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Existence of solutions for a coupled system with
¢-Laplacian operators and nonlinear coupled boundary
conditions

Konan Charles Etienne Goli, Assohoun Adjé

Abstract. We study the existence of solutions of the system

(¢1 (ull (t)))/ = fl (ta U1 (t)v U2 (t)7 ull (t)v ué(t))v a.e. te [07 T]7
(P2(ua(t))) = fat,ua(t), u2(t), ui(t), ua(t)),  ae. t€[0,T],
submitted to nonlinear coupled boundary conditions on [0,7] where
¢1,P2: (—a,a) — R, with 0 < a < 400, are two increasing homeomor-
phisms such that ¢1(0) = ¢2(0) =0, and f; : [0,7] x R* = R, i € {1,2} are
two L'-Carathéodory functions. Using some new conditions and Schauder

fixed point Theorem, we obtain solvability result.

1 Introduction
The aim of this paper is to study the existence of solutions for the quasilinear
system of differential equations

{(¢1(u’1(t)))' = fit,ua (1), ua(t), uy(t),up(t)),  ae. t€[0,7], (1)
(¢2(u/2(t)))l = f2(ta ul(t)7UQ(t)>ul1(t)7u/2(t))’ a.e. t € [07T]7

under nonlinear coupled boundary conditions

{g(u1(0)7UQ(O)vull(O)vu/Q(O)vu/l (T),u5(T)) = (0,0) @)
(ur (1), u2(T)) = h(u1(0), u2(0)),

where g: RS — R? and h: R? — R? are two continuous functions, f;: [0, 7] x R* —

R, i € {1,2} are two L'-Carathéodory functions, and ¢1,ds: (—a,a) — R, with

0 < a < 400, are two increasing homeomorphisms such that ¢1(0) = ¢2(0) = 0.
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The study of system (1)—(2) was justified by the applications of the nonlinear
differential equations with singular ¢-Laplacian operator to the areas of mechanics
and physics (see [4], [5]).

In 2015, Naseer Ahmad Asif and Imran Talib studied in [1], problem (1)—(2),
for f;, i € {1,2} continuous and ¢ (z) = ¢o(z) = x, Vo € R. They proved under
some monotony conditions upon ¢ and h, an existence result using a new concept
of coupled lower and upper solutions.

The concept of coupled lower and upper solutions was used by several authors
(see [2], [6], [7], [8])-

In our study, we use some new conditions given only on the boundary condi-
tions. These new conditions allow us to construct two coupled of ordered functions
which do not check necessarily the definitions of lower and upper solutions, but
which makes it possible to obtain a solution located between them. In addition
monotonicity of g and A are not required.

After introducing notations and preliminaries in section 2, we prove in section 3,
existence of solutions of the problem (1)—(2) using a new conditions.

In section 4, we give an example of application of this new result.

2 Notations and preliminaries
We denote:

e (-,-) the usual inner product in R?

| - II, the Euclidian norm of R?

{e1, €2} the canonical basis of R?

(z,9), (a,0) €R?, (z,y) < (a,b) f x <aand y <b

(z,9), (a,0) €R?, (2,y) = (a,b) if 2 > aand y > b

C = C([0,T]), the Banach space of continuous functions on [0, 7]

lullc = ||ulleo = max{|u(t)|;t € [0,T]}, the norm of C

C' = C1(]0,T]), the Banach space of continuous functions on [0, 7] having
continuous first derivative on [0, 7]

l|lullcr = ||u|lc + ||v'||c, the norm of C!

||(’LL1,U2)||01><01 = HU1||01 + ||’U,2||Cl, the norm of C* x C!

AC = AC([0,T]), the set of absolutely continuous functions on [0, T

L' = L'(0,T), the Banach space of functions Lebesgue integrable on [0, T’

|- ||z1, the norm of L!

B,, the corresponding open ball of C'' x C' of center 0 and radius r

e For u = (u1,us2) € C x C, Vvt € [0,T], fot u(s)ds = (f(f ul(s)ds,fot us(s)ds)
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Definition 1. (uj,uz) € C!' x C! is a solution of problem (1)-(2) if ||u}]lec < a,
lublloo < a, (P10 uf, d2 o uh) € AC x AC and satisfies (1)—(2).

