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Area Nevanlinna type classes of analytic functions in
the unit disk and related spaces

Romi Shamoyan, Seraphim Maksakov

Abstract. The survey collects many recent advances on area Nevanlinna
type classes and related spaces of analytic functions in the unit disk concern-
ing zero sets and factorization representations of these classes and discusses
approaches, used in proofs of these results.

1 Introduction

First theorems on zero sets of analytic functions from area Nevanlinna type classes
appeared in works of Rolf Nevanlinna and Mkhitar Djrbashian many decades ago.
These type results, as it was shown later, have various nice applications in theory
of functions of a complex variable. The main purpose of this review article is
to give a systematic survey of some recent sharp result on zero sets of weighted
area Nevanlinna spaces in the unit disk as well as to present general methods for
obtaining these type theorems. These methods and their modifications may work
in more general situations also and it seems reasonable to illustrate them in this
review paper. Almost all theorems we present were obtained in recent two decades
by us or by our colleagues. The survey is important due to the fact that most deep
results, included in it, have been published in the local Russian-language journals,
and thus they are not available to the mathematical community.

The paper is organized as follows: second section presents results on zero sets in
analytic area Nevanlinna spaces in the unit disk, the third section presents similar
results in the half plane, finite complex plane and other domains; next it presents
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factorization representations of classes above, after it introduces the results con-
cerning the classes with restrictions on a-characteristics; the sixth section presents
the similar results for subharmonic functions and in final section we give remarks
and discussions. We alert the reader that most results are given without proof,
but precise references will be always provided to interested readers. Most sharp
results on zeros have “modular” necessary and sufficient condition, like the classical
Blaschke condition. The role of specific infinite product 7, so called Djrbashian’s
product in the unit disc is very important in this paper. It helps to provide full
characterization of zero sets of various analytic area Nevanlinna type spaces and
also vital parametric representations. Proofs of such types theorems are largely
based on a uniform assessment of the product 7, obtained by F.A. Shamoyan in
1978. It’s appeared in all proofs of such type results, which we present below in
the unit disk.

The role of zero-counting n(r) function and classical one-dimensional Jensen
formula and various nice properties of counting n(r) function is also very vital to
us. At first authors considered the simplest case of Nevanlinna-Djrbashian spaces
and described zero sets. Next, using modifications of the proof, based on classical
estimates of complex function theory, various authors completely solved the same
problem in various analytic area Nevanlinna type spaces. The case of upper half
plane and some general domains will also be taken into consideration shortly.

The authors express their gratitude to Prof. F.A. Shamoyan for his help in the
work on the review.

We denote by C, Cy, M with various lower or upper indices various positive
constants in this paper.

We haven’t discussed analytic Nevanlinna type spaces of several complex vari-
ables which is a new interesting and vital research area in this paper.

2 Zero sets of analytic area Nevanlinna type classes in the unit
disk
This section is devoted to zero sets problem in the unit disk.
Let D be the unit disk in the complex plane C,

D,={z€C: |z|<r},0<r<1.

CT be an upper half plane on C. If G is a certain simply connected domain in
the complex plane, then we denote by H(G) the set of all functions, analytic in G,
by M (G) we denote the set of all functions, meromorphic in G, and by SH(G) we
denote the set of all functions, subharmonic in G. By Z; we denote zero set of
function f; let n(t, f) or shortly n(t) be the number of zeros in a disk |z| < t, ¢ > 0,
ie. if {zx} = Z, then
n(t) = card{z : |zx| < t},
,00) be the number of poles of meromorphic function in |z| < ¢, t > 0; n(0),
00)

n(t
n(0, be the multiplicity of zero or a pole in the point z = 0 respectively,
a™ = max(a,0), a € R.
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Let €2 be the set of all measurable positive functions on (0, 1], for which there
exist the numbers m,,, ¢, from (0,1], M, such as
< w(Ar)
~ w(r)

w < M, r€(0,1], X € [qu,1]. (1)
In particular, the examples of these features are functions of the form

B
t“-(lnln...lng) , a>0
t

and all functions are from C1(0, 1) class, for which the following estimate is valid:

!
SO0U=8]
wt) |7
We also introduce the following notation
Inm,, In M,
Qg = hlqw 7ﬁL}“ ln‘l*.

quw

The Q classes were studied in the monograph of E. Seneta (see [35]).
For any 0 < p,q < 0o, s € R we denote by By , the O. Besov space on T =

{lz] =1} ([55, p. 141]).

New characteristics function T'(r, f) was introduced in the 1920s in classical
papers of R. Nevanlinna and later used by many mathematicians in solving various
problems of complex analysis. For any f € M (D) (see [23]):

™

T(.) = 5= [ ¥ 156" de + Nir. ),

—T

where

N(T’f):/n(t,oo);n(O,oo)dt’ 0<r<l1.
0

In addition we denote by N the Nevanlinna class or a class of functions with
bounded characteristic, that is a class of functions f € M (D), for which

sup T'(r, f) < 4o0.
0<r<1

Nevanlinna constructed a new factorization of class N as a product of some factors
which are easier to study (see ibid.):

Class N coincides with the set of functions f € M (D), allowing the following the
representation

2
. B 1 i0
f(z):ewZABEzZz:))exp ﬂ/ZiGi_zdw(e) , (2)
0
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where

H ak ap — 2
(z,a
) |ak|1—akz

is a Blaschke product, {ay} and {b;} are the sequences of points from D, satisfying
the Blaschke condition:

+o0 foo
> (1 —lag]) < +oo, D (1 —|bk]) < +o0, (3)
k=1 k=1

and 1) is a real-valued function with bounded variation on [0,27], v € R, X € Z.
In the future, this result has found many applications in complex, harmonic
and functional analysis.
In his well-known monograph [23] Nevanlinna also introduced the following class
of meromorphic functions

Sa(D) := feM(D):/(l—r)aT(r,f)dr<oo , a>—1,
0

and he found a simple necessary condition on zeros of functions from the this class.
That condition is the following classical one

+oo

31— [z < oo

k=1

The complete canonic representation of S, classes was later found by M. Djrbashian
in his paper [9]. The sufficiency of this condition was proved by F.A. Shamoyan in
1978 in paper [37].

