ 0).

Thus,

Lj

(08 1) = (008) loeo © (00 5) loco ©" (B0 2)

The space I(V*) is graded I(V*) = ®u,>0l™(V*), where I"™(V*) consists of homogeneous
polynomials of degree m in 0, ...,0,. Let

Ln(V*) = @i " (V)
denote the space of polynomials of degree < m. Observe, that each Z,,(V*) is g(xo)-
invariant, in particular, Zy(V*) = V*.
Together with g(x¢), consider the Lie algebra £y = vect(n) of polynomial vector fields

on K" that vanish at the origin, zo. Determine the Ly-action on I(V*) by the same formula
(2). Clearly, with £, a grading is associated

ﬁ(]:Lo@Ll@...,

where L,, consists of vector fields whose coefficients (i.e., the coefficients of the 0;) are
homogeneous polynomials of degree m + 1. The Lie subalgebra Lg is isomorphic to gl(n)
under the correspondence

Observe that if £ € Ly, then I¢(1 ® v) = 1 ® p*(&)v, whereas £ € L1 = L1 & L, & ...
annihilates Zo(V*).

2.1. Lemma. Z,,(V*) is the annihilator of ZJ' (V) = It - T(V).

Proof. 1f degd < m and ¢ € I**!, then d(ps)(0) = 0. Hence, (Z,,(V*), 22+ (V)) = 0,
but dimZ,,,(V*) = codimZJ**'(V'); hence, Z,,(V*) is the annihilator of ZJ"* (V).
Let D : T(Vy) — T(V3) be a G-invariant differential operator of order m. Then,

D(Z3 ™ (V1)) € Zg,y(Va),
and therefore D*(Zy(V5")) C Z,, (V). O
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2.2. Remark. By means of the standard theorems of Linear Algebra one can prove that
for any g(zo)-invariant operator DY : V5 — Z,,(V}), there exists a unique g-invariant
operator D : T(Vi) — T(V3) such that D* |z,;= D°. The g(z0)-action on Z,, depends
only on the first m + 1 derivatives (from the 0-th to (m + 1)-st inclusively) at the origin
xq of the vector fields from g(xy). Hence, the sets of operators

{Ie: £ € g(xo} and {I: € € L}

coincide, and therefore the g(z¢)-invariance of the operator D* : V, — Z,,(V}) is equivalent
to its L-invariance.

The fact that D*(Vy) = W C Z,,(V}*) is an L-submodule isomorphic to V5" (which is
clear, since V' is irreducible) implies that

a) W is an Ly-submodule isomorphic to V5';

b) L£; annihilates W.

The problem of description of g-invariant differential operators is, therefore, equivalent
to the following problem:

in I(V}"), find all Ly-submodules isomorphic to Vi and such that £, annihilates them.

The vectors that £, annihilates will be called singular ones. Thus, our problem is to
describe highest weight singular vectors.

In case of the bilinear operators B : T'(V}) ® T'(Va) — T'(V3) the above procedure
should be modified as follows. Observe that T'(V;) @ T'(V3) is a C°°(M) @ C*(M )-module,
whereas Z,, = [,, ® 1 + ®1,, is a maximal ideal of C*°(M) ® C*(M). Let

Zyy(V1,V2) = L3 (T(V1) @ T(V2)).
The space
IV, Ve) = IV @ I(V) = K0y, ..., 9 ] @ Vi @ K[9Y, ..., 0] @ V5" =
Klo,....0i] @ (Vi@ V5)
is graded by the total degree of the polynomials in 0" and 9”. Clearly,
IV, V) = @™ (V1 VY
and 4
(V5 V) = &% (VI V7))
is the annihilator of Z"*'(V4,V5). If B is a g-invariant bilinear operator of order m, then
B(Z3 " (Vi, V2)) C Z,, (Va),
hence,
B*(Zo(V5)) € L (V" V).

Therefore, to find all such B’s it remains to find in 7 (V}*, V5¥) all Ly-submodules annihilated
by 'Cl-
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3 Solution (n =1)
All irreducible finite-dimensional and diagonalizable modules of gl(1) are 1-dimensional;
let Vi* and V5 be such modules. Let v € V{* and w € V5 be nonzero vectors of weight [
and m, respectively, i.e.,

(xd)v = lv, (z0)w = muw.

Since for n = 1, there is no notion of highest weight gl(1)-vector, it suffices to describe the
singular vectors in I(V}*,Vy). Since L, is generated by e; = 220 and e, = 239, it suffices
to find all weight solutions of the system

Elf = 0, 62f =0
for a homogeneous vector f € I(V}*, V) of degree d:
IRV
f= Z rj!cia v® Mw,
it+j=d

where the factor Z,LJ, is inserted for further convenience.
Observe that

(220)(0' ®v) = 200" @ (wO)v —i(i — 1) @ v =i(2l — i + 1) 'o;
(2°0)(8") = 3i(i — 1)0" 2 @ (x0)v —i(i — 1)(i —2)0" * @ v =
i(i — 1) (31 — i + 2)8" 2.
Hence,
0= (x28)f = Zi+j=d Z'c_]'<z(2l —i+ 1)ai_lv ® dw + j2m —j+ 1)32'@ ® aj—lw) —
2 i+j=d (cm (20 =)0 @ w + 75 (2m — j +1)dv ® ai‘1w>

ilgl iyl

implying
(2l — i)0i+1 + (2m - j + 1)Cz =0

and
0=(@%9)f =
Dipjma (i = 1Bl =i +2)0 v @ Pw +j(j — 1)(Bm — j +2)0v @ 0w =
St jea it (Ci2(31 = )0 @ 72w + ¢i(3m — j + 2)0'v ® 0~ %w)

iyl
implying
Leti+j=4d, 1 <14, 5 <d—1. The above formulas impose the constraints on ¢;_1, ¢; and
Cit1:
(2l — i)Ci+1 + (2m — j + 1)61 =0
(2l —14+ 1)62 + (2m — j)CZ‘_l =0
(3l — i+ ]-)Ci—f—l + (Sm - j + 1)Ci—1 =0.
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The determinant of this system is

20—i 2m—j+1 0
Ny = 0 20—i+1 2m—j |=
3l—i+1 0 3m—j+1

-2l —i+1)Bm—j+1)+C2Cm—j)2m—j+1)3Bl—i+1).
Observe that if ¢; = 0 and ¢;y; = 0, then
(2m —j)cii=Bm—j+1)ei1 =0

but since 2m — j and 3m — j 4+ 1 cannot vanish simultaneously for j > 0, it follows that
c¢i-1 = 0. Hence, if two neighboring coefficients in a row vanish, then the coefficients
neighboring them also vanish.

So, for a nonzero solution to exist, it is necessary (but not sufficient) that A; = 0 for
any ¢ such that 1 <¢<d—1.
Set x =2l —i+1and y =2m — 75+ 1. Then, in terms of D : =z +y =204+2m —d+ 2
we have
r—1 y 0
Ni=] 0 o y—1{=(+Dyly =1+ (x+Dz(y+m) =
x+l 0 y+m
2’y +axy? —2zy +ly(y — 1) + ma(z — 1) =
?’D—2)+2(D—-2)>-22(D—2)+1(D—2)(D—x2—1)+ma(z — 1) =
22(l+m+2—-D)+z(D—-2\D+1—m)+1D?>—ID = 0.

If d > 4, then the quadratic equation has > 3 solutions which is only possible if all the
coefficients vanish:

A pu+2—D=0orl+m+2=21+2m—d+2
implying d = [ 4+ m and
D*4+2\D—2D+1—-m=-P+m’—l+m=m—-1({l+m+1)=0.
But m+1=d—1%# 0 yields | = m; so
ID* —ID =1D(D — 1),

but D = l+m+2 = d+2 > 6; hence, [ = 0, but then m = 0 as well, implying d = [+m = 0.
This is a contradiction.
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There are no nonzero solutions, hence, on the 1-dimensional manifold, there are no
bilinear operators of order > 3.
For d = 3, the equation A\; = 0 has two roots, 1 and 2:

(20—1)-21-(3m—1)+ (2m —2)(2m —1) -3 =0
{(21—2)(2[—1)-3m—|—(2m—1)-2m(3l—1):0.

a) [ = 0. Then, 6m = 4m? + 2m implying either m = 0 or m = 2. Thus, there are
solutions (0,0), (0,2) and a symmetric solution (2,0).
b) I # 0, m # 0. Then,

(20— 1)(3m — 1)+ 3(m — 1)(2m — 1) = 0 =>

320 —1)(3m — 1)(I — 1) + 9(m — 1)(2m — 1)(I — 1) = 0;
31—-1)2— 1)+ (2m—-1)3l—1) =0 =

3(1—1)(2L — 1)(3m — 1) + (2m — 1)(31 — 1)(3m — 1) = 0;

implying
I9m—-1)I—-1)2m—1)=Bm —1)(2m —1)(3l — 1).

Hence, either m = § and then (20 —1)(3m —1) =0= 1= 5 or
9(m—1)(I-1) = (3m—1)(3l-1), i.e., Im—91—9Im+9 = 9m—3l—3m+1 = I+m = 3;
31—-1)(20—1)=(§ —20—1)(3l — 1), 2l = § so, finally, | =m = 2.
But the condition was not a sufficient one; the complete condition is
(2m — 2)00 + 2lCl = O,
(2m —1)c; 4+ (20 — 1)cg = 0,
2meg + (21 — 2)c3 = 0,
(3m —1)co+ 3lcy = 0,
3mey + (31— 1)cg = 0.

It is routine to verify that in all the cases except for [ = m = % there is a solution and this
solution is unique up to multiplication by a constant; whereas for [ = m = % there are no
solutions. (This is in agreement with our list of operators.)

Let d = 2, then the equation AA; = 0 is equivalent to

(20—1)-20-2m+ (2m —1) - 2m - 31 = 0.

-1 2m 0
a) [ =0, m is arbitrary. The matrix | 0 0 2m — 1| is of rank 2, hence, there is
0 O 3m

one solution in this case (namely, the operator S, which turns into Sy for m = 0).
The case m = 0 is similar.
b) 1 #0, m#0. Then, (2l —1)+ (2m —1)=0,l+m =1, m =1 —1 and the rank of
20—1 2-2I 0
0 21 1 — 21 | is always equal to 2; hence, we have only one operator, S3*.
3l 0 3—3l
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In case d = 1, there remains one condition 2l - ¢ + 2m - ¢; = 0. If [ and m do not
vanish simultaneously, we have just one operator, Py, and if [ = m = 0, then we have two
operators (both of type P):

B(p,v) = apdi + bdy - 1.

4 Solution (n = 2)
We denote the operator £ € L acting on (V") ® I(V5") by the same symbol £ as the
element itself, but ¢ indicates that £ acts on the first factor of I(V}*) ® I(V5*) whereas £”
acts only on the second factor.

We identify the linear vector fields with 2 x 2 matrices and use the following shorthand

notations:
Xi =210h, X_ =901, hi =101, hy =120,

The weights of representations pj, p5 and p3 with respect to h; and he will be denoted by

A= (ll,lg), ﬂ: (ml,mg), V= (nl,ng);
the weights with respect to hy — hy (in other words, with respect to s((2)) are:
/\:ll—lg, n=1myp — My, UV =T"1—No.

Sometimes the subscript 2 will be omitted.
In Vi* and V5, fix weight bases v, vi,..., vy, ... and wo,wy, ..., w,, ... such that

Xovy=A—i4+ 1y fori <0, Xivg=0

forallt ifANEZy,

X o= (i + 1w
v=0 >U+1{fori</\ it\eZ,.

If A\ € Z,, we set X_v, = 0; moreover, we only consider vy, ..., v,. Similar formulas apply
to the wy,... € V.
In I(V, V5), the weight basis consists of vectors

(91)7(85)"(97)7(35) vs @ w

for the above v;, w;. Observe that the weights of 0] and 97 are (—1,0), the weights of 9,
and 04 are (0,—1). The weight vector f is a highest one if X, f = 0.

