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The Properties of the Weighted Space Hf,a(ﬂ) and
Weighted Set W} (2, 9)

V.A. Rukavishnikov, E.V. Matveeva, E.I. Rukavishnikova

Abstract. We study the properties of the weighted space Hé"a(ﬂ) and
weighted set WQk «(€2,9) for boundary value problem with singularity.

1 Introduction

A boundary value problem is said to possess a strong singularity if its solution
does not belong to the Sobolev space W3 (H?!) or, in other words, the Dirichlet
integral of the solution u diverges.

Boundary value problems with strong singularity caused by the singularity in
the initial data or by the internal properties of the solution are found in the physics
of plasma and gas discharge, electrodynamics, nuclear physics, nonlinear optics,
and other branches of physics. In some particular cases, numerical methods for
problems of electrodynamics and quantum mechanics with strong singularity were
constructed, based on separation of singular and regular components, mesh refine-
ment near singular points, multiplicative extraction of singularities, etc. (see, e.g.,
21-(3], 8], [9], [11]).

Boundary value problems with weak singularity of a solution (u € H') is caused
by the presence of corner points on the boundary of a domain and by a change
in the type of boundary conditions are found in different mathematical models.
By using special methods for extracting the singular part of the solution near
corner points or applying grids refined toward the singularity point, it is possible
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to construct high order accurate finite-element schemes (see, e.g., [1], [5]-[7], [10],
[12]-[16], [27]).

In [18], it was suggested to define the solution of boundary value problem for
second-order elliptic equation with singularity on a finite set of points belonging
to boundary of a of a two-dimensional domain as an R, -generalized solutions in
the weighted Sobolev space. Such a new concept of solution led to the distinction
of two classes of boundary value problems: problems with coordinated and unco-
ordinated degeneracy of input data; it also made it possible to study the existence
and uniqueness of solutions as well as its coercivity and differential properties in
the weighted spaces and weighted sets (see [18]—[21]). In [22]-[26], we constructed
and investigated the finite-element method for different boundary value problems.

For investigation of the weighted finite element methods with high-degree accu-
racy for singular boundary value problems with coordinated and uncoordinated de-
generation of input data we need to know properties of the weighted space H , (2)
and weighted set Wzlfa(Qﬁ). In the present paper we study the properties of
Hé“a(ﬂ) and Wéﬁa(ﬂ,é).

2 Basic notations

We denote the two-dimensional Euclidean space by R? with z = (x1,72) and
dx = dx1dxs. Let  C R? be a bounded domain with piecewise smooth boundary

J— - n
09, and let ) be the closure of Q, i.e. = QU IN. We denote by |J 7; a set of

i=1
points 7;, i = 1,...,n, belonging to 02, including the points of intersection of its
smooth pieces.
Let Of be a disk of radius § > 0 with its center in 7;, i = 1,...,n, i.e.

0f ={a: o~ 7l <0},

1=

n
and suppose that O N O? =0,1# j. Let Q = Q;, where Q; = QN OY,
=1
1=1,...,n.
n
Let p(x) be a function that is positive everywhere, except in |J 7;, and satisfies

i=1
the following conditions:

L. plx)=dforxc Q\ U O,
=1

2. p(z) = [(x1 —xgi))Q—i—(xg —xg))Q]l/Q, (a:gi),mg)) =7,forxeQi=1,...,n.
Moreover, it is assumed that

M pk ()

Zz P\ L pk—IAl
oo | S0
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We introduce the weighted spaces Hj ,(€2) and W§ ,(€2) with norms:

1/2
|wwmf(§jjﬂwﬂmwwa),

R
1/2
ey o= (X [@0turas)
A<k g
IR
Here D* = o A= (A1, A2) and |A| = A1+ A2; A1, Az are integer nonnegative
Ozt 0x5?

numbers, «, o are some real nonnegative numbers, k is an integer nonnegative
number. For k = 0 we use the notation HY ,(Q) = W3 ,(Q) = Lo ().

