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Convolution of second order linear recursive
sequences |l.

Tamas Szakacs

Abstract. 'We continue the investigation of convolutions of second order
linear recursive sequences (see the first part in [1]). In this paper, we fo-
cus on the case when the characteristic polynomials of the sequences have
common root.

1 Introduction
The second order linear recursive sequence {G, }>2 is defined by the recursion

Gn=AGn_1+ BGp_s (n>2),

where the initial terms Gg,G; and the weights A, B are fixed real numbers with
|Go| + |G1] # 0 and AB # 0. Sometimes the following notation G,,(Go,G1, A, B)
is used, too. The polynomial

p(z) =2® — Az — B (1)
is known as the characteristic polynomial of the sequence {G,,}52 . If its discrim-
inant D = A% + 4B # 0 then the Binet formula of {G,,}2°, is

G1 — BGy G1 —aGo
G — n __ n
n a—g « a—3 B",

where «, § are the distinct roots of p(x).
If Gy = 0 and Gy = 1 then {G,}22 is known as Lucas sequence {R, }22, with
its Binet formula
- a” — Bn

Rn— a—ﬁ’

(2)
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’ Name \ Gn(Go,G1, A, B) \ Characteristic polynomial \ Gen. function

Fibonacci F,(0,1,1,1) p@) =22 -z 1 0@ = —=—,
Pell P,(0,1,2,1 p(r) =22 —-2r -1 g(x) = -
Jacobsthal Jn(0,1,1,2) px) =22 —z -2 9(@) = —s
Mersenne | M, (0,1,3,—2) p(x) =22 -3z +2 9(@) =
Lucas | L(2111) p@ = —c—1 | gl = 2oy
P-Lucas Pn(2,2,2,1) plr) =27 22 —1 g(z) = %
J-Lucss | ja(21,1,2) P = a2 | ) =
M-Lucas | mn(2,3,3,-2) plr) =27 —32+2 | g(a) = 1 205>

Table 1: Some famous sequences

while if Go = 2 and G; = A then the sequence is known as associated Lucas
sequence {V;,}°2, with its Binet formula

Vo =a" 4+ g™ (3)
It is known that the generating function of {G,,}22, is

Gy + (G1 — AGp)x
o) = 21 =A%) (1)

There are some well-known sequences, such as Fibonacci, Pell, Jacobsthal, Mer-
senne, and their associate sequences. The following table contains the initial terms,
characteristic polynomials and generating functions of these sequences.

In this paper, we consider the sequence {c(n)}52, given by the convolution of
two second order linear recursive sequences {G,, 52, and {H,,}22 ,:

C(TL) = Z Gan—k:a
k=0

where {G, }52, and {H,, }52, are Lucas or associated Lucas sequences (see (2) and
(3)) and the characteristic polynomials of the sequences have common root. We
mention that in [1], we have considered that case when the characteristic polyno-
mials have no common root. The applied methods for proofs require the separation
of the two cases when the characteristic polynomials have or do not have common
root. We open the door for generalization in case of arbitrary second or k-order
linear recursive sequences.

2 Results

At first, we consider the convolution of those sequences where the characteristic
polynomials have exactly one common root, after that, we deal with the case when
the characteristic polynomials have two common roots, that is, the characteristic
polynomials are the same ones. After each theorem, we give the exact forms for
the sequences contained in Table 1. In the following, we will use the notations:

b= (Al —Az)ﬁ‘FBl _BQa

5
d:(A27A1)5+B27B1, ()
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where bd # 0, p(z) = 2% — Ajz — By and q(x) = 22 — Ayx — By are the character-
istic polynomials of G,,(Go, G1, A1, B1) and H, (Hy, Hy, Az, Bs), respectively. We

suppose that p(a) = g(a) = 0, p(8) = 0, q(8) £ 0, while q(3) = 0, p(3) # 0, that
is, 8 and ¢ are distinct roots, while « is the common root.

2.1 The characteristic polynomials have exactly one common root

In the following theorem, we deal with the convolution of two different Lucas
sequences, that is, when the initial terms are 0, 1.