For each 8 > —1 we denote as mg(z, z;) an infinite product of M. Djrbashian
with zeros at {2;}7° C D points (see [9]):

+oo

z
gz, 2) = H <1 - Zk) exp(—=Ugs(z, z)), z€ D,
k=1
where
54_1 p2)P |1 — Z:|
Us(z, z1) // 1—zpe 752 pdpdf, =zeC.
- 0

Note that w5 products are converging absolutely and uniformly on compact subsets
of D if and only if the following is valid

—+oo

> (1= |a])P T < +oo. (4)

k=1
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Let us remark that the product ms(z, ) has appeared naturally in the integral
representations of the holomorphic functions by the kernel

at+1 (1-[¢*)

(,zeD, a>-1,

as there is the Blaschke product in the integral representation of the bounded type
functions by the Poisson-Jensen formula (see [23], [30]).

Note also that uniform estimate of mg products, that was found by F. Shamoyan
in his paper [37], has many applications in the solution of problems related to the
description of zero sets of Nevanlinna type spaces in the disk.

To his earlier investigations, related with the Nevanlinna classes, F. Shamoyan
turned back again in 1992 in his paper [38]. In this important work the following
complete analogue of representation (2) for S, classes was given.

Theorem 1. The following assertions are equivalent:
a) € 8a;

b) f admits the following representation in D:

ma(zan) [ u(e?)do
f(Z):C)\ZAmeXp /W s B>(X+1,

N—TT

where {ay}, {br} are arbitrary sequences from D, satisfying condition (4),
¢ € C¥)(T), such as

T (B) (it 001 (K) (aif (k) (ni6—t
[ et o sy g

|t|1+[37(1

where k = [ — a — 1].

In 1999 in his another important work [39] F. Shamoyan completely generalizes
so called Nevanlinna-Djrbashian spaces of meromorphic functions in the following
natural direction: he considered SE (w € €2, 0 < p < +00) spaces of functions. We
define them as follows:

S1(D) = {f €MD) IT(Dllare = [0 pyar) < +oo}.
0

For w(t) = 1, p = 400, we have Sf° = N, where N is a class of functions with
bounded characteristic. For p = 1, w(t) = t%, a > —1, we have S} = S, where S,,
is a standard Nevanlinna-Djrbashian class.

In particular, in that paper F. Shamoyan obtained the full description of zero
sets of SP classes and provided factorization of that class. Namely, the following
statement was provided.
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Theorem 2. Let 0 < p < 400, w € Q, B, € [0,1). The following assertions are
equivalent:
1. Zy = {2z}, f € SE;
2. the series .
> ) ®
— 2k(p+1)

is convergent, where ny = n (1 — 2%), k=1,2,....
We present a factorization theorem for the important special case
SP.=SPNH(D), w(t)=t* a>-1.
In this case we will denote S%, , as S%, ..
Theorem 3. Let a > —1, 5 > QTH. The following assertions are equivalent:
1. fest,;

2. function f allows the following representation in D

1 ¥(ei?) do
f(Z) = C)\Z)\TrB(Z,Zk)eXp % / W y A l)7

—T

where {z}7° is an arbitrary sequence from D, satisfying the condition

+o00o p

k
Z 2k(p+a+1) < +OO7
k=1

wEBipas:B_aTTl,AGZ,C)\E(C,

In 2000 in the work of F.A. Shamoyan and E.N. Shubabko [44] a complete
investigation of some new classes of meromorphic functions in the unit disk was
provided. Namely they introduced and studied the following spaces of meromorphic
functions with a fixed “weighted” growth of the Nevanlinna characteristic:

S (a)(D) := {fEM(D) :T(r, f) Scfm}, a >0,

where C'y > 0 is a positive constant, whose values depends only on f, r € [0,1),
T(r, f) is the Nevanlinna characteristics of function f.
In case of w(t) = 1, the corresponding class of function we denote by

S(D) = {feM(D):T(r,f)<(1€fr)a}, a >0,

Analytic parts of these classes we denote by SZ°, (o) and S3°, respectively.
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The S° classes appeared in start of XX century in classical works of Nevanlinna
(see [23]). He tried to extend some earlier results of J. Hadamard and E. Borel
(see [14]) to the case of all meromorphic functions in a disk. In particular, R. Nevan-
linna found that if {ax}, {br} are the set of zeros and poles of a certain function
from the class S5°, then

—+oo +oo
S~ Jar)) e < oo, Y (1 [l < oo,
k=1 k=1

for each ¢ > 0. But he fails to provide a complete description of root sets of
functions from above spaces. Attempts to obtain a complete description of these
sets have also been made by Japanese mathematician M. Tsuji (see [56], [57]).
This problem was finally solved by F.A. Shamoyan and E.N. Shubabko (see [44]
and also [46]). Namely the following result was provided:

Theorem 4. In order to a = {a}°,b = {br}3° C D are the set of zero and poles
certain function f € SS°, it is necessary and sufficient, that

C1

n(n a) = card{ak : |ak| < ’I"} < m, (6)
C2

n(r,b) = card{by : |bx| < r} < )

() = card{b Il <7 < (=

0<7’<1,01,Cg>0.

This result acted as cornerstone for further investigations of F.A. Shamoyan
and his pupils and in particular it immediately provides factorization of S2° class.

In the following theorem we give a complete characterization of zero sets in
more general case.

Theorem 5. (see [46]) Let w € Q, o > «,. The following statements are valid:
1. If f € S, (), then
w(l—r)
n(T,f)SCfW, O<r<l. (7)

2. If {2z} is an arbitrary sequence from D, satisfying the condition (7) and
B > a+ p, — 1, then the mg product converges uniformly in D and belongs
to So°, () class.

