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Existence of entropy solutions to nonlinear degenerate
parabolic problems with variable exponent and

L'-data

Abdelali Sabri, Ahmed Jamea, Hamad Talibi Alaoui

Abstract. In the present paper, we prove existence results of entropy solu-
tions to a class of nonlinear degenerate parabolic p(-)-Laplacian problem
with Dirichlet-type boundary conditions and L' data. The main tool used
here is the Rothe method combined with the theory of variable exponent
Sobolev spaces.

1 Introduction

Let © C R? (d > 2) be an open bounded domain with a connected Lipschitz
boundary 02 and T be a fixed positive real number. Our aim of this paper is to
prove existence results of entropy solutions for the nonlinear degenerate parabolic
problem with variable exponent

G- Aygu=f  mQr:=071)xQ,
o on Sp = (0,T) x 9Q, @)

u(+,0) = ug in Q.
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where p(+) is a continuous function defined on Q with p(z) > 1 for all z € Q,
w is a measurable positive and a.e. finite function defined in R¢, the datum f is
a non-regular function.
For v = u(t, z), with (¢,z) € (0,T) x Q, we denote by
ou ou
Vu=Vyu=|-——,..., 7—
“ “ (63:1 8xd)

the gradient of function u with respect to the space variables only (Q C R). The
operator
P = div(w|Vu|p(')_2Vu)

is called w-p(-)-Laplacian, which becomes the w-p-Laplacian when p(:) = p (i.e.
when p(+) is a constant function).

In recent years, the study of partial differential equations and variational prob-
lems with variable exponent has received considerable attention in many models
coming from various branches of mathematical physics, such as elastic mechanics,
electrorheological fluid dynamics and image processing, etc. Degenerate phenom-
ena appear in the area of oceanography, turbulent fluid flows, induction heating and
electrochemical problems (see for example [7], [12], [17]). The notion of entropy
solutions was introduced by Ph. Bénilan, L. Boccardo, T. Gallouet, R. Gariepy,
M. Pierre, J.L. Vazquez in [6], this notion was then adapted by many authors to
study some nonlinear elliptic and parabolic problems with a constant or variable
exponent and Dirichlet or Neumann boundary conditions (see for example [1], [4],
[14], [16], [19], and [20)).

Recently, when w(z) = 1, the existence and uniqueness of entropy solutions of
p(r)-Laplace equation with L' data were proved in [18] by Sanchén and Urbano,
this notion was adapted to study the entropy solutions for nonlinear elliptic equa-
tions with variable exponents by Chao Zhang in [19] and the existence of solutions
for some unilateral problems in the framework of Orlicz spaces has been established
by M. Kbiri Alaoui et al. in [3] in terms of the penalization method. A. Jamea
et al. are proved in [14] the existence of entropy solutions to a class of nonlinear
parabolic problem by using Rothe time-discretization method combined with the
theory of variable exponent Sobolev spaces. Fortunately, Kim, Wang and Zhang
in [15] have shown good properties of a function space and the so-called weighted
variable exponent Lebesgue-Sobolev spaces and the existence and some proper-
ties of solutions for degenerate elliptic equations with exponent variable have been
proved by Ky Ho, Inbo Sim in [11]. Other work in direction of degenerate parabolic
equations can be found in [2].

In this paper, by using the Rothe’s method, we study the existence question
of entropy solutions to nonlinear parabolic problem (1), we apply here a time
discretization of this continuous problem (1) by Euler forward scheme and we
show existence, uniqueness and stability of entropy solutions to the discretized
problem. After, we will construct from the entropy solution of discretized problem a
sequence that we show converging to an entropy solution of the nonlinear parabolic
problem (1). We recall that the Euler forward scheme has been used by several
authors while studying time discretization of nonlinear parabolic problems, we refer
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to the works [8], [9], [13], [14] for some details. The advantage of our method is
that we cannot only obtain the existence of entropy solutions to the problem (1),
but also to compute the numerical approximations.

2 Preliminaries and notations

In this section we give some notations and definitions and state some results which
will be used in this work.
Let © be a bounded open domain in R? (d > 2), we consider the following set

CT(Q) = {p: Q — R" : p is continuous and such that 1 <p_ < p, < oo},

where
p- =minp(z) and p; = maxp(z).
e €
Let w be a measurable positive and a.e. finite function defined in R¢ and satisfied
the following integrability conditions.

