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An approximation theorem for solutions of degenerate
semilinear elliptic equations

Albo Carlos Cavalheiro

Abstract. The main result establishes that a weak solution of degenerate
semilinear elliptic equations can be approximated by a sequence of solutions
for non-degenerate semilinear elliptic equations.

1 Introduction

Let L be a degenerate elliptic operator in divergence form

Lu=— Y Dj(a;;(x)Diu(x)), Dj;= 3?%‘7 v

ij=1

where the coefficients a;; are measurable, real-valued functions whose coefficient
matrix A = (a;;) is symmetric and satisfies the degenerate ellipticity condition

n

MéPw(z) < D aij(2)€€; < AléfPw(2), (2)

4,j=1

for all £ € R™ and almost everywhere x € Q2 C R™ a bounded open set, w is a
weight function, A and A are positive constants.

The main purpose of this paper (see Theorem 1) is to establish that a weak
solution u € Wy**(€,w) for the semilinear Dirichlet problem

® {Lu(w) — yu(@)g1(x) + h(u(z))ga(z) = f(z) inQ,
u(z) =0 on 09,

where v € R, can be approximated by a sequence of solutions of non-degenerate
semilinear elliptic equations.
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By a weight, we shall mean a locally integrable function w on R™ such that
w(x) > 0 for a.e. © € R"™. Every weight w gives rise to a measure on the measurable
subsets on R™ through integration. This measure will be denoted by p. Thus,
(E) = [, w(z)dx for measurable sets E C R".

In general, the Sobolev spaces W*P?(()) without weights occur as spaces of
solutions for elliptic and parabolic partial differential equations. For degenerate
partial differential equations, i.e., equations with various types of singularities in
the coefficients, it is natural to look for solutions in weighted Sobolev spaces (see
(1, (2], [4], [3], [5], [6], [7], [9] and [13]).

A class of weights, which is particularly well understood, is the class of A,-
-weights (or Muckenhoupt class) that was introduced by B. Muckenhoupt (see [11]).
These classes have found many useful applications in harmonic analysis (see [12]).
Another reason for studying Ap,-weights is the fact that powers of the distance
to submanifolds of R™ often belong to A, (see [10]). There are, in fact, many
interesting examples of weights (see [9] for p-admissible weights).

The following lemma can be proved in exactly the same way as Lemma 2.1
in [7] (see also, Lemma 3.1 and Lemma 4.13 in [1]). Our lemma provides a general
approximation theorem for A,-weights (1 < p < oo) by means of weights which
are bounded away from 0 and infinity and whose A,-constants depend only on the
Ap-constant of w. Lemma 1 is the key point for Theorem 1, and the crucial point
consists of showing that a weak limit of a sequence of solutions of approximate
problems is in fact a solution of the original problem.

Lemma 1. Let o, > 1 be given and let w € A, (1 < p < 00), with A,-constant
C(w,p) and let a;j = aj; be measurable, real-valued functions satisfying

n

Mo@)[€* < Y a(2)6i€; < Aw()léP, 3)

ij=1

for all ¢ € R™ and a.e. x € §). Then there exist weights w,g > 0 a.e. and measurable

ab

real-valued functions a;; such that the following conditions are met.

(1) c1(1/8) < wap < coov in Q, where ¢; and co depend only on w and .

(ii) There exist weights &1 and @y such that @1 < wap < @2, where @; € A, and
C(@;,p) depends only on C(w,p) (i =1,2).

(iii) wap € A,, with constant C(wag,p) depending only on C(w,p) uniformly on
« and (.

(iv) There exists a closed set F, 3 such that wag = w in Fi3 and wep ~ @1 ~ @y in
F,p with equivalence constants depending on « and 8 (i.e., there are positive
constants cog and Cyp such that cop@; < wag < Copwi, @ = 1,2). Moreover,
Fop C Fyp if a < o, p < ', and the complement of U F,p has zero
measure. o,f>1

(v) wap = w a.e. in R as a, f — 0.
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(vi) dwap(z)|E]? < Z x)&i&; < Awapg(x V€[, for every € € R and a.e. z € Q.