By W:f’a 4+1-1(9,0) for [ > 1 we denote a set of functions satisfying the following
conditions:

(a) |D*u(z)] < cp-*-kl-(ptF(2)) "L forz € ', where k = 1,...,1, the constants
c1, v > 1 do not depend on k;

(b) llullz, .\ = c2 > 0, ca=const; with the squared norm

(.6 = lMZQHPaH_”DA“HL(Q)'

2
HU||W2l,a+l71

Let Ly o (£2,0) be the set of functions satisfying conditions (a), (b) the norm

1/2
il oty = | [ o0t
Q
Denote by r and 6 the polar coordinates in Q;, i =1,...,n.

Introduce the space L2 () with the squared norm
HU(T’G)H%M(Q) = /rQaqu(r, 0)ds + / 62 dx,
ol Q\Q/

where ds = rdrdf, « is a nonnegative real number.
By WiaH_l(Q,é), where « is a nonnegative number and [ is a nonnegative
integer we denote the set of functions satisfying the following conditions:

(&) |DMu(r,0)| < & - AL (ro””\l)_l for (r,0) € @', where

N oMy,
U g e
[A\|=1,...,1, &1,5 > 1 are constants independent of Ay;

(") llullz, o \0r) = €2 > 0; with the squared norm
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HUH?/\;; i (28) T Z 2122 DA (12, () -
’ A<t

Let £2,(€2,9) be the set of functions satisfying conditions (a’), (b’) with the
squared norm

lu(r,0)I2, . @5 = / 202 (1, )ds + / 5224,
Q/ Q\Q’

3 The properties of the weighted space Hj ()
Lemma 1.  a) Let u € H; (), then p*u € W3 (), p*'u € Ly () and

P ulys @) + 10"l 00) < esllullay o) (1)
where c3 is a positive constant independent of u.

b) Let p®u € W3 ((Q) and p*~'u € Ly (Q), then u € Hj ,(Q) and there exist
positive constant ¢4 and cs independent of u such that

calp®ulyy ) +esllp™” Yull 1 o) 2 llull g o) - (2)
is valid.

Proof.  a) We estimate the first term in the left-hand side of (1)

e e
o ) *”M(g;”dg”

< 482?|full3, , () +2Muliy; (o
< max{46%a?, 2}““”%121 (ON ®

By Lemma 1 a) u belongs to Hj ,(); therefore the second term in the left-
hand side of (1) is estimated via the norm |[u|%, @)
2,

Then from this statement and estimate (3) we establish (1).

a 2
—|—p2a (([9;;) ‘| dz .

(4)

b) We write the obvious inequality

2 ap ou
o 12
I “'Wiom)zz/[(axzﬁ 2’3% o

=1
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We estimate the second term in the right-hand side of (4) using the Cauchy-
-Schwarz inequality, e-inequality and we have

2
0p® o Ou
23 [|(%e) ()|
=1 Q

2 20 [ OU 2 1
SaZ/p (é):r) da:—&—gZ/
Q

i=1 Q i=1

where € > 0.

Using this inequality we strengthen (4)

« 1 8pa 2
P u|%/v21,o(sz) >(1- 5)|u|%{21ya(ﬂ) - (5 - 1) Z/ (81:1- u) dz. (5)
Q

Then, taking into account the inequality

2

op” : 2 2 2
2 (6@ u) dz < 46« ||u||L27a71(Q) ,
=1a

choosing € < 1, from (5) we get the estimate

46202
€

2
T P ulwy o) +

1< 0% ull?, o) = |u\§12{a(9)- (6)

We add to both sides of (6) [[ul|7, ) and apply the inequality (a|+[b[)* >

a® + b? to its right-hand side. Then we extract the square root from both
sides of this relation and obtain (2). O

Theorem 1. a) Ifu € HS (), then p®~ "%y € W5 (), s=1,...,k and
Ip"uIW;O(Q) +...+ ]p"_kU|L270(Q) < CG”””H%‘@(Q)? (7)

where cg is a positive constant independent of u.

b) If po=(k=s)y € Ws5o(Q), s = 1,...,k, then u € H} (Q) and there exist
positive constants cg, . .., ¢, independent of u such that the inequality

P ulwg o)+ + 5 0"l o) > Mlullg o) (8)
is valid.

