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A note on the pp conjecture for sheaves of spaces of
orderings

Pawe l G ladki

Abstract. In this note we provide a direct and simple proof of a result
previously obtained by Astier stating that the class of spaces of orderings
for which the pp conjecture holds true is closed under sheaves over Boolean
spaces.

The theory of abstract spaces of orderings was developed by Murray Marshall in
a series of papers from the late 1970s, and provides an abstract framework for
studying orderings of fields and the reduced theory of quadratic forms in general.
We will refer to the monograph [5] as far as background, notation, and main results
are concerned. A space of orderings is a pair (X,G) such that X is a nonempty set,
G is a subgroup of {1,−1}X , which contains the constant function −1, separates
points of X, and satisfies some additional axioms (see [5] for details).

A space of orderings (X,G) has a natural topology introduced by the family of
subbasic clopen Harrison sets:

H(a) = {x ∈ X : a(x) = 1},

for a given a ∈ G, which makes X into a Boolean space [5, Theorem 2.1.5].
For any multiplicative group G of exponent 2 with distinguished element −1,

we set X = {x ∈ χ(G) : x(−1) = −1} and call the pair (X,G) a fan. A fan is also
a space of orderings [5, Theorem 3.1.1]. We can also consider fans within a bigger
space of orderings, and for this we need the notion of a subspace of a space (X,G)
– a subset Y ⊆ X is called a subspace of (X,G), if Y is expressible in the form⋂
a∈S H(a), for some subset S ⊆ G. For any subspace Y we will denote by G|Y the

group of all restrictions a|Y , a ∈ G. The pair (Y,G|Y ) is a space of orderings itself
[5, Theorem 2.4.3]. Finally, if (X,G) is a space of orderings, by a fan in (X,G) we
understand a subspace V such that the space (V,G|V ) is a fan.
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Sheaves of spaces of orderings had been defined in [4, Chapter 8], where the
original results are phrased in terms of reduced Witt rings, and recently studied in
[1] and [3]. The definition of the sheaf that we use here is exactly the one taken
from [3]. Assume (Xi, Gi) is a space of orderings for each i ∈ I, where I is a
Boolean space. Assume further that X =

⋃̇
i∈IXi, the disjoint union of Xi’s, is

equipped with a topology such that

(1) X is a Boolean space,

(2) the inclusion map ιi : Xi ↪→ X is continuous, for each i ∈ I,

(3) the projection map π : X → I is continuous, and

(4) if (iλ)λ∈D is any net in I converging to i ∈ I and if σλ1 , σ
λ
2 , σ

λ
3 , σ

λ
4 is a 4-element

fan in Xiλ such that σλj converges to σj ∈ Xi for each j = 1, 2, 3, 4, then
σ1σ2σ3σ4 = 1.

Furthermore, let

G := {φ ∈ Cont(X, {±1}) : φ|Xi ∈ Gi ∀ i ∈ I}

where Gi is identified with its image in Cont(Xi, {±1}), i ∈ I, under the natural
embedding. Then (X,G) is a space of orderings called the sheaf of spaces (Xi, Gi)
over the Boolean space I.

The pp conjecture has been posed in [6], and, as proven in [2], has a negative
solution in general, although it is still interesting to investigate numerous examples
of spaces where it is valid. Recall that, for a space of orderings (X,G), a positive
primitive (pp for short) formula P (a) with n quantifiers and k parameters in G is
of the form

P (a) = ∃t
m∧
j=1

pj(t, a) ∈ DX(1, qj(t, a)),

where t = (t1, . . . , tn), a = (a1, . . . , ak), for a1, . . . , ak ∈ G, and pj(t, a), qj(t, a)
are ± products of some of the ts’s and ar’s, s ∈ {1, . . . , n}, r ∈ {1, . . . , k}, for
j ∈ {1, . . . ,m}. The pp conjecture then asks whether it is true that if a pp formula
holds in every finite subspace of a space of orderings, then it also holds in the whole
space.

Our main goal in this note is the following:

Theorem 1. If the pp conjecture holds in (Xi, Gi), for all i ∈ I, then it also holds
in the sheaf (X,G) of (Xi, Gi) over the Boolean space I.