Proof. See [1], Lemma 3.1 or Lemma 4.13. O
The following theorem will be proved in Section 3.

Theorem 1. Suppose that

(H1) The function h: R — R is Lipschitz continuous (i.e., there exists a constant
Cr > 0 such that |h(t1) — h(t2)| < Chlty — ta| for all t1,t2 € R) and h(0) = 0;

(H2) w € As;
(H3) g1/w € L®(Q), g2/w € L=(Q) and f/w € L*(Q,w);
(H4) ~ > 0 is not an eigenvalue of the linearized problem

(LP) {Lu(x) —yu(z)w(z) =0 in Q,
u(z) =0 on OQ;

(H5) The constant M = X — 'yC’?zHgl/wHLw(Q) - Cth%Hgg/wHLoo(Q) > 0 (with Cq
as in Theorem 2).

Then the problem (P) has a unique solution u € Wy>(,w) and there exists a
constant C' > 0 such that

< ch (4)

lellwi2 (0.0
L2(Q,w)

Moreover u is the weak limit in W, *(Q,&1) of a sequence of solutions u,, €
W3 2(, wy) of the problems

(P {Lmum(x) — YU (2)g1m (%) + h(um (2))g2m(z) = fm(z) in €,
" um(z) =0 on 09,

Wwith Loty = Z Dj( ) Dium (),  gim = G1Wm/W, Gom = Gowm/w,
1,7=1

fm = f(w/wm)~"? and wy, = W (Where W, ai¥™ and &, are as Lemma 1).

ij
2 Definitions and basic results

Let w be a locally integrable nonnegative function in R™ and assume that 0 <
w(z) < oo almost everywhere. We say that w belongs to the Muckenhoupt class A4,
1 < p < o0, or that w is an Ap-weight, if there is a constant C' = C(p,w) such that

(;/ w(z )dx><|;|/ W1/0-D) () dg;)p_l o



24 Albo Carlos Cavalheiro

for all balls B C R™, where |-| denotes the n-dimensional Lebesgue measure in R™.
If1 < g <p,then A, C A, (see [8], [9] or [13] for more information about A,-
weights). The weight w satisfies the doubling condition if there exists a positive
constant C' such that u(B(z;2r)) < Cu(B(z;r)) for every ball B = B(z;r) C R™,
where ;u(B) = [pw(x)dz. If w € Ay, then 4 is doubling (see Corollary 15.7 in [9]).

As an example of A,-weight, the function w(z) = |z|*, z € R", is in A, if and
only if —n < a < n(p —1) (see Corollary 4.4, Chapter IX in [12]).

P

If w e A,, then ('?) < C’ZEg; whenever B is a ball in R™ and FE is
a measurable subset of B (see 15.5 strong doubling property in [9]). Therefore,
w(E) = 0 if and only if |F| = 0; so there is no need to specify the measure
when using the ubiquitous expression almost everywhere and almost every, both
abbreviated a.e.

Definition 1. Let w be a weight, and let Q C R™ be open. For 0 < p < oo we
define LP(Q,w) as the set of measurable functions f on  such that

1/p
1o = ( /Q If(x)pw(x)dx> -

Ifwe A, 1 < p < oo, then w™ /@~ is locally integrable and we have
LP(Q,w) C Li,.(Q) for every open set Q (see Remark 1.2.4 in [13]). It thus makes
sense to talk about weak derivatives of functions in LP(Q,w).

Definition 2. Let Q@ C R™ be open, k be a nonnegative integer and w € A,
(1 < p < 00). We define the weighted Sobolev space WHP(Q,w) as the set of
functions u € LP(Q),w) with weak derivatives D%u € LP(Q,w) for 1 < |a| < k. The
norm of u in W*P(Q,w) is defined by

|u||Wk,p<Q,w>:(/Q P @+ 35 [ Dau<x>|”w<x>dx)1/p. (5)

1<|a| <k

We also define W(f’p(Qw) as the closure of C§°(2) with respect to the norm (5).