Theorem 1. The convolution of G, (0,1, Ay, By) and H,(0,1, A, By) is

n n B1+Bs—2a° n+la—9 n+la—p
a(n+1) 4 o =S — prittart —grti el

- (a=B)(@—3)
c(n) = Gan,k =
2 (a—B)(@—0)
Corollary 1. Using Theorem 1 the convolution of Jacobsthal and Mersenne num-

bers is:

- on + (2n — )M, — J,
c(n) = Z Jan_k = ( 6 ) .
k=0

In the following theorem, we deal with the convolution of a Lucas sequence and
an associated Lucas sequence, that is, when the initial terms are 0,1 and 2, As.

Theorem 2. The convolution of G,,(0,1, Ay, By) and H, (2, A, As, By) is

Z GrH,_y,
k=0

an(n + 1)(20[ _ AZ) +an Bé:gz _ 5n+1 (a_‘s)(gB—Az) _ 5n+1 (06—/8)(35_142)

(a—pB)(a—9)

Corollary 2. Using Theorem 2 the convolution of Jacobsthal and M-Lucas numbers
is:

c(n)

- 2n + (2n + 3)M,, + 5J,
C(Tl) = Z Jk'mn—k = ( 6) .
k=0
Corollary 3. Using Theorem 2 the convolution of Mersenne and J-Lucas numbers
is:

n

. 2n+ (2n — )M, + J,,

cln) = 3" My = 20 |
k=0

In the following theorem, we deal with the convolution of two different associ-
ated Lucas sequences, that is, when the initial terms are 2, A; and 2, A,.

Theorem 3. The convolution of G, (2, A1, A1, By) and H,(2, A3, A, Bs) is

~ Bl +BQ—|—2042
() = 2, Gulluci = (1) 0" (5505
28 — As 20— Ay

7ﬂn+1(a—ﬂ)(z41 ~ ) +0 (0= 0)(A, — Ay)"
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Corollary 4. Using Theorem 3 the convolution of J-Lucas and M-Lucas numbers
is:
. n+1+(n+2)M, +5J,
em) =3 G = 2 M 5,

k=0

2.2 The characteristic polynomials have two common roots

That is, p(z) = ¢(z) and so p(a) = ¢(a) = 0, p(8) = ¢(B8) = 0. In the following
theorem, we deal with the convolution of a Lucas sequence with itself, that is, the
initial terms are 0,1. Zhang in [5] has generalized this type of problem, now we
give different formulas.

Theorem 4. The convolution of R,,(0,1, Ay, By) with itself is

e(n) =3 RipRoy = ﬁ((n SOV, 2R,
k=0

where V,, is the associate sequence of R,,.
Corollary 5. Using Theorem 4 the convolution of Fibonacci numbers with themself:

1

e(n) =Y FuFoor = ¢ ((n F 1)L, — 2Fn+1).
k=0

Remark 1. The formula given by Zhang in [5] was the following.
1
> R = ((n “1)E, + 2nFn_1>, n>1.
a+b=n

It can be easily verifyed that the two formulas are the same ones using some well
known identities between the Fibonacci and Lucas numbers: 2F, ., = F,, + L,, and
L, = F,_1 + Fh11. S. Vajda in [6] on page 183 gave the same formula for the
convolution of Fibonacci numbers like us in Corollary 5.

In the following theorem, we deal with the convolution of a Lucas sequence and
its associated sequence, that is, the initial terms are 0,1 and 2, A;.

Theorem 5. The convolution of R, (0,1, Ay, By) and V,,(2, A1, A1, By) is

c(n) =Y RiVox = (n+1)Ry.

k=0
Corollary 6. Using Theorem 5 the convolution of Fibonacci and Lucas numbers is:
c(n) = FpLn = (n+1)F,.
k=0

Remark 2. The OEIS [3] contains the above sequence with id A099920.
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Corollary 7. Using Theorem 5 the convolution of Pell and P-Lucas numbers is:

c(n) = Zpkpn—k = (n+1)P,.
k=0

Corollary 8. Using Theorem 5 the convolution of Jacobsthal and J-Lucas numbers
is:
c(n) =Y Jejn-k = (n+1)J,.
k=0
Corollary 9. Using Theorem 5 the convolution of Mersenne and M-Lucas numbers
is:
c(n) =Y Mgmy_y = (n+ 1)M,.
k=0

Remark 3. The OEIS [3] contains the above sequence with id A058877.