Remark 1. In our theorems we always assume that f is nontrivial function from
considering class, that is f # 0, f # co.
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In recent work of first author and H. Li the following general classes of analytic
functions of the Nevanlinna type were investigated (see [48])

(NA)p g.a(D) = {fEH [ sup T(r, f)(l—r)ﬁ} (1—R)°‘dR<oo},

0<r<R

NZ(D) = {feH s [| [ isele)ac] <1—|z|)ad|z|<1—R>ﬁ<oo},

/

R

Il

Nop, p(D) = {feH(D) : /l{ In™ | f(2)|(1 ~ IZ)adma(z)r(l—R)ﬁl dR<oo},
0 ]

z|[<R

IN

forall0<p<oo,a>-1,>0, 5 >—1.
The following statements are valid.

Theorem 6. Let 0 < p < oo, @« > —1, B > 0. The following assertions are
equivalent:

1. Hf S (NA)p”@’a : {Z;C} = Zf,

2 Z 2k (( Bp+1 YratD) < TOO

Theorem 7. Let 0 < p < oo, a« > —1, 8 > 0. The following assertions are
equivalent:

1 3f € N3 {z) = 2y,

C

(at+B+p+1) ?

(1-r7) »

2. n(r) < 0<r<l.

Theorem 8. Let 0 < p < oo, @ > —1, 1 > —1. The following assertions are
equivalent:

1. E|f S Na,[gl,p : {Zk} = Zf,

2. Z 2k(ap+B1+2p+1) < +oo.

These results on zero sets also lead to complete parametric representations of
these general area Nevanlinna type classes (see [48]).

Remark 2. Putting formally 8 = 0 or @« = —1 or #; = —1 in classes (NA), 5.q,
N5y Na,g, p, We arrive at other classes under discussion in this paper.
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Similar results for spaces with more general weights studied in [50], [51].
In recent works of our colleagues (see [34], [39], [42]) the root sets of the Privaloff
type spaces were provided (see also [29]):

s

II,(D)=< fe HD): sup x (In* |f(re“9)|)p df <+oc0p, 0<p<+o0.
0<r<1 47
—Tr

First we note that from Holder’s inequality it is immediately follows the em-
bedding II, € N for 1 < p < 400, and hence it is clear that for zero set of any
function f from II, the classical Blaschke condition holds. Converse is also true:
each sequence {z;}3° C D with Blaschke condition is zero set of certain function
from II, (1 < p < +00) class. As such function we can surely take a Blaschke
product. But for 0 < p < 1 the classical Blaschke condition is not necessary
anymore.

In work [42] the following interesting result has found.

Theorem 9. If f € II,, 0 <p <1, f(2,) =0, k=1,2,..., f #0, then

—+o0

S eyt < oo, ®)

k=1

for any ¢ > 0.
Conversely, there exist a function f € II, and a sequence {zx}%°, z1 € D,
k=1,2,..., such that f(z,) =0, k=1,2,..., f #0, but

S |>11“5< ! ) ;
—lzz|)e In P = 400
§ 1 — |z

k=1

for any ¢ > 0.

Later in paper [34] it was shown that even stronger result is valid in this direc-
_1+e

tion. It turns out that (1 —|2z|)¢ in assertion (8) can be changed to In~ » (ﬁ)

This surely makes much narrower the obvious gap between two assertions, which

can be seen in Theorem 9. Namely the following result is valid, as was stated
in [33].

Theorem 10. If f € II, (0 <p < 1), f(z,) =0, k =1,2,..., then

S0 e () <t (9)
2k n = 00,

k=1
for any € > 0.
And moreover, if f €II,(0<p<1), f(zx)=0,k=1,2,..., f(0) =1, then

+oo

D w1 = |a])* < +oc,

k=1
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where w € C(1(0,1] N Q satisfies the following conditions:

1
P
/ wh(u) du < 400,
0

u2(1_P)

/ .
a, = lim wit) -t
t—0  w(t)

7

where Q is a set of all measurable functions on (0, 1] with condition (1).

F.A. Shamoyan later proved the following assertions on zeros of the Privaloff
type spaces, noting that root sets are in the Stolz angle. We remind the reader
that the angle with vertex e, contained in D, having opening 76, 0 < § < 1, and
bisector 7e¢!?, 0 < r < 1, is said to be the Stolz angle I's(6).

Theorem 11. (see [39]) If f € T, 0 < p < 1, {2} > = Zj, then
C

n(r) < m.

Conversely, if all points of a sequence {zk}foo are in finite numbers of Stolz angles,
then from the following condition

1
/np(r) dr < +o0,
0

it follows that it can be constructed function f € II,, 0 < p < 1, whose zeros
coincide with the points of given sequence {2} .

3 Zero sets of analytic area Nevanlinna type classes in the half
plane and related domains

In this section among other things we present some recent interesting results on
complete characterizations of zero sets of Nevanlinna type analytic spaces in upper
half plane and in other general domains on the complex plane.

Classes of functions with bounded characteristic in the half plane were inves-
tigated in Kriloff’s work (see [19]), some analogues of the Nevanlinna-Djrbashian
classes in upper half plane were studied in interesting papers of A. Djrbashian and
his coauthors later (see [13]).

In recent work of our colleague I.S. Kursina (Kipen) some analogues of S?
classes in upper half plane also studied (see [20]).

Let CT be an upper half plane of complex plane C. We consider the following
classes of analytic functions:

SH(CT) = {f € H(CT): 70w<y>(701n+ fla +iy>|dx)pdy < +oo}.

0 —o0
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In next theorem the full description of zero sets of SE(C™T) class is received.

To formulate this result we consider the infinite product Ea (2, 21), introduced by
A. Djrbashian and G. Mikaelyan (see [13]):

2%21»‘

~ s to dt .
Bo(z, z1) = H expq — , z€CTa>-—1. (10)
k=1

(t +i(z, — 2))*!
0

This product converges absolutely and uniformly in C* if

+oo
Z(%zk)‘”l < 4o00.
k=1

We also denote 7n(y) = card{zy : Sz >y}, {zx}° € CT.

Theorem 12. (see [20]) Let w € Q, B, € (0,1), f € S(CT) (0 < p < 400) and
assume there exists a finite limit

ap = Jim_tIn|f(i)], (1)

and assume 0 < ay < +o0.