Ifw € A, then W*P(Q,w) is the closure of C*°(£2) with respect to the norm (5)
(see Theorem 2.1.4 in [13]). The spaces W"?(Q,w) and WFP(Q,w) are Banach
spaces.

It is evident that the weight function w which satisfies 0 < ¢; < w(z) < ¢ for
z € Q (¢; and ¢y positive constants), gives nothing new (the space Wéc P(Q,w) is
then identical with the classical Sobolev space VVéf ?(Q)). Consequently, we shall
be interested above in all such weight functions w which either vanish in somewhere
QU 09 or increase to infinity (or both).

The dual space of W, (Q,w) is the space

Wo(2,w)]" = W17 (2,w)

={T=fo—divF:F=(f1,...,fn), fi ¢ LY (Q,w)}.

w
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Definition 3. We say that an element u € VVO1 2 (Q,w) is weak solution of problem
(P) if

/ ai;(2) Diu(z) Djip(x) dar — / yulz)gn (2)p(e) dz + / h(u(@))ga(2)p(z) do
Q Q Q
- / f(@)p(x) dz,
Q

for every ¢ € Wy (Q,w).

Theorem 2. (The weighted Sobolev inequality) Let ) be an open bounded set
inR™ andw € A, (1 < p< o0). There exist positive constants Cq and § such that
for all u € WyP(Q,w) and all @ satisfying 1 < 6 <n/(n — 1) + 4,

||UHL9p(Q,w) = CQHVUHLP(Q7U.;)' (6)
Proof. Its suffices to prove the inequality for functions v € C§°(€2) (see Theo-
rem 1.3 in [6]). To extend the estimates (6) to arbitrary u € W, (Q,w), we let
{um} be a sequence of C§°(Q2) functions tending to u in Wol’p(ﬂ, w). Applying the
estimates (6) to differences wy,, — Um,, we see that {u,,} will be a Cauchy sequence
in L*?(Q,w). Consequently the limit function u will lie in the desired spaces and

satisty (6). O

3 Proof of Theorem 1

Step 1. The existence of solution u € Wy*(€,w) for the problem (P) has been
demonstrated in [2], Theorem 1. In particular, for ¢ = u in Definition 3, we have

/Q a1y () Dyu(w) Dyu(a) da — /Q (@) gr () da + /Q h(u(z))gs(@)u(z) da
_ /Q F@)u(e)de. (7)
(i) By (2) we have
/Q a;(2) Dyu() Dyu(z) da > A /Q V2w da.
(i) By (H3) and Theorem 2 (with p = 2 and § = 1) we obtain

/’yuzgldx §’y/u2@wdx
Q Q w

< g1/l ey / W de

< AC g1 /el e / V2w dz,
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and

/qudx

g/m|u|wdx
0 W

< NF/wll 2@ el 2.0
< Collf/wllp2(0mlVull L2 g.w)-

(iii) By (H1), since h(0) = 0, then |h(t)| < Chlt| for all t € R. By (H3) and

Theorem 2, we obtain

w

/Q h(w)ugs da

< / ()] u 2l do
Q
2
< Ch||g2/w||Loo(Q)‘/Q|U| wdx
SChc(%HgQ/wHLoo(Q/Q|VU|2wd.’B.

Hence, in (7), we obtain

3 [ 190w ds =2 CEll el [ [Vl do
- ChCllgef e [ [Vl do < CallfllVull e,

Therefore,
Co
IVull 20w < MHf/WHL?(Q,w)

where
M =X = G391 /9| ) = CrCallg2/wll1o0 () > 0.