(H1) w e LL_(Q) and w7 € LL (Q),

loc loc
(H2) w5 ¢ Li (Q), where s(z) € (%,oo) N (W,oo].
For p(-) € C*(Q), we define the weighted Lebesgue space with variable exponent
LPO)(Q,w) by
LPO(Q,w) = {u: Q — R : u is measurable and / [uP@w(x) dz < oo} ,
Q

endowed with the Luxemburg norm

p(z)

. u\x
o = sy = int{ 3> 0, [ |4 tyar <1},

We denote by Lp/(')(Q, w*) the conjugate space of LP()(Q,w), where
1 1

2@ 7@

and where ,
w*(x) = w(@)' '@ forall z e Q.

On the space LP()(Q,w), we consider the function pp(.).: LPO(Qw) — R
defined by

par8) = P10 0y (0) = [ ()P D) d
The connection between p,.y ., and [|-||(.)..o is established by the next result.

Proposition 1. Let u be an element of LP(")(Q, w), the following assertions hold:

i) [Jullpy,w < 1 (respectively >,= 1) < pp(y.w(u) <1 (respectively >,=1).
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i) If [|ul| (), < 1 then Hu||§z))w < pp()wlu) < Hu||§())w.

iii) If |[ull )0 > 1 then [Jull} ), < ppyw() < lullpfy -
iv) |ullpyw = 0 ppyw(u) = 0 and |lull,y,w — 00 & pp(y,w(u) — 0o,
Proof. See Proposition 2.1 in [4] or Theorem 1.3 in [10]. O
The weighted Sobolev space with variable exponent is defined by
WP (Q,w) = {ue LPO) and |Vu| € Lp(')(Q,w)} ,
with the norm

el pe = lullpey + lullpeyw s Va € WHO(Q,0).

In the following of this paper, the space WO1 »() (©,w) denote the closure of C§°
in WhrO)(Q, w).

Let p(+), s(-) are two elements of space CT () where the function s(-) satisfies
the hypothesis (H2), we define the following functions

(o) = M or p(x
p(x)iN—p(a:) for p(z) < N,
_ plz)s(z)
ps(x) = T+ s(2) < pla),
p(x)s(x) i i
pi(@) = { A+ s@)N —p@)st@ N7 ps(z),
" if N < py (),

for almost all z € Q.

Proposition 2. Let € R? be an open set of R, p(-) € C*(Q) and let hypothesis
(H1) be satisfied, we have

LPO(Q,w) < L, ().
Proof. See Proposition 2.8 in [15]. O

Proposition 3. Let hypothesis (H1) be satisfied, the space (W' *()(Q,w), lullipe),w)
is a separable and reflexive Banach space.

Proof. See Theorem 2.10 in [15]. O

Proposition 4. Assume that hypotheses (H1) and (H2) hold and p(-), s(-) € C* (),
then we have the continuous embedding

WPE)(Q,w) s WhP=)(Q, w).
Moreover, we have the compact embedding
WhPE@)(Q,w) e L7@(Q)
provided that r € C*(Q) and 1 < r(x) < pi(z) for all z € Q.



Existence of entropy solutions to nonlinear degenerate parabolic problem 71

Proof. See Proposition 2.11 in [15]. O
Given a constant k > 0, we define the cut function 7 : R — R as

s if|s| <k,
Ti(s) = min(k, max(s, —k)) =< k  if s >k,
-k if s < —k.

For a function u = wu(z) defined on 2, we define the truncated function Tyu as
follows, for every x € €, the value of (Tyu) at x is just Tk (u(x)).
Let the function ©: R — R* (is the primitive function of T}) defined by

s e if 5] < k
ek<s>:/ Tk<t>dt—{2 , sl =
0

kls| — & if [s| > k

Throughout this paper, (-, -} denotes the duality between X and X* (dual space
of X, the set of continuous linear functional on X).
We have as in the paper [5]

/:<?)Z’Tk(v)>ds:/Q@k(v(t))dﬂf—/ﬂ@k(v(O))dx,

where v € Wy* L (Qr) N L®(Qr).
We define also the space

%l’p(')(Q,w) ={u:Q—R:
u is measurable and Ty (u) € Wol’p(‘)(Q,w) forall k >0} .

