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A M

B
algebras A and B over a commutative ring R with identity 1 and M be a
unital (A, B)-bimodule. An additive subgroup £ of 2 is said to be a Lie
ideal of 2 if [£,2A] C £. A non-central square closed Lie ideal £ of 2 is
known as an admissible Lie ideal. The main result of the present paper
states that under certain restrictions on 2, every generalized Jordan triple
higher derivation of £ into 2 is a generalized higher derivation of £ into 2.

Abstract. Let 2 = ( ) be the triangular algebra consisting of unital

1 Introduction

Let R be an associative ring with an identity element. Recall that a ring R is said
to be prime (resp. semiprime) if aRb = {0} implies that either a = 0 or b = 0
(resp. aRa = {0} implies a = 0). For any x,y € R, [z,y] = zy — yx, denotes the
well-known Lie product. An additive subgroup L of R is said to be a Lie ideal of
Rif [L,R] C L. A Lie ideal L of R is said to be a square closed Lie ideal of R if
22 € L for all z € L. A non-central square closed Lie ideal L of R is known as an
admissible Lie ideal. An additive map d: R — R is said to be a derivation (resp.
Jordan derivation) of R if d(zy) = d(z)y + zd(y) (resp. d(z?) = d(z)z + xd(x))
holds for all z,y € R. An additive map d: R — R is said to be a Jordan triple
derivation of R if d(zyx) = d(x)yx + xd(y)z + zyd(z) holds for all z,y € R.
There has been a great deal of work concerning derivations, Jordan derivations
and Jordan triple derivations in rings (see [3], [4], [14], [15]). Also, the derivation,
Jordan derivation and Jordan triple derivation and their relationship with Lie ideals
of prime rings have been extensively and systematically studied during the last four
decades. One of the most remarkable result in this direction was given by Awtar [3]
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in the year 1984. In fact, he proved that if L is a Lie ideal of a prime ring R of
characteristic different from 2 such that 22 € L for all x € L and d: R — R is an
additive mapping such that d |1, is a Jordan derivation of L into R, then d |1, is a
derivation of L into R.

Further, the notion of derivation has also been generalized in various direction.
In 1991, Bresar [5], introduced the concept of generalized derivations in rings as
follows: an additive mapping F' : R — R is said to be a generalized derivation
(resp. generalized Jordan derivation) on R if there exists a derivation (resp. Jordan
derivation) d: R — R such that F(xy) = F(z)y + 2d(y) (resp. F(2?) = F(z)z +
xzd(x)), holds for all z,y € R. An additive mapping F': R — R is said to be a
generalized Jordan triple derivation on R if there exists a Jordan triple derivation
d: R — R such that F(xyx) = F(z)yr + zd(y)x + xyd(x), holds for all z,y € R.

The concept of derivation was extended to higher derivation by F. Hasse and
F.K. Schmidt [13] (see [9] and [11] for a historical account and applications) as
follows: let N be the set of non-negative integers. A family D = {d,}nen of
additive mappings d,,: R — R such that dy = idg, the identity map of R, is
said to be a higher derivation (HD) if for every n € N, d,(zy) = > di(z)d;(y)

i+j=n

holds for all x,y € R. Higher derivations of a ring R have been stujdied by many
authors in various directions. In 2002, M. Ferrero and C. Haetinger [10] generalized
the above mentioned result obtained by R. Awtar [3] to higher derivations on Lie
ideals. Further, motivated by the notion of generalized derivation in rings, the
concept of generalized higher derivation was introduced by Cortes and Haetinger
[7]. A family F' = {f,}nen of additive mappings f,,: R — R such that fy = idg, is
said to be a generalized higher derivation (GHD) if there exists a higher derivation
D = {d, }nen such that for every n € N, f,(zy) = > fi(z)d;(y) holds for all
z,y € R. itj=n

We now turn our attention to triangular algebras. Let A, B be unital algebras
over a commutative ring R with identity 1 and M be a unital (A, B)-bimodule
faithful as a left A-module and also as a right B-module. The set