Consequently, we obtain

laly120) = / W ds + / Vuwds
Q Q
< (q%+1)/ Vul?w do
Q

02
< (C3+ )T/l

Therefore,

Co
[ullyr2 () < (C3 + 1)1/2ﬁ|\f/w||L2(ﬂ,w)

= C”f/w”L?(Q,w)' (8)
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Step 2. Uniqueness.
If uy,ue € Wol’Q(Q, w) are solutions of the problem (P), then

/aijDiuijapdx—fy/ukglgodac—i—/h(uk)ggwdx:/ﬂpdaz, (k=1,2).
Q Q Q Q

Hence,

/ a;j(Diu1 — Dijug)Djp dx — ’y/ (ug —ug)grpde + / (h(u1) — h(uz2))gapdz = 0,
Q Q

Q
L (9)
for all ¢ € Wy*(Q,w). In particular, for ¢ = uq — uz in (9) we obtain:

(i) By (2),
/ aijDi(ul - ’LLQ)Dj(Ul - Ug) dx > )\-/ |V('LL1 - UQ)|20J dz.
Q Q
(ii) By (H3) and Theorem 2 (with p =2 and 6 = 1),

‘/ Uy — u2) 2g1dz| < /|u 7u| |gl|

2
< Nlg1 /ol / jus — ualwdz

< C3lg1 fwll o o /Q IV (w1 — us)w da
(iii) By (H1), (H3) and Theorem 2,
S/\h(ul) h(uz)||uy —uz\| 92| wdz
<Ch/ lug — ug | |g2|

< ChCB g2/l e / IV (s — ug) o da.

] [02) Bt g

Hence,
<)\ - ’YngHgl/W”Loc(Q) - Ch0522||g2/w”L°°(Q)> /Q IV (ur - U2)|2Wd$ <0,

and since M = A\ — ’yCéHgl/wHLOO(Q) - Cth%ng/wHLoc(Q) > 0, then
/ IV (uy — ug)Pwdz =0,
Q

2
and / |u; — us|"wdz = 0.. Therefore, u; = ug a.e.
Q
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Step 3. First, if f,, = f(w/wWm) Y2, gim = g1wm/w and gom = gowm/w, We note

f H / ’ gm| ’ 0
Wi || L2(Q,wm) L2(Qw) Wm || Leo(Q) Wl Lo ()
and ‘ J2m = ‘ 92 .

Wmlpee@) N1 (@)

Then, we have
My = X = Cdllg1m/wmll (@) = ChCallg2mwm | 1= ()
=A- 'VCKQ‘L”gl/wHLm(Q) - Ch0s22||92/w”mo(sz) =M >0.
If w,, € Wy'*(Q,wp,) is a solution of problem (P,,) we have (by (8))
_ (GG +1)!Co

el 2 gm) < 22 o feml (g
(02 + 1)1/2CQ
= QTW/WHL%Q,@) =Cr
Using Lemma 1, 0, < w,,, we obtain
||um||W1 2(Qm) = ||um||W1 2(Quwm) < (. (10)

Consequently, {u,,} is a bounded sequence in WO’ (Q,@1). Therefore, there is a
subsequence, again denoted by {u,,}, and @ € WO1 ’2((2, @1) such that

U — @ in L*(Q,&1), (11)
Vi, — Vi in L*(9,d), (12)
Uy — U a.e. in Q, (13)

where the symbol “—” denotes weak convergence (see Theorem 1.31 in [9]).

Step 4. We have that u € VV0 (Q,w). In fact, for Fy fixed, we have by (11)
and (12), for all ¢ € Wy*(Q,@1),

/um@dzl dz—>/ﬂ<pa~)1 dz,
Q Q

Q Q
If ¢ € WOI’Z(Q,UJ), then ¢ = Yxp, € WOI’Q(Q,LJl) (since w ~ @; in Fg, i.e., there

is a constant ¢ > 0 such that ©; < cw in F}, and xg denotes the characteristic
function of a measurable set E C R™) and

/ Y20 da = 2o de < ¢ P2wde < c/ P2wde < oo,
Q Fy, Fy Q

/Q(Diga)zdzl dr = /F (Dirp)%ay da < c/Fk(Diw)% dr < c/ (Dip)*wdz < oc.