The irreducible finite-dimensional gl(2)-module is determined by its highest weight vec-
tor up to an isomorphism. In particular, in order to find all finite-dimensional irreducible
Lo submodules of I(V}*, V") it suffices to find all the highest weight vectors in I(V}*, V5F).

Further, among these vectors, we have to find the singular vectors, the ones that £,
annihilates. To this end, it suffices to solve the system of equations (230;)f = 0 and

(2207)f = 0 because every element from £; can be expressed in terms of 229, ¥30, and
X
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Thus, our problem is to find the homogeneous (with respect to weight) solutions of the

System
X f = (2300)f = (23502) f = 0. (3)

The action of £ on I(V}*, Vy) is compatible with the grading, and therefore any solution
of system is the sum of homogeneous solutions. We will seek only homogeneous solutions.
Observe that the homogeneity degree of the singular vector coincides with the order of the
corresponding differential operator.

We will look for solutions in the form

f=>_Pi(0]..0/,0) @u,

where P; are monomials of degree d and u; € V;* ® V5" (in what follows we will often omit
the sign of the tensor product).

4.1. Lemma. Weight solutions of the equation (X, )¥u =0, where u € Vi @ Vi, are of
the form

S

u=Y (=1’ = i)l — s+ ) P(i)v; @ wys, (4)

=0

where P(i) is a polynomial of degree not greater than d.

I will denote the elements u of the form (4) by (s; P(i)). The weight of such an element
is equal to (I3 +mq — s,ly +ma + s).
Proof of the lemma follows from the formula

X, (s, P(i)) = (s — 1, P(i) — P(i + 1))

(that is the deg(P(i) — P(i+ 1)) — deg P(i) = 1). Observe also that the action of X_ is as
follows:

(s, P())=(s+1,i(i—A—1)P(i—1)) (i=0,1,...,s+1). (5)

" (s, P(i))=(s+1,—(i+pu—s)(i—s—1)P(i)) (1=0,1,...,5s+1). (6)

In what follows we will see that the elements u; which correspond to monomials of the
form P (0}, 04) of degree d in the decomposition (4) of f satisfy

(X )™ u=0.

The weight of such u is equal to (I +mq — s,ls + mg + s), and therefore the weight of f
is equal to (I; +mq — s,lo +ma + s — d).

If B: (T(V1),T(V3)) — T(V3) is a homogeneous differential operator of order d, then
its first and second duals are of the same order. This can be deduced by integrating by
parts

/Mz(B(sl,SQ), S3),



148 Pavel Grozman

where 2 is the pairing 2 : (T'(V3), T.(V53")) — Vol, and V* := V* @ tr. The displayed
formula makes sense if the supports of s1, s9 and s3 belong to one neighborhood U; due to
the locality of the operators this suffices.
Let the weight of the representation pj be
(ni,n2) =(l1+my —s,lo+ma+s—d); v=n—ng=A+pu—2s+d.

Since the dimensions of the spaces V and V' are equal, it suffices to look for operators
such that A < u < v (the other operators will be 1-dual or 2-dual to such operators).
Thus, let us solve our system under the condition that A < y < A+ pu —2s +d, i.e.,

p>A>2s—d.
4.2. Lemma. The system
a;z’u; + b;jx" w1 =0, where
j: 1,2,...,d;aj %O,bj %O,Uj S V?@‘/Q*
has no solutions of the form (4) if s > d and \, u > 2s — d.
Proof. Having multiplied each w; by the corresponding coefficient we may assume that
aj =b; = 1. Let u; = (s, P;(7)), where deg P; < d. By formulas (5), (6), we have
i(i—A—1)Pj(i—1) = (i+p—s)(i—s—1)Pj41(z) forallie {0,1,...,s+1}, j € {1,2,...,d}.
Observe that (i +p —s)(i —s—1) #0 for 0 < < d.
For : = 0, we get
0= Pyoy (0)( — 5)(—s — 1)
implying that P; =0 for j =2,3,...,d.
For i =1, we get

P = e R Pra0) =0

for j =3,4,...,d. Substituting i = 2,3,...,d — 1 we get
Py(i)=0fori=0,1,...,d—2; Py1(i)=0fori=0,1,...,d—1.

Moreover, substituting i = s + 1 in the last equation we get P,;(s) = 0. Since Py(i) and
Py, 1(7) are of degree d, it follows that

Pi(i)=ai(i—1)...(i—d+2)(i—s); Pyi(i)=0bi(i—1)...(i—d+1).
Having substituted

ii—A—Da(i—1)(i—2)...(i—d+1)(i —s—1) =
(i+p—s)i—s—1bii—1)...(i—d+1)

in the last equation we deduce for ¢« = d,d + 1 that
a(i—A—1)=b(i +pu—s).

Therefore, either a = b =0 or s = A + p + 1; the latter contradicts the conditions s > d
and A\, pu > 2s —d. O
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5 The solutions of degree d = 0

All the vectors of degree 0 are annihilated by £; and the Lg-action on them coincides
with p} ® p5. Therefore, the solutions of system (3) are all the highest weight vectors from
To(V, V5) = 1@ (Vi@ V). To find them, we have to decompose the representation pj ® p3
into the sum of irreducible representations. This is a classical problem (for its solution
in some cases and an algorithm, see Table 5 in [OV]). The embedding V;* — V" @ V5
generates the map

Z7 I(Vy) = I(V7) @ 1(Vy)
and the dual projection V; ® Vo — V3 gives rise to the operator
Z:T(V1) @ T(Vz) = T(V3).

The above arguments hold for any n = dim M, even for supermanifolds and any arity of
the operator, not only binary.

6 Solutions of degree d = 1

The generic degree 1 element is of the form
f = 01uy + Oyus + 0us + Oy uy.
We have
X, f = —0u; + 0 (X uy) + 05( X ug) — Oyus + 07 (X yus) + 95 (X yuy)

wherefrom
up = Xqug, Xyur =0, uz=2Xjuy, Xyuz=0

or
(X1 )*us = (X4)?us = 0.

Hence, uy and uy4 are of the form (4). The remaining two equations yield
(2300) f = 2huy + 2hhus = 0,  (2301)f = 20" uy + 22" ug = 0

wherefrom Lemma 4.2 implies that for s > 2 there are no solutions such that A < pu < v.
It remains to consider the cases s = 0, 1.
Let s =1. Then, u > A > 2s — d = 1. The generic form of the elements us and uy is

Uy = avy @ wy + bvy ® wy shortly a(01) + b(10)

and
uy = a(01) 4+ 5(10).

We have to find all the us and uy satisfying

' uy+ 2" uy =0, hyus + hhuy = 0.
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Consider the following 3 cases:
1) A > 2, u>2. Then,

" ug + 2" uy = a(11) + 2b(20) + 2a(02) + B(11) =0
implying « = b =0, § = —a. We have
hyus + hyuy = la(01) — ma(10)
implying [ = m = 0. Thus,
A=(\0), g=(u0), v=A+p—50+0+s—1)=A+u—1,0).

The corresponding operator is the Schouten concomitant (the operator P3 on our list).
2) A=1, p > 2. We have

2" uy + 2" ug = a(1l) + 2a(02) + B(11) = a = 0,8 = —a,

then
hyus + hyuy = 1a(01) + (I 4+ 1)b(10) — ma(10) =0
implying la = 0, (I + 1)b — ma = 0. There are two cases:
a) a = 0 and then b # 0 (since otherwise f = 0) and | = —1. We have
5\ = (0, —1),ﬂ(m1,m2),ﬂ = (m1 — 1,m2 — 2)

The corresponding operator is B(w, s) = dw o s (the operator P; on our list).
b) a # 0= 1=0,b =ma. Hence,

A= (1,0), @ = (my,ma), 7 = (my,my).

The corresponding operator is B(&,s) = Lgs, the Lie derivative (the operator P, on our
list).
3) A =pu =1. We have

' uy + 2" uy = a(11) + B(11) = 0 = B = —a,
and we have
hyus + hyug = 1la(01) + (I + 1)b(10) + (m + 1)a(01) — ma(1,0) =0

or, equivalently,
la+(m+1)a=0
({+1)b—ma=0

implying a = (I +1)(m + 1)z, b=m(m+ )z, a = =I(l + 1)z.
Therefore,

A=(I+11), pg=m+1,m) v=_I0+m+1,1+m)
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that is the corresponding operator is of type P, in our notations.
The case m =0,l = —1aswellasl =0, m = —1 and | = m = —1 are particular cases
which correspond to two operators each:

B(&,w) = adw + bLew
in the first two cases and
B(wy, we) = awydwy + bwydw,

in the third case. (All these operators correspond to operators P, and P, on our list).

Let now s = 0, uy = a(00), uy = b(00). We have:

1) A>1, p>1, then

' usy + 2" uy = a(10) + b(01) =0 = a =b=0.
2) A=0, u > 1, then
' ug+ 2" us =b01)=0=b=0

and
hyus + houy = la(00) = 1 = 0.

Since B
A=(00), p@(my,mqe), ©v(mi,mg—1),

the corresponding operator is P;.
3) A = u = 0. We see that the condition 2’ us + 2" uy = 0 holds always. The other
condition takes the form

hyus + hyugs = 1a(00) + mb(00).
If [ and m do not vanish simultaneously, then a = max and b = —lx. We have
A=(1), p=mm), v=>I+m,l+m—1),

hence, the corresponding operator is of type Pj.
If I = m = 0, then we have two operators of type P:

B(f,9) = afdg + bgdf.

Thus, we have verified that for n = 2 all the first order operators are listed.
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7 Solutions of degree 2
The generic form of a degree 2 vector is

[ = 0%u; + 010uy + 0'3uz + 010 uy + 0,0 us+
O + OLur + OLOus + Oy + "By,
We have

X f = —200ur + (X owr) — 0%uz + 005(Xyus) + (X yug) — 0504
0! 0y + 00! (X 4 uq) — Ob0us + 0,0 (X us) — Ob0ug + 050! (X ug)+
0505 (X yur) — 20{Oyug + 0"} (X ug) — 0"3ug + 705 (X yug) + 0"5(X yu10) = 0

which implies

X+U1 == 0, X+U4 == O, X+U8 == 07
X+U2 - 2U1 = 07 X+U5 — Uy = 07 X+U9 - 2U8 == O,
Xjuz —up =0, Xiug —uyg =0, Xjug —ug =0,

Xiuy —us —ug = 0.

All these vectors can be expressed in terms of us, uy, u1g and ug:

1 1 2 _ 1 2
Uy = §(X+) Uz,  Uq —15(X+) U7, Ug = §(X+) U1o0,
ug = Xquz, us= ;X ur—ug, ug= Xjui,
Ug = %X_;,_U'y —+ ug

Moreover,
(X Puz = (X3 )ur = (X )Pu0 =0, X, ug=0.