In the following theorem, we deal with the convolution of an associated Lucas
sequence with itself, that is, the initial terms are 2, A;.

Theorem 6. The convolution of V,,(2, A1, A1, By) with itself is

c(n) = Z ViV = (Tl + 1)Vn + 2Rn+17
k=0

where V,, is the associate sequence of R,,.

Corollary 10. Using Theorem 6 the convolution of Lucas numbers with themself
is:

c(n) =Y LiLn—k = (n+ 1)Ly + 2F, 1.
k=0

Remark 4. In the paper of Zhang and He [4] Corollary 1 contains another formula
for the convolution of Lucas numbers with themself:

3 LiLy= %(2Ln+1 + (54 9)Ln).
at+b=n

It can be easily verifyed that the two formulas are the same ones using some well
known identities between the Fibonacci and Lucas numbers: L, 42 + L, = 5F,,+1
and Ly = Lyy1 + Ly. S. Vajda in [6] on page 183 gave the same formula for the
convolution of Lucas numbers like us in Corollary 10. The OEIS [3] contains this
sequence with id A099924.
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3 Proofs

In the following proofs, we use the method of partial-fraction decomposition, the
generating functions of second order linear recursive sequences and the idea used
by Griffiths and Bramham in [2], that is ¢(n) is the coefficient of z™ in

g(x)h(z) = Z Gpx™ - Z H, 2" = Z c(n)z™,

n=0 n=0 n=0

where g(z), h(z) are the generating functions of sequences {G,,}22, and {H,,}22,,
respectively. Furthermore the following well-known identity will be used through-
out the proofs.

1 e "
1 — oz Z(aiﬂ) , (0< |az| <1). (6)
n=0
We will use the identity
1 o0
A—ax)? > (n+1)(ax)", (0<|az| <1). (7)
n=0

too, which can be verified in the following way:

1 fla:c)Q - (a(l 1ax)>/ - (i i(a:”)n)/

n=0
1 [ee] 1 oo (o9}
n_n—1 n+1_n n
= — = — 1 = 1 .
" 7;:1 na"x 5 nE:O(n + D" ngzo(n + 1)(ax)

Proof of Theorem 1. The generating functions of the sequences G, (0,1, Ay, By)
and H, (0,1, Ay, By) follow from (4),

T T

9(z) = 7 — Ayx— Biz2 (1 —ax)(1 - Bx)

and
T T

T 1— Az — Boa? (1 —az)(1—dx)’

h(x)

where a, § and «, § are the roots of the characteristic polynomial of {G,,}52, and
{H,}22,, respectively. The generating functions can be written as (by the method
of partial-fraction decomposition)

1 1 1
g(x)_a—ﬁ<l—ax_1—ﬁx>

and

1 1 1
h(x):aé(lax_1§x>'
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From this it follows that
g(x)h(x)(a — B)(a —9)

B 11 11
“\l—-az 1-8x l—azr 1-96z

1 1 1 1
T (l-a2)? (I-az)(1-6x) (1-82)(1-ax) + (1 - Bz)(1 - bx)
1 o 9 B _a _B_ 8
_ o a—d a—0 o B—a + B—a + B—05 . B—9
l—az)? l—-ax 1-6x 1—-pz l—ar 1-—Px 1-6z
B1+By—2a? B(a—94) d(a—p)
_ 1 (@=0)(a—p)  (Ai—A)Bp+B1-Bs _ (A:-A1)8+B2—Bs
— ax — ax — px — 0T
1 2 1 1-8 1-9

Now using (6), (7) and the idea that c¢(n) is the coefficient of 2™ in g(z)h(x), we
get
—2a2 n — n oa—
a™(n+1) + on fileies  gniland _ gnilacd
(a—=p)(a=9)

c(n) =

O

The corollaries can be reached from Table 1 if we use the values of A1, By, As, Bs
and the Binet formula (2), e.g., the proof of Corollary 1:

Proof of Corollary 1. In this special case the sequences are G,, = J,,(0,1,1,2) and
H, = M,(0,1,3,—2) and we have

a=2,=-1, a=2,=1.
By (5), we get that

b =6,
d=-2.
Applying Theorem 1 and (2), we get the result by a simple calculation. O