Q
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Consequently,
/um¢XFk®1 dz — / upxF,w1 dz,
Q Q

/DiumDi¢XFk@1 dx%/DiﬂDMXFk@l dz,
0 0

for all 1 € W, *(Q,w), that is, the sequence {u,xr,} is weakly convergent in
VVO1 2((27 ). Therefore, we have

‘|Vﬂ||i2(Fk,w) = Vil’wde < limsup | |V, [*wdz,
Fy, Fy,

m—r o0

and for m > k we have w = wy, in Fy. Hence, by (10), we obtain

HV&M;MLw)ghnmup/ﬁ|Vumﬁwdx
m—oo JFy

= lim sup/ |Vt |y daz
Fy,

m—o0

< lim sup/ Vit [*wmdz < C2.
Q

m— 00

By the Monotone Convergence Theorem we obtain ||V, q ) < C1. Therefore,

we have @ € Wy (2, w).

Step 5. We need to show that @ is a solution of problem (P), i.e, for every ¢ €
W2 (9,w) we have

A%(wm) ()m—/w() w+/h Jo() de

Using the fact that u,, is a solution of (P,,), we have

/ a7 (&) Dyt () D () iz — / Yt () g1 (@) () dz
Q

/h um g2m dx_/fnb

for every ¢ € VVO1 2(Q, wp). Moreover, over F, (for m > k) we have the following
properties:

(i) w=wm;

(i) g1m = 91;
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(iil) gom = g2;
(iV> fm = f?
(v) aij™(x) = a;;(v).

)

For ¢ € Wy*(Q,w) and k > 0 (fixed), we define Gy, Ga: W, % (Q,@;) — R by

Gi(u) = /Qaz'j(x)DW(fv)Djs&(x)XFk dx*V/QU(fv)gl(x)w(w)XFk(w) da,

Ga(u) = /Q h(u(z))g2 (2)p()xm () do.

(a) We have that G is linear and continuous functional. In fact, since the matrix
A = (a;5) is symmetric, we have

[(AVu, V)| < (AVu, Vi) /2 (AVe, Vi) /2,

where (-,-) denotes here the Euclidian scalar product in R™. We also have
w~ @y in Fi, (w < ). By (2) and (H3) we obtain

i) < [ [(AVY, Vo) do 44 / fullgn Il de
Fy Fy,

W
1/2 1/2
< ( / (AVu, Vu) d:p) ( / (AVp, V) /2 dx)
Fk Fk:
1/2 1/2
2 2
el ([ tiwae) ([ 1)
F F
1/2 1/2
< A</ |Vu2wdx> </ |V<p|2wdx>
Fy Q
1/2 1/2
—|—’y< u|2wdx> (/ |Lp|2wdx)
Fy Q
1/2 1/2
< A</ | Vul*@ dr) (/ |V<p|2wdx)
Fy Q
1/2 1/2
—l—’y(/ clul*@y dx) </ |cp|2wd:n>
Fy Q

< (A 4 4c!/?) H()OHWOLQ(QM) HUHW(}?(Q,JJ])-

S/ <AVu,Vu>1/2<AV<p,V<p>1/2dx+'y/ |u\|gl||<p|wdx
Fy Fy,
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(b) We have that Gy is continuous functional. In fact, if ui,us € Wy 2(Q,@1),
we obtain by (H1) and (H3)

|Ga(uz) — Ga(ur)| < /F |h(u2) — h(u1)l|gz2|le| dz

< / Chluy — u2|@|<p|wdx
Fy, w

1/2 1/2
scmgz/wumm( / |so|2wdm) ( / c|u1—u22w1dx)
k

< 2Chllga el e @) €l 2 . 111 = w2l a0

Using (a), (b), properties (i), (ii), (iii), (iv) and (v), and that w,, is solution
of (P,,), we obtain

a;jDiuDjpdr —~ [ agipdr + h(i)gepdr = lim [Gy(um) + G2(tm)]
P P . m—00

:%gnoo (/ ag?mDiuijgodx—V/ umglmapdx—k/ h(um)ggmgodx>
Fy Fi F.
= lim (/a;?mDiuijspdx_V/umglm@dx+/h(um)92m¢dx

—/ a;;" Dium Djp dx —|—’y/ UmJ1mp dx —/ h(tm)game dx)
QnFg QnFg QnFg

lim (/ fmgodx—/ a;';mDiuijgodx—&—v/ U J1m dx
m—eo \Ja QNEFE QNFg

— /QmF,g h(um)ggmgod:E)7 (14)

where E° denotes the complement of a set £ C R"™.