This is essentially Theorem 2.2 in [1], where the author uses the language and
methods from model theory. Here we provide the proof that uses only some simple
topology and set theory along with the standard notation used in the theory of
spaces of orderings. We begin with a series of lemmas that come from [4], where
they are stated for abstract Witt rings, which are basically the same things as
abstract spaces of orderings; nonetheless, we shall provide proofs here for the sake
of completeness of presentation, as well as the language used.
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Lemma 1. For all i ∈ I, and for every f ∈ Gi, there exists φ ∈ Cont(X, {±1})
such that φ|Xi = f .

Proof. Fix i ∈ I and f ∈ Gi. Consider the subsets A := ιi(H(f)) and B :=
ιi(H(−f)) of X. Since H(f) and H(−f) are clopen subsets of a compact space,
they are compact, and since ιi is continuous, A and B are compact. Moreover,
since X is Hausdorff, for every x ∈ A and y ∈ B there exist clopen neigborhoods
Ux of x and Vx,y of y such that Ux ∩ Vx,y = ∅. Thus Vx =

⋃
y∈B Vx,y forms an

open cover of B such that Ux ∩ Vx = ∅. Since B is compact, there exists a finite
subcover of Vx, and thus Vx is clopen. Further, C =

⋃
x∈A Ux forms an open cover

of A that, again, can be assumed finite, so that C is clopen. Let D =
⋂
x∈A Vx.

Then C ∩D = ∅ and D is clearly closed. Since X is normal, it follows that there
are disjoint open sets U and V such that C ⊂ U , D ⊂ V and U ∩ V = ∅.

U and V as open sets are unions of clopen sets covering A and B, respectively.
Using compactness one more time we may assume U and V to be clopen. The
fuction φ : X → {±1} given by

φ(x) =

{
1 if x ∈ U
−1 if x ∈ X \ U

is clearly continuous and, as V ⊂ X \ U , φ|Xi = f . �

Lemma 2. (cf. [4, Lemma 8.6]) For all i ∈ I, and for every φ ∈ Cont(X, {±1})
such that φ|Xi ∈ Gi there exists a clopen neigborhood Ji of i such that φ|Xj ∈ Gj ,
for j ∈ Ji.

Proof. Fix i ∈ I and φ ∈ Cont(X, {±1}). Suppose, a contrario, that for every
clopen neigborhood J of i there exists jJ ∈ J such that φ|XjJ /∈ GjJ . By [5, Corol-

lary 3.2.4], for each jJ there exists a 4-element fan σjJ1 , σjJ2 , σjJ3 , σjJ4 in (XjJ , GjJ )
such that

φ(σjJ1 ) · φ(σjJ2 ) · φ(σjJ3 ) · φ(σjJ4 ) = −1.

Direct the family J of all clopen neigborhoods J of i by inclusion. The net (iJ)J∈J
is then convergent to i. The net (σiJ1 )J∈J is then a net in the compact space X
and thus has a cluster point σ1. Let (σiJ1 )J∈J1 be a cofinal subnet of (σiJ1 )J∈J
that converges to σ1, J1 ⊂ J . Similarly, the net (σiJ2 )J∈J1

is then a net in the
compact space X and thus has a cluster point σ2. Let (σiJ2 )J∈J2

be a cofinal subnet
of (σiJ2 )J∈J1 that converges to σ2, J2 ⊂ J1. Repeating the argument two more
times we eventually get nets (σiJ3 )J∈J3

convergent to σ3, J3 ⊂ J2, and (σiJ4 )J∈J4

convergent to σ4, J4 ⊂ J3. Then, as each constructed net is a subnet of the
previous one, (σ1, σ2, σ3, σ4) is the limit of the net

(σjJ1 , σjJ2 , σjJ3 , σjJ4 )J∈J4
.

But then
φ(σjJ1 ) · φ(σjJ2 ) · φ(σjJ3 ) · φ(σjJ4 ) = −1,

for J ∈ J4, and by continuity of φ also

φ(σ1) · φ(σ2) · φ(σ3) · φ(σ4) = −1,

which contradicts axiom (4) of a sheaf. �
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Corollary 1. (cf. [4, Lemma 8.7]) For all i ∈ I the restriction map G → Gi given
by f 7→ f |Xi is surjective.