a m

Tri(A, M, B) = {(O b) :aEA,mEM,bEB}

under the usual matrix operations forms an R-algebra. An algebra 2l is called a
triangular algebra if 2 is (algebraically) isomorphic to Tri(A, M, B). This algebra
was first introduced by Chase [6]. Note that if £ is a Lie ideal of 2, then £ can
be written as £ = Tri(£4, M’, £5), where, £4 and £5 are Lie ideals of A and B
respectively and M’ is an (£4, £5)-bimodule. For a non-central Lie ideal £ of a
triangular algebra 2, if £4 and £p are admissible Lie ideals of 4 and B respectively
and X? € £ for every X € £ then we call £ an admissible Lie ideal of .
Recently, in the year 2010 Xiao and Wei [18] introduced the notion of higher
derivation and Jordan higher derivation on triangular algebras and proved that
every JHD on triangular algebras is a HD. This result was extended to Lie ideals
of triangular algebra by Han [12] who proved that every Jordan higher derivation
(resp. Jordan triple higher derivation) of a Lie ideal into a triangular algebra is
a higher derivation. We first recall the notions of higher derivation of Lie ideals
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into triangular algebras. Throughout the text, let 2l be a triangular R-algebra
consisting of unital R-algebras A, B and an (A, B)-bimodule M. All the algebras
and modules are 2-torsion free and £ will denote an admissible Lie ideal of 2. In
this paper, if £ is an admissible Lie ideal of 2, then we always assume that either
the action of each a # 0 € £4 on every m € M is nontrivial or the action of each
b=#0 € £ on every m € M is nontrivial.

Definition 1. Let N be the set of non-negative integers and D = {d,}nen be a
family of linear mappings on 2 such that dy = idgy(, the identity map on 2. Then
for all X,Y € £, D is called

(i) a higher derivation (HD) of £ into 2 if for every n € N
do(XY) = > di(X)d;(Y);
1+j=n
(ii) a Jordan higher derivation (JHD) of £ into 2 if for every n € N,
=) di(X)di(X)
i+j=n
(iii) a Jordan triple higher derivation (JTHD) of £ into 2 if for every n € N,

d(XYX)= Y di( Y)dp(X).
i+j+k=n

Motivated by the notions of generalized derivations in rings and higher deriva-
tions on triangular algebras, we are able to define and introduce generalized higher
derivation, generalized Jordan higher derivation and generalized Jordan triple
higher derivation on triangular algebras as follows.

Definition 2. Let F' = {f,}nen be a family of linear mappings on 2 such that
fo = idgy, the identity map on 2. Then F' is said to be

(i) a generalized higher derivation (GHD) of £ into 2 if there exists a higher
derivation D = {d,, }nen of £ into 2 such that for every n € N,

= Y f(X)d;(Y
i+j=n
for all X,Y € £,

(ii) a generalized Jordan higher derivation (GJHD) of £ into 2 if there exists a
Jordan higher derivation D = {d,, },en of £ into 2 such that for every n € N,

X?) = Y f(X)d;j(X
i+j=n

for all X € £;
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(iii) a generalized Jordan triple higher derivation (GJTHD) of £ into 2 if there
exists a Jordan triple higher derivation D = {d,, },en of £ into 2 such that
for every n € N,

XY X) = > fi(X)d;(Y)di(X)

i+j+k=n

for all X,Y € £.

The main goal of the present paper is to consider the question of when a gener-
alized Jordan higher derivation becomes a generalized higher derivation. Similarly,
it is also an interesting question when a generalized Jordan triple higher deriva-
tion becomes a generalized higher derivation. This paper is organised as follows.
In section 2, we obtain conditions under which every generalized Jordan higher
derivation becomes a generalized higher derivation, whereas, in section 3, we study
generalized Jordan triple higher derivations on admissible Lie ideals.

2 Generalized Jordan higher derivations on 2
Assume that £ is a square closed Lie ideal of 2. For any X,Y € £,

(XY +YX)=(X+Y)> - (X?>+Y?)

and so XY +YX € £. Also [X,Y] = XY —Y X € £ and it follows that 2XY € £.
Hence 4XY Z =2(2XY)Z € £ for all X,Y, Z € £. These results will be used freely
without any specific mention.

We begin with the following well-known results which will be used in the sub-
sequent discussion.

Lemma 1 ([4], Lemma 4). Let R be a prime ring of characteristic other than 2
and let L be a Lie ideal of R with L ¢ Z(R). If a,b € R and aLb = {0}, then either
a=0orb=0.

Lemma 2 ([8], Lemma 2.2). Let R be a 2-torsion free semiprime ring (resp. prime
ring) and L be an admissible Lie ideal of R. If a,b € R (resp. a € L and b € R) are
such that axb + bxa = 0, for every x € R (resp. x© € L), then axb = bxa = 0 for
every x € R (resp. a=0 orb=0).

Lemma 3 ([8], Lemma 2.3). Assume that R be a 2-torsion free semiprime ring
(resp. prime ring) and L be an admissible Lie ideal of R. Let G1,Ga,...,G,, be
additive groups, S: G1 X -+ x G, = Rand T: G1 X --- X G,, — R be mappings
which are additive in each argument. If S(ay,...,a,)xT(ay,...,a,) =0, for every
x €R (resp. € L), a; € G, i=1,2,...,n, then S(ay,...,an)zT(b1,...,b,) =0
for every © € R, a;,b; € Gi,i = 1,2,...,n (resp. S(ai,...,a,) = 0, for every
a; € Gy, i=1,2,...,norT(by,...,b,) =0, for every b; € G;, i =1,2,...,n).