(I) By the Lebesgue Dominated Convergence Theorem we obtain

/Qfmcpdx—>/ﬂf<pdx. (15)

(II) Since the matrix A™ = (a;}™) is symmetric, we have

A" Vi, V)| < (ATt V) /2 (A" Vo, Vip) 2,
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Then, by (2) and (10), we obtain

’ / a?;mDiuijgodx
QnFy

1/2 1/2
< A(/ |V |2 da:) (/ IVo|*wm da:)
QNFL QNFE

1/2
2
< Al g ([ 1VoPumas)

k

1/2
< ACy (/ Vo 2w dx) . (16)
QnFe

(III) By (H3) and (10), we obtain

< / (A" VU, V)| dx
QN

<[ Junl 910l da
QnFe

‘ / UmG1mP d:l?
QNF¢ Wm

1/2
<l fonlmioy ([ Tenlmae) ([ folnas)
K

1/2
2
< ||gl/w||mm||um||w(;»zm,w>(/Q e P dx)
nEg

1/2

1/2
2
<Gl fellia( [ loPunds) )
nFy

(IV) By (H1), (H3) and |h(t)| < Clt] (for all t € R) we have

’ / h(tm)gome dz
QnFg

< Chllgom /ol e /Q lunlleln dz

k

1/2
: Chng/w”Lx(Q) (/Qch \um|2wm dx) </9ch |g0|2wm da:)
k k

1/2
2
< Cllgefellym o il [, TP ao)

QNFf

< [ it 22, 0z
QNFg Wm

1/2

1/2
schclngz/wnm)( | |w2wmdx) 18)
nFg

Using Lemma 1, we know that [Q N F¢| — 0 when k — co. Then

1/2 1/2
lim </ 0w d:c) = lim </ IV wim dx) =0,
k—oo \ JanFg k—=oo \ Janrg
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and we obtain in (16), (17) and (18)

lim / a;;™ (@) Diu(z)Djp(z) dz = 0, (19)
k=00 JanFge
lim / UmGrmp dz = 0, (20)
k=00 JanFge
lim h(um (2))g2m(x)e(x) dz = 0. (21)

k—oc0 QﬁFkC

Therefore, by (14), (19), (20) and (21) we conclude, when k& — oo (and
m > k),

/aijDiﬂDﬂP(z) dx—v/glwdﬂ/ h(ﬂ)gwdxz/f@dx,
Q Q Q Q

for all o € Wy°(Q,w), that is, @ is a solution of problem (P). Therefore,
u =14 (by the uniqueness).

mple 1. Let Q = {(z,y) € R? : 22 + y* < 1} and 0 < a < b. By Theorem 1,

with h(t) = sin(t), f(z,y) = 2lyl, w(z,y) = (2* +y*) 72,

and

the

g1(z,y) = (2% +y*) 7/ * cos(zy)
g2(z,y) = (2% + y*) " /*sin(zy)

B a(x2 +y2)71/2 0
A(z,y) = < 0 b(a? +y2)~1/2 )"
problem

{Lu(m) — yu(@)g1 () + h(u(z))ga(x) = f(z) inQ,
u(z) =0 on 09,

where

has

0 _ ou 0 _ ou
Lu(x) = —&C<a(332 +4?) 1/28x) _ 81([)(3:2 +y?) 1/23y>’

a unique solution u € VVO1 ’2(Q,w) if v > 0 is not an eigenvalue of linearized

problem (LP), and u can be approximated by a sequence of solutions for non-
degenerate semilinear elliptic equations.
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