1. If {Zk} = Zf, then

2k(p+1)
k=1

< 400, (12)

where i, = 1 (2%)

2. If {2} is an arbitrary sequence in CT, satisfying condition (12), o > %Tfl,

then the product By (2, z;;) converges uniformly in CT and belongs to SP.(C)
class, 0 < p < 4o00.

We introduce also the following class of functions in upper half plane:
+oo
A(CF) = fem(CT): / It [f(z + iy)|de < ;{ o> 0.

The complete description of zeros of this class was obtained by I. Kursina in [20].
We formulate her result.

Theorem 13. The following assertions are valid.

1. If {z1,} = Zy, f € Aq, and if there exists a finite limit (11), and if 0 < ay <
400, then

const

n(y) — ya+1 :

(13)
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2. If {21} is an arbitrary sequence in CT, satisfying condition (13), then the
product Bg(z, zj,) converges uniformly in C* and uniformly on compact sub-
sets of D and belongs to A, class for all § > «.

In [49] for all values of parameters 0 < p < oo, @ > —1 we introduced the
following classes of analytic functions:

(NDW(C*) = {f € H(C) /(//1n+|fx+1y>|dxdy) y dy<oo}

0 —oco

(N2 )a(CF) 1= {feH<c+> (5w / (fw|f<w+iy>|dw)pgadg)yﬂ<oo},

where 5 > 0. These are the Banach spaces for all p > 1, & > —1 and complete
metric spaces for all 0 < p < 1.
The following statements are valid.

Theorem 14. Let 0 <p < oo, B> —1. If {2} = Z;, f € (N§)1 and

limsupln |f(it)] < oo,
t—o0

then

s P

Z ﬁ+2p+1) < 00 (14)

Conversely, if (14) is valid, then Bay(z7 zr) € (Ng)l for all v > %.

Theorem 15. Let 0 < p < oo, a@ > —1, B > 0. The following assertions are
equivalent:

1. 3f € (N] g)2 : {2k} = Zy,
2. (y) < M‘ﬁ

Natural analogues of S? meromorphic classes in the finite plane were introduced
and studied in a work of E.N. Shubabko (she found factorization and described
zero sets). Also in that work of E.N. Shubabko (see [46]) some new classes of

meromorphic function in the finite complex plane C were studied. These are classes
for which

+oo
/ T(r, f) exp(—or®)r? dr < 400, (. >0,0>0,8€R).
1

We denote them by S(«, 0, ). Let S(a,0) = U S(o,0,B).
BER
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The necessary condition on zeros of function of these classes are

—+oo

/ n(r, f)exp(—or®)r? = dr < +o0. (15)
1

She also obtained the following result: if (15) converges, then we can construct a
function g, such that

“+o0
/ T(r, g) exp(—oor®)r? dr < +o0.
1

where a > 0,00 > Z exp (a — 1), 5 < - 2.

In recent work of E.N. Shubabko this result was specified in the following di-
rection: Let o > 1. For each sequence {z,}7°, (|zx| > 0, |2 T +00), satisfying
the condition (15), there exists a function f € H(C), such that Zy = {2} and

—+oo
/ T(r,g) exp(—ara)rﬁo dr < 400,
1

Bo < B — 3a.
Thus, the following statement is valid.

Theorem 16. (see [46]) Let oo > 1, o > 0. The following assertions are equivalent:
1. 3f € S(o,0) : {z} = Zy,

+oo
2. [ T(r,g)exp(—or®)rfodr < +oo for certain 3 € R.
1
In I. Kursina’s thesis some new classes of analytic function in a circular ring
were introduced and complete description of zero sets of those classes were given.
Based on that she obtained complete characterization of even more general classes
in general domains. Then also complete factorization theorems were also provided
by her (see [20]). To present her results we need some definitions.
For 0 < R; < Ry < +o0 we denote by

KZK(Rl,Rg):{ZECZ Ry < |Z‘ <R2}

the circular ring in the complex plane. For any f € H(K) we define the Nevanlinna
characteristic as follows

1 + i
o In™|f(re'¥)|dp, Ry <7 < Ra.

T

—T

T(r.f) =

For all 0 < p < 400 we consider the class
R,
[t = Raea(Be = 170 < +oo},

Ry

S, a () 1= {f € H(K):
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where w; € Q, Q = Q(K), w; € L'(0,C), j=1,2, C > Ry — R;.
We have the following theorem:

Qe +1
Theorem 17. (see [20]) Let 0 < p < +o0, wj € Q, B, € (0,1), B, > —

j =1,2. The following assertions are equivalent:

1 {zi} = Zy N K(R1,70), {wr} = Zy N K(rg, Ry) for certain f € S wai

2. the following conditions are valid

400 ~p 1 +oo p 1
kal(?k) l/kqu(?)
Z o) < 400, Z oD < +o0, (16)
k=1 k=1
where
N 1
U = card{zk 2kl > Ry (1 - 27)} ,
and
1
v = card{wk s wg| < Rg(l - 27)},
k=1,2,....

In paper [47] the second author extends the results of work [48] to the case of
circular ring. We must to say that the theory of analytic function spaces in circular
rings was developed in [58]. Note that similar problems were considered in [18], [22]
for other analytic area Nevanlinna type spaces in circular rings. However, the
classes, introduced by I.S Kursina and by second author in circular rings are larger
and we can consider their theorems as direct extension of previously known results.

Consider the following class of analytic function in the simple connected do-
main G:

Su(G) = {f € H(G) //w(dist (2,0G)) In* |£(2)] dma(z) < —|—oo},
G

where dist (z, 0G) is a distance from the point z to the boundary of G, dms is the
planar Lebesgue measure in G.

In the same work of I.S. Kursina a complete description of zero sets of these
classes of analytic function were provided. The following result is valid.

Theorem 18. Let G be a simply connected domain, 1) be the function, that provide
the conformal mapping from G onto D, such that

[W'(2) <Csy weQ, B,€(0,1).