The condition (z20;)f = 0 implies

201 (2 ug) — 20jus + 4095 (x" uz) + 207 (2" us) + 204 (" ug) + 204 (2" uz)+
207 (2 ug) — 207 w19 + 405 (2" u1p) =0
wherefrom
22" us + 2" u; =0
2 ur + 22" up =0
2 uy+ 2" us —uz =0
2 ug + 2" ug — u1p =0

Equations (7), (8) imply thanks to Lemma 4.2 that for s > 3 and p > A > 2s — 2

U3:U7:U10:O.
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But then formula (9) implies that z” uy = 0 and (10) implies 2" uy = 0. Hence,
Uy = CU) Q W,

but X, (vy ® w,) # 0 for X and p indicated; hence, uo = 0, i.e., f = 0.
There remain the cases s =0, 1, 2.
Let s = 2. Then, u > X\ > 2s —d = 2. The equation 230, f = 0 implies

The generic form of the elements us, u7, w19, ug is as follows:
u3 a-(02) +b(11) 4+ ¢(20), wui = x(02) + y(11) + 2(20),
= 2((02) 4 5(11) + ~(20), up = p(01) + ¢(10).
Therefore,
Uy = ((p = 1)a+ Ab)(01) + (ub + (A — 1)c)(10),
us = ((p—=Da+ A8 —p)(01) + (uf + (A = 1)y — ¢)(10),
ug = ((p—Da+ A8 +p)(01) + (18 + (A = 1)y + ¢)(10),
ug = ((p = Dz + Ay)(01) + (ny + (A —1)2)(10).
Let us substitute u; in the system (7)-(8). We get
—a+2(up—Da+2\3—-2p=0 for pu>2 (15)
(p—=Da+AN=1b+uf+AN=1)y—q¢=0 forA>1, u>1 (16)
2ub+ (2A—3)c=0 for A >2 (17)
2u—3)z+2 \y=0 for u>2 (18)
(p—1Da+A8+p+(p—1y+(A—=1)z=0 forA>1,p>1 (19)
2uB +2A=1)vy+2g—2=0 for A\ >2 (20)
One more equation is obtained from the condition X, ug = 0, namely,
up + Ag = 0. (21)
Substituting u; into the system (9)-(10) we get
a=0, =0 for u >3
a+268=0, a+2y=0 forA>1, pu>2 (22)

2b+~v=0, 284+2z=0 forA>2 pu>1
c=0, =0 for A >3
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Consider the 3 cases:
1) A >3, u > 3. Then, (22) implies that b=c=a=y=z=y=0and a =z = —20
and we have
(15) = 204+203—2p =0 o
(19) — A —20-1)F+p=0f —7=P=0
(21) = pup + Aq = = q=

No solutions.
2) A =2, p > 3. Then, (22) impliess a =x =y =0, a =2z = =28, v = —2b and we
have

(19) = +20+p—28=0 — p=0,
(21) = pp+2q =0 — ¢ =0,
(15) = 264+46—-2p=0 — [5=0,
(16) = —2u—1)B+b+puB8—-2b—q=0 = b=0,
(17) = 2ub+c=0 — ¢ =0.

3) A = p=2. Then, (22) implies a = z = =28, v = —2b, o« = —2y, and we have

(15) = 28 —dy+48—2p =0,

(16) = —28+b+28—2b—q=0,

(17) = 4b+c=0,

(18) = x+ 4y =0,

(19) = —2y+28+p+y—28=0,

(20) = 48— 4b+2¢+28 =0,

(21) = 2+ 2¢ = 0.

The solution of this system is
B=b=p=y=—q, c=1x =4q, a=a=v7=2z=24.
But having substituted uz = 2¢(02) — ¢(11) + 4¢(20), and u; = 4¢(02) — 2¢(11) + 4¢(20)
into (12) we get
2(21 — 1)q(02) — (20 + 1)q(11) + 4(21 + 3)q(20)+
4(m + 2)q(02) + 2(m + 1)q(11) + 4mq(20) =0

implying ¢ = 0.
Now let s = 1. Then,

ug = a(01) + b(10), w7 = 2((01) + B(10))  wuyo = 2(01) 4+ y(10)
uz = (pa +Ab)(00) us = (pa+ A8 —p)(00) ug = (uz + Ay)(00)
ug = (pa + AB + p)(00)

Let us substitute this into (7)—(8). We get

—a+pax+Ag—p=0 forpu>1 (23)



Invariant bilinear differential operators 155

pua+ (A—1)>b=0 for A>1 (24)
(u—1Dx+Ay=0 forpu>1 (25)
pa+A+p—y=0 for A\>1 (26)
The system (9)—(10) yields
a =0, x=0 for p > 2
a+pB=0, x4+y=0 for A>1, u>1 (27)
b=0, 6=0 for A > 2

1) Let A > 2, u > 2. Then, equation (27) implies a =b=a = =2 =y =0 and (23)
implies p = 0. No solutions.

2) A=1, u > 2. From (27) it follows that « = z =y = 0, f = —a and equations (24)
and (23) imply that (24) = a = 0 and (23) = p = 0, respectively.

Having substituted uz = b(10), ug = (00), and us = uy = 0 into (11) and (12) we get
(I4+1)b= (2l —1)b = 0. Hence, b = 0. No solutions.

3) A =0, u > 2. Equation (27) implies a = = = 0. Moreover, b = § = y = 0 (since
there is no vector v;). From (23) we get p = a. Having substituted us = a(01), u; = 0,
ug = a(00), ug = 0 into (12), (13) we get (2l — 1)a = 0, la = 0 = a = 0. No solutions.

4) A = p = 1. Equation (27) implies § = —a, a = —y. Having substituted this into
(23)—(26) we get

(23) = —a—y—a—p=0,
(24) = a=0, hencea=y=p=0,
(25) = y =0,

(26) = —y—a+p—y=0.

Having substituted ug = b(10), us = b(00), w19 = x(01), ug = x(00), us = ug = uy = 0 into
(11)—(14) we get

a1 (o0 =

(12) (20+1)b (10) -

(13) mx(00) =0
1)=0

—b=x=0.
(14) (2m+ 1)z

) =
(0

5) A\ =0, u = 1. Then, b = By = 0 (since there is no vector v;). The system (27)
does not give anything new. From (23)-(26) we deduce that p = a — a. Thus, uz = a(01),
ug = a(00), uy = 2a(01), us = a(00), ug = (20 — a)(00), u19x(01), ug = x(00). Having
substituted this into (11)—(14) we get

) 1a(00) + ma(00) = 0,

) (20 —1)a(01) 4+ 2(m + 1)a(01) = 0,
) [(2cc — @)(00) + mx(00) = 0,

) 20a(01) + (2m + 1)(01) = 0.
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a) Let a # 0. Then, from the first equation, i.e., (11), we get —I = m; hence,

(2l —1la+2(-l+1)a=0,
(200 —a—1x) =0,
2la+ (2l + 1)z = 0.

1

5)c. From the second equation (or

From the first equation we get a = (I — 1)c, a = (I
from the third one if | = 0) we get x = lc.
Thus,

A= (1D, p=(-l+11), v=(0,-1),
i.e., the corresponding operator is of the form 53!
b) a = 0. Then,
(m+1)a=0, 2la+me=0, 2la+(2m+ 1)z =0.

If @« = 0, then from the second and the third equations we derive x = 0, i.e., f = 0.
Hence, a # 0, m = —1, z = 2la.
Thus,

A=(1), a=(0,-1), 7=>1-11-2)

and the corresponding operator is of type Ss.
6) A = = 0. Then, us = uy = uyp = 0 but ug # 0. The equations (23)—(27) do not
give anything. Let us substitute us = —p(00), ug = p(00) into (11)—(13):

(11) —mp(00) =0

(13) Ip(00) = 0 }Zﬁl:m:o'

Thus, A = ji = (0,0), 7 = (=1, —1), and the corresponding operator B(f,g) = df A dg
is of type 5.

There remains the case s = 0. In this case, us = a(00), u; = 2(00), u1p = x(00) all
the other u; being zero. From (9), (10) we deduce that us = u;o = 0. Hence, there remains
only uz = 2a(00). From (12), (14) we see that ma = ka = 0, and therefore

A=7=(0,0), ©v=(0,-2).
The corresponding operator B(f, g) = Z(df;dg) is of type Si.

8 The solutions of degree 3
The generic form of a homogeneous element of degree 3 is

f = 6’§’u1 + 8’%%1@ + 8{8’%1@, + 8'§u4 + 8’%8{’u5+
04050 ug + O30} ur + O30 us + O 04 ug + 8304 urg + 940" Fury+
818{’851“2 + 818”%1“3 + 8§8”%ul4 + 8§8{’8§’ul5 + —i—@éa”%ulﬁ + 8”?u17+

/12 11 1 12 /3
9, 182U18 + ala JU19 + 0 oU20-
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The equation X, f = 0 yields

Xiup =0 Xius =0 Xiupp =0 Xiuip =0
X+U2 == 3U1 X+u6 == 2U5 X+U12 == 21,611 X+U18 == 3U17
X+’LL3 = 2U2 X+U7 = Ug X+U13 = U12 X+U19 = 2U18
Xiug = ug Xiug = us XUy = U3 XUz = Ug

Xiug = ug + 2ug  Xius = Uz + 2uyy

Xyug =ur +ug  Xjiue = 13 + Urs

The solution of this system is

Uy = %(X+)3U4 Us = %(X+)3U10 U = %(XJr) Uie Uiy = é(X+)2U2o
Uy = %(X+)2u4 Ug = %(X+)2u10 — Xyu' upp = %(X+)2u16 — X u" wg= %(X+)2u20
uz = X uy Uy = %X+u10 — Uy = %X+u16 —u” U9 = Xty
us = (X4 )?ur0 + Xou' ug = (X1)*ue + Xpu”
ug = 2X uyo + ' Uy = 2 X uyg + u’

where
(X ) s = (X ) ung = (X)) e = (X3) ugg = 0,
(X)"' = (X4)%u" =0,
From the equation (z30;)f = 0 we get
2 ug —us + 2" usg =0 (28)
20" uz — 3uy + 2" ug = 0 (29)
32" uyg + 2" up =0 (30)
2 ug — w7 + " U9 — u13 =0 (31)
22" ur + 2" us — w1 = 0 (32)
' ug — uyg + 22" w3 =0 (33)
2 uig+ 2" ug =0 (34)
2 upg + 2" g — U9 =0 (35)
2wy 4+ 22" w19 — 3uge =0 (36)
g + 33" ugg = 0 (37)

From equations (30), (34), (37) thanks to Lemma 4.2 it follows that

U4:U10:U16:U20:O for 824, )\S,USV
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Thanks to the same lemma equation (32) implies v’ = v” = 0.
From the equation (230:)f = 0 we get

hl2U2 + hgu8 = 0

(2hy — 1)uz + hjug =0
(3hl, — 3)uy + hjug =0

hyug + hyus =0
(2hy — V)uz + hyuyz =0
hyug + (2hy — 1)ugs =0

(20l — D)ugg + (20 — 1)uig =

hhyu14 + hyug = 0
Runs + (282 — 1)uge = 0
R + (3B — 3)ugo = 0

Let s = 3. Denote

From (30), (34), (37) we get

as = a3 = ay = Ofor p >4
3a1+3b2:a2+3l)3:a3+964:0f0r)\21, [LZB
6b1 + 2co = 2by + 2¢3 = 2b3 + 6¢4 = Ofor A > 2, u > 2
9¢1 +dy = 3co +d3 =3c3+3dy =0for A>3, p>1

d1:d2:d3:0f01'/\24

One more system is obtained from (28), (29), where

u' = p(02) + ¢(11) + r(20),

= a(03) +b(12) + ¢(21) + d(30);

+ B(12) +(21) + 6(30)) — (1 — 2)a — Ab+

— 1B+ AN =1)v+2(u—1)p+2\g=0 for p>2

uo = 3(a(0 )
(=) (p = 2)a + 2A(p

it
Tp=Dp—2)a+A=1)(p—1b+iA-1)(A—2)c+
s =D+ A =Dy +5A=1)A=2)0+ pg+ (A= 1)r=0for x> 1,u>1
plp — )b+ (2X = 3)uc+ (A —2)*°d =0 for A > 2
—3a+6(n—2)a+6A3+3p=0for u>3
20 —2)a+ A =3)b+4(p—1)F+4A—=1)y+2¢=0for p>2,A>1
Ap—1b+AN=T)c+2uy+2(A—=1)0+r=0for u > 1, A > 2
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6uc+ (6A —15)d =0 for A > 3 (55)

And one more equation from the condition (X_)?u’ = 0:
p(p — 1)p+ 2 ug + M(A — 1)r = 0. (56)

Let us consider the corresponding cases.

1))\24,“24 From(48)wegetb1:Cl:d1:a2202:d2:0,b2:_a1,
ug = a(03), ujg = —a(12). Having substituted this into the system (49)—(56) we get:
a=-36,b=c=d=a=v=90=0and

(52) 98+ 6)\8 +3p =0

(53) —6(p—2)8+4(u—1)B+2¢=0
(54) r=0

(56) p(p—1)p+ 2 ug + XA —1)r =0.