Definition 2. f:[0,7] x R* — R is L!'-Carathéodory if:
1. f(-,21,72,9y1,92) : [0,T] = R is measurable for all (z1, 2, y1,y2) € R?;
2. f(t,,--,-) : R* = R is continuous for a.e. t € [0,T);
3. For each compact set A C R* there is a function p 4 € L' such that
|f(t z1, 22,91, y2)] < palt)

for a.e. t €[0,7T] and all (x1,z2,y1,¥2) € A.

3 Existence result
Theorem 1. Assume that there exist (a1, as), (81, 02) € C x C such that

az(O) < 52(0), and az(T) < ﬂl(T), Vi € {172},

max{|6i(T) — a;(0)]; | (T) — ﬂz(0)|} <aT, Vied{l,2},

g(a1(0), t,w,z,y,2) > (0,0), Y(t,w,z,vy,2) € [az(0), B2(0)] x [~a,a]*,
g(t,aa(0),w,z,y,2) > (0,0), Y(t,w,z,vy,2) € [a1(0), 51(0)] x [~a,a]*,
9(B1(0), t,w, z,y,2) < (0,0),  V(t,w,z,y,2) € [az(0), f2(0)] x [~a,a]*,
g(t, B2(0),w, x,y,2) < (0,0), Y(t,w,z,y,2) € [a1(0), B1(0)] x [~a,a]?,
(a1(T), a2(T)) — h(z,y) < (0,0), V(z,y) € [a1(0), 1(0)] x [a2(0), B2(0)]

(BL(T), B2(T)) = h(z,y) = (0,0) V(z,y) € [21(0), f1(0)] x [a2(0), B2(0)].
Then the problem (1)—(2) admits at least one solution (uy,us), with

a;(0) — at < u;(t) < B;(0) +at, Viel0,T] foreach i€ {1,2}.

Consider the functions v;: [0,7] x R — R, ¢ € {1, 2}, given by
i (t, ) = max{a;(0) — at, min{z, 3;(0) + at} }.
Let us define the functions ¥;,60,: R — R i € {1,2} by
Ui(x) = max{a;(0), min{z, ;(0)}} and 6;(z) = max{a;(T), min{z, 5;(T)}}
Consider §: R — R and F: C' x C' — L' x L! defined by

§(z) = max{—a, min{z,a}}
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and V(u1,us) € C' x C! and a.e. t € [0, 7],

Fuy, ug)(t) = (f1(t,v1(t, ui (1)), vt ua(t)), 6(ui (1)), 6(us())),
fa(t, 71(t7ul(t))372(tvu2(t))a6(“1(0)75(11’/2(75)))) :

Let A,B:C! x C! — R? given by

-A(ulv u2) = (791 (ul (O) + <g (ul (0)7 Uz (0)’ ull (0)’ u/2 (0)7 ull (T)v u/2 (T)) ’ €1>) ’

92 (u2(0) + (90100, 120), 04 0), 5 00, (), (7)) )
and

Blan.a) = (1 (D) + 5(h0r0), (0], e0)).

92(%1@@) + ;<h(u1(0),u2(0)),62>>> .

A and B are bounded and continuous in C* x C*.
Let ¢ defined from (—a,a) X (—a,a) onto R x R by

(21, 2) = (¢1(21), Pa(w2))-

¢ is an homeomorphism from (—a,a) X (—a,a) onto R x R and

Yy, y2) €ER?, o7 (yr,y2) = (87 (11), 63 (12))-

With the previous notations, we consider the modified problem

(p(uf (), uh(1))) = Flui,u2)(t),  ae. te[0,T],
(u1(0),u2(0)) = A(u1, u2), (3)
(ur(T),u2(T)) = B(u1, u2).

A solution of problem (3) is a couple of functions (u1,u2) € C' x C! such that
4] lloe < a, ||ub]lco < @, (¢1 0 ul, do o uh) € AC x AC, and satisfies (3).

Lemma 1. For each (k,q) € C x (—aT,aT), Vi € {1,2}, there exists a unique
b, = Xy, (k, q) such that

T
/0 o7 k(1) — b)) dt = g.

Moreover, the function ¥4,: C x (—aT,aT) — R is continuous, and, for each fixed
q € (—aT,aT), £4,(-,q) takes bounded sets of C into bounded sets of R.

Proof. See [3] proof of Lemma 1. O
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Lemma 2. For every (vi,v2) € C! x C! there exists a unique (7,,,7,,) € R x R
such that

/OT(¢—1 [(Toys Tos) + /Ot F(v1,v2)(8) ds]) dt = B(vy,v2) — A(vy,v9).