By Proposition 1.1 in [19], we have the following result.
Proposition 5. For every function u € ’751”’ (')(Q,w), there exists a unique measur-
able function v: Q — R%, which we call the very weak gradient of v and denote
v = Vu such that
VTi(u) = vX{ju|<ky for a.e. x € Q and for all k>0,

where xp is the characteristic function of the measurable set B C R®. Moreover,
if w belongs to VVO1 P (')(Q,w), then the function v coincides with the weak gradient
of u.

Lemma 1. For £,n € R? and 1 < p < oo, we have
1 1 _
—[EfP = ~[nlP < [€P72E - (€ ),
D D

where a dot denote the Euclidian scalar product in R%.
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Proof. See Lemma 3.2 in [1]. O

Theorem 1. Assume that (H1) and (H2) hold, then the following problem

(2)

H(z,u,Vu) —div(a(z,Vu)) = f in Q,
u=0 on 0}

has a least one entropy solution, i.e., there exists u € 761”’(')(97 w) such that u > v
a.e. in §) and

/ H(z,u,Vu)Ti(u — @) dx + / a(x,Vu) - VIp(u — ¢)dz < / fTe(u—p)de,
Q Q Q
for all ¢ € Ky, N L>(Q)), where 9 is a measurable function such that
Ut e We P (Q,0) NL=(Q)  (vF = max{e,0})
and
Ky={uce Wol’p(')(ﬂ,w) tu > ae inQ}.

The function a: 2 xR? — R? is a Carathéodory function satisfying the following
assumptions:

1

la(z, &) < Bw(z) 7@ (k(x) + w(x)ﬁ ‘€|p(m)71) 7
(=) >0, VE#n,
a(z,§) - &> aw(x)|§|l’(w) ,

for a.e. z € Q and all £, € RY, where k(z) is positive function lying in L”'(z)(Q)
and a, 8 > 0.
The nonlinear term H: Q x R x R? — R is a Carathéodory function satisfying

[H (2, 5,6)] < v(x) + g(s)w(x) |

where g: R — RT is a continuous positive function that belongs to L!(R) and ~(x)
belongs to L(£2). The datum f is in L!(Q).

Proof. See Theorem 4.2 in [4]. O

Remark 1. Hereinafter k, 7,7 are strictly positive real numbers, IV is a strictly
positive natural number and C'(X), C;(X) (i € N) are positive constants depending
only on X.
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3 Main result

In this section we give the notion of entropy solution to nonlinear degenerate
parabolic problem (1) and we state the main result of this paper, firstly and in
addition to the hypotheses (H1) and (H2) listed earlier, we suppose the following
assumption:

(H3) f € LY (Qr) and ug € W (Q, w).

Definition 1. A measurable function u: Qr — R is an entropy solution of parabolic
problem (1) in Qr if u(-,0) = ug in Q,

we C0,T; LNQ)), Te(u) € LP~(0,T; Wy (Q,w))

for all £ > 0 and
t 8@
/<E’ k(u—¢ d$+// ) |VulP 2Ty - VT (u — ) dz ds

/@k dx—/@k ))dx—i—/ /ka u— ) dzds

for all p € L®(Q7) N LP-(0,T; WP (Q,w)) N WH(0,T; LY () and t € [0,T).

3)

Our main result is the following theorem

Theorem 2. Assume that hypotheses (H1), (H2) and (H3) hold, then the nonlinear
degenerate parabolic problem (1) has a least one entropy solution.

4 Proof of main result

The proof of our main result is divided into three steps, in the first one, using Euler
forward scheme, we discretize the continuous problem (1) and study the existence
and uniqueness questions of entropy solutions to the discretized problems. In the
second step, we give some stability results for the discrete entropy solutions. Finally
and by Rothe function, we construct a sequence of functions that we show that
this sequence converges to an entropy solution of nonlinear degenerate parabolic
problem (1).