The determinant of the system is equal to 64(6\ + 3 — 3). This determinant is # 0 for
A >4, > 4. Hence, uy = uyg = v’ = 0. Similarly, u1g = ug9 = v” = 0. No solutions.

2) A =3, u > 4. Let us first consider the opposite case: A > 4, u = 3. From (48) we
deduce that by = ¢y =dy = ¢y = dy = d3 =0, a; = —bg = —3(. Having substituted this
into (49)—(56) we get

(54) r=20

(50) =38+4+38+3¢+(A\—-1)r=0=¢=0
(56) 6p+6A\g+AXA—1)r=0=p=0
(53) 68 +86+2¢=0= F=0
(52) 96+ 6a+6A3+3p=0= a=0.

Thus, us = w9 = v = 0.

Let us return to the case A = 3, u > 4. By the just proved uig = ugy = v’ = 0.
From (48) we derive that us = ¢(21) + d(30), u19 = —9¢(30). Having substituted this into
(49)—(56) we get

(52) p=0

(53) q=0

(56) w(p—1)p+6pg+6r=0=r=0
(54) bc—12c+r=0=c=0
(55) 6uc+3d=0=d=0

No nonzero solutions.
3) A = u = 3. From system (48) we get uy = a(03) + b(12) + ¢(21) + d(30) and
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uyo = 3(a(03) — 3a(12) — b(21) — 3¢(30)). Having substituted into (49)—(56) we get

(49) —a—3b+2a—4a—6b+4p+6¢ =0
(50) a+4b+c—a—6b—3c+3¢+2r=0
(51) 6b+9c+d=0

(52) —3a+ 6a—6a+3p=0

(53) 2a+3b—$a —8b+2¢ =0

(54) 8b+5c—6b—12c+7 =0

(55) 18¢+3d =0

(56) 6p + 18¢+6r =0

The system is nondegenerate. No nonzero solutions.

The case s = 3 is exhausted since p > \ > 2s —d = 3.

Let now s = 2. In this case u > A > 1. For the same j; as for s = 3, define
wj, = a;(02) +b;(11) +¢;(20). Let us substitute this into equations (30), (34), (37). We get

as=a3=a,=0 forpu>3
3a1 + 2by = as +2b3 =a3+6by, =0 for A>1, p>2
601 +co =2by+c3=2b3+3c, =0 for A>2 pu>1
ci=c=c3=0 for A>3.

Let us substitute
ws = a(02) +b(11) + ¢(20), wo = 3(a(02) + B(11) +1(20)), o = p(01) +¢(10)

into equations (28), (29). We get

%u(u—l)a—l—()\—l)ubjté()\—1)()\—2)c:0for)\2 1 (58)
—(n—1)a— b+ %u(u — Do+ A\uf + %)\()\ — 1)y +wup+Ag=0for p>1 (59)
dpub+ (AN —T)c=0for A > 2 (60)

2 —1a+ 22X =3)b+2u8+2(A—1)y+qg=0for A\>1, p>1 (61)
—3a+4(p—1a+4 8 +2p =0 for p > 2. (62)

Let us consider the corresponding cases.
1) A>3, > 3. Then, (57) implies uy = u19 = u16 = ugg = 0. Therefore,

(61) = q =

(62) — p = }:>u’:O.

Similarly, ©” = 0 no solutions.
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2) A =2, u > 3. Again, let first A > 3, p = 2. From (57) we deduce that uy, = 0,
u1p = 3a(02). Having substituted this into (58)—(62) we get

(59) a+2p+X=0
(61) qg=20 = Uy = ujp = u = 0.
(62) 4da+2p=0

Let us return to the case A = 2, y > 3. In this case u1g = ugy = v” = 0 and (57) implies
that ug = b(11) + ¢(20), u19 = —6b(20). Having substituted this into (58)—(62) we get

(58) 1ib =0

(59) —2b—2b+up+2¢=0
(61) 4pb+c =0

(62) p=0.

No solutions.
3) A = p = 2. From (57) it follows that

s = a(02) 4 b(11) + ¢(20),  wugo = 3(a(02) — %a(ll) — 9b(20)).

Having substituted this into the corresponding equations we get

(58) at+2b=0

(59) —a—2b+a—2a—2b+2p+2¢=0
(60) 8b+c=0

(61) 20+b—2a—4b+q=0

(62) —3a+4a—4a+2p=0

The solution is

a=a=2xr, b=—-x, c=8x, p=3r, q=-—3x;
ug = x(2(02) — (11) + 8(20)), w1 = 2(6(02) — 3(11) + 6(20)), o' = 3z((01) — (10)).

Similarly,

ugo = y(8(02) — (11) +2(02)), we = 3y(2(02) — (11) +2(20)), " = 3y(—(01) + (10)).

Having substituted ug, ug = §X+u10 +u' =, uz3 = %X+u16 —u” = —u" into (33) we get
32(11) — 62(20) — 62(02) + 3z(11) — 62(20) + 12y(02) — 6y(11) = 0

implying x =y = 0.

4) A =1, p > 3. There is no vector vy; hence, ¢; = ¢ = ¢3 = ¢4 = 0. From (57) we
deduce uy = a(02) + b(11), uyp = —3a(11), s = ug = 0. Having substituted this into
(58)—(62) we get

(58) sh(p—1)a=0

(59) —(n—1)a—b—zua+pup+q=0
(61) 2p—1Na—b—pa+q=0
(62) —3a—2a+p=0.
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The solution of this system is
a=p=0, qg=b, wus=q(ll), wup=0, u =q(10).

Having substituted uy, uig, us = Xius = q(01) 4+ ¢(10), ug = v into (39), (40) we get

(w)W—DNm+W@+UmWMMNFﬂ}:>_0
(40) 3lg(11) = 0 ="
Moreover, from (31)-(32) it follows that ” (X u") =", 2" (X;u") =0, i.e., u” = 0.
5) A =1, p = 2. From (57) we get uy = a(02) + b(11), u1o = 3(a(02) — a(11)) and
(58)—(62) become
(58) a=0
(59) —a—b+a—a+2p+q=0
(61) 20 —b—2a+qg=0
(62) —5a +4a+2p = 0.

The solution is
a=a=p=0, q=>.

To find uyg, usg, u”, let us consider the case
A =2, u=1. In this case we find uy, ujp, v’ with the help of equations (57)—(62).
From (57) we deduce that uy = b(11) + ¢(20), u;9 = —6b(20) and having substituted
this into (58)—(62) we get

(58) b=
(59) —20+p+2¢=0 S
(60)  db4c—0 (0= c=p=a=0
(61) b—4db+q=

Thus, for A = 2, u = 1 we have uy = u;g = v’ = 0; hence, for A = 1, u = 2 we have
U1 = Ugo = u” = 0.

The solution uy = b(11), v’ = b(10) does not satisfy equations (39), (40) as in the case
A=1, u>3.

6) A = ul. Then, uy = b(11), u1o = 34(11) and we have

(58) 0=0
(59) —b+B+p+q=0
(61) —b+28+¢=0.

The solution is p = 5, ¢ = b — 20, uy = b(11), uyo = 35(11), v’ = (01) + (b — 23)(10).
Similarly, ugo = a(11), uis = 3a(11), v’ = (a — 2a))(01) + «(10).
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Let us substitute uy, w1, u1g, Uz as well as

us = X uq = b(01) + b(10),

uy = 31X u3 = b(00),

us = 2X uyo +u' = 33(01) + b(10),
ur = %X+u10 —u = (38— 0)(10),
ug = §(Xy)*u0 + Xyu' = (00),

ug = Xyur = (36 — b)(00),

ug = a(01) + a(10),
wig = a(00),

us = a(01) 4+ 3(00),
uyy = a(00),

uz = (3a—a)(01),

into the system (38)—(47). We get

w
oo

16(00) + mb(00) = 0,

(20 — 1)b(01) 4 (21 + 1)b(10) 4 3(m + 1)B(01) + mb(10) = 0,
3Ib(11) + 3(m + 1)B(11) = 0,

[(38 — b)(00) + m(3a — a)(00),

(20 +1)(38 — b)(10) + (m + 1)a(01) 4+ 3ma(10) = 0,

318(01) + (1 + 1)b(10) + (2m + 1)(3a — a)(01) = 0,

3(20 + 1)B(11) + 3(2m + 1)a(11) = 0,

la(00) +ma(00) = 0,

la(01) + 3(l 4+ 1)a(10) 4+ (2m + 1)a(01) + (2m — 1)a(10) = 0,
4(1+ 1)a(11) + 3ma(11) # 0.

~ s s W
N = O O

= s
S Ot
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Consider the two cases:
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a) [ +m # 0. Then, (38) and (45) imply that a = b = 0.

(m+1)8 =0,
16+ ma =0,
2+ 1) +ma=0,
I+ (2m+1)a=0,
(2l+1)B+ (2m+1)a =0,
I+ 1a=0,
where either 5 # 0 or a # 0 (i.e., f # 0).
Let, for example, 8 # 0. Then, m = —1 and a =8 = (2l + 1) implying | = —1.

Thus, A = it = (0,—1) and v = (-2, —3) and the operator found is 77.
b) m = —l. Then,

20-1b+3(-l+1)B= 0 3+ (-20+1)Ba—a)= 0
20+1)b—-1b= 0 ((+1Db= 0
b+ (-l+1)8= 0 @2+1)+(-20+1)a= 0
[(36—b—3a+a= 0 la+ (—2l+1)a= 0
(=l+1la= 0 3(+1a+(-2l+1)a= 0
(2l+1)(38—=b) = 3la= 0 l+1)a—-la= 0
If | # 41, then a = b = 0. This case is already considered in heading a).
There remain cases | = —1, m = 1 and [ = 1, m = —1. Since these cases are equivalent,
let us consider only the first one.
We get
—3b+68=0 —38+9a—3a=0
0=0 0=0
—b+26=0 —B+3a=0
36—b—3a+a=0 2a =0
—2a=0 3a =0
—36+b+3a=0 a = 0.

The solution of the system is a =0, b =25, a = 40.
Thus, A = (0,—1), i = (2,1), 7 = (0,—1) and the corresponding operator is T;*.
Let now s = 1. We get

ug = a(01) +b(10) w0 = 3(a(01) 4+ B(10))
ug = (pa 4+ Ab)(00) wug = (2ua + 25 + p)(00) (%)
up = ug = 0, u’ = p(00).
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Having substituted (x) into the system (28)—(29) we get

—pa—Ab=0 (63)
—a+2po + 2 \+p=0for p>1 (64)
2ua+ (22 —=3)b=0for A > 1 (65)

and having substituted u;, = a;(01) 4 b;(10) into the system (30), (34), (37) we get

ag=a3=a4 =0 for p > 2
3a1+b2:a2+b3:a3+3b4:0 fOI‘)\Zl,,U,Zl
b1:b2:b3:0 fOI')\Z2

(66)

1) A > 2, u>2. From (66) we see that uy = uj9 = u1g = ug = 0 and from (64) we get
u' = 0. Similarly, v” = 0.

2) A =1 p > 2. From (66) we get uig = ugg = 0, ugy = a(01) 4+ b(10), u1o = —3a(10).
This gives
(63) —pa—0b=0
(64) —a—2a+p=0p =0a=b=p=0.

(65) 2ua—b=0

Moreover, (31) implies uy3 = 0, hence, u” = 0.
3) A=p=1. From (66) we get uy = a(01) + b(10), u19 = 3(«(01) — a(10)). This gives

(63) —a—b=0
(64) —a+2a—2a+p=0pa=>b=0,p=—2a.
(65) 2% —b=0

The solution: u9 = 3a(01), uy = 3a(00). Similarly, u1s = 38(10), uyz3 = 36(00). And the
other u; vanish. Having substituted them into (31)-(32) we get

(31) —3a(00) — 35(00) =0 o
(32)  6a(10) — 38(10) = a } —a=[F=0.