The following assertions are equivalent:
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1. Hf S SM(G) : {Zk} = Zf,

2.
—+oo

Z w(dist (zx, 0G))(dist (zx, 0G))? < +oo. (17)
k=1

It is worth to mention that an effective approach to the construction of the
factorization of functions of Nevanlinna type in multiply connected domains was
proposed in 1974 by Matevosyan in [21].

O. Prichodko in [28] studied root sets of some new Nevanlinna type classes in
simply connected domain G with nonsmooth boundary whose boundary consists
of several smooth arcs forming in the junction points the non-zero angles of Blj’
7 = 1,2,...,n. Regions, having such break at a boundary point, will be called
angular domains.

We remind the reader that S, class is called the plane Nevanlinna class in D.
It is naturally arises the question, how the geometric properties of the boundary
of G influences on the properties of the root sets. It turns out that the effect is
essential.

Consider the class

Sa(Gp) = {f € H(Gp) : /(dist (2,0G))*In" | f(2)|dma(2) < +oo, }, a>—1,
Gg

where dist(z,0G ) is a distance from the point z to the boundary of Gz, dms(2)
is the planar Lebesgue measure in G = G 2
The following statement is valid.

Theorem 19. If f € S.(Gj), 5 < B < 1 and {z};25 = Z;, then the following

) 2
condition is valid
“+oo
a+2

D= [(z)) < oo, (18)
k=1
where 1) is a function, that provide the conformal mapping from G 5 onto D.
Conversely, if {21} >} is an arbitrary points from G 5, for which (18) is valid, then
it can be constructed a function f € So(G ), such that {23025 = Z;.

4 On parametric representations of area Nevanlinna type classes
in the unit disk and other domains

The results on zero sets of classes of analytic functions in the unit disk and various
simply connected domains of the complex plane allow to construct factorization and
parametric representation of the corresponding classes of functions. This section
provides some vital direct applications of the main results of previous sections.
Some important theorems on factorization presented in the previous sections
(see Theorem 1 and 3).
Now we present a factorization of S5°, = S5° N H(D) class:
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Theorem 20. (see [45]). The S5, class coincides with the class of analytic func-
tions in D, allowing the followmg representation:

A 1 ¥(e)
f(2) = exz"mp(z, ar) exp %/Wdﬁ , z€D,aa>0, (19)
—T
for all B > o — 1, where ma(z, ak) is the Djrbashian infinite product with zeros in
the points of the sequence {ay}}2], ¢(e?) is a certain function from O. Besov’s
class Bf,oo(’“, A € Zy, ¢y € C, the sequence {ay}} 2] satisfies the condition (6).

Remark 3. Note that factorization of the classes SP and S° can also be con-
structed via Bpg infinite products (see [45]), introduced by M. Djrbashian in his
fundamental work [11] (see Chapter 9):

—+oo

By (2,2) = [] (1 - ;) exp {~ws (z,2)}

k=1
where

Yoo F(B4k2) 1 1_30 e lcl
0= SE oy { /| e (>/ Mld“”}’

for all z, ( € D.

The Bg products are absolutely and uniformly convergent and uniformly on
compact subsets of D if and only if the series Z (1 —|zx|)?*? is convergent. More-

over, Bg and mg products have significant dlﬁerences It was first mentioned by
M. Djrbashian and then by F.A. Shamoyan (see e.g. [36]). We introduce now the
result of E. Shubabko and F.A. Shamoyan (see [45], also [46]):

Theorem 21. Let a > 0, o < 8 < a+ 5. The S3° class coincides with the class of
analytic functions in D, allowing the following representation:

. 1 7 2 .

—T

where the sequence {z;};>5 C D satisfies the condition (6), ¢(e?) is a certain

function from O. Besov'’s class Blﬁ -, and

r—1-01T

P(e¥) = lim / )P~ n | f(tel?)]| dt,

—+oo
=1
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In the paper [20] it was constructed a factorization of SE(C™) and A, (C™)
classes. We present these results:

Theorem 22. Let w € Q, 3, € (0,1), f € SE(CT)(0 < p < +00) and there exists
a finite limit (11), and 0 < ay < +o0.

The class of functions S (C) coincides with the class of functions f € H(CT),
allowing the following representation

f(2) = Ba(z,2) exp(h(z)), ze€CT,

where {2y} is an arbitrary sequence from C™, satisfying the condition (12), B, (2, zi)
is infinite product of the form (10) with zeros in the points of the sequence {z},
h is analytic function in CT, such as

+oo

/ w(y) ( 70|h(:c +iy)] das)pdy < 400.

0
Theorem 23. (see [20]) Let « > 0, 8 > «, f € A, and there exists a finite
limit (11), and 0 < ay < +o00.

The class of functions A, coincides with the class of functions f € H(CT),
allowing the following representation

f(2) = Bs(z, z) exp(h(z)), zeC™,

where {z} is an arbitrary sequence from C™, satisfying the condition (13), h is
analytic function in C*, such as

+oo
/ e + i) da < 2.

Also I. Kursina obtained a factorization of S, ., (K) and S, (G) classes.

aw]. “+1

Theorem 24. Let 0 < p < +o0, wj € Q, B, € (0,1), By, > ,j =12
Ser,w, (I) class coincides with the class of functions f € H(K), allowing the fol-
lowing representation:

R Ry wE 2 Ry z
= m - = _r = - h e
f(Z) Cm~ 7T51<zk7 z)ﬂ—ﬁz (R27R2>exp{hl<z>+ 2(R2)}7

where z € K(Ry,R2), ¢y, € C, m € Z,, functions h; € H(D), j = 1,2, satisfies

the conditions
P
hy <R1‘9>‘ d9> dr < +o0,
ret

R>

Jon]

R4 T
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rel? ?
h2<R2>’ d@) dr < +o0,

the sequences {z}, {wy} satisfy the conditions (16).