Step 1. The semi-discrete problem

By Euler forward scheme, we discretize the problem (1), we obtain the following
problems

TAp(w)Un =7fn+Un-1 inQ,
Un =0 on 01, (4)
UQ = Up in Q,

where NT=T,0<7<1,1<n<N,t,=nr and

/ 1f in Q.

tn—
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Definition 2. An entropy solution to the discretized problem (4) is a sequence
(Un)o<n<n such that Uy = ug and for n = 1,2,..., N, U, is defined by induction
as an entropy solution to the problem

u— TA;](x)U =7fp+Up_1 in €,
u=20 on 0f)

ie. foralln e {1,2,...,N},U, € %l’p(')(Q,w) and for all ¢ € WP (€, w)NL>(Q),
k> 0,7 > 0, we have

/ UnTi(Uy, — ) da + 7'/ w(x)|VU, [P =2V, - VT (U, — @) da
Q Q

< / (7 f + Un ) Ta (U — @) dz. (5)
Q

Lemma 2. Let hypotheses (H1), (H2) and (H3) be satisfied. If (U,)o<n<n IS an
entropy solution of discretized problem (4), then for all n = 1,...,N, we have
U, € L'(Q).

Proof. For n =1, we take ¢ = 0 in inequality (5), we get

/UlTk(Ul)d.’L‘S/TflTk(Ul)dIL'+/UQTk<U1)dSC
Q Q Q

This implies
T (U
o< [0 d < (1f1scn + o).

On the other hand, for each x € €2, we have

lim Uy () Lk(Ul (2))

E—0 k = [Tl

Then by Fatou’s lemma, we deduce that U; € L'(Q) and
1Utllzr ) < 1fllzr@r) + luollzr o) -
By induction, we deduce in the same manner that U, € L'(Q),Vn=1,...,N. O

Theorem 3. Assume that hypotheses (H1), (H2) and (H3) hold, then the dis-
cretized problem (4) has a unique entropy solution (Uy,)o<n<n and U, € L*(2) N

761’17(')((2,0)) foralln=1,...,N.
Proof. Existence. For n = 1, we rewrite the discretized problem (4) as

U — TAZ(z)u =g inQ,

u=20 on 0},
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where v = Uy and g = 7f1 + ug, by using hypothesis (H3), the function g is an
element of L' (), then, by Theorem 1, the problem (6) has an entropy solution U;
in L'(Q) N7, (Q, w).
By induction, using the same argument above, we prove that the problem (4) has
an entropy solution (U, )o<n<n and U, € Ll(Q)O’Yf)l’p(')(Q,w) foralln=1,...,N.
Uniqueness. We firstly need the following two lemmas.

Lemma 3. Let hypotheses (H1), (H2) and (H3) be satisfied, if (Uy)o<n<n, N € N
is an entropy solution of problem (4), then for alln = 1,..., N and k > 0, there
exists a positive constant C' such that

C(M +1) -
< ZN
meas{|Un] > b} < o=y -

where M = ||7f,, + Un—1]|1(q) and

(ps)- =

Proof. See Proposition 3.4 in [19]. O

Lemma 4. Let hypotheses (H1), (H2) and (H3) be satisfied, if (Up)o<n<n, N € N
is an entropy solution of problem (4), then for allk >0, n=1,...,N and h > 0,
we have

lim w(x)|VU,[P® dz = 0.
h=o0 J{n<|Un|<k+h}

Proof. We take in entropy inequality (5), ¢ = T, (U, ), we get
/ UnTy(Up — T (U,)) da: + r/ w(z)|VU, |P®=2vU, - VT3, (U, — Th(U,)) dz
Q Q

< / (7 fo + Un)Ti(Us — To(Un)) dz. (7)
Q

Firstly, we have
/ U, T (U, — Tp(Up))dx = / U, Tk (U, — hsign(U,,))dz,
Q {|Un|>h}
and
sign(Un)X{ (v, |}y = sign(Un — hsign(Un))X (v, >}
= sign(Ty(Un, — hsign(Un)))X{ju,|>h} >

where Y p is the characteristic function of the measurable set B C R<.
Then

Q
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Or, we have

VT(Un = Th(Un)) X th<|Un|<kth} = VUnX{h<|Un|<k+h} -

Therefore, inequality (7) becomes

T/ w(x)|VU,|P® dz < k |7 fn + Up—1]da.
{h<|Up|<k+h} {lUn|>h}

By Lemma 3, we deduce that meas{|U,| > h} tends to zero as h go to infinity,
then, we conclude that

lim |7 fn + Up—1|dz=0.
h=o0 J{|U.|>h}

Hence

lim w(z)|VU,[P® dz = 0. 0
h=o0 Jih<|U, |<k+h}

Now, let (Up)o<n<n and (V,,)o<n<n, N € N be two entropy solutions of prob-
lem (4). For n = 1, we write U; = v and V; = v (for simplification), and let h, k be
two positive real numbers. For the solution u, we take ¢ = T}, (v) as test function
and for the solution v we take ¢ = T}, (u) as test function in entropy inequality (5),
then we have

/ Ty (u — Th(v)) de + / (@) VP2V - VT4 (1 — T (v)) da
Q Q

< /Qka(u = Th(v))dz
and

/ka(vah(u))dqu/w(x)\Vv|p(I)72VvoVTk(vah(u))d:v
Q Q

< /Qka(v — Th(u))de.