Lemma 4 ([7], Lemma 7). Let L and Lo be Lie ideals of R with [L1, Ls] C Z(R).
Then L, C Z(R) or Ly C Z(R).
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Lemma 5 ([12], Theorem 2.7). Let 2 be a triangular algebra consisting of A, B
and M. Suppose that A and B are prime algebras and £ is an admissible Lie ideal
of . Then each JHD of £ into 2 is a HD of £ into .

Given GJHD F = {f, }nen with associated JHD D = {d,}nen of £ in A, we
now put

En(X,Y) = [u(XY) = Y fi(X

i+j=n

for each fixed n € N and for all X,V € £. Note that £, (Y, X) = —&,(X,Y). It is
straight forward to see that if £,(X,Y) = 0 then F = {f,, }nen is a GHD of £ into
2A.

Lemma 6. Let %A be a triangular algebra consisting of A, B and M, £ be a square
closed Lie ideal of 24 and F = {f,}nen a GJHD associated with Jordan higher
derivation D = {d,,}nen of £ into A. Then for each fixed n € N and for every
X,Y, Z € £, the following statements hold:

() fu(XY +YX) = 5> (fi(X)d;(Y) + fu(Y)d;(X)),

i+j=n

(i) fu(XYX) = > fulX)d;(YV)di(X),

i+j+k=n

(ili) fn(XYZ+2YX) = > (fi(X)d;(Y)dr(Z) + fi(2)d;(Y)dr(X)).

i+j+k=n
Proof. (i) We have

X 4Y) = > [(X+Y)di(X +Y)
i+Jj=n

= D (fiX)(X) + fiX)di (V) + fiY)dy (X) + fi(Y)d;(Y)).

i+j=n
On the other hand,
(X +Y) = f,(X2+ XY +YX +Y?)
= fa(X?) + fu (Y2)+fn(XY+YX)
= XY +YX)+ > fi(X)d(X)+ Y f(Y)ds(Y)

i+j=n r4+s=n

Comparing the above two equations, we obtain that

XY +YX) = Y (f:(X)d; (V) + fi(Y)d;(X)).

i+j=n
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(ii) Replace Y by XY + Y X in (i)

X (XY +YX)+ (XY +YX)X) = Z (fi(X)d;( XY +YX) + fi( XY + Y X)d; (X))

1+j=n
Z fz(X)(dr(X)ds(Y) + dT(Y)ds(X))
1+r+s=n
+ 3 Y) 4 £ (Y)do(X))d; (X)
r+s+j=n
1+r+s=n
r+s+k=n
+ Y H(Y)d(X)d(X).
r+s+j=n

On the other hand,

(X (XY +YX)+ (XY +YX)X) = £o(X?Y +2XYV X + Y X?)
= > (X (V) + £(Y)d;j(X?)) + 2f (XY X)

1+j=n

D F(X)d(X)d;(Y)

r+s+j=n

+ Y A(Y)d(X)do(X) + 2fn (XY X).

1+r+s=n

Comparing the above two equations and using the torsion restrictions, we obtain

WXYX)= Y fi(X di(X).

i+j+k=n
(iii) Replace X by X + Z in (ii)

PX+2)Y(X+2)= > [(X+2)d;(Y)di(X + Z)
i+j+k=n

= Y (LX) (YV)dr(X) + £:(Z)d; (Y)dr (X))

i+j+k=n

+ 2 Y)di(Z) + fi(Z)d;(Y)di(Z)).

i+j+k=n
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On the other hand using (ii)

(X +2)Y(X+2)) = fo(XYZ+ZYX) + fo(XYX) + fo(Z2Y Z)

=f(XYZ+2ZYX)+ > fi(X)d;(Y)dp(X)
i+j+k=n

+ Y fi(2)d;(Y)di(2).

i+j+k=n

These two equations imply that (iii) is true, completing the proof of this lemma.
O

Lemma 7. Let 2 be a triangular algebra and £ be a Lie ideal of . If £, (X,Y) =0
for each m < n and X,Y € £, then &,(X,Y)Z[X,Y] =0 for all Z € £.

Proof. Let X, Y € £. By hypothesis ,,(X,Y) = 0 for each m < n. Therefore
En(X,Y)Z[X,Y] =0 for all Z € £ and for all m < n. Suppose

X =4XYZYX +YXZXY) = (2XY)Z(2Y X) + (2Y X)Z(2XY),
where X,Y,Z € £. Then by Lemma 6 (ii) we have

fa(X) =4fn(X(YZY)X + V(X ZX)Y)
=4 Y (HX)d;(YZY)dp(X) + fi(Y)d; (X ZX)dp(Y))

i+j+k=n
—1 Y 50 Y ama2am)a
i+j+k=n I+t+u=j

ED SRV 0] U DRSS TACH TS PAS

i+j+k=n It+tu=j

=4 Y fX)d(Y)d(Z)du(Y)di(X)
i+l+t+u+k=n

+4 > (Y d(X)d(Z)du(X)di(Y).
i+l+t+ut+k=n

However, by Lemma 6 (iii)