Proof. This follows immediately from Lemmas 1 and 2 �

Lemma 3. (cf. [4, Lemma 8.8]) For all i ∈ I, and for every open neigborhood U of
Xi there exist a clopen neigborhood Ki of i such that Xi ⊂ π−1(Ki) ⊂ U .

Proof. This follows directly from the fact that X \ U is compact. �

We now proceed to the proof of Theorem 1

Proof. As in the discussion preceeding the proof, let

P (a) = ∃t
m∧
j=1

pj(t, a) ∈ DX(1, qj(t, a))

be a pp formula that holds on every finite subspace of (X,G). Here t = (t1, . . . , tn),
a = (a1, . . . , ak), for a1, . . . , ak ∈ G, and pj(t, a), qj(t, a) are ± products of some of
the ts’s and ar’s, s ∈ {1, . . . , n}, r ∈ {1, . . . , k}, for j ∈ {1, . . . ,m}. Our goal is to
show that P (a) holds in (X,G). Let air := ar|Xi , for r ∈ {1, . . . , k} and i ∈ I and
define

P i(ai) = ∃ti
m∧
j=1

pj(t
i, ai) ∈ DXi(1, qj(t

i, ai)),

where ti = (ti1, . . . , t
i
n), ai = (ai1, . . . , a

i
k).

P i(ai) holds on every space (Xi, Gi), i ∈ I. Indeed, fix i ∈ I and fix a finite
subspace {y1, . . . , yl} of Xi. Let Y be the finite subspace of (X,G) generated by
y1, . . . , yl in the sense of [5, p. 33]. Then P (a) holds on Y with some u1, . . . , un ∈ G
verifying it, so let uis := us|Xi , s ∈ {1, . . . , n}. Then P i(ai) holds on {y1, . . . , yl}
with ui1, . . . , u

i
n ∈ Gi verifying it. Since {y1, . . . , yl} was choosen arbitrarily and

since the pp conjecture holds true for the space (Xi, Gi), P i(ai) holds on (Xi, Gi)
with some ti1, . . . , t

i
n ∈ Gi verifying it.

By Corollary 1 we may assume that ti1, . . . , t
i
n ∈ G, for i ∈ I. Let

Ui =

m⋂
j=1

[
H
(
pj
(
ti, a

))
∪H

(
−qj

(
ti, a

))]
, for i ∈ I.

Then Xi ⊂ Ui and P (a) holds true on the open set Ui with ti1, . . . , t
i
n verifying it.

By Lemma 3, let Ki be a clopen neigborhood of i such that Xi ⊂ π−1(Ki) ⊂ Ui,
for i ∈ I. By Lemma 2, let J is be a clopen neigborhood of i such that tis|Xj ∈ Gj ,
for j ∈ J is, s ∈ {1, . . . , n}, i ∈ I. Let Ji = J i1 ∩ · · · ∩ J in, i ∈ I. Define the clopen
neigborhoods Ii = Ji ∩Ki, i ∈ I.

Now
⋃
i∈I Ii is an open cover of the compact space I, so we may choose I1, . . . , I`

among Ii, i ∈ I, so that I = I1 ∪ · · · ∪ I`. Replacing I1, . . . , I` by

I1, I2 \ I1, I3 \ (I1 ∪ I2), . . . , I` \ (I1 ∪ · · · ∪ I`−1),
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if necessary, we might as well assume I1, . . . , I` are pairwise disjoint. Define the
functions ts : X → {±1} by

ts(x) =


t1s(x) if x ∈ Xi for i ∈ I1,
t2s(x) if x ∈ Xi for i ∈ I2,

...

t`s(x) if x ∈ Xi for i ∈ I`,

for s ∈ {1, . . . , n}. Clearly ts is continuous, and ts|Xi ∈ Gi, for i ∈ I, so that
ts ∈ G, s ∈ {1, . . . , n}. Moreover, P (a) holds on (X,G) with t1, . . . , tn verifying it,
which concludes the proof. �
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