By summing up the two above inequalities, and letting h go to infinity, we find by
applying Dominated Convergence Theorem that

/(u—v)Tk(u—v)der lim Z(k;h) <0, (8)
Q h—o0
where
T(k:h) = / ()| VP =2V - VT (1 — Ty (v)) dz
)

+ / w(@)|VuP@ =2V . VT (v — Ty (u)) dz.
Q
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We consider the following decomposition
Q= {Jul < hsJv| < R}, 0 = {lul < hsJv| > n},
Q3 = {|u| > h; |v| < h}, QF = {|u| > h; |v| > b},
and for i =1,...4, we take

Ti(k: h) = / (@) Va2V VT~ Ty (0) da

h

+ / w(@)|VoP@ =2V . VT (v — Ty (u)) dz.

Firstly, we have

T, (ks h) = /Q w(a)|VulP @2V - VT (u — Tp,(v) da

h

+/ w(z)|Vo|P@ =2V - VT (v — Ty (u)) da
Ql

h
= / w(z) (|Vul[P =2V — |Vo[P ) =2V0) -V (u - v) dz,

Q)

where
(1) = {Ju— o] < ks u] < hsfo| < R}
The function w is positive, then we have
Zi(k;h) > 0
On the other hand, we have
To(k; h) :/ w(z)|VulP ™2V - VT, (u — Tp(v) da
QQ

h

+/ w(x)|VoP® =2y . VT (v — Th(u)) dz
Q2

h

= / w(@)|[VulP® dz + / w(x)|[VolP®=2Vy . V(v — u)dz,
oyt Qy?

where
Q= {lul < h; o > s Ju— hsign(v)| < k}
Q2% = {|u| < h;|v| > h; Ju —v| < k}.
Which implies by positivity of w that

To(k: h) = /Q (@) VulP® d + /QZYQM(J;)\WM dz

)| V[P~V - Vudz

| \/

(2)|VoP®=2Vy - Vudz.

e
o

92 2
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T3 (k; h) :—/ w(x)|[VolP® =2y . Vude,
022

h

Ty (k; h) :/ w(x)|[VolP® =2y . V(v — u) dz,

2,
Qh

T2 (s ) = / ()| VoP® d .

2,2
Q2

On the one hand, we have

Ti(k;h) = Ty (ks h) — Z% (k3 h)

We apply Lemma 1, we deduce that

ZTWWZ/‘—WWWWMM—/A—meW@m.

Q22 p(z) Q22 p(z)

Observing that

J

1 1
——w(z)|Vul[P® de < —/ w(z)|Vu[P® dz
22 p(x) p- Joz2
1
< — w(x)|[VulP® dz .
D— J{h<|u|<h+k}

Then, by applying the Lemma 4, we get that

This implies

1
lim ——w(z)|Vu[P® dz = 0.
h—oo Joz22 p(x)

that
lim Zy"' (k;h) > 0.
h—o0

On the other hand, we have

a2 (ks h) = /Q w(x)|VolP® dz
h

< / w(x)|[VolP@® dz .
{h<|v|<h+k}

Therefore, the Lemma 4 implies that

This implies

lim Zy%(k;h) = 0.

h—o0

that
lim Zo(k;h) = 0.
h—o0
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We use the same manner used above, we show that
lim Zs(k;h) > 0.
h—o0

Finally, for Zy(k; h), we have

I4(k:;h):/ w()|[VulP D =2Vu - VT (u — T (v)) dz
Q4

h

+/ w(x)|[VolP® =2y - VT (v — Th(u)) dz
Q4

h

= / w(x)|VulP® da —|—/ w(z)|VolP@® dz >0,
Q1 Q2

h h

where
Q' = {Jul > i [o] > hifu — hsign(v)| < &},
Q2 = {|u| > h;|v| > h;|v — hsign(u)| < k}.
Therefore, the above results we allow to conclude that
lim Z(k;h) > 0.
h—o0

Then, inequality (8) becomes

/(u—v)Tk(u—v)dJUSO,
Q

i.e.