Ry ™
/wg(Rg —r) </
R o

1

Theorem 25. (see [20]) Let w € Q, B, € (0,1), m > «,. Class S, (G) coincides
with the class of analytic functions allowing the following representation:

f(2) = exz™ (21, 2) exp(h(2)), z € G, f € H(G),
where {z} is an arbitrary sequence from D, satisfying the condition (17),
e O T e (SN T CA Y
m (2, 2) = 1l —— | T———
o) = 11 ( 1= 7 g i \1=0Gu ()

where m € Z, m > 0 and function h € H(G) satisfies the condition
/ / w(dist (2, 0G))|h(2)] dma(z) < +o.
a

In the recent work of E.N. Shubabko [46] the factorization for weighted class of
entire functions S(«, o) was introduced.

Theorem 26. Let o« > 1, 0 > 0, S(a,0) class coincides with the class of entire
functions allowing the following representation:

f(z) = 2"W(zg, 2) exp(h(z)), z € C,

where {z} satisfies the condition (15) for a certain 5 € R, W(z, z;) is the infinite
product of the Weierstrass type

+oo p Pk 1 2 7
W(zk,z):H<1—Zk>exp Z](%) , z € C,

k=1 j=1

constructed on zeros of function f, pi, = [max{y|zk|* + J,1}], v = ao, 6 € R (for
a=1,8>1-0), h(z) is entire function, satisfying the condition

My (r) = max |h(z)| < eprt expor®
|z|<r

for certain p € R, n is multiplicity of zero of function f in origin.

5 On classes with the restrictions on the alpha-characteristic
function of M. Djrbashian

In 1964 M. Djrbashian posed the problem to generalize the theory of R. Nevanlinna.
In his important work [10] he introduced a new characteristic function T, (7, f). The
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following M. Djrbashian, we call it a-characteristic. We introduce that definition:
let fe M(D), a>—1

To(r, f) = ma(r, f) + Na(r, f), (20)
where o .
~(at1) _
ma(r, f) = m / (/(7" - t)“ln|f(te“’°)|dt> de,
-7 0

p—(at1) [ n(t,00) —n(0, 00 n(0, oo
Nolrof) = frags [ (=t P05 e S ), 21)
0

+oo
where T is the Euler function, k, = « Z k(k_m)

We denote the analogue of countlng functlon of zeros by

(k) () - n(0)
r n n
olr, f) = — )t dt.
na(r /) r(a+2)/<7" ) t
0

In the same vital paper M. Djrbashian introduced a class of meromorphic func-
tions in D with bounded a-characteristic, described zero sets and obtained a para-
metric representation of the specified class of functions. We denote that class
by N, i.e.

N, = {f € M(D): sup T,(r,f) < +oo}.
0<r<1

These results were fundamental for the construction of a new theory of classes of
meromorphic functions (see [12]). Note that S, C N,, and this inclusion is strict
(see [10], [33], [38]).

From above it is natural to define the following class of meromorphic functions:

1
Ng’,Y(D):—{fGM /17“7Tprf)dr<+oo}
0

for all < p < 400, a > —1, v > —1.

It is necessary to get the characterization of the root sets and to construct the
factorization of the class Nf ,. Further we will assume that N¥ | class consists
only of analytic functions in D.

In the work [32] this problem was finally solved. The following results are valid:

Theorem 27. The sequence {2} 25 from D be zero set of certain function f € N,
for all 0 < p < +o00, if and only if the following series is convergent

+00 n? .

o,
Z m < +OO, (22)
k=1

where Ny, = Na (1 — %,f)



66 Romi Shamoyan, Seraphim Maksakov

Theorem 28. Let 0 <p < 4oo,a>—-1,v>-1,6>a+1+ VTJfl. The following
assertions are equivalent

1. feNE.,;

2. f(z) can be represented as:

T i0
10 =admtemen(5 [ hegSin ) seD @)

where {2z} > is an arbitrary sequence from D, satisfying the condition (22),
m4(2, 21,) is the Djrbashian infinite product with zeros {z;}25, ¢ € BY

s=pF—(a+1)— 7“ ,AEZ,cyeC.

Recent results of F.A. Shamoyan and his pupils continues investigations in
this direction. They are devoted to comparison of classes with restrictions on
the Nevanlinna characteristic and classes with restrictions on the a-characteristic
of M.M. Djrbashian (see [2], [41]).

We denote the following function

o1 v
/</w1 (1—2z)In|f(rze )dx> dé
0

—T

by T.,(r,f). For wi(t) = t*, o« > —1, the T,, characteristic coincides with
a-characteristic.
Consider the following classes of functions:

1
NE, w, (D) = {feH /w21fer f)dr<+oo},
0
and

Sﬁhwz( )= {f e HD): /wg(l —rwi (1 —=7r)P(1 —r)PTP(r, f)dr < —|—oo},
0

where w1, ws € 2, 0 < p < +00.

In [41] the full description of zero sets and factorization of the above classes
NP, ., found for all wi, we € 2, 0 < p < +o0.

The following result is valid.

Theorem 29. Let wy,ws € Q. The sequence {z}5° from D be zero set of certain
function f € NP for all 0 < p < +o0, if and only if the following series is

w1, W2
convergent
1

f 7)#’(%) < +00.

k(2p+1)

=
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The next result was also established.
Theorem 30. For all wy, wy € Q, 0 < p < 400, the following inclusion is valid

SP C NP

w1, W2 w1, wsa”

We denote by N, ;and S}, ; the classes NE, ,, and S?, . respectively for wi () = ¢,
wo(t) =t o, B> —1.
From above statements the next statement follows:

Theorem 31. Let 0 < p < +00, a, B > —1. Then the classes N} ; and S}, ; are
equivalent. '

6 Some results on classes of subharmonic functions

In this section we consider general weighted spaces of subharmonic functions of
Bergman type and solve some similar type problems for such type spaces. In
particular the problem of parametric representation will be completely solved. for
such type classes.

In the recent works of O. Ohlupina new classes of subharmonic functions in the
disk and halfplane of type S, S° were investigated (see [24], [26]), i.e. a complete
descriptions of zero sets and parametric representations of those classes of functions
were found.

To formulate further results we need some more notations. Let u € SH(D),
ut = max (u,0). The Nevanlinna characteristic of subharmonic function u we call

the function
T

T(r,u) = % /u+ (re'?) de.