Proof of Theorem 2. The generating functions of the sequences G, (0,1, Ay, By)
and H, (2, As, As, By) follow from (4),

(2) = T B T
9= 1—Ajz—Bix?2 (1—oax)(1 - pBz)
and 2—-A 2-A

h(z) i L e

T 1—Ayz— Bya? (1—az)(1—dx)’
where «, 8 and «,¢ are the roots of the characteristic polynomial of {G,}5%,

and {H,}22,, respectively. The generating functions could be written as (by the
method of partial-fraction decomposition)

1 1 1
g(x)_aﬂ(lax_lﬁx>
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and

h(z) =

1 <20{—A2 25—A2>

a—6\1l—axr 1-06z

From this it follows that
g(@)h(z)(a = B)(a —6) =

o 1 B 1 2@71427257142
S \l-—azx 1-pz 1—ax 1—6z

. 20&—142 _ 25—142 _ QCY_AQ + 25—142
S (1-ar)? (1-ax)(1-90z) (1-Br)(1—az) (1-PBx)(1-dx)
a(26—45)  8(26—As)  B(2a—As)  a(2a—Ay)  B(25—Ap)
_ 20-Ay TS =6 _Ba Ba P
(1 - ax)? 1—ax 1—dz 1—pz 1—azx 1—px
5(25—As)
_ B0
1—dzx
9 A B1—Bs Bla=8)(26—A2) 6(a—B)(20—As)
— a — A a—03 _ (AlfAz)ﬂ+BlfBz _ (A27A1)5+Bszl
(I-az)?2 1-—ax 1—px 1—dz

Now using (6), (7) and the idea that ¢(n) is the coefficient of z™ in g(x)h(z), we
get

an(n + 1)(20( _ Ag) +an Bli:ﬁBQ _ ﬂn+1 (Q*J)(iﬁ*Aﬁ _ gntl (04*5)((125*142)
(a=p)(a—19)

e(n) =

O

The corollaries can be reached from Table 1 if we use the values of A1, By, Az, By
and the Binet formula (2), e.g., the proof of Corollary 2:

Proof of Corollary 2. In this special case the sequences are G,, = J,,(0,1,1,2) and
H, =m,(2,3,3,—2) and we have

a=2,/=-1, a=2,=1.
By (5), we get that

b=6,
=-2.

Applying Theorem 2 and (2), the statement easily follows. O

Proof of Theorem 3. The generating functions of the sequences G, (2, A1, A1, B1)
and H, (2, As, Ay, Bs) follow from (4)

2714156 27141%

T 1- Az - B2 (1 - az)(1l - Bx)

g()
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and
2 — AQZL' 2 — AQI’
hz) = - ,
1—Ayx — Byz? (1 —ax)(l—dx)
where «, 8 and «,¢ are the roots of the characteristic polynomial of {G,}52,
and {H,}22 ,, respectively. The generating functions could be written as (by the

method of partial-fraction decomposition)

(x)_ 1 20[—A1 _25—141
g S a—-f\1-azx 1-px
and 1 2 A 20 — A
. a— Ay 20 — A

h(x)_aé(lozx 1§x>'

From this it follows that

_A —A —A 6—A
g(x)h(z) (o = B) (o —6) = (2104 m;l - 2157 5;) (21@ ax2 B 21 5x2>

(20— A2 — As) (20— Ap)(26 — Az)
B (1 - ax)? (1 —azx)(l-ix)
(28 -A1)(2a—Ay) | (28— A1)(20 — Az)
(1= pz)(1 - azx) (1= Bz)(1 - ox)
(2

a(2a Al) o— Az) 5(20{7141)(257,42)

_ (Ra—A)QRa—4y) =5 N ab
(1 - ax)? 1—043: 1-dz
ﬁ(Qﬁ—Al)(QOt—Ag) a(?ﬁ—Al)(Qa—AQ) /5(2[3—/—11)(26—.42) 5(2ﬁ—A1)(25—A2)
B B—a n B—a I B—45 B B—6
1— 5z 1—ax 1-—px 1-—o6x
o (20{ - Al)(2a - AQ) + Bl + BQ + 20{2
B (1— ax)? 1—ax

_ Bla=0)(26—As) | da—B)(20 — Ay
(1 —B.’L’)(Al —AQ) (1—(51‘)(141 —Ag)'

Now using (6), (7) and the idea that c¢(n) is the coefficient of z™ in g(x)h(zx), we
get

—_n nB1+BQ+20[2
c(n)=a"(n+1) +« CEBICED)
_ pn+l Zﬂ _A2 n—+1 20 — A1
e Ay Y e o)A Ay

We give the proof of Corollary 4.