Ti(u—v)
/Q(u—v)dexSO.

Taking the limit as £k — 0, by Dominated Convergence Theorem, we get
||u — 7)||L1(Q) <0.

This implies that
u=v ae. in .

By induction, we prove that
vn:la"'aNa ||UTL_V71||L1(Q):O U

Step 2. Stability results

Theorem 4. Assume that hypotheses (H1), (H2) and (H3) hold. If (Uy,)1<n<n IS
an entropy solution of the discretized problem (4), then for alln = 1,... N, we
have

i) [|Unllzr ) < Cluo, f),
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i) 35U = Uicallpae) < Cluo, f),
i) TS Ty 0 ) S Cloto £ 1),
where C'(ug, f) and C(uo, f,T, k) are positive constants independents of N.

Proof. For i). Let i € {1,2,..., N}, we take ¢ = 0 as a test function in entropy
formulation of the discretized problem (4), we get

Q Q Q

This inequality implies

/ Ui k(k ) dz < 7 fillor o) + IUi-1llr o) - ©)
Q
Noting that

. Tr(s) X

111—% L sign(s) . (10)

Therefore, passing to limit in (9) and using Fatou’s lemma, we deduce that
Uil < Tl fillzr ) + Uil (@) -
Summing the above inequality from ¢ = 1 to n, we deduce that

1Unllzr) < 1 fller@r) + lluollzi(o) -

Hence, the stability result i) is then proved.
For ii). Let i € {1,2,..., N}, taking ¢ = T} (U;_1) as a test function in entropy
formulation of the discretized problem (4), we get

/ (Uz — Uifl)TT(UZ' - Tk(szl)) dx
Q
+ T/ w(x)|VU;|P@=2YU; - VT, (U; — Tp(Us—y)) da
Q
< T/ ST (Us = Ty(Us 1)) dar
Q

This implies that

/(U¢ _ Ui—l)TT(Ui — T (Ui—1)) da
Q

T

+ / w(x)|VU;|P@=2YU; - VT, (U; — Ti(Us—y)) da:
Q

<Tlfillry . (11)
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However, we have
/ w(x)|VU;|P@=2YU; - VT, (U; — Ti(Us—y)) da:
Q

= / w(z)|VU; PO =2VU; - (VU; — VU;_y) dz
Qi (7,k)

- / w(x) | VU [P@ dz
Qé(r,k})

where

Qi(r,k) ={|U;i = Ui—1| < 73|Ui1| < K},
Qb (1, k) = {|U; — ksign(U;_1)| < 73 |U;_1| > k}.

Then, by using Lemma 1, we deduce from the inequality (11) that

/(Ui B UFl)Tr(Ui ~Tu(Ui-1)) 4
Q

T

1 1
+/ w(x) (VUJ”(””) - |VU7;_1”(I)> da
Qi (k) p(x) p(x)

<7lfillLr @) -

Summing the above inequality from ¢ = 1 to n, we deduce that

— Ja =

<— / (@) Vo P@ dz + | fl110ry - (12)

Then, we pass to limit in (12) as k — oo, 7 — 0, we apply (10), Fatou’s lemma
and hypothesis (H3) to conclude the stability result ii).

For iii). Let ¢ € {1,2,...,N}, taking ¢ = 0 as a test function in entropy
formulation of the discretized problem (4), we get

T/ (@) VT U dx < 7k] fill 11y + MIUs — Ui |3 ey de
Q

This inequality implies that

sz,,( (VTx(U, dx<7k2\|leL1(Q)+kZHU Uit 1) da .

i=1 i=1

Then by hypothesis (H3) and the stability result ii), we conclude that

™Y P (VTR(Ui)) dz < Cy(f,u0, k) - (13)

=1
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On the other hand, let so = {1 € 1,2,...,n : [|[VTk(Us) p(a)w(@) < 1}, we have

T ZHVTk(Ui)Hi(;)’w(I) =T Z ||VTk(Ui)H§(})’w(z) +7 Z ||VTk(Ui)||§(7I),w(m)
i=1

i€50 i¢so

ST+7Y pp(yw(VIR(U)) -
i¢80

We deduce by inequality (13) that
T ZHVTIV(UZ)‘ g(I),w(z) < CQ(f7 Uug, T7 k) .
i=1

Hence the stability result iii) is established. (]

Step 3. Entropy solution of continuous problem

Let us introduce the following piecewise linear extension (called Rothe function)

unN (0) = Uop,
un(t) == Un_y + (Uy — Uy ) 2= i e (4, 8]0 =1,..., N in Q.
(14)
And the following piecewise constant function

EN(O) =g, (15)
ﬂN(t) =U,, Vte(tn_l,tn],nzl,...,NinQ.