Proof. Tt is an easy consequence of Lemma 1. In fact, Vi € {1, 2}, let

t
ki(t) :/ (F(v1,v2)(8),e;)ds
0
and ¢; = (B(vi,v2) — A(vy,v2),€;). We have, Vi € {1,2}, k; € C and
il < [(B(v1,v2) — A(vy, v2), €3)] < max{|5;(T) — ;(0)]; |oi(T) = Bi(0)|} < aT.
By Lemma (1), we get the existence of (7,,, 7o, )- O

Lemma 3. Any solution (uy,uz) of (3) is such that o;(0) —at < u;(t) < 3;(0) + at,
Vt € [0,T] and for each i € {1,2}.

Proof. Let (u1,uz2) be a solution of (3). By definition of the boundary conditions,
we have

a;(0) <u;(0) < 3;(0) and «;(T) <w(T) < Bi(T) Vie{l, 2} (4)
As [[uh]leo < @ and [lupfloc < @, we have
u;(0) — at < w;(t) < u;(0) + at, Vt € [0,T] and for each ¢ € {1,2}. (5)

Therefore, by (4) and (5), we have «;(0) — at < u;(t) < 8;(0) + at, Vt € [0,T] and
for each i € {1, 2}. O

Lemma 4. If (u1,u2) is a solution of (3) then
9(u1(0),u2(0), 4 (0), u5(0), vy (T), us(T)) = (0,0)

and

(ur(T), u2(T)) = h(u1(0), u2(0)) = (0,0).

Proof. Let (u1,uz2) be a solution of problem (3).
Step 1: (u1(T),u2(T)) — h(u1(0),u2(0)) = (0,0).
Suppose that for some j € {1, 2},

B(T) < gy (T) + 5 (b (0),u2(0)), ).

Then
us(7) = 05 (5us (1) + 5 (R (0),u2(0)), ;) ) = 55(T). (6)
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Therefore we obtain the contradiction

0=

»

(T) — u;(T)

< S (h(un(0), ua(0)), €5) + =1y (T) — uy (T)

2
(h(u (0), u2(0)), €5) —

58;(T) < 0.

<
- 2

N = N

It follows that

(81(T), 5o(T)) > 3 (1a(T), us(T)) + (w1 (0), us(0). (7)

N |

Suppose that for some j € {1, 2},
1 1
O[j(T) > guj(T) + §<h(u1(0),u2(0)), €j>.
Then

0y (1) = 0, (Guy(0) + 5 (W (0), wx(0)), 5 )) = (D).

Therefore we obtain the contradiction

> %<h(u1(0) u(0)),e;5) + %UJ(T) u;(T)
> 2 (h(us(0), u2(0)) ¢5) — 0y (T) > 0
It follows that
(1 (T), 2(T)) < %(ul(T)mg(T)) + %h(u1(0)7u2(0)) . (8)

(7) and (8) show that

Therefore (uy(T), uz(T)) — h(u1(0),u2(0)) = (0,0).
Step 2: g(u1(0), u2(0), uf(0),u4(0), w) (T),u4(T)) = (0,0).
Suppose that for some j € {1,2}

B;(0) < u;j(0) + (g(u1(0), u2(0), u; (0),u5(0), uy (T), u5(T)), e;)-
Then

Therefore we obtain the contradiction

0= 41(0) —u1(0) < (g(81(0), u2(0), 44 (0), w(0), w} (T), ws(T)) e1 ) < 0.
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0 = 32(0) = uz(0) < (g(u1(0). 52(0), w4 (0), w(0), wi (), ws(T)) ez ) < 0.
It follows that
(Bl (O)’ ﬂ2(0)) 2 (u1(0)7 UQ(O)) + g(ul (O)v u2(0)7 ull (0)7 ul2(0)7 ull (T)7 UIQ(T)) : (9)
Suppose that for some j € {1,2},

0;(0) > u;(0) + (g1 (0), u2(0), w4 (0), w4 (0), wh (T), (1))  €; ).
Then
;(0) = (145 (0) + (g(un (0), u2(0), 4 (0), uh(0), wh (T), w4(T)) €5 ) ) = ;(0).