Proof. The theorem will be proved by induction on k; (0 < k1 < k).
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By the condition of the theorem u € H5 ,(Q). It is obvious, that p* *u €
L3 0(92), i.e. for k1 = 0 the statement of theorem a) is proved.

Assume that for some number k; (0 < k; < k) the functions po—(k=s)

to the space W3 (€2) for all s (0 < s < k;) and the inequality

u belong

p

—(k—k k
a—( 1)u‘ k1(9)+ ..+|p"‘ u|L20(Q) C7||U||H SR (1) 9)

holds.

We show that p®~(F=k1—1)y ¢ W;})H(Q). To this end, we estimate the semi-
norm {p (k—k1— 1)u| Wit () We have

p* (k1) ’ k1+1(Q)
ki+1 2
- ¥ N Cia (Dipa%k*krl)) D’\iu] da.  (10)
N=ki+1g Li=0

For any A = (A1, A2) and || = k1 + 1 the inequality

2

k141
/ lz Clil+1 (Dipaf(k7k171)> DAiu] da

Q =0
< (k1 +2) /

Q

k41 2
> Ciin (Dipa_(k_kl_l))DA_iu] de (11)

=0

is valid. Here C/il+1 is a combination of k; + 1 things ¢ at a time.

It is easy to note that

’D”pa*’“*’“*”(w)! < egp? FTRTDT) 2 e, (12)

From (10) and (11), (12) we have

o° (kkll)‘

Wit T CQHUHH’TI@ )y —1) (82

and po~(k=k1—1)y ¢ W;bﬂ(ﬂ). By virtue of induction the statement of
Theorem 1 a) is proved.

If 0 < s < k then according to conditions of the Theorem 1 b) the functions
p>~ =%y belong to the spaces W5 0(9).

For s = 0 p**u € Wg,(Q) or u € Ly o—1(9), i.e. for k1 = 0 the statement
of the Theorem 1 b) is valid.
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We suppose that u € H;la_(k_kl)(ﬂ) for some number k; (0 < k; < k) and

the inequality

o | a—(k—ky) | ak -

& |p u\w%(m Fot g ol o) 2l gy (13)
holds. Here ¢, ,...,c4 are positive constants independent of w.
We show that the function u belongs to the space H;‘latl(kfklfl)(g)' To this

end we estimate the seminorm |u] k1t The proof of this estimate

2,&7(!9—19171)(9).
is similar to the proof of Lemma 1 b). Thus

2
a—(k—ki—1),,

P ’W;})“(sz)

k1+1 2
- >/ lZ Ciran (Dipa““’““)D“u] d
A=k1+1¢g Li=0
2 a—(k—ki1—1 A
> ‘U|H§,1a+—1(k‘,—k1—1)(9) —2/\|_zk:1+1{’p ( 1 )D u Lao(@) X
k1+1 2 1/2
x V <Z Cha (Dipo‘_(k_kl_l)) DH'u) dx] }
Q \i=l
ki1 2
+ 0> / (Z Ch i (Dipa(kkll))D)‘iu> dz. (14)
N=ki+1g \i=1

By means of the Cauchy-Schwarz inequality, e-inequality we estimate the
second term in the right-hand side of (14)

9 ‘ a—(k—ki—=1) pA,, %
Z {p L2,0(82)
|)\‘:k1+1
ky+1 2 1/2
([ (Sneyo o] )
o \i=1
<elu? ,1
B | |H§,a+—1(k—k1—1)(ﬂ)
1 k141 2
i i a—(k—ki—1 ky4+1—i
25 (o o)) o
Al=ki+1g \i=1

where ¢ > 0.