We have by Theorem 3 that for any N € N, the entropy solution (U,)1<n<n of

problems (4) is unique, thus, the two sequences (ux)yen and (U ) yen are uniquely
defined.

Lemma 5. Let hypotheses (H1), (H2) and (H3) be satisfied, then for all N € N,
we have

i) Jan — unllzi@qr) < §C(T uo, f),
i) 1%l 2@y < C(Tuo, f),
iii) [Jun|lpigr < C(T,uo, f),
iv) [un|lr e < C(T,uo, f),
) W@ o o, () < O 0, £ ),

where C(T,ug, f) and C(T, ug, f,k) are positive constants independent of N.
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Proof. For i). For N € N, we have

T
lax — unllziom = / /|uN x| dzdt
0 Q
N t
n tn —t
:Z/ U, — n,1||L1(Q)( )dt
n=1

tnfl T
. N
- 5 Z”Un - Un71||L1(Q)
n=1

T N
< ﬁ Z”Un - Un—l”Ll(Q) .

n=1

Then, we use Theorem 4, we conclude the result i).
For ii). We have forn=1,...,N and t € (tp—1, ]

8uN(t) (Un — Un—l)

ot T

T
LY (Qr) _/0 /Q

N tn 1
= Z/ ;”Un — Un71||L1(Q) dt
n=1

tn—1

This implies that
H 8UN

8UN

ot

N
= Z”Un - UnfluLl(Q) .
n=1

Using theorem 4, we conclude the result ii).

We follow the same techniques used above to show the estimates iii), iv) and v).
O

Lemma 6. Let hypotheses (H1), (H2) and (H3) be satisfied, the sequence (un)NeN
converges in measure and a.e. in Qrp.

Proof. Let e, 7, k be positive real numbers and let N, M € N, we have the following
inclusion

{|ﬂNfﬂM‘ >’I’}
- {‘ﬂN| > k}U{Iﬂhﬂ > k‘} U {|HN| <k, |HM| <k, IﬂN —ﬂ]\/j| > 7“}.

By Markov inequality and Lemma 5, we deduce

_ 1,
meas{|uyn| > k} < %HUNHLI(QT)
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and .
meas{|[un| > k} < %C’(T, uo, f) .

This implies for sufficiently large k that

meas({|uy| > k} U {|[up]| > k}) < (16)

€
5"
On the other hand, by Lemma 5, the sequence (Tj(un)nen) is bounded in space
LPO)(Qr,w). Then, there exists a subsequence, still denoted by (T (Tx)) yen such
that (T (Wn)) Nen is a Cauchy sequence in LP()(Qr,w) and in measure. Therefore,
there exists Ny € N such that for all N, M > Ny, we have

meas({|un| <k, [unm| <k, [uny —am| >7r}) < (17)

N ™

Consequently, by (16) and (17), (uy)nen converges in measure and there exists a
measurable function on Qr, u such that

uy —u  a.e. in Qr
This finish the proof of Lemma 6. O
Lemma 7. There exists a function u in L*(Qr) such that
Ti(u) € LP= (0, T; WP (9, w))
for all k > 0 and:
i) ux converges to u in L*(Qr),
ii) uy converges to u in L'(Qr),
iii) VT (Tx) converges to VT},(u) weakly in LPC)(Qr,w),
iv) Ty (un) converges to Ty (u) weakly in LP-(0,T; Wol’p(')(Q,w)).
Proof. For iii) and iv). By v) of Lemma 5, we have
(VT (un))nen is bounded in LPO)(Qr, w).
Then, there exists a subsequence, still denoted (VT (un))nen such that
(VTi(un)) Nen converges weakly to an element v in LPO)(Qr,w).

However
Tr(un) converges to Tj(u) in LP)(Qr,w) .