Fn(X) = F2((2XY)Z(2Y X) + (2Y X) Z(2XY))
= Z (fp(QXY)dq(Z)dT@YX)+f,,(2YX)dq(Z)dr(2XY)>.

pt+qt+r=n
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Equating the above two expressions, we obtain

> KEXY)d(Z)d2YX) =4 Y fi(X)di(Y)di(Z)du(Y)di(X)
pt+q+r=n i+l+t+utk=n

+ Y HEYX)dy(Z)d,(2XY)
ptgtr=n

—4 > [Y)A(X)d(Z)du(X)di(Y) = 0.
i+l+t+utk=n (1)

Initially we calculate the first term of the above expression,

> 5(2XY)dy(Z)d(2Y X)

ptgtr=n
= > L@XY)Zd,YX)+ > f,(2XY)di(Z)d,(2Y X)
p+r=n p+r=n—1
ot Y fQ2XY)dn 1 (2)d(2Y X) + 2XY d,, (2)2Y X
p+r=1
=2XYZd,(2YX) + fa2XY)Z(2YX) + Y f(2XY)Zd,(2Y X)

p+r=n
0<p,r<n—1

+ Y L2XY)d(2)d(2Y X) + -+ 2XY dy1(Z)d1 (2Y X)
p+r=n—1

+ f12XY)d,_1(Z2)2Y X 4+ 2XYd,(Z)2Y X.
Now by the hypothesis &,,(X,Y) = 0 for all m < n, we get

> [p(2XY)dy(Z)d,(2Y X)
ptgqtr=n

:4{XYZdn(YX)+fn(XY)ZYX+ > (Z F(X)d;(V)Z > du(Y)dk(X))

p+r=n i+j=p u+k=r
0<p,r<n—1

o+ XYdy ((2)Yd((X) + XYdp 1(2)dy (V)X + f1(X)Ydn 1 (Z2)Y X

+ Xdy(Y)dp1(2)Y X + Xde(Z)YX}

= 4{XYZdn(YX) + [ XYV)ZY X + > Fi(X)d; (V) Zdo(Y)di (X)

i+jtutk=n
0<i+j,utk<n—1

4o+ XYdy ((2)Yd (X)) + XYdp 1(2)d1 (V)X + f1(X)Ydn 1 (Z2)Y X

+ Xdy(Y)dn_1(Z)Y X + Xde(Z)YX}.
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Also the second term of (1) becomes

4 fX)A(Y)d(Z)du(Y)dr(X)

1+l+t+ut+k=n

=4{ S A0d(Y) 2 (Y )dk(X)
1+l4+ut+k=n
S ﬁ(X)dl(Y)dn1<Z>du<Y>dk<X>+an<Z>YX}
itltutk=1

{Z f(X)A(Y)ZYX + Y XY Zd,(Y)di(X)

i+l=n ut+k=n

Y AE)GY)Zd,(YV)dk(X)

i+jtutk=n
0<i+j,utk<n—1

tot Y LAY )de-1(Z)YX + Y XY dya(Z)du(Y)di(X)

i+l=1 u+k=1
+Xde(Z)YX}
—4{ > HX)d(Y)ZY X + XY Zd (Y X)
i+l=n

Y RO Zd(Y)di(X)
i+jt+utk=n

0<i+j,ut+k<n-—1
+o+ i(X)Ydy 1 (2)Y X + Xdi(Y)d,—1(2)Y X
+ XYdy1(2)di(Y)X + XYdp1(Z)Ydi(X) + Xde(Z)YX}.

Calculating the difference between the first two terms of (1) and using Lemma 5
we get;

S REXY)d(Z)d.2YX) =4 > fi(X)di(Y)di(Z)du(Y)di(X)
p+q+s=n i+l+t+utk=n
=&(X,Y)ZY X.

With entirely analogous reasoning we can verify that

> BQYX)dy(Z2)d2XY) 4 D fi(V)d(X)d(2)du(X)dr(Y)
ptg+s=n i+l+t+utk=n
=&Y, X)ZXY.

Therefore, from equation (1) it follows that

EN X, YVVZY X +6,(Y,X)ZXY = 0.



44 Mohammad Ashraf, Nazia Parveen, Bilal Ahmad Wani

Using the property &, (Y, X) = —£,(X,Y), we have

0=E6,(X,Y)ZYX — £,(X,Y)ZXY
=& (X, Y)Z(XY — Y X)
=6,(X,Y)Z[X,Y]. O

Theorem 1. Let 2 be a triangular algebra consisting of A,B and M. Suppose
that A and B are prime algebras and £ is an admissible Lie ideal of . Then each
GJHD of £ into 2 is a GHD of £ into .