Using the last inequality and choosing € such that ¢ < 1 we write (14) in the
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form

2

2 Oé—(k}—k?l—l)
(1] < p U‘ .
| |H2,1a—<k—k1—1)(9) 1—e wy bt (@)

2

ki1
-|-1 Z / (Z C’,ilﬂ (Dipo‘_(k_kl_l)) D’\_iu> dz. (15)

€ ;
Al=ki+1g \i=1

3

2 n

Using inequalities <Z ai) <n Y a? and (12) we estimate the second term
i=1 i=1

in the right-hand side (15). As a result we have

2

1 ki1+1
- Cz Dz a—(k—k1—1) Dk—iu dx
5 (5t (oot )

A=ki+15 \i=1
< crol|ull? « . (16
< cao ”Hé‘}a_(k_kl)(ﬂ) (16)
Taking into account that u belongs to Hf la_( k—k1) (€2), the conditions of The-

orem 1 b) and (16), (15), (13) we obtain the estimate

< & a—(k—k1—1) ~x | a—k
|U‘H§,1a+—1(k—k1—1)(ﬂ) <Crlp u WA ) +... 4G p u|L2‘O(Q)
and u € H;f_l(k_kl_l)(Q). Thus the statement of theorem 1 b) is proved.

O

4 Properties of the functions of the set of W2’fa(Q, )]

Lemma 2. For any function u in the set W;ya(ﬂ, d) there exist a parameter a* that

Nl vy (0n6) < ernllulli, . 9.6); (17)

where 0 < ¢11 < 1.

Proof. Taking into account condition (a), one can show that for a1 > o+ 1 we
have

e

2 _ 2 —-1),.2 2 -2 2 —1
lullZ, .., .0 —/P (r=1)g2 dg < cl/p apen—1) qg < (o1 —a)

where c§’2> is a constant. Here, the index ¢ is determined in €2;. Then
C% . 61252((1170‘)

2
ullz, ., @5 < T a—a) (18)
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From the second condition (b), for u € Wj (£, 8) we write the inequality

lullZ,... @8 = luli,. @5 = / p*u? dx
Q\Q
— / p2(o¢1—a)p2au2 do = 52(&1—04)||u||%27a(9\ﬂ,’5) > 0352(011—&).
o\
(19)
Obviously there is a1, which is denoted by a*, such that from (18), (19) estimate
(17) follows with constant ¢11 (0 < ¢11 < 1). O

Remark 1. For any function u in the set Wzk)zl(Q, 0) there exists a parameter o,
that
HUHWQ"‘,MA(Q/,&) < Cl3||u\|wga*(9,5)a

where 0 < c13 < 1.
Remark 2. If u € W3 . (9,0), then p® u € Wj((£,6) and

o
lp U|W2{0(sz,5) < 014||UHW2}M(Q,5),
where cy4 is a positive constant independent of wu.

Lemma 3.  a) Let p® *lu € W}((,0) and u € W3 .. (2,0).
Then u € W22,a*+1(Q7 ) and there exist positive constants c¢i5 and c1¢ inde-
pendent of u such that

ul3y2 @5 < cslp” +1U|€V;YO(Q,5) +c6 (||u||%/v21,a*(9g5) + ||“H%2,Q*(Q,a)) :

2,a% 41

b) Let u € Wy ,-(Q,0) and |uly: e
Then p® +lu € W2210(Q,5) and there exist positive constants ci;7 and cig
independent of u such that

0,s) is a finite seminorm.

2
. 2 2
“ HU‘ <ar |U\W;‘a*+1(sz,5) +cs (|U\W2}7a*(sz/,5) + H“Hiz_a*(n,a)) .

’ W3o(2.8)
(20)

Proof.  a) We write the inequality

2 2 * *
. 82’(,6 . 82 a1 a a1 Bu
a”+1, 12 > 2(a”+1) _ 2 P 2 P —| X
il o 2 [ Zl_l{(axf) ’ e T

Q
52 . H2 a*+1 o at+1 o 2 H2 . 2
X’Zpa+1+( /)2 u+20 U>+< upa+1)
Ox; 0x; Oox; Oz 021022
B 82u poz*+1 @8[20‘*4_1 @8/}0‘*4_1 ana*-Hu
8x18x2 83:1 81'2 8:52 axl 8x18x2

ou apa*Jrl ou apa*Jrl a2pa*+1 2
il - . 21
+ <5$1 Jra Jxy Oz * 0x10z3 U) d @)
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We estimate the second and fifth terms in the right-hand side of (21) using
e-inequality and we have