Proof of Corollary 4. In this special case the sequences are G,, = j,,(2,1,1,2) and
H, =m,(2,3,3,—2) and

Applying Theorem 3 and (2), we get the result. O
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Proof of Theorem 4. By the help of generating function of R, (0,1, A1, B;) and the
method of partial-fraction decomposition, we get the following.

w0 = (=)

N ((1 —ax)(1 —ﬂx>>2 B <a—1ﬁ>2 (1 —1a:c 1 —1ﬁx>2

o ( 1 2 L1 )
S (a—-B2\(1-ar)?2 (1-az)(l-pz) (1-pA2)?2

o 1 = = 1
 (a—B)? (1—o¢x)2_l—aa:+1—ﬁx+(1—/8x)2 '

Now using (6), (7), (2), (3) and the idea that c(n) is the coefficient of 2™ in (g(z))?,
we get

1 ., L 2 . 28
(CEEE (a (n+1)—« a—6+6 a5
_ ﬁ (0 +1)Vo = 2Ry

c(n) = +A"(n+ 1))

O

Proof of Theorem 5. By the help of the generating function of R, (0,1, Ay, B1) and
Via(2, A1, A1, By), the method of partial-fraction decomposition and the Vieta’s
formula o + 8 = Ay, we get the following.

B T 2— Az
T 1—Ayz—Byz?2 1— Ajx— Bia?

o 1 1 2a—A, 28-A4,
(- p)? (1—043:_1—633)(1—0@ B 1—ﬁx>
1 20— A1 2a—A1+28-A1  280-4A
(a—pB)? ((1—0@)2 (1 = ax)(1 - fx) (1—5@2)

g(x)h(z)

“ (o —15>2 (<1a—a§>2 - <1a—5§>2)

T i B ((1 *10&:6)2 o 15»’”)2) '

Now using (7), (2) and the idea that ¢(n) is the coefficient of z™ in g(x)h(z), we
get

o(n) = — (a"(n+1)—5"(n+1)):(n+1)Rn.
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Proof of Theorem 6. By the help of the generating function of V,,(0, 1, A, By), the
method of partial-fraction decomposition and the Vieta’s formula o + 8 = A;, we
get the following.

@ = (= Z;“f;xz)z (i m))Q
1 (2a—A1 2B—A1)2

T (a-p2\1-az 1-8z

__1 ((Oz—ﬂ)2 2(a = B) (6 — a) (5—@)2)

(@ BE\I—ax)?  (1—an)(1—Bx) (1 fa)?
ot 2 L1
(1—azx)?2 (1-az)(1-pz) (1-pFx)?
1 2o 2 1
= + +

T (l-az)? l-az 1-fz (1-px)?

Now using (6), (7), (2), (3) and the idea that c(n) is the coefficient of 2™ in (h(z))?,
we get

2 _gn 2/

c(n):a"(n+l)+a"a_6 P

+3"(n+1)=(n+1)V, —2Rp41.
O
All the Corollaries in Subsection 2.2 are special cases of the theorems and can
easily be proved by simple substitution using the sequences in Table 1. As an

example, we give the proof of Corollary 5.

Proof of Corollary 5. We substitute in this special case the following values

G LtV5 _1-5
2 2

R, =F,(0,1,1,1), and S
into the formula of Theorem 4, where o and 8 are the roots of the characteristic
polynomial of the Fibonacci sequence. We get

c(n) = ﬁ (0 + D)V~ 2R ) = %((n F 1)Ly 2F ),

where L, is the associate sequence of F),. O

4 Concluding remarks

With this paper, we have completed the investigation of the convolution of two
second order linear recursive sequences. We have dealt the cases, when there are
no, one or two common root(s) of the characteristic polynomials of the sequences
and we used only Lucas and associated Lucas sequences.
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