4) A =0, g > 2. From (66) we get uy = a(01), u1g = u1s = ugo = 0. This gives

(63) —pa=0

— o =
(64) —a+p:0}:>“4_“ =0

Moreover, equation (31) yields u” = 0.
5) A =0, p = 1. From (66) we get uy = a(01), u1o = 3b(01), w1 = 3¢(01), ugy = d(01).

Having substituted uy, w19, w1, us as well as

Ug = X, uy = a(00),

Ug = %X_,_Ulo + u = (2b +p) (00),
ur = (b — p)(00),

U1 = d(00),

U5 = (2¢ + ¢)(00),

U1z = (c —¢)(00)
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directly into (28)-(37) we get

(28) u3=0=a=0

(35) ug =0=d =0

(29) " ug = p = —2b,ug = 0, u; = 3b(00)

(31) Uy + U3 = 0 = w13 = —3()(00),0—(1: —3b

32) 2"us —ug=0=2c+q—3c=0=q—c=0=0b=0.

The solution is u16 = 3¢(01), uys = 3¢(01). Having substituted it into (42)—(44) we get

(42)  m-3¢(00) =0 B
(44) (2m +1)-3¢(01) = 0} — /=0

There are no nonzero solutions.

6) A = pu = 0. From (66) we get uy = uyg = u1g = ugo = 0, v/ = ug = —uy = p(00),
v’ = w3 = —u3 = ¢(00). From (31) we deduce that u; + u;3 = 0 = ¢ = —p. Having
substituted this into (39), (42), (46) we get

(39) Ip=0
(42) (20 —1)p —mp(00) =0
(46) —mp = 0.

No nonzero solutions.

There remains the case s = 0. In this case uy = a(00), ug = b(00), uig = ¢(00),
ugg = d(00); so equation (29), (32), (33) and (35) imply us = 0, u1g = 0, uyp = 0, ug = 0,
respectively. No nonzero solutions. We have considered all the cases.

9 The general case (n > 2)
Recall that V' and W are gl(n)-modules;

(V) =K[dy,...,0,] @ V*
(VW) =K[&,,...,0| @ V- @K[d!,...,0" @ W

(the tensor product of the vector spaces, but not modules). Let e, e, ..., e, be a basis in
K" Let £ = Span(e;,, €y, ..., €;;) C K". Denote by gl(E) C gl(n) the Lie algebra of the
operators that preserves e¢; € E.

Let L = K]0, ., 0] be the subalgebra of L. Set

Ip(V*) =K[0;,...,0;] @ V", Ig(V*W*) =I1g(V")® Ig(W).
As gl(E)-modules, V* and W* split into the direct sum of irreducible submodules:
Vi=@.V,, W'=@sW;.
Hence, V* @ W* = @, Vs ® V3. This implies the decomposition

Ip(V*W*) = @apl(Vy @ I(Wg).
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Denote by Ilg or Il;;,. ;; the natural projection of I(V*,W*) onto Ipx(V*, W*): we
replace 0, and 0/ for i & (iy,...,1;) with zeros.

This projection commutes with the Lg-action, and therefore it sends gl(n)-highest
(hence, gl(F)-highest) singular (with respect to £; hence, with respect to L) vectors into
the highest singular vectors.

By a natural basis in I(V*, W*) we will mean a basis consisting of the elements

POy, ...,00)v @ w,

where P is a monomial and v, w are elements of the Gelfand—Tsetlin bases of V* and W*,
respectively (we will also denote such elements by P;(0)v ® Py(0)w).

We will say that f contains a component P(0),...,0")v ® w if the corresponding
coordinate does not vanish in the natural basis. The type of the component in this case is
the monomial P(0},...,0)).

Sometimes we will represent f in the form

f:ZPz( i?"'?a;guia

where u; € V*®@ W* and P;(0], ..., 0" )u; is the sum of all the components of type F;.
Recall that the weights of 0, and 9/ are equal to (0,...,0,—1,0,...,0) with —1 on
the i-th place. Among all the monomials that enter the decomposition of f, select the
monomial Py(d,...,0") with the least (lexicographically) weight.
Let f = Poug + Y Piu;. Since f is a highest weight vector, then

(a03)f =0 for a < B

but
(a03)f = Py - (va0p)up plus components of another type.

Hence, (x,05)up = 0, i.e., ug is a highest weight vector. Then ug = vo@w'+- - -+v' @wy,
where vy, wy are the highest weight vectors of V* and W*, respectively. Thus we have
proved the following lemma.

5.1 Lemma (On the highest component). Let f € I[(V]*, V") be a highest weight vec-
tor (not necessarily singular). Let Py(0y,...,0,) be one of the monomials with lexico-
graphically lowest weight among the monomials that enter the decomposition of f. Then,
f contains the components Pyvg@w' and Pyv' @ wy, where vy and wq are the highest weight
vectors of V* and W*, respectively.

The component Pyvy @ w’ will be called V-highest (or just the highest) while Pyv’ ® wq
will be called W-highest one.
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10 Second order operators

First, recall the list of the highest singular vectors or n = 1, 2 found earlier.

n=1.

a) A\ =pu=

f=0v®0w+v®dw
&) A= (0), = (m), v = (m —2); (m £0,1).
f=md*v®@w+ 0v® ow.
=(-1).
f=0v®ow+lved*w
=(=l+1),v=(-1); I #0,-1)

f=0-1DPve@w+ (2l —1)0v® 0w + lv® Jw

n highest weights A, u and v
of V*, W* and f

type of II; f

type of I, f

1) A=p=1(0,0), v=(-1,-1)
f = 81'00 (9 agwo — 821)() (9 81w0

2) )\:N:(Ovo)v V:(07_2)
f = 09 ® Oawy

3) A=(0,0), p=(1,-1), =(-1,-1)
26%1}0 X w + 2811}0 ® al’LU() + 28182?}0 X w + 311)0 X (92w1+
821]0 X alwl + (9%1)0 X wo + 821)0 ® 62w2

1) A=(0,=1), p=(mm), v=(m-1m-2)
f=m010,v9 ® wo + 011y & Oawo+

mosv; ® wo + O @ Gawy

1) N=010), p=(0,-1, v=>0-11-2
f = 821)0 X 0111)0 + ZUO ® 8182U}0+
82?)0 ® (92’(1}1 + lUO ® 0%71}1

5) A=(0,-1), p=(m+1m), v=(m-1,m-1)
f=(m+1) 1U0®w0+81vo®31w0+ (m 4 1)010,v0 ® w1+
( )81821)1 (9 wo + 811)() ® 82w1+
821}1 ® 81100 + (m + 1)8%1]1 X wy + 821]1 X 82w1

b) for m=0

a) for m=-1

5) is similar to 5)

6) A=00), p=(d+1-0), v=0 -1
f = (l — 1)8182’00 ® wo + (l — 1)81’1)0 ® 82100 + lagv() ® 81’(U0+

l’Uo X 618271]0 + (l — 1)6%1)0 X wy + (2[ + 1)82?]0 & agwl + l’UO X 82211)1

6') is similar to 6)
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A) First, consider the case when II; f = 0 for any 7. For n = 2 this happens in case 1).
The singular vector is of the form

f = 812)0 X 82100

(here both vy and wy are highest weight vectors of weight A = p = (0,0) and the weight
of f is equal to v = (=1, —1)).

In the general case the highest component is of the form diyvy ® 0;,w (ip < jo). Hence,
1L, f # 0 and is equal to the sum of several vectors of the form 1), i.e.,

Hiojof = Z aag(aiova X @-Owg — 8j0’l)a & @Ow,g),
aMB

where v, € V*, wsz € W* are of weight (...,0;,...,0j,,...) with zeros on the i-th and
7-th places.

Let n = 3 for the moment. The following three cases are possible:

1) ip = 1, jo = 2. In this case the weight of v, is equal to (0,0,[) and the weight of
wg is equal to (0,0, m), where [ and m do not depend on « and § because the sum of the
coordinates of the weights are equal for all weight vectors.

In particular, the weight of vy is equal to (0,0,/) and the weight of wy is equal to
(0,0,m). The weight of f is equal to (=1, —1,1+ m).

Since vy, wy and f are highest weight vectors, it follows that

1<0, m<0, Il+m<-—1.

Since the multiplicity of the highest weight is equal to 1, it follows that o and § assume
only one value, i.e.,
ngf = a(@lvo ® 82’[1)0 — 82?}0 ® alw().

Observe that IT;5f is not highest with respect to gl(3) because
(2103) (Il f) = —a(03v ® Oywy — Opvp @ Oswy) # 0,

hence, Il f # f, i.e., either II13f # 0 or [z f # 0.
But II;3f and Ilosf can be only of the form 1) (or the sum of several vectors of the
form 1)), and therefore v3 = —1, i.e.,, [+ m = —1.
But [ <0, m <0, hence, two cases are possible: [ =0 or m = —1. In both cases the
operators exist:
Si(p,w) =dp ANdw, Si(w, ) =dw A dep.

Proof of uniqueness of the highest singular vector in each case. Let
f = a(aﬂlo & 821112 — 821)0 & alwo) 4+ ...

and
g = b(d1vg ® Dowy — Doty ® Brwy) + . ...
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be highest singular vectors. Then, bf —ag is a highest singular vector but II12(bf —ag) = 0.

Further in headings 2) and 3) we will see that this case corresponds to other weights
of V* and W*. Hence, bf —ag =0, i.e., f and g are proportional. Almost in all the cases
the uniqueness is also proved by this method.

Therefore, in what follows we will replace the proof with words “the uniqueness is
proved routinely”. To apply the routine method, it suffices to demonstrate that the highest
component Pyvg ® w (or the w-highest component) is uniquely determined. In particular,
the weight of w should be of multiplicity 1.

2) igp = 1, jo = 3. In this case the weight of v, is equal to (0,[,0) and the weight of wg
is equal to (0,m,0); the weight of f is equal to (—1,1 + m,—1). Since the weight of f is
a highest one, then [ +m = —1 and this means that either the weight of v, or the weight
of wg is not highest contradicting to Lemma 9.1. Hence, there are no singular vectors.

3) io = 2, jo = 3. The weight of v, is equal to (/,0,0), the weight of ws is equal to
(m,0,0) and the weight of f is equal to ({ +m,0,0). Lemma 9.1 implies that the weights
(1,0,0) and (m,0,0) are highest ones, hence, of multiplicity 1, and therefore

o3 f = a(Gavg ® 3wy — D309 & Oawy).
Since I1y3f =I5 f = 0, it follows that
[ =1 f = a(Gv9 ® 3wy — O3v9 @ Grwy).
The condition (z20;)f = 0 yields
0= (2301)f = —2a(D2v0 ® 01 ((2301)wp) — A1 ((2301)vy) @ Ds3wy)

implying (x301)vg = (x301)wy = 0. This is true only for [ = m = 0. The corresponding
operator exists. It is

Si(p, ) = dp N dip.

The case n = 3 is considered completely.
Let us pass to the general case. First, let us prove that j, = ig + 1. Indeed, otherwise
IL;; io+1.4, f should be of type 2) but there are no such vectors.

Let us show that the weight of f is equal to v = (0,...,0,—1,—1,...,—1) (with
(iop — 1)-many 0’s); the weight of V* is A = (0,...0,—1,...,—1); the weight of W* is
l
pw=1(0,...,0,—1,...,—1).
—_———

m
Indeed, for i < iy the vector II;;;, f is the sum of several components of the form (3),
hence, v; = 0.
Moreover, I1;,;,f contains the highest component /;, vy ® [;,w’ implying A\; = 0. For

i > jo the vector II; ;,; f is of the form 1), hence, v; = —1. But II, ;,;f again contains the
highest component implying either \; =0 or \; = —1.
Similarly, the weight of W* is equal to (0,...,0,—1,...,—1). From the balance of the

sum of weight coordinates it follows that [ +m + 2 = n — 1y + 1. Moreover, [ < n — 1,
m<n-—1X\, =, =0 occurs.
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In all these cases the invariant operators exist. These operators are of the form
Sl(wl, wg) == dw1 VAN dwg.