2

+1 Op% +1 o 32 .
14 u a”+1
2 dz <
=) ur ox; 81:1 aml 02" =
2 - 92pe +1 8p™" 1 du 2
EZ/( ) dx + — Z/( 2 U+ 2 a2, (’9@) dz,
=1 =14
(22)
2 2 a*+1 a*+1 2 a*+1
22/ 0*u Ju Jp Ou Op 0°p ol de
83:18:52 Ox1 Oxg Odxo Ox1 0x10x2

=1

2 . . . 2
1 Ou Op* Tt Qu 9p> 1 92px HL
- ug dz (23
T <3:171 vz 0w 0w owom, ) )

where € > 0.

Using right-hand sides of these inequalities we strengthen (21)

41 2 BQU 41 2 BQU 11 2
lp® U|W220(Q 5 = (1= 5)/ zZ: <8x12pa > + (M@@pa ) dz
o li=1
82 o +1 8pa*+1 ou 2
1-- +2 — d
( ) Z/ < 8%1 83:;) o
. . 2

1 ou 9p™ Tt Ou 9p* Tt 92peH
1-- — dz. (24
( ) Q/ (axl 81‘2 + 8.%‘2 83?1 + 83318.7}2 b . ( )

2

By means of the inequality (Z az) <n E a? we estimate the second and

i=1
third terms in the right-hand side of 24

2 * 2
82 a*+1 apa +1 (9’11,
2 — ] d
Z/( 6Il ut 8951 Bxl) v
=1 Q

2 2
« 0 «
8(OZ*+1)2§ /p2a (8;1;) dx+4(a*+1)2(a*)2/p2(a —1)u2dx
— &

<38(a” +1) |“|W1 (.5 T4 +1)%(a )011||U||L2a*(95) (25)




The Properties of the Weighted Space HS’Q(Q) and Weighted Set WQIC’O‘(Q, d) 41

2

u apa*-H ou 8pa*+l a2pa*+1
/(8% 3332 +87$2 6371 + 8.1‘1(9.’132u dz

Q
<3(a* +1)? |U|W1 (@5 3" +1)%(a )011||U||L2a*(95)~ (26)

Using inequalities (25) and (26) we write (24) in the form
a“+1, 12
0™ ulfyz 0. = A= Ouliyz a0

1—¢ % *
(@ + 1 (1fuiy g + 7@l . ) -

Choosing € < 1 we obtain

a*+1
|U|W22 _—

1 *
+ — (0" + D max{1L,7(@") 2t} (Jufhyy (s + Il 00

Thus the statement of Lemma 1 a) is proved.

1 2
@9 S T2 lp u\wg’o(sz,a)

b) We write the inequality

2
a*+1, 12 2(a™+1)
1p" T ulivz (.0 < ;/{ (633l )

92p Ip™ T du | |0%u - 92 p op™ 1 du ?
2 2 — | |z=p* ! 2 — d
+ ‘ ox? ut ox; Oz 8xl2p +< ox? ut 0x; 81‘;) v
0%u a4l 2
+/{ <8.Z‘18.’L‘2p ) +
Q
o 9%u ) ﬁapa*+l N %apa*-‘rl N 62pa*+1u
(91’1(91‘2 6561 8952 (3':172 6581 (9331812

ou apa*+1 ou 6pa*+1 82pa*+1 2
— + u dx.
81'1 &%g axg 31'1 8.%181[:2
Then from this statement and estimates (22), (23), (25) and (26) we estab-
lish (20).
O
Theorem 2. Let pPu,. € W3 ., 1(€,6) and u € Wy e tptm—(k41) (§2,6) for m =