Hence, it follows that
VTi(un) converges to VT (u) weakly in LPO) (Qrp, w),
and by v) of Lemma 5, we conclude that

Ty (un) converges to Ty (u) weakly in LP~(0,T; Wol’p(')(Q,w)) . O
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In order to show that the limit function « is an entropy solution of problem (1),
we need the following result.

Lemma 8. The sequence (ux)nen converges to u in C(0,T; LY(Q)).

Proof. For p € L>*(Qr)NL~(0,T; Wol’p(‘)(ﬂ,w))ﬁWLl(O, T; L1(Q)), the inequal-
ity (5) implies that

"/ Oun _
/O<687Tk(UN<P)>d5

t
+ / / (@) |V PO -2Viy - VTk(@y — ) dads
0 Q

t
< /O /Q InTi(ay — ¢)duds, (18)

where fn(t,z) = fo(2),Vt € (th—1,tn],n=1,...,N.

We consider the two partitions (¢, = nty))_; and (¢,, = m7p)M_, of interval
[0,T] and the corresponding semi-discrete solutions (un (t),un (t)), (unr(t), ar(t))
defined by (14) and (15).

Let h > 0, for the semi-discrete solution (uy(t),un(t)) we take ¢ = Ty (unr)
and for the semi-discrete solution (uns(t),%ar(t)) we take ¢ = Ty (uy). Summing
the two inequalities and letting h go to infinity, we have for k =1

Y/ 0(un — unr) _ .
55 T (uy — ) )ds + lim Iy a(h) < ||fv = fulleiory s (19)
0 S h—oo

where
t
IN7M(h) = / / w(:z:) (|VQN|p(I)72VﬂN - VT, (ﬂN — Th(ﬂ]\/j))
0 JQ
+ |VﬂM‘p(z)72VﬂM . VTl(ﬂM - T}L(ﬂN))) dxds.

The above inequality (19) becomes

O (un(t) —upm(t))dz + lim In a(h)
Q h—o0

< v = falleroqr

[ (20 15 ) =) ]

Os (20)

_|_

By Holder inequality

At<W,T1(UN — ) —Ti(un — UM)> ds

< 1Ty (un —Unr) — Ta(un — unr)ll oo (Qr) -

H B(uN — UM)
LY (Qr)

Os
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This implies by Lemma 5 that

/Ot<a(UN8;uM)T1(uN —n) — Ti(un _“M)>d8

< 20(T, uo, NT1(un —un) — Ti(un — unt) | 2= (@r) -

We have
N,}\iJH_ImOHTl(ﬂN —um) — Ti(un — um)[ze=(@r) = 0-
Then
t
. Oluy —u _ _
N,Jl\}ln—lmo /0 <(Nasm,T1(uN — UM) — Tl(’U,N — uM)>ds =0.

We also have

N,}Vlgoo”f]v — fmllzi@r) =0.

Then, the inequality (20) becomes

lim O1(un(t) —up(t))dz+ lim lim Iy (h) <O0.

N,M—oo Jq N,M—00 h—o0
Using the same technique used in proof of Theorem 3, we prove that

N,M—o00 h—o00

Thus, by inequality (22), we get

N,}vijrgoo A O1 (un(t) —un(t))dz =0.

By definition of O, we have

/ lun (t) — ups(t)[? dz
{lun—unm|<1}

1
+§/ ‘UN(t)—UJ\/[(t”dJC
{lun—un|>1}

(22)

(23)

S/Q@l(uN(t)—uM(t))dx.
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This implies that

[ ux )=o)z = [ ux () = uar ()] dz

{lun—unm|<1}

+/ lun (t) —upr(t)| dz
{lun—unm|>1}

< c@)( /{ NI uM<t>|2dx)5

+/ lun (t) — upr(t)| da
{lun —unr|>1}

< (/Q 01 (un(t) — unr (1)) da:)
+ 2/Q O (un(t) —upn(t)) dz.

Therefore, by the result (23), we conclude that (ux)nyen is a Cauchy sequence in
C(0,T; L*(2)) and

(un)nen  converges to u in C(0,T; L*(Q)). g

To finish this step, we verify that the limit function u is an entropy solution of
the problem (1). Let N € N, since ux (0) = Uy = ug, then u(0, ) = ug. Let N — oo
in inequality (18) and using the above results, we get that the limit function u is
an entropy solution of the problem (1).
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