Proof. Use induction on n. Since £,(X,Y) = 0 for n = 0, we may assume that
&(X,Y) =0 for all kK < n. By Lemma 7

(X, Y)ZIX,Y] =0 (2)
for all X,Y,Z € £.

(a1 mq (a2 ma2 _ (a3 Mm3
AssumeX-(O b1>’Y_<O b2>’2_<0 bg)andX,KZeS.
Then

o= (4 3)

for some mg € M’. Suppose that

gna (X; Y) gnm (X7 Y)
e = (G )

where £,0(X,Y) € A, & (X,Y) € M, (X, Y) € B. Then (2) can be written as

(G ) (5 W) (5 uly) =o

This implies that

(gm(X, Yaslar,as]  Ena(X,Y)azmo + (§na(X,Y)ms + & (X, Y)bs) [by, b2]> 0

0 Enb(X,Y)b3[by, b2
This gives
gna(X7 Y)a3[a1,a2] = 07 (3)
Enp(X,Y)b3[b1,b2] =0 (4)
and
gna(X; Y)&gmo + (fna(Xa Y)m?) + gnm(Xy Y)b3)[b17 b2] =0 (5)

for all X,Y € £ and mp € M’. Using (3) and Lemma 3, either £,,(X,Y) =0 for
all X, Y € Lor [a},ab] =0 forall aj,a) € £4. Thus £,,(X,Y) =0forall X, Y € £
by Lemma 4. Similarly, &,,(X,Y) =0 for all X,Y € £. Thus (5) becomes

gnm(Xa Y)b3 [bh b2] =0
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for all X,Y € £.
We can write above relation as

Enm(ar, ag, by, by, my, ma)bs[by, ba] = 0. (6)

By the assumption, we assume that the action of each b3 # 0 in £5 on each
m € M is nontrivial. Also by Lemma 4, there exist b,0;, € £p such that
[b7,b5] # 0. Since £p is prime ideal, it follows from (6) that

fnm(a17a27bll7bl27m17m2) =0 (7)

for all ai,as € £4 and m1, ms € M’.
Replacing by by by + b] in (6) we get

Enm (a1, az, b, ba, m1, ma)bs (b1, ba] + Enm(ar, az, by, ba, my, ma)bs by, ba] =0 (8)

for all ay,az € £4, b1,b2,b3 € £5 and mq,me € M’. Replace by by ba + b5 in the
above equation. Then

Enm(ala az, b17 b27 my, mZ)b3 [blla bIZ] + §7L7n(ala az, bla bl2’ my, m2)b3[b,17 b2]

+ Enm (a1, az, by, ba, my, ma)bs[by, bS] + Enm (a1, az, b, b5, my, ma)bs by, ba] = 0
9)

for all aj,az € £4 , by,ba,b3 € £ and mq,my € M’. Replace b; by b} (9) and
using (7) we obtain &, (a1, ag, b}, ba, m1, ma)bs[b], bs] = 0, which gives

fnm(a17a27bll7b27m17m2) =0 (10)

for all a,a9 € £4 , be,b3 € £5 and my,my € M’. Again replace bs by b, in (8)
and use (7) to get

gnm(alva%blvbéam17m2)b3[b/17bl2] =0
for all aj,as € £4 , b1,b3 € £5 and my, my € M’. Hence,
fnm(alaa%blabévmth) =0 (11)

for all a1,as € £4 , b1 € £5 and my,me € M’. Combining (7), (10) and (11), (9)
we get
Enm (a1, az, b1, by, my, ma)bs[by, b5] =0

for all ai,as € £4 , b1,b2,b3 € £5 and mq,me € M’. So
Enm(ai, az,by,ba, my,ma) =0

for all aj,as € £4, b1,bs, € £5 and my,ms € M’. That is £,,,(X,Y) = 0 for all
X,Y € £ Thus,

gna(Xy Y) fnm(Xy Y)
X ¥) = ( 0 Enb(va)) =0

for all X,Y € £. This completes the proof of our theorem. O
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3 Generalized Jordan triple higher derivations on £

In a recent paper, Y.S. Jung [15] improved a result due to Jing and Lu [14, Theo-
rem 3.5] for generalized Jordan triple derivations to generalized Jordan triple higher
derivations and established that if R is a 2-torsion-free prime ring then every gen-
eralized Jordan triple higher derivation on R is a generalized higher derivation. In
the previous section, we have seen that each GJHD on an admissible Lie ideal of a
triangular algebra is a GHD. In this section, we extend the result mentioned above
for triangular algebras, which is a generalization of Han’s result (see for ref. [12]).