.,k+1. Then u € W§,z3+p+1(ﬂ, ) and there exist positive constants c19 and
coo independent of u such that the estimate

k1
*Lptl-Aa| pA
|U|$,Vk+2+ L @20) < 019|ppurk|$/\}22,a*+l(g,5) e Y e PR DMZ,

2,a*+p

/\1:0
|X|=k-+2

is valid.
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Proof. We lower estimate seminorm function pPu,. in the set W3 .. (2,0). We
obtain

a” 82 ?
|Ppurk\%v§,a*+l(g,5) = /7”2( +1){ (3 55 (rPu k))

Q/

1 02 2 1 02 2 . 2
- p 2(a™+1) 2
+<7‘3r30(r urk)> +( 2892(ruk)> }ds+ / P |D?u|” da

olor
= /Tz(a*+1){(7"purk+2 + 2prp_lurk+1 +p( 1) U’ k)2
Q/
+ (PP g + P 2u,eg)” (szur"”92)2}d3 + / 52"+ | D?uf* do
ol

> /rz(a*+1){r2puzk+2 — 2[rPupkr2|[2prP " upkin + p(p — )P 2w [+
Q/
+ (2prp*1u7ak+1 +p(p— l)rpzurk)z}ds + /rz(o‘*ﬂ){ 2(p— 1)u2k+10
Q/

— 2P upnig| [prP 2 upng | + P22 P DR, ) 4 2Py 2 kaz}ds (27)

Using e-inequality we estimate the second and sixth terms in the right-hand
side of (27)

2/Tz(a*+1)|’l"pu,,‘k+2H2p7"p_1urk+1 +p(p = )P u,| ds
"%

1 .
< e/ Aa"+p g2, L ds + — / 20074 (9prP Ly i + pp — 1)rP~2u,)  ds,
Q Q

2 / p2(e”+1) |rp_1urk+1g||prp_2urk9|
Q/

< 5/ 2(a"+p) 2k+19ds+ /rQ(“*+p_1)uEk9ds.
9% Q

Substituting the right-hand side of this inequality with a minus sign in (27), we
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obtain

P o 2 (1=2) [P s (1= [ s
(94 Q7

1 . 2
+ (1 — ) /7“2(0‘ +1) (2p7"p_1u,«k+1 ++p(p — 1)Tp_2urk') ds
€

Q/
1 " .
Q/ Q

(28)
Taking into account that

/?,,2(o¢*+1) (2prp—1urk+1 +p(p— 1)74"2u7,k)2 ds
Q/

< 8p2/r2(a*+p)u$k+1ds +2p%(p—1)2 /r2(o‘*+p_1)ufkds,

Q

Q/

from inequality (28) we get

‘ppur’“ |)2/\}2

a0 2 (176) / 2l 4p+)

Q

1 > /1 2
Uik+2 + (Tu£k+19) + (ﬁuzk(p) ] ds
1 . «

g
Qf QO

JrpQ/rz(a*Hzﬁ)uik@ ds] .

Q/
Choosing ¢ < 1 we obtain

1 2 1 2
/7"2((1 +p+1) [u§k+2 + (Tu$k+10) + <7,,2u$k92)
Q/

1 2
< Tl

2 2 2
p- 2(a*+p) 8u? 2p — 1 2 Uy Upkg
21Q*+p(976)+ - /7“ U k1 + (p ) 12 +
Q/

ds

ds.
2

Add to both sides of the last inequality the sum of the form
k—1

Z |’pa*+p+1—)\2|D)\u|”262(076) + / 52(a*+p+1) |D2u’2 de .
A1=0

IN|=k+2 o
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Then
uf? < Puf
W;,zi+p+1(976) - 1- g rt W22,a*+p(ﬂ’5)
2 . w2, uZ,
+%/T2(a +p) |:8U72nk+1 +2(p71)2%2"+ ;"2‘0:| ds
Q/
k—
. a*+p+1=Xa| A, (1|2 2(a*+p+1) | n2,,|2
+ Z Ip |Dulllz, ,6) + 0 |D?ul” da
A1=0 /
IN=k+2 me
1 k+1
2 +p+1-A X112
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where 620—2max{p,(p)p,1}. O
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