The following I.1. Privaloff, we denote by A the class of all functions u, subharmonic
in D, such that
sup T'(r,u) < +oo. (24)
0<r<1
The following statement was established in the work [31]:
A class coincides with the class of subharmonic functions in D, allowing the fol-

lowing representation:
1 (—=z 1 r 1—7?
=— |1 — — 2
u(2) 27T/ n‘l—gz du(Q) + 27 / 1 —2rcos (6 — @) + 12 dy (@), (25)
D -7

where p(() is an arbitrary nonnegative Borel measure in the unit disk, such that

/ (1~ 1¢]) dp(€) < +oo,

D

W is an arbitrary function with bounded variation on [—m;7].
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If u(z) =In|f (2)], 2z € D, where f € H(D), then the representation (25) coin-
cides with the Poison-Jensen formula for the function of bounded type (see [16]).
The problem of representation of subharmonic functions, for which the condi-
tion (24) is not valid, occurs naturally. The expansion of the F.A. Shamoyan’s
results to the class of subharmonic function is given by K. Avetisyan in [1] in the
case p = 1. However, his methods did not allow him to obtain similar results in
the classes of subharmonic functions in the unit disk whose characteristic belongs
to LP-weight classes or has exponential growth approaching the unit circle.

Let o > 0. Consider SH,, (D) class of subharmonic functions u in D, such that

Cu
T(r,u) < A= 0<r<1,
where (), is a certain positive constant, depending on wu.

It is clear that SHy(D) = A . For o > 0 the LI. Privaloff’s method for SHy (D),
is failed, since it is possible that functions from SH,, (D) class have no the boundary
values on the unit circle. It is needed to build a new method for further study.
The approach used in [37] helps O.V. Ohlupina to prove the analogue of above
representation for SHy (D) class for all scale of classes SH,, (D) (« > 0).

For fixed z,{ € D, ( # 0, § > —1 we denote the factor in the M.M. Djrbashian
product by

(o 26ty =) m -
AB('Z7C)<1 C)exp{ T D/ (1—¥Z)B+2 de(t) )

where dms(t) denotes the normalized Lebesgue measure in the unit disk on the
complex plane.
The following statement is valid.

Theorem 32. (see [26]) SH, (D) class coincides with the class of u functions, sub-
harmonic in D, allowing the following representation:

19
u(z):/ln\AB( Ol dp(¢ HR@{zw/wel@d)@ﬁ“}

D

where z € D, (e'?) is an arbitrary real value function from the class Béffxﬂ, 8>
a, o > —1, pu(¢) is the nonnegative Borel measure in D, satisfying the condition:
n(r) < O_fﬁ, where n(r) = u(D,.).

In [24] a full description of the class of subharmonic functions in the unit disk
with the Nevanlinna characteristic from LP-spaces (0 < p < 4+00) was given.

For all 0 < p < +00, w € ) we consider the following classes:

SHP (D) = {u € SH (D (/1w 1—7) (] T (re'?) dgp)pdr>; < +oo}.
0 -
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Denote

Ly..(D) :{¢ eL/(D): </1w(1 — r)<] |1(re'?)| d<p>pd7">;< +oo}.

0

In the following theorem parametric representation of new classes of subharmonic
functions, having, generally speaking, unlimited Nevanlinna characteristic T'(r, u),
but belonging to the space L, ., (D), namely

TP (r,u)w(l — r)dr < +oo,

o—__

will be given.

Theorem 33. A subharmonic function belongs to the class SHY(D), 0 < p < 400,
w € (Q, if it allows the following representation in D:

u(z) = / In |45z, Q) dpa(C) + h2), (26)

D

where (3 is sufficiently large number, depending on w: 8 > 1+ ”‘7‘“, 0 <y < +oo,
w(¢) is the nonnegative Borel measure in D, such that:

1
/w (1—7r)(1 —7r)PnP(r)dr < 40,
0

n(r) = u(D,), h(z) is harmonic function in D, satisfying the condition

0/w(1 —r) <_[ |h(re'?)| dgp) dr < +oo0.

And the reverse is also true: if f € SHP(D), then (26) holds.

Consider the class SHE(C'T) of subharmonic functions w in C*, such that:

400 “+ o0

»
1. /yo‘_1</u+(a:+iy)dx> dy < +o0;
0

— 00

2. sup / lu(z+iy)| de < Oy, < 400, Vyo > 0;
y>yoi

3. limsup yu(iy) > 0.

Yy—>+00
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We introduce the factor of A.M. Djrbashian and G. Mikaelyan (see [13]):

2Tm(

Ad
aﬁ(Z’C)Zexp{— / (r+12;)5+1}’ 2z €C,

0

where a principal branch of power function is taken, ( € Ct, —1 < 8 < +00. For

B=0: ap(z() = %

Parametric representation of SHE (C1) class of function will be given in next
theorem.

Theorem 34. (see [25]) A subharmonic function belongs to the class SH? (C'),
0<p<+o0,0<a< +oo, if it allows the following representation in C:

u(z) = / In fas (=, Q)| du(C) + h(2), (27)

C+
where h(z) is harmonic function in CT, satisfying the condition:

+oo

+oo
p
/ya_l(/ |h(z +iy)] dx) dy < 400,
0 %)

w(¢) is the nonnegative Borel measure in C*, such that

“+o0

/ Yt InP (y) dy < +o0,
0

where n(y) = p(C;f), Cf = {z:Imz >y} ,f > % +1. And the reverse is also
true: if f € SHE(CY), then (27) holds.