Let F' = {f}nen be a GITHD with associated JTHD D = {d, } nen of £ into 2.
Define

(XY, Z) = fo(XYZ) = > filX dy(Z)

i+j+k=n

for each fixed n € N and for all X, Y, Z € £. Note that p,(X,Y, Z) is additive in all
arguments. It is straightforward to see that p,(X,Y, X) = 0. Given X,Y,Z € £,
pw [X,Y, Z]=XYZ - ZYX.

Lemma 8. Let 2 be a triangular algebra. For all X,Y,Z € £ and n € N, we have

WXYZ+2YX)= Y [(X)d;(V)d(Z)+ D fi(Z2)di(Y)di(X).

i+j+k=n i+jtk=n
Proof. This follows immediately from the relation p, (X + Z,Y, X + Z)=0. O
Lemma 9. For all X,Y,Z € £ and n € N, we have p,(X,Y,Z) = —p,(Z,Y, X).
Proof. Easily follows from Lemma 8. O

The proof of the following lemma can be seen in [8].

Lemma 10 ([8], Lemma 2.4). Assume that R is a prime ring of characteristic
other than 2 and L ¢ Z(R). Then there exist a,b,c € L such that [a,b,c] # 0.

Now we prove the following lemma.

Lemma 11. Forn € N, if p,(X,Y,Z) =0 for all k <n and X,Y,Z € £. Then
pu(X,Y. Z)PIX,Y, 2] = 0
for all X,Y,Z,P € £.
Proof. We assume that F'is a GJTHD from £ into 2. Take XY, Z, P € £ and put
n=XYZPZYX +ZYXPXYZ = (XYZ)P(ZYX)+ (ZYX)P(XYZ).
Then

2y =24 XYZPZYX + ZYXPXYZ) = X(4Y(4ZP2)Y)X + Z(4Y (4XPX)Y)Z
= (4XYZ)P(4ZYX) + (4ZY X)P(4XY Z),
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where AZPZ,4Y (4ZPZ)Y ,4XPX,4Y (4XPX)Y,4XY Z,4ZY X are in £. Since
2l is a triangular algebra consisting of 2-torsion free algebras A, B and a 2-torsion
free module M, the relations which will be obtained in the first part remain valid.
By definition of GJTHD we have

fu) = fo(X(YZPZY)X + Z(YXPXY)Z)
= Y (fi(X)d;(YZPZY)dp(X) + fi(Z)d;(Y XPXY)dy(Z))

i+jtk=n
= Z filx (2)dy(P)dy(Z)du (Y )dr(X)
+ Z fi(z (X)dp(P)dy(X)du(Y)dr(2)

v=n

where v =i+Il+s+p+qg+u+k.
On the other hand we have

Fa(n) = Fa((XY Z)P(ZY X) + (2Y X)P(XY Z))
- ¥ (fa(XYZ)dB(P)dW(ZYX)+fa(ZYX)dﬁ(P)dV(XYZ)>.

a+p+y=n

Equalizing the above two expressions, we obtain

Z fa(XYZ)dﬂ(P)dv(ZYX)_Z fi(X)dl(Y)ds(Z)dp(P)dq(Z)du(Y)dk(X)
a+pB+y=n =

+ 3 FZYX)ds(P) (XY 2) =Y Fi(Z2)du(Y)dy(X)dyp(P)dy(X)du (Y )di(Z) = 0.
a+pB+y=n =

Initially we calculate the first installment using the hypothesis p, (X,Y, Z) = 0 for
all k£ < n, we get

> fu(XYZ)ds(P)dy(ZY X)

a+pB+y=n
=XYZ > ds(P)d,(ZYX)+ > fi(X di(2) Y. ds(P)d,(ZYX)
B+y=n i+j+k=1 B+y=n—1
+ Y (X)) (V)de(Z) > da(P)dy(ZYX) +
i+j+k=2 B+y=n—2
+ > L(X)d(YV)d(Z) Y dg(P)dy(ZY X)
it+j+k=n—1 BH+v=1

+ f(XYZ)PZY X .
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Also we have
Z fi(X)di(Y)ds(Z)dp(P)dg(Z)du(Y)dr(X)

=XYZ > dp(P)dg(Z)du(Y)dr(X)

ptgtutk=n
+ Y AEXAMA(2Z) Y dp(P)dg(2)du(Y)di(X)
i+l+s=1 p+gt+ut+k=n—1
4 Y LX)d(Y)d(Z2)PZYX.
1+l+s=n

Calculating the difference between the first two installments, we get

Y fa(XYZ)ds(P)d,(ZY X) Z fi(X (Z)dy(P)dy(Z)dy (Y )dy(X)
a+B+y=n

= W(XYZ)PZYX = Y f((X)d(Y)dy(Z)PZY X
i+l+s=n
= pn(X,Y, Z)PZY X .

With entirely analogous reasoning, we can verify that

Y falZYX)dg(P)dL (XY Z) =Y fi(W)di(Y)ds(X)dy(P)dg(X)du(Y)d1(Z)
a+p+y=n v=n
= pn(2,Y,X)PXY Z.