The uniqueness is proved routinely, since the highest component [; vy ® j,w is uniquely

determined (namely, io =n —1—m — 1, jo = n — [ —m, and the weight of w is equal to

0,...,0,—1,...,—1,0,...,0) and W* has no multiple weights). Thus, case A) is consid-
T Hl/—/

ered completely.

B) Let now there exist an ¢ such that II;f # 0. Let ¢; be the least such index. Let
IL;, f =, fa be the sum of several vectors of types a)-d).

1) Let at least one of the summands be of type a). Then, v;, = —2, and therefore all of
them are of type a). If i > 4y, then II;,; f should be of type 5), that is (m = —1), implying
v; = —2. For i < i; we see that I, f is of type 4), i.e. (m = 0), or of type 2) implying
either v; =0 or v; = 1.

Thus, the weight of f is equal to v = (0, ... s —2), where ¢ > 1.
p q
Now, let us show that if v = (0,...,0,—1,...,—1,—2,...,—2), then A and u are of the
form (0,...,0,—1,...,—1) with [ (resp. m) —1’s.

First, let n = 3. The following cases are possible.

1) v =(0,0,2). Observe that I1I;5f = 0 because in the list of singular vectors for n = 2
there is no vector g such that vy = v, = 0 and Il;g = [I,g = 0. Moreover, Il;3f = Il3f
and Tlag f = T3 f because they are of type 2).

Therefore, the V-highest and W-highest components are of the form d3v ® O;w, where
the weights of v and w are equal to (0,0,0) because II;3f and I3 f are of type 2).

2) v =(0,-1,-2). Again II;of = 0, [I;3f is of type 2), I3 f of type either 4) or 4')
(m = 0). The highest component is of the form

821)0 X 83w or (931}0 X 8211).
In the first case 113 f = d3v ® Osw is of the form 2) and
oz f = Oavg @ 3wy + O3v & Dzwy

is of type 4, hence, the weight of v is equal to (0,—1,0) and the weight of v, is equal to
(0,0,—1); in the second case

Hng = 83U0 X c%wo + 83110 X agw

is of type 4') and the weight of vy is equal to (0,0,0).

Similarly, the weight of wy in the first case is equal to (0,0,0) and in the second one is
equal to (0,0, —1).

3) v=(—1,—1,-2). The vectors Il;3f and Ila3f are of type 4) or 4’). There are three
possibilities:
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3.1) II13f and Ilo3 f are of type 4). Then, II3f consists of the components of the form
O3v ® Osw where the weight of v is equal to (—1,—1,0) and the weight of w is equal to
(0,0,0). The image under Il;3 consists of components

811)0 (9 0310 + 837) & agw,

where vy = (2103)v. Therefore, the weight of v is equal to (0,—1,—1).
If we would have proven that 0;vy ® 03w is the highest component this would have
implied that A = (0,—1,—1), u = (0,0,0).
But the component Ij5f = 01v ® Oew + ..., of type 1) is also possible and then the
weight of v could be equal to (0,0, —2) while the weight of w to (0,0,0).
But observe that
(%162)(H3f) = aag(ﬂflag)ﬂ ® (93w

cannot cancel with other components of (z10s) f. Hence, (x10;)(Il3f) = 0, i.e., (102)v =0
which is impossible if the weight of V* is equal to (0,0, —2). Therefore, IT;5f = 0 and the
highest weight of V* is equal to (0,—1,—1).

3.2) II13f and I3 f are of type 4’ is treated similarly.

3.3) Both types 4) and 4’) are encountered. Then, II3f consists of components of the
form O3v ® O3w, where either the weight of v is equal to (0, —1,0) and the weight of w is
equal to (—1,0,0) or the other way round.

The components of type 0,03 are vectors ;v ® 03w, where the weight of v is equal to
(0,—1,0) and the weight of w is equal to (0,0, —1) (if the corresponding summand II;3f
is of type 4)) and O3v ® 0yw, where the weight of v is equal to (0,0, —1) and the weight of
w is equal to (0,—1,0) (if the corresponding summand is of type 4')).

The components of 115 f (if any) are of the form

01v ® yw and v ® 0w,

where the weights of v and w are equal to (0,0, —1) because Il;5f is of type 1). Among
the listed components there are highest ones, hence, the highest weights of V* and W* are
equal to (0,0, —1).

4) v = (0,—2,—2). The V*-highest and W*-highest components are 0yv ® dw. The
vector IIyof is of type 2) Iy f of type 5) (m = —1), hence, the weights of v and w are
equal to (0,0, —1).

5) v = (—1,—2,—2). The vector Ilasf is of type 5) (if m = —1), II;of of type 4) or 4')
(if m = 0).

In the first case the weight of v is equal to (—1,0,—1), the weight of w is equal to
(0,0, —1) while in the second case it is the other way round.

In the first case

ILia f = Oovg ® Oyw + 010 ® Dow,

where vy = (x10;)v, hence, the weight of vy is equal to (0, —1, —1) and the weight of w is
equal to (0,0, —1).
In the second case the weights are transposed.
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6) The v = (=2, —2,—2). The V* -highest and W*-highest components are of the form
O1v ® Oyw; the vectors Il f and Ilj3f are of type 5), hence, the weights of v and w are
equal to (0,—1,—1).

Let now n > 4. Let P(0;,0;,)v @ w be the highest component, the weight of v be equal
to (A1,...,An). Then, II;;;f is of one of the types indicated, hence, either \; = 0 or

Similarly, the highest weight of W* is equal to (0,0, ...,—1). Thus,
A=(0...,0,~1,...,—1, p=(0,....0=1,....,—1, v=(0,....,—1,...,—1,—-2,...,—2.
_l,_/ —_——— ~ ~ v ~
m P q

The corresponding operators should be conjugate to those we will consider in the next
heading. Therefore, we will not prove neither their existence nor their uniqueness.
2. The second case: 1I;, f contains a summand of the form

8?171 ® w ~+ 0, v ® O, w

but does not contain any summands of type 2). Then, » = —1 and all the summands are
of the form indicated; the i;-th coordinate of the weight v vanishes while that of w is equal
to 1. II;,; f for ¢ > iy is either of type 3) or of type 5) (m = 0) , hence, v; = 1 and II; f is
also of type b). II;f = 0 for ¢ < i; and, therefore, II;;, f is either of type 4) (m = 1) or 6)
(I = 0) implying v; = 0.

Thus, v = (0,...,0,—1,...,—1). If 4,5 < iy, then II,; f = 0 (the list of singular vectors

—_——

for n = 2 does not contain any vector g such that vy = vy = 0 and II;g = II,g = 0).

Therefore, the V-highest and W -highest components are 0,0;,vp ® w and 0,0;,v ® wo,
respectively (perhaps, i; = 1).

Denote the weights of vy, v, wg, w by

(Ala"'a)\n% ()\/1:7)\;1)7 (va"'nun)? (,LL/D?/L;)

Since Il;;, f is either of the form 4) or 6), it follows that Ay = A} =0 and py = p) =1 (if
iy = 1, then this is also true because I1;, f is of type b)).

But A; = max{\;, \;} and pu; = max{p;, i}, hence, \; < 0, p; < 1, X, <0, pf < 1.
Observe that

v;, fori# 1,1 # 4
)\;+[LZ: I/z-+1,fori:10riz':i1,i17£1

v + 2, forie=1,=1
But either v; = 0 or v; = 1, hence, X, + p; > —1.
But A, <0, hence, —1 < p; < 1. Thus, (—1,...,—1,0,...,0,—1,...,—1) is the highest
—_———— —_———

p q
weight of W*, and therefore the highest weight of (W™*)* is equal to

0,...,=1,...,—1,-2,...,-2).
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So every operator encountered in this heading is conjugate to the operator from the pre-
vious heading.
In particular, this implies that the highest weight of V* is (0,...,0,—1,...,—1).

———
l

5.2. Statement. 1)l <n—1;2)p>1;,8)r>1;,4)l+1>p; 5)l—p+qg+2=r.

Proof. 1) It follows from the fact that A\; = 0.

2) It follows from the fact that gy = 1.

3) It follows from the fact that v;, = —1.

4) Let us consider the W-highest component 0, 0;, v®@wy. We have u; = 1 and X;+p; <0
for i =2,3,...,p; hence, X, = —1. Therefore, the number of —1’s among the coordinates
of the weight of v is equal top — 1, i.e., [ > p— 1.

5) It is verified by the direct comparison of the sums of coordinates of the weights. [

5.3. Statement. For any collection of [, p, ¢, r satisfying the conditions of Statement
10.1, there exists an invariant operator and this operator is unique.

Proof. Existence. Observe that in the tensor product of A/*1(K") and the representa-
tion with highest weight (1,...,1,0,...,0,—1,...,—1) contains an irreducible component
—— —
p q
isomorphic to A""!(k™). Therefore, the operator S}~ !(w, s) = dZ(dw, s) exists.
Uniqueness. Observe that the weights of VV* are multiplicity free hence, the W-highest
component 010;,v ® wy is uniquely determined. Apply the standard method. O

3) II;, f contains the summands of the form
mo;v ® w+ 0;,v ® 0, w(m # 0,1).

Then, v;; = m — 2, and therefore all the summands in 7;, f are of this form.

The vector 11, ; f for ¢ > ¢; is of type 5) implying v; = m — 2.

The vector I1;;, f for ¢ < iy is of type 4), hence, v; = m—1 and the component 0;0;,v@w
does not vanish.

We have II,; f = 0 for 7, j < ¢; because for n = 2 there is no such a vector. Hence, the
V-highest and W-highest components are of the form 0,0;,v ® w. The vector Il;;, f is of
type 4), and therefore contains components

010, v @ w + (92-2111/ X w,

where v = (x10;,)v’. Since Il;;, f for ¢ > iy is of type 5) and i < iy of type 4) for v, it
follows that the weight of v is equal to (—1,...,—1,0,—1,...,—1) while the weight of w
is equal to (m,...,m,m —1...,m—1).

———

i1
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Since v = (210;, )V, it follows that the weight of v is equal to (0,—1,...,—1). Thus,
A=(0,—-1,...,-1), pu=m,....mm—1,....,m—1),
%/—/
21
V:(m—1,...,m—1},m—2,...,m—2).

ih—1
The corresponding operator is Sy(w, s) = Py(dw, s) and its uniqueness is proved routinely.

4) The vector II;, f contains a component of type d), v;;, = —1. The vector I, f
vanishes for ¢ > 71; hence, i = n.

The vector I1;, f is of type 6) for i < n, hence, v; = 0. Thus, v = (0,...,0,—1). This
already shows that the operator conjugate to this one is of different type. But since all
the other cases are already considered, it follows that in this case all the operators are
conjugate to the ones already considered.

We have considered all the possibilities for the singular vectors of degree 2.

11 Third order operators

First, let us recall the list of singular highest weight vectors of degree 3 for n = 2.
DA=p=(0,-1), v =(-2,-3).

f - 81821}0 ® 81u}0 - 817)0 (%9 818221]0 + 6227)1 (29 81w0+
81821)0 & 82101 — (91?]0 ® 8§w1 — 821}1 ® 81821111 — 621}1 ® (922101,
where vy = X v; and wy = X wi; the weights of vy and wy are equal to (0,—1); the

weights of v; and w; are equal to (—1,0).
2) A=v =(0,—-1), p = (2,1). The singular vector is of the form

[ = 20?0500 @ wy + 010509 @ O1wy + 20?0y @ awo+

D119 ® O10xwq + 2010519 @ wy + 3010209 @ Oawy + O1vy @ FFw+

0102v; ® wo + O3v1 @ ywy + 20,0501 @ Oywy — Dav1 @ O10xwq + 205v) @ w1+

30301 @ Dowsy + Oy @ 3wy,
where vy = X v, and wy = X,w;; the weights of vy, vy, wy, wy are equal to (0,—1),
(—1,0), (2,1), (1,2), respectively.