7 Some final remarks for the problem of the description of zero
sets and construction of factorization representation of Nevan-
linna type classes

In this section among other things we consider some other nice but less effective in-
finite products similar to Djrbashian type products and also known general scheme
for finding simple conditions on zeros in simplest Nevanlinna type spaces in the
unit disk with the help of Djrbashian product and Jensen formula will be provided.
This scheme based on an estimate of Djrbashian product provided for the first time
by F. Shamoyan back in 1978 served later as a base for many other proofs of similar
type theorems in this direction, it is very flexible and allows various extentions and
further generalizations for other analytic function spaces of Nevanlinna type. This
type of work was presented by various authors later as it was partially indicated in
previous sections of this survey. Other interesting new approaches to this problem
of zero sets for this type of function spaces will be also discussed in this section.
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E. Beller and S. Shvedenko constructed and used products of similar Djrbashian
type products for factorization of analytic area Nevanlinna classes. They are sim-
pler than Djrbashian products and they have the following form

0o 1— ‘Zk|2 248
k=1

These products for all 5 > « have also the property

I, = [ 10 1P 20| (L= [eD)" dma() < .
D

Moreover, f(z) = 2™ - Pa(z, z) - fo(2), 8 > 0 for any f € N, and Ps(z, z) is
a product, based on zeros of f, fy is free of zeros in D (see [54]).

This type of factorization is valid for all S, also, for § > «, a > —1 (see ibid.).

These products, as later was found, are defective in the sense that for values
« > 4 they have more zeros, than the given sequence, and hence cannot be used in
many problems where 7, products can be used.

Note, P3 € S, if B > a5 mp, € Sy if m > . Pg type products were used by
E. Beller also for factorization of some similar to S, classes of analytic functions.

Note, in proving sharp theorems on zero of analytic Nevanlinna type spaces in
the unit disk 7, products were constantly used in the following simple manner.
Shortly speaking, the problem is to find condition (K) on a sequence {z} from
unit disk, so that ||7.| v < ¢||(2k)]| x, where X is the certain fixed Nevanlinna type
space, for all & > o in a certain fixed analytic area Nevanlinna type space in the
unit disk.

The most important property here is that 7, has zeros precisely in the points
of the sequence {z;} and that if

-l <o, a>-1, (28)
k=1
then -
(1—|z])™™
In |ma (2, 26)| < c6 T €D, (29)
k>1

as established in [37] (see also [40], [46]).
Note, from here we have for 8 > «

sl = / (1= |2) I [g (2, 21)] dma (2)
D

<y (1- |zk|)“+2/ (1= [2D)™ (1 — |z&])?~ dmo(z)

— 2t
=1 |1 — zxz| A

D
<es 3 (1 [a) ™t < o,
k>1
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(see [38], also [40], [46]).

If we replace the norm of S, by other norm with more complicated form (see for
definitions of spaces above), then using a chain of classical estimates and inequalities
of function theory, we arrive at desired final result. This scheme was used in [48],
[46], [49], [51]. Condition (28) however should be changed to the other one.

At the final step we must show that the infinite product 7z (z, z) under this
new condition on {z;},.; converges uniformly in D. The scheme of prove of the
reverse assertion is based fully on classical Jensen formula in the unit disk, prop-
erties of counting n (r) function and in many cases can be obtained immediately
after applications of several inequalities from classical function theory. We gave an
typical example here for analytic area Nevanlinna spaces with mixed norm, which
illustrates the idea.

Let f €S ,, f(0) =1, f(zx) =0, k =1,2,.... Then from Jensen’s inequality
we have

0/1W(1—r)<j (”S”) du>Pdr§ (271T)p0/1w(1—r) (TP(r)) dr = M,(f) < co.

Hence

| = ()
P 2
s [ (L= )1 = a0 = eal) Y (2 )
0 k=1
The last estimate follows from properties of w and n (r) directly (see [39], [40],
[46]).
Hence if
LS
> njpw(5r)
L <o
SR (P T) )

then M, (f) < occ.

Similar arguments lead to similar assertions.

Approximately at the same time after the appearance of [37], G. Heipler and
E. Beller provided closely related results in this direction of research (see [3], [4],
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[17]). We mention also separately [27], where new promising approaches were pro-
vided to this classical problem, related with the description of zero sets of analytic
Nevanlinna classes in the unit disk. Unfortunately, these approaches were out of
consideration of experts in this area since then. We add more comments. In [27]
authors give complete characterization of positive Borel measures of smooth (2
domains in R", so that Au = p for u € LP(Q2), 1 < p < co.

In n = 2 case this problem is closely related with the problem of the zeros

distribution of holomorphic functions, since for u = (2m) (E (5%) all solutions of

the equation Au = p take form w = In|f| with f € H (]| < 1), vanishing exactly
on the points a,,. This gives complete characterizations of zeros of area Nevanlinna
classes for all p > 1, In|f| € LP(Q) (see ibid.).

We refer the reader to [27] for details concerning this new interesting approach
related with the Laplace equation.

It is known, that (In" \f|)p is subharmonic function, for f € H(D), and p > 1.
This fact in combination with some embedding theorems for analytic Lizorkin-
-Triebel spaces with mixed norm spaces leads to some new embedding for general
classes of functions of the following type

LFP4(D) = {f € H(D): ](/1 (it | £(rei®))? (1 — 1) dr>zd<p < oo},

—m 0

LAP4(D) = {f € H(D): j(/ﬂ (In™ [£(re'?)|)* d<p>§ 1—r)® dr < oo},
0

—T
where 1 < p,q < oo, @ > —1. These are Banach spaces of functions. The em-
bedding theorems were obtained for analytic classes LFE'? and LEFE9 (and LAL?
and LAP}-9") for various indices p, ¢, p1, g1, o, o recently in [51].

Note also, that using these new embedding and known results for zero sets we
get directly various assertion for LFP-9 and LAP9 spaces for p # ¢. This type of
approach was developed in paper [51].

We refer the reader to [51] for introduction and new results on zeros of area
Nevanlinna type spaces of analytic functions with mixed norm in the unit disk.

Weights, considered in this paper, are of special type. Studying of such type
problems for some other weighted analytic area Nevanlinna type spaces is a new
and interesting direction of investigations.

Finnaly we mention some recent interesting results of I. Chyzhikov on this topic
(see [5], [8], [6], [7] and various references there).

We refer the reader for the second part of this review concerning new interesting
results in analytic area Nevanlinna type spaces of several variables and related
problems to [52].
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