Therefore by combining, we have
(X, Y, Z)PZY X + pp(Z,Y,X)PXY Z = 0.
Using Lemma 9, we get
m (XY, Z)P[X,Y, Z] =0.
Hence the proof is the same. O

Lemma 12. Let A be a triangular algebra consisting of A, B and M. Suppose
that A and B are prime algebras and £ is an admissible Lie ideal of 2. Then
on (X, Y, Z)=0 for all XY, Z € £.

Proof. Use induction on n. Since po(X,Y,Z) = 0 for n = 0, we may assume that
pr(X,Y,Z)=0for all X,Y,Z € £ and k < n. By Lemma 11

pu(X,Y, Z)PAIX,Y, 2] = 0 (12)

forall X,Y,Z, P e U. Let

(a1 ™y _ (a2 M2 _ (a3 Mms3 a4 My
x=(5 5 =5 ) 2=(5 ) = (00
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Then

. 4[@1,@2,@3] 4m0 :
4X,Y, 7] = ( 0 4[517527193]) ’

for some 4mg € M’. Assume that

o pna(XaKZ) pnm(XaKZ)
pn(X,KZ)—< 0 (X, Y, Z) )

where pno(X,Y,Z) € A, pon(X,Y,Z) € M, pnp(X,Y,Z) € B. Then (12) can be
written as

Pna(X, Y, Z) ppm (XY, 2)\ (as myg) (4|a1, a2, as3] 4mg -0
0 (XY, Z) 0 by 0 4[b1,b2,b4])

This gives,

Pna(X, Y, Z)asdar, az,a3] =0, (13)
pnb(Xaxz)b44[b1ab2ab3] = 07 (14)
pna(Xa K Z)a44m0 + (pna(X7 Y7 Z)m4 + pnm(Xa }/a Z)b4)4[b1, b2a bB] =0 (15)

for all X,Y,Z,P € £ and mg € M’. Using (13) and Lemma 3, either
Pna(X,Y,Z)=0for all X|Y,Z € £ or [a},a},a}] =0 for all af,af,as € £4. Thus
Pna(X,Y,Z) =0 for all X,Y,Z € £ by Lemma 10. Similarly, p,,(X,Y, Z) = 0 for
all X,Y,Z € £. Thus (15) becomes

Prm (X, Y, Z)by[b1,bo,b3] = 0
for all X,Y,Z € £ and by € £, or we can write it as
pnm(aha27a37blab2ab3am17m2am3)b4[b1?b2’b3] =0 (16)

for all ay,as,a3 € £4, b1,ba,b3,b4 € £, m1,mo, m3 € M’. By Lemma 10, there
exists b}, b5, b5 € £p such that [b], b, b5] # 0. which gives

pnm(aha27a37b/1ab/23b£’,7m1am27m3) =0 (17)

for all a1, az, a3 € £4 and my, ma, mg € M’. Replacing by by by +b] in (16) we get

prm (a1, asz, as, by, ba, bg, my, ma, m3)ba[by, ba, b]
+ an(ala ag, asz, blu b27 b37m17m27m3)b4[b/17 b27 b5] =0 (18)

for all aj,as,a3 € £4, by,bs,b3,bs € £5 and my, ma, m3 € M’. Replacing by by
by + b in (18)

an(ala az, a37b1a b27 b3am17m2a m3)b4[b/1a /2a b3]
+ pnm(a17a27a37 blv bl27b37 mi,ma, m3)b4[bl17b27 bd]
+ an(al>a2>a37 bll, b/27b3; mi,ma, m3)b4[b17b2a b3]

+ an(ala az, as, blla b2a b3am17m2’m3)b4[b1’ b/2’ b3] =0 (19)



50 Mohammad Ashraf, Nazia Parveen, Bilal Ahmad Wani

for all aj,as,a3 € £4, by,ba,b3,bs € £5 and my, ma, m3 € M’. Replacing bz by
bs + b5 in (19) we get

/ / /
an(al, as, a37b1a b2a b37m1,m23m3)b4[b13 b27 b3]
/ /
+ an(alya27a37 b17 b27b37 miy,ma,ms b4

/ / /
+pnm(a17a27a37b17b27b3;m17m2;m3 b4b b2)b3

/ / /
+ pam(ar, az, as, by, ba, bs, m1,maz, m3)bya|by, ba, b3
/

)ba b}
)bal
+ pnm (a1, az, as, by, ba, by, my, ma, ms3)byalby, by, bs
)bal
)bal

(
+an(a a27a37b17bl27b37m17m2)m3 b4 b17b2?b
+p’nm(al7a‘27a37b17b27b3)m17m2)m3)b4[b17b2’b3
+ pnm(alaa27a37b17b27b37m17m27m3)b4[b17bl27bé] =0 (20)

for all ay,as,a3 € L£4, b1,be,by € £ and my, ma, m3 € M’. Replacing b; by b}
in (20) and using (17) we obtain