A=(2,1), p=v = (0,—1). This case is similar to 2). Consider two subcases:
a) We have II;; = 0 for any 4, j. Then, there exists a space E = (e;,, €;,, €;,) such that

8, 0L uy + OLDL0ug + 8,000z + O 0L us+
8,0 us + O Dyl ug + 00 Dyuy + OOy Dug
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But this vector cannot be a highest weight one. Indeed,

0= (1'162>f =
—0"205uy — 0'203uy — 050504 (uz + uy) — 0604 Y (us + ug) — 8"205ur — 0305 ug

+ components of the same form as in f.
Hence, u; = uy = uy = ug = us + uy = us + ug and

0= (Z’Q@g)f = —8{8& é”LL3—
&3y — 040" 2us — 0} 4 ug+

components of the same form as in f;

hence, uz = uy = us = ug = 0, i.e., f =0.

B) There exist 4,5 such that II;;f # 0. Then, IL; f is the sum of several vectors of
types 1), 2) and 2’). Moreover, if at least one of the summands is of type 1), then II;; f
and, therefore, all the summands are of the same type.

Moreover, since v; = —3 and II; f # 0, then Il f is also of type 1) for i < j. For
j' > j the vector II;; f vanishes implying that j = n.

Since Iy, f is of type 1), the weights of the vectors v and w that enter 9?v ® d,w are
equal to (—1,...,—1,0) and the weight of (—2,...,—2,—3) is equal to f.

So far, the highest of the components found is 0;0,v" ® 0;w'. It enters the vector

My, f = 010,0 @ Oyw' + -+ + 8211 ® Ohw,

where v' = (210,)v and W' = (210,)w, and therefore the weights of v and w’ are equal to
0,-1,...,—1).

But II;; = 0 for j < n because v; = v; = —2 and no such operator exists for n = 2.
Therefore, the V-highest and W-highest components are of the form 0,0,v'® 0w’ implying
that A = p = (0,—1,...,—1). Such an operator exists:

T (wy,wy) = Py(dwy, dws).

If II;;f does contain a summand of type 2) or 2'), then ; = —1 and all the other
summands are of the same form.

We similarly prove that j = n and the weight of f is equal to (0,...,0,—1). But either
the highest weight of V* or the highest weight of W* is of different form because Il;, f is
either of type 2 or 2'). Therefore, in this case the operators obtained are conjugate to the
operators of different types, i.e., to T'(wy,ws). The proof is completed.

12 Operators in the spaces of twisted forms

Recall that the space twisted of p-forms with twist [ is T(l + 1,...,1 + 1,1,...,1) with
p-many [ + 1’s. Denote the space ] := P ® Vol'. In particular, p-forms with twist 0 are
the usual differential forms, p-forms with twist —1 are polyvector fields, any volume form
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on the n-dimensional manifold M can be considered as a O-forms with twist 1 or as an
n-form with twist 0.

Having selected a nondegenerate volume form 6 on M, any element from QF can be
represented either in the form

s=uw-0d', where w € QP,

thanks to the existence of the nonzero 0-order operator Z : QO @ Vol'! — Qp, or, if
alternatively, in the form

s =& 6" where ¢ € O | is a polyvector of degree n — p.

Let x = (z1,...,x,) be local coordinates in a neighborhood of a point P € M. Select
0 = wol. Obviously, volume preserving diffeomorphisms transform twisted forms by the
same formulas as the usual forms: they consider Vol' as the space of functions.

Zero order differential operators
Let the weight of the gl(n)-module V' be

A=(U+1,...,0+1,1,...,0)
with p-many [ + 1’s; that of the gl(n)-module W be
p=m+1,....om+1m,...,m)

with g-many m + 1’s. Then, V ® W splits into the direct sum of irreducible modules of
which exactly one has the highest weight of the same form:

(l+m+1,...,0+m+Ll4+m,....,l+m) with p + g¢-many [ +m + 1’s
ifp+qg<n
B (l+m+2,....0+m+214+m+1,....0+m+1) with p+¢—n-many l +m+2’s
ifp+qg>n

The corresponding invariant operators are the exterior product of twisted differential forms
and the exterior product of twisted polyvector fields; in both cases, the “twists” are con-
sidered as coefficients:

Zl(wl . 5Z,WQ . 5m) = W1 A w9y - 5l+m

Zy(w 0%, we - M) = wi Awy - s for p+q < m;
Zy (&1 - S &y - S =& A& - S+ for p+ g > n.

From multiplicity-free occurrence of the target space, it follows that Z; and Z, are pro-
portional if p + ¢ = n.

I hope the reader can forgive me that here I skip verification of invariance of these
operators. Actually, to prove it correctly with all details takes some space and arguments.
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First order differential operators

On the spaces of twisted forms, there are only the following invariant bilinear operators:
1) Ps: Q) x QL —> Qﬁrgfl for p4+q¢ <n—2and (I,m) # (0,0);

2) P QP x Q4 — QPFTH for p4 g >n — 1 and (I,m) # (0,0), (0, —1), (—1,0);

in the exceptlonal cases we have

3) Pi(wy,ws) = adwy A wy + bwy A dwsy for p+ g <n—2and (I,m) = (0,0);

4) P(wy,ws) = aZs(dwy,ws) + bZs(wy, dws) for p+q >n —1 and (I,m) = (0,0);

5) P(wi,w2d ) = aZs(dwr,wad 1) + bdZs(wr,wad 1) for p+q >n—1and (I,m) = (0,—1);
for (I,m) = (—1,0) mutatis mutandis,

additionally, if the result is not a twisted form, there exist the following operators:

6) Pi(w,s) =Z(dw,s) for | = 0;

7) Pi(s,w) = Z(s,dw) for m = 0.

I hope that the reader forgives me not retyping one more page of formulas in order to
prove the more or less obvious.

Let us prove that the above list exhausts all the operators. To this end, let us prove
that the highest singular vectors exist only in these cases.

For n = 1 the singular vectors are:
DA=(),u=(m),v=_0+m—1)and (I,m) # (0,0):

f=mov®@w—Ilv®ow,
2) if (I,m) = (0,0), then f = adv ® w + bv ® Ow for any a,b.

For n = 2 the singular vectors are:
1) Il =m = 0. In particular, A= ([, = 1), u=(m,m—1),v=_I01+m—1,l+m —2),

f = (l +m — 1)(m811)0 X Wy — ZUO X 81w0) + l(mazvg X wy — (l — 1)1}0 (059 (92101)—1—
m((m — 1)0yv1 ® wy — lv; ® Grwy),

f=a(01vo ® wy + 0201 @ wp) + b(vg @ Oawp + vy ® Oawy),
f=(a+b)ug® dwy — adavy ® wy) + bug @ Oawy + adavy ® wy + avy @ dwy

2) I =m = 0. In particular, A = (I,]), u = (m,m—1),v=_I4+m—1,l+m —1),
[ =m01vy @ wy — lvg @ 1wy + mdavy @ wy — lvg ® Gpwy,
f = a@lvo & wo + bUO & 81w0 + aagvo & wy + bUO (%9 @le

M A=U1-1),u=(mm),v=_(1+m—1),l+m— 1) is similar.

3) I =m = 0. In particular, A = ([,1), u = (m,m), v =1 +m,l+m — 1),
f=moavy ® wy — lvg ® Oewy,
f = a82vo®w0+bvo®82wo

) A=1(0,0), u=(m,m—1), v=(m,m—2),

f = (921)0@11)0.
M AN=(,1-1), pn=1(0,0), v= (1,1 —2),
f =19 ® dhwy.

n € Zy. Let us prove that 1T, f # 0. Indeed, II;, f is of one of the types 1)-4), hence,
I, f # 0. The vector I1y, f is also of one of these types, hence, v; — v, < 2.

Consider the case vy — v, = 2. Then, Iy, f is the sum of the summands of type 4) or
4). Let at least one of the summands, 0,v ® w, be for example of type 4).
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Let the weights of v and w be equal to (Ay,...,\,) and (@1, ..., 4y ), respectively. Then,
A =0, uy =m, p, =m — 1. Let f be the weight of

(oo bt =1, .t =11 =2, t—2)

.

vV vV
a b

The balance of sums of the coordinates of weights implies n(l +m —t) =p+q—a — 2b
wherefrom either t =1l +m,a+2b=p+qorl=1l+m—1,a+2b=p+q—n.

But the second case is impossible because in this case v, = [+m —3; hence, \,, =[—1,
and therefore I1; f = 0 for i < n (since the last coordinate of the weight of 0;v' ® w’ cannot
be equal to | + m — 3). Therefore, I1;,f is of type 3 or 4) implying \; = A\, = 0, i.e.,
A=(0,...,0,0) and A\, =[. This is a contradiction.

In the first case t — 2 = v, = A\, + 4 — 1 = m — 2, hence, t = m, [ = 0. Thus, the
first multiple is a twist-free form. Such operators will be considered in the next section.
Therefore, let us pass to another case.

Let now v; —1,, < 1, i.e., the image of the operator is also a twisted form. The fact that
such operators exist only in the cases listed easily follows from the balance of the sums of
coordinates: let v = (t,. .. =1, — 1/)

-~
r

Then, 0 <r <n—1. But

Z)\i:nl—p, Z/M:nm—q, Zyi:nt—r, ZAHFZM*:Z%

ie,nl+m—t)=p+q+1—r, where —n+2<p+qg+1—7r <2n—1, and therefore
either

Dt=Il+m,r=p+q+1ifp+qg+1<n,or

Mt=l4+m-1,r=p+q+1—nifp+qg+1>n.

We have to prove that in each case the operator is unique. To this end, by the routine
method we have to indicate the component which the singular highest weight vector must
contain. If there are two non-proportional highest weight singular vectors, then certain
linear combination of them does not contain the component indicated which is impossible.

Let us assume that [,m # 0 (the opposite case is considered in the next section).
Observe that I1,, f must be highest with respect to gl(F), where E = (ey, ..., e,_1) because
the components (z;0;)(IL,f), where ¢ < j < n cannot cancel with the other components
of (x;0;)f, and therefore by Lemma 9.1 the vector II,f contains the component with
vector v highest with respect to gl(E). In other words, the weight of is equal to either
(A,...,Ll—=1,...;00—=1)or (I,....; 0,1 —1,....,1—1,1).

I) v, = l4+m—1, hence, I1,, f contains summands of the form md,v®@w —lv®0,w, where
the n-th coordinate of the weight of v is equal to [ that of w is equal to m. Therefore, there
should be a component lvj®@0w’, where the weight of vf, is equal to (I,...,l,I—1,...,1—1,1).
The presence of this component is compulsory.

IT) v,l+m—2, hence, I1,, f may contain summands of the form (m—1)d,v@w—IlvQJ,w
(hence, the n-th coordinate of the weight of v is equal to [ that of w is equal to w —m — 1)
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and of the form m0o,v’ @ w' — (I — 1)v' ® 0,w’ (hence, the n-th coordinate of the weight of
v" is equal to [ — 1 that of w’ is equal to m).
Let us establish when only the summands of the second type may occur. In this case if
Ai = I (such i exist since p < n) the vector II;, f has no components of the form p(9)v; @ wy
(see the list of singular vectors for n = 2), but for [ # 0, m # 0 this is impossible.
Therefore, this case is excluded and lv ® J,w is the “compulsory” component; the
weight of v is equal to ({,...,l,l —1,...,l —1,1). The uniqueness is proved.

13 The case T'(V;) = QP
5.1. Lemma. Let B : (QP, T (V1)) — T(Va) be an invariant differential operator of order
d. Then,

1) If there exist w € QP such that dw = 0 and B(w,s) # 0, then: when p = 0, there
exists an operator U : T (V1) — T(Va) of order d such that B(1,s) = U; and when p > 1,
there exists an invariant differential operator Bt : (QP~1 T(V})) — T(Va) of order d + 1
such that BT (w, s) = B(dw, s).