(10)
Therefore we obtain the contradiction

0= a1(0) = ua(0) > g(01(0), u2(0), uf (0), u(0), w4 (T), u(T)) €1 ) = 0.
0 = a2(0) = us(0) > (g(u1(0),22(0), 4 (0), u5(0), v (T), up(T) ) 2 ) > 0.
It follows that
(01(0), @2(0)) < (ua(0), u2(0)) + g (ur 0), w2 (0). ] (0), w5 0), v (T), u (7). (11)
(9) and (11) show that
(1(0), 2(0)) = (111(0), u2(0) + (11 (0). u2(0), 4, (0), u(0), i (7). w(T)).

Therefore
9(u1(0),u2(0), u(0), u5(0), wy (1), u5(T)) = (0,0).

Proof. [Proof of Theorem 1] Let © : C! x C!' — C! x C* defined by

S

O(u1,u2)(t) = A(u17u2)+/0t ot [(Tu1,7u2)+/0 F(ug,u9)(x) dx} ds, Vtelo,T],

where (7y,, Tu,) is the value associated to (u1,u2) in Lemma 2. We can see that
problem (3) is equivalent to the fixed point problem (uj,us) = O(uq,usg).

Using Lemma 1, Lemma 2 and Arzeld-Ascoli’s Theorem, we can see that © is
completely continuous. Moreover, for all (uy,us) in C* x C!, we have

1©(u1, uz)llorxer < max{las oo, 18110 } + max{laz]loc; [182/loc } +2a(1+T).

By a straightforward application of Schauder fixed point Theorem and the proper-
ties of the degree, © has a fixed point (Uy,Uz) on B, with

> max{ ]|, (181 loe } + mac{ s, [ Ball oo} + 20(1 +T)

Consequently (U, Us) is a solution of (3). Therefore, using Lemmas 3 and 4,
(U1, Us) is also a solution of problem (1)—(2). O
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Remark 1. The approach used in this paper can be:
e generalized to n equations n > 3;

e used when we have only one equation.

4 Example
Consider the system
wi® ' _ max{0,ui(t)} 2w .
(\/1—<1u;(t>)2) == () + G Vi for a.e. ¢ € [0,1];
wp®) ) _ 3 ws(t) | s .
(m) = (w1 (t))” + f/z) + sin(uf (t)) —ev2® for a.e. t € [0,1];

un (0)u2(0) (14 (0) -+ (0) + i (1) + (1) — 4),
(

1 (0)ua(0)(14(0) = 5(0) ~ (1) + (1) ~ 1) ) = (0.0
(ul(l),ug(l)) = (ul(O),uz(O))

(12)

Wehave a=1,T =1, ¢1(z) = ﬁ, do(x) = \/%m’

max{0, 1} 2, —lyl
T—F(J)) +27\/£—\/i,

x . f
folt,z1, 20, y1,92) = (21)° + \72]5 + sin(y1) — €2,

fi(t,zy, 2,91, y2) =

g(u,v,w, x,y,2z) = (uv(w+x+y+z—4),uv(w—x—y+z—4))
and

h('rvy) = (Jﬁ,y) )

where f;: [0,1] x R* — R, i € {1,2} are two L!-Carathéodory functions and
g: RS — R? and h: R? — R? are two continuous functions. Taking

a1 () = as(t) = 0 and By (£) = Ba(t) = % vt e [0,1],

we have

(a1,a2), (B1,82) € C x C,
;(0) < B;(0) and oy (T) < Bi(T), Vie {1,2},
max{|6:(T) — as(0)lo(T) ~ Gi(O)]} = 3 < 1=aT, Vie {12},
z) € [a2(0), 52(0)] x [~a,a]*,
g(t, a2(0), w,z,y,2) = (0,0), Y(t,w,z,y,2) € [a1(0),5(0)] x [~a,a]’,
9(51(0),t,w,2,9,2) < (0,0), V(b w,,,2) € [ax(0), 2(0)] * [a ],

g(al(0)7t’w)x7y7 Z) = (07 O)’ v(t)w7x7 y7
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g(t, B2(0),w,z,y,z) < (0,0), V(t,w,x,y,z) € [al(O),Bl(O)] x [~a,a)*,

(1(T), 02(T)) = h(z,y) < (0,0), V(z,y) € [21(0), B1(0)] x [@2(0), B2(0)]

and

(61 (T)7/62(T)) - h(m,y) Z (0’0)7 V(a?,y) € [al(o)wé)l(oﬂ X [QQ(O)aBQ(O)] .

By Theorem 1, we deduce existence of at least one solution of the system (12).
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