2an(a1,a2,a37 bllv b27béa mi,ma, m&)b4[bl17b/27 bé] =0 (21)

for all a1, as,a3 € L4, ba, by € £5 and my, my, mg € M’. Again replacing by by b
and b3 by b} in (18) and using (17) we obtain

pnm(alua2aa33b1a6127b{37m17m27m3)b4[bll7 I27b/3] =0
for all ai,as,a3 € £4, b1,bs € L5 and m1, mo, m3 € M’. Hence,
pnm(alaa23a3ab17bl27bévmlam27m3) =0 (22)

for all a1, aq9,a3 € £4, by € £ and my,ma, m3 € M’. Combining (20)—(22), we
obtain
pnm(alya27a37b17b2ab37m17m2’m3)b4[ ] /27b£’>] =

which implies that

prnm(a1,az,as, by, ba, by, mi, ma,m3) =0
for all ai,as,a3 € £4, b1,by € L5 and mq, mo, m3 € M’. Similarly we get,

Pnm (a1, az,az, by, by, bz, my,ma, mz) =0 (23)
for all ai,as,a3 € £4, b1,bs € £5 and mq, ma, m3 € M’. We can also have

Prm (a1, az,az, by, ba, bz, my,ma, mz) =0 (24)

for all ai,a2,a3 € EA, bg,b3 € £4 and mi, Mo, M3 € M'. Take (23) and (24)
into (19), we have

pnm(ala a27 a37 bla an b37m17m27m3)b4[b/1? b/27 b3] = O (25)

for all aj,as,a3 € £4, b1,ba,b3,bs € £5 and m1, ma, m3 € M’. Replacing b3 by
bs + b5 in (25), we obtain

Prm (@1, a2, az, by, by, by, m1, ma, m3)by[b, by, bs] =0
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for all ai,as,as € L4, b1,ba, b3, by € L5 and my, ma, ms € M’. This implies

an(ah a2, as, bla b23 b?nml; m27m3) =0

for all X,Y,Z € £. Thus we have

o pna(XaKZ) an(X,Y;Z) _
pn(X,Y,Z) - < 0 pnb(va'?Z) =0

for all X,Y,Z € £.

O

Theorem 2. Let 2 be a triangular algebra consisting of A,B and M. Suppose
that A and B are prime algebras and £ is an admissible Lie ideal of 2. Then each
GJTHD of £ into 2 is a GHD of £ into 2.

Proof. We assume by induction fi(XY)= > fi(X)d;(Y) for all X,Y € £ and

k < n. Suppose x = X(YPX)Y =

i+j=Fk

12, we have

fn(x) =

PX(YPX)Y) = Y fi(X)d;(YPX)dy(Y)
i+j+k=n

Yo HX) YD dY)dm(P)ds(X)di(Y)

i+j+k=n l+m—+s=j

Yo filX)d(Y)dn(P)dy(X)dr(Y)

1+l+m+s+k=n

=XV Y dn(P)(X)d(Y)

m+s+k=n

Y A0 Y du(P)d(X)di(Y)

i+l=1 m+s+k=n—1

+ 3 HX)AY) D dn(P)de(X)di(Y) + -

1+1=2 m-+s+k=n—2

+ > HXAY) D dn(P)dy(X + > fiX

i+l=n—1 m+s+k=1 1+l=n

On the other hand, we get

fal) =

fa(XY = Y filXY)d;(P)d(XY)

i+j+k=n

= fo(XY)PXY + fo 1(XY) Y di(P)dr(XY)

j+k=1
+ fu2(XY) Zd Vdp(XY) 4 - + fo(XY) Z d;(
Jj+k=2 Jjtk=n—-2

+ f1(XY) Z d;(P)dy(XY) + XY Z d;(P)d(XY).
Jjt+k=n—1 jt+k=n

(XY)P(XY) for all X, Y, P € £. Using Lemma

Y)PXY.

P)d(XY)
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Comparing the above two equations, we get

f(XY)PXY = > £(X)d(Y)PXY =0.
i+l=n

This can also be written as

(fn xY) - Y fix ))PXY =0 (26)

i+l=n

for all X,Y,P € £.

We define T,,(X,Y) = f(XY) — > fi(X)d;(Y) and assume
i+l=n

Tna (Xa Y) Tnm (X7 Y)
To(X,Y) = < 0 T (X, Y)>

where T, (X,Y) € A, T (X,Y) € M and T,3(X,Y) € B. So (26) can be
written as

Yo (X,Y)PXY =0

for all X, Y, P € £. Then by similar induction as used in Theorem 1 we claim that
T,.(X,Y) = 0. The proof is complete in this case. O
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