2) If dw = 0 implies B(w,s) = 0, then there exists B~ : (™. T(V})) — T(V3) an
invariant operator of order d — 1 such that B(w,s) = B~ (dw,s) (if d = 0, this case is
excluded).

Proof. 1) By definition B (w,s) = B(dw,s) is invariant since it is expressed in terms
of invariant operators. The operator BT does not vanish identically since there exists
wy € P such that dw; = 0 but B(wi, s)(zo) # 0 and there exists wy € P! such that dwy
in a neighborhood of point xy such that B*(wo, s)(z¢) = B(w1, s)(zo) # 0.

2) Let wi,ws € QP be such that dw; = dwy = w € QP Then, d(w; — ws) = 0, and
therefore B(w; — ws, s) = 0, that is, B(wy,s) = B(ws, s). This shows that: if w = dw’ in
a neighborhood of z, then B~ (w, s)(z) = B(w', s)(x) is well-defined; and that, if dw # 0,
then B~ (w,s) = 0.

The invariance is obvious:

9B~ (w,s) = gB(w',s) = B(guw', gs) = B~ (gw, gs).

Let us prove that B~ is local. Let zy ¢ suppw. Then, zy, € supp fi} w, where féw is
determined in a neighborhood of xy because w is closed.
Hence, B(f;; w, s)(xg) =0, i.e., B~ (w,s)(xg) = 0. If 2y € supps, then

B~ (w, s)(20) = B(w's)(xo) = 0.

The locality is proved. Therefore, B~ is a differential operator.
But B(w,s) = B~ (dw, s), and therefore the order of B~ is equal to d — 1. O

13.2. Corollary. In §1, there are listed all the first order operators of the form
B (0, T(W)) = T(Va)
B (T(W),Q7) = T(V3)
B (T(Vi), T(Va)) = €
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Proof. Indeed: let B : (7, T(Vy)) — T'(V2) be a first order operator. The following cases
are possible:

1) There exists a second order operator B (QP~1, T'(V})) — T(V3) such that B*(w, s)
is equal to B(dw, s). But all such second order operators are known; these are

Bf(wl,o@) = Z(dwl, dCUQ),
Bf (w,s) =dZ(dw,s),
B (w,s) = Py(dw,s) forp=mn—1).

The corresponding first order operators are

Bl(wl,wg) = Z(wl,dwg),
By (w, s) = dZ(w, s),
Bg(é, S) = P4((5, S).

If B(w,s)— Bj(w,s) # 0, then go to case 3).

2) p =0 and B(1,s)U(s) # 0. But all the unary operators are known: U(w) = duw,
B(1l,w) = dw, B(p,w)—pdw = 0if dp = 0, and therefore B(p, w)—pdw which corresponds
to case 3).

3) There exists an operator B~ (QP™ T(V})) — T(V3) of order zero such that B(w, s)
is equal to B~ (dw, s). But the zero order operator is Z(w, s), hence,

B(w,s) = Z(dw, s) = Pi(w, s).

In the proof of the existence of the operators B : (T'(V;),Q) — T(V3) the arguments are
the same and as in that of the operators of the form B(T'(V;), T (V3)) — €, these operators
are conjugate to the already considered operators, and therefore all of them are listed.
Proof is completed. O

14 Higher order operators

In this section we will prove that there are no invariant differential operators of order > 4.
Let

f=Y P(0,....0")Ui [feIVyW)

Let £ = (Ej,,...,e;,) C K" and gl(E) C gl(n). Recall that

PRI

I5(V*) = K[9,

AR

i@V Ig(V'W*) =Ip(V") @ Ig(W").
The vector f can be represented as a polynomial in

jpor s 040,0] ., 00, where {j;, ..., s} = {1,...,n}\ {ij,... i}

with coefficients from Ix(V*), namely,

f = Zﬂ(a/jl, . ,8;;f1, fz S IE(V*)
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In particular, the constant term of this polynomial is I1g f.
If f is gl(n)-highest, then it is also gl(E)-highest, i.e., 2,0sf = 0 for o < f and
a, B € {i1,...,i,}. From the equation

205 P05, ) fi = PO, ..., 0] )(wa0s) fi =0

it follows that (z,0s)f; = 0, hence, all the vectors f; are gl(E)-highest ones.
Similarly, if f is singular with respect to £, then all the coefficients f; are singular with
respect to Lg.
Now let us pass to the proof (of the fact that there are no invariant operators of order
> 3).
For n = 1 the proof was carried out in §3.
Let now n = 2. The highest singular vector cannot contain components in which either
01 or O, enters otherwise the above decomposition contains a highest weight vector of
degree d < 4 in dimension n = 1.
Here is the generic form of the vector f of degree 4 without components of the form
otU:
f=h+h+th+fi+]s5
where
fi= 3/?8/2% + 3’%8/37@ + 3/13,31137
f2 = 8’?8&%@ + 8/%8/281/1&:, + 8/%0/261/U6—|—
01030V uy + 010205 ug + 0'307 ug,

f3 — a/%aﬁ/aé/ulo + 6/18/28”%7111 + a/%a//%um_i_
8/18/201/85U13 + 6/38//%1/114—}-
3’10’2(9”§u15 + 8’%8{’6§’u16

The form of f; and f5 is similar to that f, and f;.
Thus, we have

X, fi = —30"%0"%u; — 20'10'5uy — 0'duz + 030 o (X up )+
0'10"3(X Lu3);

Xy fo = 30720505y — 20,030 us — O30 20us—
2030 ug — O30 ur — 010304z — O30 us — O30 g+
DB X g + 02020 X s + 02 505X ug+
010300 X jur + 010305 X cus + O30, X 4o
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Xy fs = —2010'50" 00 — 820" 2ur0 — 020" 21y — 2010200 0luy, —
201850 3t — 20! Olurs — O 0L 2 —

2020/ 0luyy — 020" 2uys — 820" 2urg + 9201 X L uro+
91202 X uny + O202X surs + 010200 X urat

020" X s ury + 010502 X yurs + 0201 X surg

The form of X, fy and X, f5 is similar to that of X, fo and X, f;.
Since X, f = 0, it follows that

us = 0
211,2 = X+U3 o . o -
3U1:X+u2 :>U/1—U2—’U/3—0,quadf1_0.
0= X+U1

Similarly, f5 = 0.
Further, it follows that

ug + Ug = 0 ) ug = A,
U7 = X+U9 Ug = —A
2u6 +uy = X+U8 Uy = —X+A,
2U5 = X+U7 r — U = X+A,
uy + us = X ug Us = —%(X+)2A,
0= X us uy = 5(X4)24A
o=Xu, | X, )PBA=

Hence, f; = 0.
Finally, it follows that

urs + ue = 0
w13 + 2u14 = X
2u1p + w1z = Xyuss us =B, we=—-B, uz=C
uyp = Xqug . U4 = %(_X+B - 0)7 U2 = %(XJFB - C)
2u10 + 2U11 = X+U13 Uil = _%(XJF)QB’ U1o %(XJF)QB
U190 = X+U12 <X+)3B = 0, X_|_C = 0.
0= X+U11
0= Xju )

The singularity condition reads as

(2301) fo = —20"32" uy — 20302 _us — 20202’ _ug—
20120/ 32" ug — 40'10'90] 2’ _u7 + 20"30 ur—
400" X _ug + 20'20"ug — 20'10'3x" ug—
60207 X g + 601950 uio
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The form of (x3) f4 is similar while

(l’%al)fg = —28/%81,1’1’&10 — 23’18”%x’,u11 — 48’%85.’13,1”12 + 28’101’8§’$’,u13—
28’13’28{’IZU13 — 48/28”%1‘,,’21114 -+ 28/18”%11/14 — 28’18”%)(,1615—
48/16/281/1{1615 + 2@’18’281’1@5 — 48’28{8&’U16+

28/181/85’&16 — 28’%8£/$ZU16.
Since (z30;)f = 0, it follows that

2" uy =2"ug=12"ug =0
/ 1" _
T_Us — Uy +XT_Uig — U2 =
’ 1 —
T _ug —us + 2" Uy =
QI/_U7 - 311,9 + l‘/_ulg — U5 =
20 _ug + 22" uys =
SLU/,Ug + az’iulg =

and similar equations that relate f3 with fj.
Since ug = —ug = A and u;5 = —uy6 = B, then the last two equations imply that

¥ _ A=2"B=0.

But the first equation implies z” A = 0. Moreover, the last two equations (connecting f3
and f4) imply that ' A = 2” B = 0. But the first of the equations implies /B = 0.
Thus,
¥ A=2"A=0, 2/_B=2"B=0.
Hence,
A=avy@w,, B =bvu®w,,

where vy and w, are the lowest weight vectors in V* and W*, respectively.
But since (X,)?A =0 and (X,)?B = 0 we deduce that A + u < 2.
Consider the following cases:
1) fo # 0 and f; # 0. Since A # 0, the equation z” ug = x” X, A implies that u = 0.
Similarly, f; # 0 implies that A\ = 0. But then x’'_ug — ug + 22” u15 = 0 implies that
ug = 0, hence, A = 0. This is a contradiction.
2) fo = 0. We have

ue = 2" Uy 0 =a"up
B = U5 — l’/iulg, B = LU/LC

B = (a(02) +b(11) +¢(20), C = z(01) + y(10).
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a) A =0, u=2. a(02) = 22(02), a = 2z. Then,
1 1
Uiy = §(X+2x(02) —z(01)) = 53:(01), u1p = z(00).

The coeflicients do not match.
b) A= p =1, then B =5b(11) = y(11) and

Uy = — U1 = b(ll)

U2 = b(O]_),

U4 = —b(lO), —
uys = —b(01) + b(10)
Ug = — U1 = b(OO)

%(b—x):b:x:—b.

We get a fourth order operator c¢(wy,ws) = d*w; A d*wy which is invariant only with respect
to svect(2), not vect(2).

c) A =2, p=0. Then, ¢ = y(10), u;o = 0 = ¢ = 0. The generic vector of degree 5 is
of the form

f=h+fot+fa+ fatfs,
where
f1 = 8'?6’%% —+ 8’%8/31@,
fo= 8’:{’8’285’143 4 8’%81’8’%'@4—
8’%8’%8@’% + 3’18{’8"3%

f3 = 8’?6”§u7 + 0’%8{’8’2(%%8 + 8’18”%8’2u9~|—
8’%8’28”51410 + 8’181’8’%3§’u11 + 3”%8’%%2
and the form of fy, f5 and fs is similar to that of f5, fo and fi, respectively.

We have
X+f1 = —38/%3/%U1 — 28’18’%”24‘

DY (Xywr) + DX sua);

Xy fo = —302020us — 20'10'30{uy — 020205 us—
201030 us — 030 ug + components with the X u;.

Since X, f; = 0, it follows that u; = uy = 0, ug = 0, 2us + uy = 0, 2uy = X, ug, (=0),
3U3 +uy = X+U5, X+U3 = X+U4 = 0, U5 = A, Uy = —214, Uz = %XJFA, (X+)2A = 0.
Consider

X+f3 = —38/%6,26”3’&7 - 26’16’%8{85118 - 8’%8’28”% 8
030" 2ug — 2010207 O ug — 20'10"30"3u19—
030 0uyy — 81030 3uyy — 20'30] Ougs + . . .,
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From X, f3 = 0 we deduce that

2u19 +up; =0,

u1y + 2u12 =0,

ug = uiz = B,

upp = —2B,

3ur + ug = Xy,
2ug + 2ug = X uqg,

ug = Xju2,

ug = X B,
ug = —2X,. B,
ur = X4 b,
(X3)?B =0,

X+U7 = X+U8 = X+UQ = 0
Finally, fi = fo = f3 = 0 and, similarly, fy = f; = f¢ = 0.
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